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We consider assortment optimization problems when customers choose under a mixture of multinomial logit
and independent demand models. In the single-shot assortment optimization problem, each product has
a certain revenue associated with it. The customers choose among the products according to our mixture
choice model. The goal is to find an assortment that maximizes the expected revenue from a customer. We
show that we can find the optimal assortment by solving a linear program. We establish that the optimal
assortment becomes larger as the relative size of the customer segment with the independent demand model
increases. Moreover, we show that the Pareto-efficient assortments that maximize a weighted average of
the expected revenue and the total purchase probability are nested in the sense that the Pareto-efficient
assortments become larger as the weight on the total purchase probability increases. Considering the
single-shot assortment optimization problem with a cardinality constraint on the offered assortment, we show
that the problem is NP-hard. We give a fully polynomial-time approximation scheme. In the assortment-
based network revenue management problem, we have resources with limited capacities and each product
consumes a combination of resources. The goal is to find a policy for deciding which assortment of products
to offer to each arriving customer to maximize the total expected revenue over a finite selling horizon. A
standard linear programming approximation for this problem includes one decision variable for each subset of
products. We show that this linear program can be reduced to an equivalent one of substantially smaller size.
Our computational experiments indicate that using a mixture of multinomial logit and independent demand
models can significantly improve our ability to capture the choice behavior of the customers. Furthermore,
our linear programming formulation of smaller size can dramatically improve the computation times.

Keywords: Assortment optimization, choice model, multinomial logit, network revenue management.

1. Introduction

Over the past decade, the use of discrete choice models to capture the choice process of customers
has received significant attention in the revenue management literature. By using discrete choice
models, we can capture the fact that if a product is unavailable, then some customers may
substitute for this product, whereas others may simply leave the system without making a purchase.
A growing body of literature indicates that using choice models to capture the substitution
possibilities between products can provide significant improvements in the expected revenues

(Talluri and van Ryzin 2004, Vulcano et al. 2010, Dai et al. 2014). However, an inherent tension is
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involved in picking a choice model with which to capture the choice process of the customers. A
more sophisticated choice model may capture the choice process of the customers more faithfully,
whereas a simpler choice model may result in tractable optimization problems when finding the

optimal assortment of products to offer or prices to charge.

We consider assortment optimization problems under a mixture of multinomial logit and
independent demand models. The multinomial logit model is arguably one of the most prevalent
choice models for capturing customer choice behavior. It is based on random utility maximization,
so each customer associates a random utility with each product and the no-purchase option,
choosing the available alternative with the largest utility. In the independent demand model, a
customer arrives into the system with a particular product in mind. If this product is unavailable,
then she leaves without a purchase. The independent demand model has been a reliable workhorse,
because it is relatively simple to estimate and often yields tractable models for making operational
decisions (van Ryzin 2005). In this paper, we mix these two very common demand models, which
is, perhaps, the most natural approach to simultaneously improve the modeling flexibility of both
the multinomial logit and independent demand models. Some customers make a purchase under the
multinomial logit model, whereas others do so under the independent demand model. The demand

emerges as a mixture of these two customer segments.

Main Contributions: We give algorithms for numerous assortment problems, characterize the

structure of optimal assortments, and check the prediction effectiveness of our choice model.

Assortment Optimization. In the single-shot assortment optimization problem, we have a certain

revenue for each product. Customers choose among the offered products according to our mixture
choice model. The goal is to find an assortment of products that maximizes the expected revenue
obtained from a customer. We show that we can solve a linear program (LP) to find the optimal
assortment (Theorem 3.2). Thus, the assortment optimization problem under our mixture choice
model is efficiently solvable. Assortment optimization problems under mixtures of choice models
are notoriously difficult. For example, the assortment optimization problem under a mixture of just
two multinomial logit models is NP-hard (Rusmevichientong et al. 2014). To our knowledge, our
paper is the first to give an efficient method for assortment optimization under a mixture of choice
models. Our LP has three novel components. First, it uses decision variables whose values depend
on whether different pairs of products are offered. Second, its objective function is, on the surface,
quite different from the objective function of the assortment problem. Third, at its extreme point

solutions, the objective function gives expected revenues from different assortments.

Combinatorial Algorithm. We show that if a product, all else being equal, has a larger purchase

probability in the independent demand model or a smaller preference weight in the multinomial
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logit model, then it becomes more attractive to offer in the optimal assortment (Theorem 3.3).
Besides shedding light on the structure of the optimal assortment, this result allows us to give a
combinatorial algorithm for assortment optimization. Although a combinatorial algorithm exists,

our LP formulation ultimately becomes useful for network revenue management.

Comparative Statistics and Pareto-Efficient Assortments. We show that the optimal assortment

becomes larger when the relative size of the customer segment with the independent demand
model increases or when the revenue of each product increases by the same additive amount
(Theorem 4.1). Both comparative statistics have useful implications. The customers purchasing
under the independent demand model are inflexible. If the product they have in mind is unavailable,
then they leave without a purchase. By the first comparative statistic, if the relative size of the
inflexible customer segment increases, then it is optimal to offer a larger assortment. On the
other hand, maximizing expected revenue is beneficial for the firm, whereas maximizing the total
probability of purchase is beneficial for the customers, allowing a larger fraction of the customers
to find a product in which they are interested. Using the second comparative statistic, we are able
to argue that the Pareto-efficient assortments that maximize a weighted average of the expected
revenue and the total probability of purchase are nested in the sense that the Pareto-efficient

assortments become larger as the weight on the total probability of purchase increases.

Cardinality Constraints. We examine the single-shot assortment optimization problem with a

cardinality constraint on the number of products that we can offer. We show that the problem
is NP-hard (Theorem 5.1). It is surprising that our unconstrained assortment optimization
problem is well-behaved to the extent that we can give an LP formulation for this problem,
but introducing a cardinality constraint into such a well-behaved problem drastically changes its
difficulty. Motivated by our complexity result, we give a fully polynomial-time approximation
scheme (FPTAS) under a cardinality constraint (Theorem 5.2). Our FPTAS uses the connections
of our assortment optimization problem to the cardinality-constrained knapsack problem. Other
studies have used connections of various assortment optimization problems to the knapsack problem
to give approximation schemes (Desir et al. 2016, Feldman and Topaloglu 2018). Our work follows
a similar blueprint. We scale the preference weights of the products by the reciprocal of a fixed
accuracy parameter and round them to take integer values. Thus, our main contribution for the

cardinality-constrained assortment optimization problem is to establish its complexity.

Network Revenue Management. We consider assortment-based network revenue management

problems, where we have resources with limited capacities and the sale of each product consumes
a combination of resources. The goal is to find a policy for deciding which assortment of products

to offer to each arriving customer to maximize the total expected revenue over a finite selling
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horizon. We consider a previously proposed LP approximation in which the decision variables are
the probabilities with which we offer each subset of products to the customers. Thus, the number
of decision variables increases exponentially with the number of products. We show that if the
customers choose according to our mixture choice model, then we can immediately reduce the
LP approximation to a compact LP whose numbers of decision variables and constraints increase
only quadratically with the number of products (Theorem 6.1). We show that we can recover an
optimal solution to the original LP approximation by using an optimal solution to the compact
LP (Theorem 7.2). Lastly, in our computational experiments, we demonstrate that our mixture of
multinomial logit and independent demand models can significantly improve our ability to predict
customer purchase behavior compared to the pure multinomial logit benchmark. Also, our compact

LP substantially reduces the computation times.

Our mixture choice model is a natural way to enrich the flexibility of both the multinomial logit
and independent demand models, which are, perhaps, the two most prevalent demand models.
Mixtures of choice models often yield computationally difficult assortment optimization problems,
but under our mixture choice model, the problems remain surprisingly tractable. Our focus is
mostly on assortment optimization, but our numerical work indicates that mixing the multinomial

logit and independent demand models can yield better predictions of customer purchases.

Related Literature: Gallego et al. (2004) and Talluri and van Ryzin (2004) show that the
optimal assortment under the multinomial logit model is revenue ordered, including a certain
number of products with the largest revenues. This structure does not hold under our mixture
choice model. Rusmevichientong et al. (2010), Wang (2012), and Jagabathula (2016) examine the
assortment optimization problem under the multinomial logit model with various constraints on
the offered assortment. Bront et al. (2009), Mendez-Diaz et al. (2014), and Rusmevichientong et al.
(2014) show that the assortment optimization problem under a mixture of multinomial logit models
is NP-hard even when there are only two multinomial logit models in the mixture. The authors
give approximation schemes and integer programming formulations. Desir et al. (2016) show that
it is NP-hard to approximate the problem within a factor of O(1/m!'~¢) for any € > 0, where m is

the number of multinomial logit models in the mixture.

Researchers have developed LP formulations for assortment optimization problems. Gallego
et al. (2015) work with the generalized attraction model, whereas Feldman and Topaloglu (2017)
work with the Markov chain choice model. Both papers give LP formulations for the assortment
optimization problem. One can build on these LP formulations to obtain compact LP formulations
for network revenue management problems. The multinomial logit model is a special case of both

the generalized attraction and Markov chain choice models, but our mixture of multinomial logit
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and independent demand models is not a special case of these choice models. Thus, we resort to
entirely different techniques to obtain the LP formulations in our paper. Topaloglu (2013) gives a
compact formulation for a nonlinear program that appears when jointly making product stocking
and assortment decisions under the multinomial logit model. Sumida et al. (2019) give an LP
for assortment optimization under the multinomial logit model when there are constraints on the

offered assortment that can be captured by a totally unimodular constraint matrix.

Motivated by online retail, in which customers examine search results page by page, Flores et al.
(2019), Feldman and Segev (2019), and Liu et al. (2019) develop extensions of the multinomial logit
model that allow the customers to incrementally view the products in batches. The authors give
algorithms for finding the optimal sequence of product batches to offer. Wang and Sahin (2018),
Feldman and Topaloglu (2018), and Aouad et al. (2019) incorporate consideration sets, where
each customer focuses only on the set of products in her consideration set and chooses within the
consideration set under the multinomial logit model. Aouad et al. (2018b) and Aouad and Segev
(2019) focus on dynamic assortment optimization problems under the multinomial logit model,
where the assortments offered to the customers are dictated by the inventory remaining on the
shelf. We focus our literature review on the multinomial logit model, but assortment optimization
has been studied under other choice models. For representative approaches, we refer to Farias et al.
(2013), Aouad et al. (2016), Aouad et al. (2018a), and Feldman et al. (2019) for the preference-
list-based choice model, Blanchet et al. (2016) for the Markov chain choice model, Davis et al.
(2014), Gallego and Topaloglu (2014), Feldman and Topaloglu (2015), and Li et al. (2015) for the
nested logit model, and Zhang et al. (2019) for the paired combinatorial logit model.

Incorporating customer choice into network revenue management problems is an active area of
research. Gallego et al. (2004) and Liu and van Ryzin (2008) give an LP approximation for these
problems. The number of decision variables in their LP approximation increases exponentially
with the number of products. Under our mixture choice model, we are able to reduce the size of
their LP dramatically. Other approaches to these problems are based on approximating the value
functions. For such approaches, we refer to Zhang and Cooper (2005), Zhang and Adelman (2009),
Kunnumkal and Topaloglu (2010), Tong and Topaloglu (2013), and Vossen and Zhang (2015).

Organization: In Section 2, we formulate our assortment optimization problem. In Section 3,
we give the LP formulation for the problem. In Section 4, we give comparative statistics for the
optimal assortment. In Section 5, we examine the problem with cardinality constraints. In Section
6, we give a compact LP for the network revenue management problem. In Section 7, we show that
we can recover an optimal solution to the original LP approximation by using our compact LP. In

Section 8, we present computational experiments. In Section 9, we give conclusions.
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2. Problem Formulation

The set of products is N ={1,...,n}. There are two customer segments. The customers in the first
segment make a purchase according to the multinomial logit model. In the multinomial logit model,
we use v; > 0 to denote the preference weight of product . We normalize the preference weight of
the no-purchase option to one. We let V(S) =3, . v; to capture the total preference weight of the
products in the subset S C N. In this case, if we offer the subset S C N of products, then a customer
in the first segment purchases product i € S with probability v;/(1+ V(S)). The customers in the
second segment make a purchase according to the independent demand model. In the independent
demand model, we use 0; > 0 to denote the probability that a customer is interested in product
1. In this case, if we offer the subset S C N of products, then a customer in the second segment
purchases product i € S with probability 6;. The probability that an arriving customer is in the
first segment is . Thus, if we offer the subset S C N of products, then a customer purchases
product i € S with probability 8 %= +v 5+ (1 — ) 8;. For notational brevity, throughout the paper,
we normalize the size of the first segment to one, in which case the size of the second segment
relative to the first one is A = (1 — 3)/8. Thus, if we offer the subset S C N of products, then a
customer purchases product ¢ € S with the scaled probability H%l(s) + A\ 6;. If a customer purchases
product i, then we obtain a revenue of r;. Our goal is to find a subset, or an assortment, to offer

that maximizes the expected revenue from a customer, yielding the problem

r?cag{Zrz(l_i_V +/\9>} (Mixture)

Since we normalize the size of the first segment to one, we can have + A6; > 1, but we can

1+V(S)
recover the purchase probabilities by scaling H”Tf(s) + A0, for all 1 € N with .

Working with such a mixture of the multinomial logit and independent demand models in the
Mixture problem introduces nontrivial challenges. If we do not have the independent demand model
in the mixture, then we can express the expected revenue under the multinomial logit model as a
fraction, whose numerator and denominator are both linear functions, allowing us to use fractional
programming techniques when solving the assortment optimization problem. We lose this fractional
structure in the Mixture problem, but we will show that we can still solve this problem efficiently.
Moreover, under only the multinomial logit model, there exists an optimal assortment that is
revenue ordered, where we offer a certain number of products with the largest revenues. We lose
the revenue-ordered structure of the optimal solution in the Mixture problem. In Table 1, considering
a problem instance with n =3, (ry,re,r3) = (50,10,5), (vi,v9,v3) = (0.5,5,0.01), (0,6,,03) =
(0.05,0.25,0.7), and A = 1, we show the expected revenue provided by each assortment. The optimal
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Assort. Exp. Rev. Assort. Exp. Rev.
z 0 {12} 16.54
{1} 19.17 {1,3} 22.59
{2} 10.83 {2,3} 14.33
{3} 3.55 {1,2,3} 20.03

Table 1 Expected revenue provided by all possible assortments.

assortment is {1,3}, which does not offer the product with second largest revenue, but offers the
product with the smallest revenue. In this problem instance, noting that ;5 = 0.7, the customer
segment with the independent demand model is interested in product 3 with a relatively large
probability, so we offer product 3 to exploit this relatively large probability. Moreover, noting
that vy =5, the customer segment with the multinomial logit model associates a relatively large
preference weight with product 2, but the revenue of product 2 is much smaller than that of
product 1. Thus, product 2, if offered, attracts a significant fraction of the customer segment with
the multinomial logit model while providing much smaller revenue than product 1, so we do not
offer product 2. In the next section, we show that, roughly speaking, an optimal solution to the
Mixture problem prioritizes product i when 6, /v; is larger, so a larger value for 6; and a smaller
value for v; make product ¢ more attractive to offer, which is consistent with the observation from
Table 1. Lastly, as discussed in the introduction, the multinomial logit model is a special case of
the Markov chain choice model. An example in Appendix A shows that the mixture of multinomial
logit and independent demand models is not a special case of the Markov chain choice model. Thus,

existing results under the Markov chain choice model do not apply to our problem.

3. Assortment Optimization

In this section, we give an LP formulation for the Mixture problem and show that there exists
an optimal solution that gives high priority to product ¢ when 6;/v; is large. Using the decision

variables zo, € ={z;:i€ N} and y = {y;;:4,j € N}, we consider the LP

max { Z Ti <(Ui +A0;)x; + Aeiz vj yij> : (Assortment LP)

2
(z0,®,y) ERXRIT™ | e JEN

J:o—l—Zvi:cizl,

i€EN
Ifig.’ﬂo VZGN,

vij <z Yi,j €N, yi; <z Vi,jeN},
Before showing that we can obtain an optimal solution to the Mixture problem by using the

Assortment LP, we provide some intuition regarding the LP above. Using 1(-) to denote the indicator

function, given a solution S C N to the Mixture problem, we construct a solution (Zy, &, 9) to the
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Assortment LP by setting &, = m, &;=1(i € S) &, and Ui =10 € S, je8)#,. Noting that
YoienVidi =Eo Y,y vil(i € 8) =2 V(S), we have Zg + >,y vidi = Zo (1 + V(S)) =1, so the
solution (&, &,9) satisfies the first constraint in the Assortment LP. Moreover, since 1(i € S) <1,
1(ieS, jeS8)<1(ieS), and 1(i € S, j € S) < 1(j € S), the solution (io,&,) satisfies the
remaining constraints in the Assortment LP as well. Furthermore, for the Assortment LP, this

solution provides an objective value of

ZT,L' <(UZ+)\91)§31+)\&LZUJQU> = ZTZ<(’U1+A01)1(Z€g)‘i‘AeZZU]l(ZGS’, ]GS)) i’o

ieN jEN ieN JEN

= Zﬁ' (vi+)\0i+)\0izvj 1(j Eg)>1(i€5')i‘o

1EN JEN

- Zri<v¢+)\0i(1+V(5'))>1(i€§)§:0 =Y (7“(S)+A9i> 1(i € §),

iEN N 1+V

which is the objective function of the Mixture problem evaluated at S. Thus, given a solution to
the Mixture problem, we can construct a feasible solution to the Assortment LP, and the objective
values of the two solutions match. To show that the Assortment LP is equivalent to the Mixture
problem, we need to show the converse statement as well, which is what we do next. Note how
collecting the terms A#; Z; and )\Hizj e~ Ji; above surprisingly yields the purchase probability of

product ¢ in the customer segment with the independent demand model.

To establish the converse statement, we build on the next lemma, which shows an important

property of the basic feasible solutions to the Assortment LP.

Lemma 3.1 (Extreme Point Solutions) Let (Z,,&,9) be a basic feasible solution to the

Assortment LP. Then, we have &; € {0,%¢} for alli€ N.

The proof of Lemma 3.1 follows by showing that if Z; € (0,Z,) for some i € N, then we can
perturb the solution (Zg,&,9) to obtain two feasible solutions to the Assortment LP such that
(Zo, &, Y) is a convex combination of the two feasible solutions. Note that perturbing Z; may require
perturbing the other elements of the solution (Zo,&,9) to ensure feasibility. We give the proof in
Appendix B. In the next theorem, we use the above lemma to show that we can obtain an optimal

solution to the Mixture problem by using an optimal solution to the Assortment LP.

Theorem 3.2 (LP Formulation) For a basic optimal solution (x}, x*,y*) to the Assortment LP,

let S*={ie N:x;>0}. Then, S* is an optimal solution to the Mixture problem.

Proof: Let S be an optimal solution to the Mixture problem providing the optimal objective value 2,

and let 25 be the optimal objective value of the Assortment LP. By the discussion at the beginning
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of this section, given the solution S to the Mixture problem, we can construct a feasible solution to
the Assortment LP with the objective value of 2. Therefore, we have 2/, > 2. On the other hand,
by Lemma 3.1, we have x} =z for all i € S* and z} =0 for all i € N\ S*. Since (z},x*,y*) is
a feasible solution to the Assortment LP, by the first constraint, we get x5+ >, q. vizi =1, so
Th= ﬁw) =x; for all i € S*. In this case, by the last two constraints, we also get y;; < W for
all 4,j € S*. If i  S* or j ¢ S*, then x; =0 or x} =0, so we have y;; =0. Let Q" ={i € 5* :; <0},
and recall that 2% is the optimal objective value of the Assortment LP and 2 is the optimal objective
value of the Mixture problem. Since z; =0 when i ¢ S* and y;; =0 when i ¢ S* or j ¢ S*, evaluating

the objective function of the Assortment LP at its optimal solution, we get

ies* jes
=>n ((vi—i-)\@):vj +A0:) v, y;;.> +> ((Ui—l—)\ﬁi)x;‘ +A0:) v, y;;>
€S\ Q* jES* 1€EQ* JES*
(a) vz—i—/\ﬁ . .
i€S*\Q* i€Q jes*
= Z ( S*)+>\9)+Z72<U1+)\9)x +A9 Zvij>
i€S*\Q* 1EQ* JES*
< Zrl - —{—x\H)—{—Zn<UZ+)\9i)xf+)\9injyfj>
E5T\Q* (1+V(S \Q7) i€Q* jes*
(b)
< 2+ Zm ((UZ—I—AH Yxi + A0, Zvjy”>
1EQ* JES*
Here, (a) holds since r; > 0 and =} = 1+V 5 for all i € 5"\ Q" and y;; < HV;(S*)’ whereas (b) holds

since S*\ Q* is a feasible but not necessarily an optimal solution to the Mixture problem.

Noting that r; <0 for all i € Q*, we have D . .7 ((vi + A0i) 2] + A0:> g v;y;;) < 0. If
>icor Ti (Vi £ A0) z7 + X0 g vjy7;) <0, then the above chain of inequalities yields zp < 2,
contradicting the fact that 2, > 2, which we established at the beginning of the proof. Therefore,
we have 37, mi (vi+A0;) 27 + A0;3 g v;y;;) =0, but since 7 >0, r; <0 and v; +A6; > 0 for
all 7 € Q*, for the last equality to hold, we must have Q* = @. Since Q* = &, noting that zp > 2, all
the inequalities in the above chain of inequalities hold as equalities. In particular, since (b) holds as
an equality and Q* = @, the objective value provided by the solution S*\ Q* =S* for the Mixture

problem is Z, so S* is an optimal solution to the Mixture problem. |

The proof of Theorem 3.2 also shows that the Mixture problem and the Assortment LP have the

same optimal objective values. In the proof of the theorem, we do not assume that the revenues
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of the products are non-negative. We will build on Theorem 3.2 when examining network revenue
management problems. In that setting, the revenues of the products will be adjusted by the
opportunity costs of the capacities used by the products, in which case, the revenues of some of
the products can be negative. Nevertheless, when we focus only on solving the Mixture problem,
we can a priori drop from consideration all products with nonpositive revenues, since if we drop

such products, then the expected revenue from any assortment stays at least as large.

Prioritization of Products in an Optimal Assortment:

We give a result to intuitively suggest that there exists an optimal solution to the Mixture problem
that prioritizes product ¢ when r; is larger or when 6, /v; is larger. Besides providing insight into the
structure of the optimal assortment, this result allows us to construct a combinatorial algorithm for
solving the Mixture problem. We start by reformulating the Mixture problem. Define the decision
variables w = {w; : 1 € N} € {0,1}", where w; =1 if and only if we offer product i. Using z* to

denote the optimal objective value of the Mixture problem, we write this problem as

/l},
2" = max ri| —————— + O, | w;
we{0,1}" { ZEZN (1 =+ ZjEN Uj wj ) }
{ZieNri(vi—F/\Hi)wi—i—(ZieNvin(zieNn)\Hiwi)}

1+ cnviwi

= max
we{0,1}7

(1)
where the second equality follows by arranging the terms. As a function of w, let G(w) be the

expression in the numerator of the fraction on the right side of (1).

By (1), we have z* > % for all w € {0,1}", and the inequality holds as equality at the
1€ (a3

optimal solution w* to the Mixture problem. Thus, for all w € {0,1}", we have

2" > G(W)—Z*Z’ini = Zri (U1+)\91)w1+ (Z’ini> (Zrl)‘ezwz> — " Zviwi

iEN ieEN €N ieN N
0,
- Z (r +Ar; ——z )w - (Zv w) (Zri/\eiwz),
ieEN iEN ieN

where the first equality follows by using the definition of G(w). Once again, the inequality above
holds for all w € {0,1}", and it holds as an equality at the optimal solution w* to the Mixture
problem. Thus, an optimal solution to the Mixture problem is a maximizer of the expression on the
right side above over all w € {0,1}". In other words, letting F'(w) =Y,y v; (ri + A1y & — 2" ) w; +
(Zie N Vi w,-) (Zze NTiNG; wi) capture the expression on the right side above as a functlon of w,

*

w* is an optimal solution to the problem max,efo13n F'(w).

In the next theorem, we use the discussion in the previous paragraph to provide insight into the

structure of an optimal solution to the Mixture problem.
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Theorem 3.3 (Prioritization of Products) There exists an optimal solution S* to the Mixture

problem that satisfies

gisg{ri<1+Azz (1+v<s*))>} > mé{ <1+Ai (1+V(S*))>}

Proof: By the discussion preceding the theorem, letting w* be an optimal solution to problem (1),
we have w* = argmaxyeo,13n F'(w). If we drop all products with nonpositive revenues from an
assortment, then the expected revenue from the assortment stays at least as large, so we focus on
the case where r; > 0 for all : € N. For each i € N, the only term in F'(w) that depends on w; in a
nonlinear fashion is v; 7; A0; w?. Thus, F(w) is directionally convex. In this case, we can relax the
binary constraints to get w* = argmaxycpo,1» F'(w). Let V* =3 v, wi and ©* =3 _ 7 A0 w;

for notational brevity. Differentiating F'(w) by using its definition, we get

(r +Ar; 9——2 ) +v; <Zr AO;w’ ) + <Zvjw;)r A0
= ( (1~|—)\Z (1+V)>—z*—|—@*>.

We use f;(w*) to denote the derivative above. To show the result by contradiction, assume that

wy =1 and w; =0 for some k,f € N, and rk(1+AZ—’Z(1+V*))Sm(l—{—A%(l—i—V*)).

OF (w)

3wi ‘w:'w*

Since w* = arg maxy,co,1)» F'(w) and w; =1, we have fj(w*) > 0. Otherwise, a small decrease in

wy, strictly increases the value of F'(w*). Similarly, we have f,(w*) <0. Thus, we obtain

ﬂ(vw) = r4<1+)\9€(1+V*))—z*+@* <0< rk<1+)\9k(1+V )>—z*—|—@*:
£

Uy Vg

fk(w*)‘

Vg

In this case, noting that r;(1+ A Z—’Z (I4+V*) <r(1+ X % (1+V™*)), all the inequalities above must
hold as equalities. In particular, we have r,(1+ A % (14+V*)—2z"+0*=0.

Define the solution @ = {w; :i € N} as w; = w} for all i € N\ {{} and w, = 1. Using the fact that
the solutions w and w* differ only in the decision variable w,, we have

0
F(@)—F(w*) = Uy (T@-F)\TEQJZ—Z*) +(V*+’Ue)(@*+’l“g)\94)—v*@*
f4

= ( <1—|—)\9£ (1+V*))—z*+€)*)—i—ww)\0@ @ vere NG, > 0,

Uy

where (a) holds since r,(1+ A % (1+V*))—2z*4+©*=0. Having F(w) — F(w*) > 0 contradicts the
)-

fact that w* is an optimal solution to the problem max.eo1n F'(w |

By the theorem above, if product i has a larger value for r; or ;/v;, then the optimal assortment

prioritizes this product. Besides providing insight into the structure of the optimal assortment, we
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can use Theorem 3.3 to construct a combinatorial algorithm for solving the Mixture problem. If
we knew the value of V(S*), then letting t = V(S*), we could index the products such that
?"1(1—1—)\7% (1+1)) > ra(l + )‘% (1+1)>...>7r(1+ X% (1 +1), in which case an optimal
assortment would be of the form {1,...,i} for some ¢ € N. Thus, we would obtain an optimal
assortment by checking the expected revenue from O(n) candidate assortments, each of which is of
the form {1,...,i} for some i € N. To deal with the fact that we do not know the value of V(5*),
we adopt an approach from Rusmevichientong et al. (2010). Note that g;(t) =r;(1+ A 1%- (14+t))isa
linear function of ¢. The n lines {g;(-) : i € N} intersect at O(n?) points. Let t! <t? <... <t¥ with
K = O(n?) be the intersection points of the n lines {g;(-) : i € N}. That is, for each k=1,..., K,
we have g;(t") = g;(t*) for some 7, j € N. Letting ¢t =0 and t* ! = oo for notational uniformity, for
each k=0,...,K, if t takes values in the interval [t* t**!) then the ordering between the values
{gi(t) :i € N} does not change. To capture this ordering, we let the permutation (o%,...,0F) e N"
be such that g, (t) > g,k (t) = ... = g,k (t) for all t € [t*,£**1). In this case, we can obtain the optimal
assortment by checking the expected revenue from O(n?) candidate assortments, each of which is

of the form {o%,... 0%} for someie N, k=0,..., K.

Thus, we can solve the Mixture problem without using an LP, but the Assortment LP becomes

critical when we work with network revenue management problems.

4. Effect of Customer Segment Mix and Efficient Assortments

In this section, we show that the optimal solution to the Mixture problem becomes a larger
assortment when the relative size of the customer segment with the independent demand model
grows or when the revenue of each product increases by the same additive amount. The fact that
the optimal solution becomes a larger assortment when the revenue of each product increases
by the same additive amount has important implications when we want to find assortments
that trade off expected revenue with the probability of purchase. This result also becomes useful
when implementing policies in dynamic assortment optimization problems through protection
levels. Throughout this section, we focus on the Mixture problem after increasing the revenue of

each product by d, which is given by

V; . .
rsnga]%( { Z(Tz =+ (5) (HW =+ )\01> } (Parametrlc Mlxture)

i€s
As a function of (A,d), we let S*(\,d) be an optimal solution to the problem above. If there are

multiple optima, then we choose any one that has the largest cardinality.

In the next theorem, we examine how an optimal solution to the Parametric Mixture problem

changes as a function of A and 0.



Yufeng Cao, Paat Rusmevichientong, Huseyin Topaloglu; Mixture of Multinomial Logit and Independent Demand Models 13

Theorem 4.1 (Sensitivity of the Optimal Assortment) There exists an optimal solution

S*(X,0) to the Parametric Mixture problem that satisfies the following properties.

(a) If \> B, then S*(X,d) D S*(5,9).
(b) 6>0, then S*(\,0) 2 .S*(A,0).

Before we give a proof for the theorem, we discuss its implications. To interpret the first part
of the theorem, note that a customer in the segment with the independent demand model is not
willing to make substitutions. If such a customer is interested in product ¢ and this product is
unavailable, then she leaves without a purchase. In that sense, the customers in the segment with
the independent demand model are inflexible. By the first part of the theorem, as the relative size
of the inflexible customer segment increases, to ensure that the customers in this segment can find
the product they are interested in, the optimal assortment becomes larger. To interpret the second
part of the theorem, letting Rev(S) =", o7 (1+v + A6;) and Dem(S)=>", (1+V(S +A6;),
we write the objective function of the Parametric Mixture problem as Rev(S) + 6 Dem(.S). Observe
that Rev(S) is the expected revenue from assortment S, whereas Dem(S) is the total purchase
probability from assortment S. While maximizing the expected revenue is beneficial for the firm,
maximizing the total purchase probability is beneficial for the customers, as a larger total purchase
probability indicates that a larger fraction of the customers can find a product in which they are
interested. The parameter § characterizes the weight that we put on the total purchase probability
relative to the expected revenue. Solving the problem maxgcy {Rev(S) 4+ § Dem(S)} for all possible
values of §, we can construct an efficient frontier of all attainable expected revenue-total purchase
probability pairs. By the second part of the theorem, the Pareto-efficient assortments that lie on
the efficient frontier have a nested structure, one assortment always being included in another one.
Since there can be at most n assortments that satisfy such a nested structure, there can be at most
n assortments on the efficient frontier. Furthermore, the Pareto-efficient assortments get larger as
the weight that we put on the total purchase probability increases. In Figure 1, we consider a
problem instance with 8 products and show the expected revenue-total purchase probability pairs
for the assortments on the efficient frontier. We label each assortment by the products that are

included in the assortment. The assortments on the efficient frontier are nested.

Having nested Pareto-efficient assortments has other important implications. Talluri and van
Ryzin (2004) investigate dynamic assortment optimization problems with a single resource, where
we offer assortments of products to customers arriving over time and the sale of a product
generates a revenue depending on the purchased product and consumes one unit of capacity of

the resource. It turns out that if the assortments on the efficient frontier are nested, then we
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Figure 1  Efficient frontier with n =8, (r1,...,78) = (0.96,0.81,0.34,0.29,0.19,0.09,0.04,0.03), (v1,...,vs) =
(0.40,0.35,0.54,0.10,0.11,0.21,0.12,0.04), (61,...,05) = (0.15,0.20,0.09,0,0.16,0.15,0.07,0.18), A= 2.

can implement the optimal policy by associating a protection level for each product. In this case,
it is optimal to offer a product only when the remaining capacity of the resource exceeds the
protection level of the product. On the other hand, Ma (2019) studies assortment auctions, where
each buyer submits a list of options she is willing to purchase and the seller allocates a limited
amount of inventory to buyers under only probabilistic information about the preferences of the
buyers. Having nested assortments on the efficient frontier plays an important role in giving a

Myersonian characterization of the optimal mechanism in these auctions.

Proof of Theorem 4.1:

In the rest of this section, we give a proof of Theorem 4.1. Results similar to this theorem appear
in the literature under the pure multinomial logit model, but our result, which is under a mixture
of multinomial logit and independent demand models, requires techniques that, to our knowledge,
have not been used. Consider two instances of the Mixture problem. In both instances, the preference
weight of product ¢ in the multinomial logit model is v; > 0 and a customer in the independent
demand segment is interested in product ¢ with probability 6; > 0. The two instances differ in
the revenues of the products and the relative size of the customer segment with the independent
demand model. In the first instance, the revenue of product 7 is r;; and the relative size of the
independent demand segment is A;, whereas in the second instance, the revenue of product 7 is r;,
and the relative size of the independent demand segment is Ay. For £ =1,2, we use R,(S) to denote
the expected revenue from the segment with the multinomial logit model in instance ¢, given that

we offer the assortment S. In other words, we have R,(S) =), _¢riv:/(1+V(S)). Lastly, for
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¢=1,2, we let S; be an optimal solution to the Mixture problem for instance ¢. In particular, S}

is an optimal solution to the problem

D ien Tie Vi _
rSIICa]%{{H‘/m+AZZTi£0i = Sgafé{Rf(S)*MZW@}'

iEN i€S
If there are multiple optimal solutions, then we choose any one that has the largest cardinality. We

break other ties according to a fixed lexicographical order between the assortments.

The way we will use the two instances is as follows. When showing the first part of Theorem
4.1, we will have r;; =7r; =71, and A\; = A > 8= \,, so that the two instances will differ only in
the relative size of the customer segment with the independent demand model. When showing
the second part of Theorem 4.1, we will have r;; =r;, ro =7, + 0 and A{ = A = Ay, so that two
instances will differ only in the revenues of the products. In the next lemma, we give an important
relationship between ST and S;. This result, rather than having an intuition, serves as a wrapper

for a key computation that we make multiple times when giving a proof for Theorem 4.1.

Lemma 4.2 (Comparing Instances) For {=1,2, let S; be an optimal solution to the problem

maXSgN{Rg(S) —|—)\g ZieS Tie 92} (J//ld
K={ieN:ry <R(S}), i¢S:, i S}

Then, the assortments Sy, Ss, and K satisfy ST UK D S;. Furthermore, if K # @ and r;o < Ro(S5)
for all i € K, then we have

Ri(S7) = ieg rinvi/V(K) Y DiexTinbi _ Ra(S5) =D ick iz vi/V(K) Y >iex Ti20i
1+V(S;UK) YV(K) T 1+V(S;) > V(K)

. (2)

Proof: To show the first statement, we write the objective function of the Mixture problem for
instance £ as Ry(S) + A\ >

for all ¢ € N. Otherwise, we can drop all products with nonpositive revenues while ensuring that

ieg Tie Os. As in the proof of Theorem 3.3, we consider the case r;; >0
the expected revenue from any assortment stays just as large. Consider i € S;. If i € ST and
ri1 > R1(S7), then a standard lemma for the expected revenue under the multinomial logit model,
given as Lemma C.1 in Appendix C, implies that R;(S7U{i}) > R,(S}). Moreover, since r;; > 0 for
all i € N, we have 37 710 2 2 jese 71 05 Thus, we get Ry (S7U{i}) + A1 30 cge 0y rin 05 2
Ri(ST)+ M Zjes; ;1 0;, which contradicts the fact that S} is an optimal solution to the Mixture
problem for the first instance with the largest cardinality. Therefore, if ¢ € S5, then we have ¢ € ST
or r;; < Ry(S7). Consider ¢ € S; and focus on two cases. First, if ¢ € ST, then we trivially have
i€ ST UK. Second, if i ¢ S7, then we must have r;; < R;(Sy) by the earlier discussion in this
paragraph, but by the definition of K, having i € S5, i ¢ ST and r;; < R;(S}) implies that i € K, so
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we get 7 € ST UK. In both cases, having 7 € S5 implies that ¢ € ST UK, so we have S UK DO 5;. To

show the second statement, we consider the case K # @ and r;» < Ry(S3) for all i € K.

Note that S} N K = @ by the definition of K. Moreover, by the definition of S}, we have
R1 (Sik) -+ Al ZiGST Ti1 07, Z RI(ST U K) + )\1 ZiESIUK Ti1 Qi, which we write as

Z'LGS*UK 731 i
0 S Rl(S*) R1 S*UK AIZTH = *) —* )\127'11

2 11 V(S;UK)

(@) \ 1+ V(Sy) . V(K) Zzexmvz

(S <1+V(S;UK) RS+ ysom vm) ) N2
(b) V(K) Z eKTzl U
O _ Y) [ R(gr)— & A 16,
Tvsor) D=y 1;“

where (a) uses the fact that R;(ST) = Ziesf riv;/(1 + V(S7)) and (b) uses the fact that
V(STUK) =V (S})+ V(K) for S; N K =@ and arranges the terms.

We have K C S; by the definition of K. Moreover, by the definition of S;, we have
R5(S3) + Az Zies; ri20; > Ra (S5 \ K) + X2 Ziesg\K 2 0;, which is equivalent to

Zi x T2 Uy
0 > Ro(S3\K) —Rao(S5) ~ A Y riaby = Ro(S3\K)— T2 20, > g,

€K 1+V(55) icK
© Ry(S:\K)— (W Ro(S3\ K) + 1X<VI((;5) Z;&Q; ”i) —AQ;KW 0,

where (c¢) and (d) use the same argument as do (a) and (b), whereas (e) follows by using, once again,

Lemma C.1, which implies that since ;5 < Ry(S5) for all i € K, we have Ry(S5\ K) > Ra(S5).

Combining the two chains of inequalities displayed above and dividing both sides of the inequality
by V(K), the second statement in the lemma holds. |

Here is the proof of Theorem 4.1. As in the proof of Lemma 4.2, it is sufficient to consider the
case where r; > 0 for all ¢ € N. To show the first part of Theorem 4.1, building on the notation
introduced immediately before Lemma 4.2, we define two instances of the Mixture problem with
ri1 =1; =714 foralli € N and Ay = A\, Ay = 8 with A > 3. Note that since the revenues and preference

weights in the two instances are the same, we have R;(S) = Ry(S) for all S C N. Recall that S;
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is an optimal solution to the problem maxgcy {RZ(S) + XD g 92-}, and thus, showing that

ies
S*(X,0) D 5*(,0) is equivalent to showing that S7 D S;. By the definition of ST and S5, we have

Ri(57) + M Zril 0; > Ri(S5)+ M Zril 0;

i€ST i€S3
Ro(S3)+ X2 D> riab = Ro(S7)+ X2 Y riabs.
i€S5 i€Sy

Multiplying the first and second inequalities above by A, and A, respectively, adding them, and
noting that Ti1 = Ti2, W€ have )\1 RQ(S;) — Ag RI(SS) Z /\1 RQ(ST) — )\2 Rl(ST)

Since R;(S) = R»(95) for all S C N, the last inequality yields (A; — A2) Ra(S5) > (A1 — A2) R1(S7),
but noting that A\ > Ao, we get Ry(S5) > R1(S7). Define K as in Lemma 4.2, in which case we have
ST UK D S5 by the first statement in Lemma 4.2. If K = &, then S} 2 S5, which is the desired
result. To get a contradiction, assume that K # &. By the definition of K, we have r;; < R;(S})
for all i € K. In this case, since Ry(S5) > Ri(S7) and r;; = r;y for all i € N, we obtain rjy =71, <
Ri(S7) < Ry(S3) for all i € K. Observe that Y., 71 v/V(K) =), ri2v;/V(K) is a weighted
average of the revenues of the products in K. Thus, since r;; =13 < R1(S7) < Ry(S;) for alli € K,
we get Y. T Ui/ V(K) =, riavi/V(K) < Ri(S7) < Ry(S5), which we equivalently write as
0< Ry(ST) =2 iexrir vi/ V(K) < Ry(S5) — >, c i Tizvi/V(K). Lastly, noting that Ay > Xy, K # @,
and r;; =m0 =7; >0 for alli € N, we have Ay Y. 0irin > Xo Yo OiTia.

In the previous paragraph, we argue that r;; < Ry(S3) for all i € K, so the second statement in
Lemma 4.2 holds. Thus, adding the inequality Ay Y, 0571 > A2 D, 0752 and (2), we get

Ra(S1) = 2 siex T vi/ V) Ba(S5) = 3 iex T2 vi/VE)
1+V(SfUK) 14+V(S5)
Since 0 < Ry (S7) =D icx rin i/ V(K) < Ry(S3) = >, c g Ti2 03/ V(K), the inequality above holds only
if 1+ V(S;UK)<1+V(S;), which contradicts the fact that ST UK D S;.

To show the second part of Theorem 4.1, we define two instances of the Mixture problem with
rig=1; and rp =71, +6 for all i € N and A\; = A = Xy. In this case, it is unfortunately not
straightforward to show that R,(S3) > R;(S7), and the proof of the second part becomes more
complicated. We focus on two cases. First, considering the case Ry(S;)— 3 < R;(S7), we use an
outline very similar to the one in the proof of the first part to show that S; O S}. Second, considering
the case Ry(S5) — 9 > Ry(S), we show that this case cannot happen, once again, using an outline
very similar to the one in the proof of the first part. The analysis of both of these cases uses

Lemma 4.2. We give the detailed proof of the second part in Appendix C.

In the next section, we focus on the assortment optimization problem when there is a cardinality

constraint that limits the number of offered products.
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5. Assortment Optimization under a Cardinality Constraint

We show that the Mixture problem under a cardinality constraint is NP-hard and give an FPTAS.

Letting C be the limit on the number of offered products, we consider the problem

(%

i| ——= + 70| ;. Cardinality-Mixt
;nga])éz {IEZST <1+V(S)+ )} (Cardinality-Mixture)

IS|=C

Note that the constraint above ensures that we offer exactly C' products. If we want to offer at

most k products, then we can solve the problem above with C =1,... k.

To show that the Cardinality-Mixture problem is NP-hard, we use the following feasibility version

of the Cardinality-Mixture problem, which we refer to as the MIXTURE FEASIBILITY problem.

Mixture Feasibility: Given an instance of the Cardinality-Mixture problem and a threshold K,

is there an assortment S C N with |S| = C that provides an expected revenue of K or more?

We use a reduction from the following CARDINALITY-CONSTRAINED PARTITION problem, which is

a well-known NP-hard problem (Section A3.2, Garey and Johnson 1979).

Cardinality-Constrained Partition: Given a set of items N = {1,...,n} and their weights

{w; :i € N}, is there a subset S C N with [S|=n/2 such that >, qw; =3, qw;?

To our knowledge, no study has built on the partition problem to establish NP-hardness for
assortment optimization under a cardinality constraint, especially considering that we can solve
the unconstrained assortment optimization problem in polynomial time and the problem without
the cardinality constraint is well-behaved to the point that we can use an LP. In that respect,
our NP-hardness result is surprising and unique. Rusmevichientong et al. (2014) use the partition
problem to establish NP-hardness under a mixture of multinomial logit models without constraints.

In the next theorem, we show that the Cardinality-Mixture problem is NP-hard.

Theorem 5.1 (Complexity) The MIXTURE FEASIBILITY problem is NP-complete.

Proof: Given an instance of the CARDINALITY-CONSTRAINED PARTITION problem with the set
of items N = {1,...,n} and weights {w;:i € N}, we have >, _qw; =), qw; if and only if
Y oies Wi = %Zze ~ W;. Scaling all weights by the same constant does not change the answer to the
CARDINALITY-CONSTRAINED PARTITION problem, so we scale the weights so that ).\ w; = 2. From
the instance of the CARDINALITY-CONSTRAINED PARTITION problem, we define an instance of the
MIXTURE FEASIBILITY problem as follows. For each ¢ € NV, the revenue of product i is r; = 1. The

preference weight of product i is v; = w;. Letting V.., = max;cy v;, the purchase probability of
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product 7 in the independent demand model is 8; = V .. — v;. The relative size of the two customer

segments is A = 1. We need to offer C'= 2 products. Finally, the threshold is K = + 1 C Vjyax.

We show that there exists an assortment S C N with |S| = C that provides an expected
revenue of K or more if and only if there exists a subset of items S C N with |S| =n/2 such

that >, wi:%ZiGN w;. Noting that r;, =1 for all i € N and \ = 1 the objective function

V(S
1+v S)

of the Cardinality-Mixture problem is +41 Ezesﬁ Since we have 0, = V.« — v; and we
need to offer an assortment S C N that satisfies |S| = C, this objective function is equivalent to

V(S) V(S)
1+\(/(S i Zzes( max _Ui) - 1+l(/(S + = CVmax — iV(S)

Thus, noting that K = l + l C' Vinax, an assortment S C N with |S| = C provides an expected

revenue of K or more if and only if a subset of items S C N with |S| = C satisfies

V) Loy —tvig) s

1+v(S) 1 1 +

C Vmax .

N
el

The inequality above holds if and only if

1+v S) 1(14 V(S)). Arranging the terms, the last
inequality is equivalent to (1 —V/(5))? <0, which holds if and only if V(S) =

By the discussion in the previous two paragraphs, there exists an assortment S C N with |S|=C
that provides an expected revenue of K or more if and only if there exists a subset of items S C N
with [S| = C such that V(S) = 1. Noting that C'=n/2, V(S) =", qvi=> ,cqw;and Y . w; =2,
having a subset of items S C N with |S| =C and V(S) =1 is equivalent to having a subset of items
S C N with [S|=n/2 and >, qw; = 5>,y w;- The last statement is precisely the one that the

CARDINALITY-CONSTRAINED PARTITION problem focuses on. |

Considering the Cardinality-Mixture problem, our main contribution is to show that this problem
is NP-hard, as we do in the theorem above. Once we show that the Cardinality-Mixture problem is
NP-hard, it is natural to consider developing an FPTAS for this problem, and our approach to
developing an FPTAS uses standard arguments that are employed when developing an FPTAS for
the knapsack problem (Desir et al. 2016). In the rest of this section, we outline the three main

steps of our FPTAS and defer the details to Appendix D.

In the first step, we relate the Cardinality-Mixture problem to the knapsack problem. Letting

Vinin = min;e x v; and Via = max;en v;, for fixed ¢ € [Viin, 7 Vinax), we consider the problem

f(t) = ?Ca§{2r< +)\9> : V(S)<t, |S\:C}. (3)

The problem above is a cardinality-constrained knapsack problem, where the set of items is N, the

V4

utility of item 1 is r; (1+t

+ A 6;), the space consumption of item i is v;, the capacity of the knapsack
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is t, and the number of items to carry is C. If t < Vi1, then the only potentially feasible solution to
the problem above is S = @, whereas if ¢t > n V.., then the first constraint above is redundant, so we
consider the values of t € [Viin, n Vinax]. Noting that f(¢) is the optimal objective value of problem
(3), let t* be an optimal solution to the problem max;civ, .. nvina f(t). We can show that if S* is an
optimal solution to problem (3) with ¢ = ¢*, then S* is an optimal solution to the Cardinality-Mixture
problem. In other words, we can recover an optimal solution to the Cardinality-Mixture problem by
solving problem (3) with ¢ =t¢*. However, solving the problem max;c(v, . n v f(t) to compute ¢*

is difficult, since f(-) is itself hard to compute.

In the second step, we build a geometric grid over the interval [Viin, 7 Vinay]. For a fixed accuracy

parameter p >0, we focus on a set of grid points that are integer powers of 1+ p, which are given
. lo Vmin log(n Vinax 1

by Grid={(1+p)*: k= Llogg(1+p)J""’ [ Oi(g(Hp) )1}. Here, |-] and [-] are, respectively, the round

down and up functions. Let f € Grid be such that t* <f < (14 p)t*. We can show that if S is an

optimal solution to problem (3) with ¢t = t, then the expected revenue of the assortment S deviates
from the optimal expected revenue by at most a factor of 1+ p. Thus, there exists ¢ € Grid such
that solving problem (3) with ¢t = £ yields a (1 + p)-approximate solution. However, solving problem

(3) with t =1 is difficult, since this problem is itself an NP-hard problem.

In the third step, we use a dynamic program to obtain an approximate solution to problem (3)
with t = £. Writing the constraint V' (S) = DiesVistas) o i- Ui < 7, we consider an approximate

version of problem (3) by replacing the constraint V(S) <t with ) [, vil <[%]+n. In the

i€s
approximate version of problem (3), the space consumption of each item and the capacity of the
knapsack are integers. Thus, we can solve the approximate version by using a dynamic program. We
can show that if we let ¢ be as in the previous paragraph and S be an optimal solution to the

approximate version of problem (3) with ¢ =#, then the expected revenue of the assortment S

deviates from the optimal expected revenue by at most a factor of 1+ 5p.

In the next theorem, accounting for the number of operations and the errors in the second and

third steps, we give an FPTAS for the Cardinality-Mixture problem.

Theorem 5.2 (FPTAS for Cardinality Constraint) Letting z* be the optimal objective value

of the Cardinality-Mixture problem, there exists an algorithm where, for any € € (0,1), the

algorithm runs in O(’E‘—s log (%)) operations and returns an assortment that is feasible to the

Cardinality-Mixture problem with an expected revenue of at least (1 — €) z*.

The proof of Theorem 5.2 is given in Appendix D.
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6. Network Revenue Management

In the network revenue management setting, we have a set of resources, each with limited
capacity. There is a finite number of time periods in the selling horizon. We choose the assortment
of products to offer at each time period. The customer arriving at a time period chooses among
the products according to a choice model. If the customer purchases a product, then we consume
the capacities of a combination of resources and generate a revenue, both of which depend on the
purchased product. The goal is to find a policy for choosing the assortment of products to offer at
each time period to maximize the total expected revenue over the selling horizon. Gallego et al.
(2004) and Liu and van Ryzin (2008) formulate an LP approximation for the network revenue
management problem. In their LP approximation, we have one decision variable for each assortment
of products that we can offer to the customers, capturing the frequency with which we offer each
assortment. Thus, the number of decision variables increases exponentially with the number of

products, and it may be computationally cumbersome to solve the LP approximation.

In this section, we show that if the customers choose according to a mixture of multinomial
logit and independent demand models, then we can formulate an equivalent LP whose number of
decision variables and constraints increases only quadratically with the number of products. The
optimal objective values of the two formulations are equal, and we can recover an optimal solution
to one formulation by using an optimal solution to the other. To pin down the network revenue
management problem, let T" be the number of time periods in the selling horizon. At each time
period, we have one customer arrival. The set of resources is M ={1,...,m}. The capacity of
resource ¢ is ¢,. The set of products is N ={1,...,n}. If we offer the assortment S C N of products,
then a customer purchases product ¢ € S with probability #1(5) + A\0;, in which case we generate
a revenue of r; and consume a,; units of the capacity of resource q. We use the decision variables
w={w(S): S C N}, where w(S) is the probability that we offer assortment S at a time period. The

LP approximation for the network revenue management problem is

max {T > Z”(uv +)\9> (S) : (Choice-Based LP)

wery" SCN i€s
Tzzam(prv )+>\¢9> (S)<e, YqeM,
SCN ieS
Zw(S):l}.
SCN

Noting that > _or(—%—= + A6;) is the expected revenue at a time period at which we offer

zES vo+V(S)

assortment S, the objective function above is the total expected revenue over the selling horizon.
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The first constraint ensures that the total expected capacity consumption of a resource does not

exceed its capacity. The second constraint ensures that we offer an assortment at each time period.

To give an equivalent formulation for the Choice-Based LP, using the decision variables

(zg,x,y) €ER X RT’”2 as in the Assortment LP, we consider the problem

max {T Z T ((’Uz‘i‘)\ez) $Z+/\QZZ ’Uj yij) : (Compact LP)

2
(wo,w,y)ERXR1+" ieN jEN

T Z Qq; <(’l)l+)\(91)l'l+)\012’l)ij> ch VQEM,

ieEN jEN

$O+Zvixi:17

1EN
ZL’iSZL’O VZGN,

Yij ST Vi,7 €N, Yij S X V’L,jEN}

The objective function of the Compact LP is the total expected revenue over the selling
horizon. It turns out that we can use the expression (v; + A6;) z; + )\Hizj en Vj Yij to capture the
expected number of purchases for product ¢ at a time period. Remarkably, we can capture the
expected number of purchases for the products by associating one decision variable with each
product, as well as with each pair of products, rather than by associating one decision variable
with each assortment of products. The first constraint ensures that the total expected capacity
consumption of a resource does not exceed its capacity. The remaining constraints ensure that the
choices of the customers are governed by our mixture choice model. We have 2" decision variables
and m+ 1 constraints in the Choice-Based LP, but n?+n -+ 1 decision variables and 2n?+n+m-+1
constraints in the Compact LP. While solving the Choice-Based LP almost always requires using

column generation, we may directly solve the Compact LP without using column generation.

There are heuristic policies that use an optimal primal or dual solution to the Choice-Based LP
to decide which assortment of products to offer at each time period. In a randomized offer policy,
letting w* be an optimal solution to the Choice-Based LP, we offer assortment S with probability
w*(S), after adjusting the offered assortment to accommodate the availabilities of the resources
(Jasin and Kumar 2012). On the other hand, in a bid-price policy, letting p* = {u; : g € M} be
the optimal values of the dual variables associated with the first constraint in the Choice-Based
LP, we use p; to capture the opportunity cost of a unit of resource g. If a customer purchases
product i, then the opportunity cost of the resources used by product 7 is > gen Qi [y, SO the net
expected revenue from the purchase is r; — qu a1 Qqi 1 Therefore, the expected net revenue from

gy T A0 (i — D @qi 1), in which case we offer an

offering assortment S is given by >, (5 S
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assortment that maximizes this expected net revenue, once again after adjusting the assortment
to accommodate the availabilities of the resources (Zhang and Adelman 2009). The discussion in
this paragraph indicates that it is important to recover both optimal primal and dual solutions
to the Choice-Based LP by using the Compact LP. In the next theorem, we show that the optimal
objective values of the Choice-Based LP and Compact LP are equal and we can recover an optimal
dual solution to the former by using the latter. In the next section, we focus on recovering an
optimal primal solution to the Choice-Based LP by using the Compact LP. It turns out that relating
the primal solutions of the two formulations will require more work. Lastly, we note that the
choice models that govern the choices of the customers at all time periods in the Choice-Based LP
have the same parameters. If the choices of the customers at different time periods are governed
by choice models with different parameters, then we need to work with the decision variables
{w;(S): SCN, t=1,...,T}, where w,(S) is the probability that we offer assortment S at time

period t. All of our results continue to hold in this case.

Theorem 6.1 (Equivalence of LP Formulations) The optimal objective wvalues of the
Choice-Based LP and Compact LP are the same. Furthermore, the optimal values of the dual

variables for the first constraint in the Choice-Based LP and Compact LP are the same.

Proof: Note that Compact LP is feasible and bounded, since setting zo =1, x; =0 for all i €
N and y,;; =0 for all 4,5 € N yields a feasible solution and all decision variables are bounded.
The last four constraints in the Compact LP are equivalent to the four constraints in the
Assortment LP. For notational brevity, we capture the polytope defined by these constraints as
P ={(z,x,y) €ER x ]R’ff"z o+ Y i onViti=1, x;<x Vi€EN, y;; <minf{x;,x;} Vi,j e N} We
construct the Lagrangian for the Compact LP by associating the dual multipliers p = {p,: q€ M}

with the first constraint and relaxing this constraint, so the Lagrangian is

L(zo,,y;p) = Y T ((Ui‘i‘)\ei)xi‘i')\gizvjyij)

iEN JEN
+ Z Hq (Cq — ZTaq,» <(Ul +)\0,) Z; +)\912v3 yij))
qeEM iEN JEN
= ZT (n— - z Qig uq> ((vz +A0;) x; +)\9,»Z o yij) + z Cq g
€N qeM JEN qeM

In this case, using D(p) to denote the dual function for the Compact LP as a function of the dual
multipliers p, we have D(p) = max(z 2 y)epr L(Zo, T, Y; 1.

The Compact LP is feasible and bounded, so strong duality holds. Thus, we can obtain the

optimal objective value of the Compact LP by solving the dual problem min“eRT D(p), and an
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optimal solution to the last problem gives the optimal values of the dual variables for the first

constraint in the Compact LP. We write the dual function as

o =15 57 - B (e )+ S

qEM JEN qEM
(@)
= max {ZT(@ Zazquq><1+v(s)+)\9>} + Zuch
€S qgeEM geEM

®)
= max T alq,uq> <+)\0) w(s): w(s)—l} + fq Cq

s (R E (S (v % 2
= ma)%{ ZTTZ< +>\9) w(s)

weRy" | SN ies )

+ ) <cq—ZZT%<S)+A0> w(s )):Zw(s)zl}.

qeM SCN ieS SCN
In the chain of equalities above, (a) uses the fact that the LP on the left side of this equality is
equivalent to the Assortment LP after replacing the revenue of product ¢ with r; — Zq e Qqi fg- Thus,
we can obtain the optimal objective value of this LP by solving the Mixture problem after replacing
the revenue of product i with r; — >, @4 pg. On the other hand, (b) holds, since picking
one assortment that maximizes the expected revenue in the Mixture problem is equivalent to
randomizing over all possible assortments. The optimal objective value of the last LP above gives
the dual function for the Choice-Based LP. Therefore, the Compact LP and Choice-Based LP have
the same dual functions. In this case, if we minimize the dual functions for the two LP formulations
over all u € R, then we get the same optimal objective value, so the two LP formulations have
the same optimal objective value. Furthermore, the minimizers of the dual functions for the two
LP formulations must be the same, which implies that the optimal values of the dual variables for

the first constraint in the two LP formulations are the same. [ |

By Theorem 6.1, we can solve the Compact LP to obtain the optimal dual variables of the first
constraint in the Choice-Based LP, in which case we can use these dual variables to implement
the bid-price policy. Considering the LP on the left side of (a) in the proof of the theorem, we
do not a priori know whether product i satisfies r; — > _\ a4 ptg > 0. Therefore, as discussed
immediately after the proof of Theorem 3.2, it is important that the Assortment LP can recover the

optimal objective value of the Mixture problem even when some of the products have nonpositive

revenues. To close this section, we iterate that we can have 4+ A6; > 1, since we normalize

v0+‘j(5)
the size of the customer segment with the multinomial logit model to one. To recover the purchase

probability of product i, we need to scale o ;5(5) + A0; with 8. Thus, the purchase probabilities

in the Choice-Based LP and Compact LP have implicitly been scaled with 1/3, so the resource

capacities in these LP formulations have implicitly been scaled with 1/3 as well.



Yufeng Cao, Paat Rusmevichientong, Huseyin Topaloglu; Mixture of Multinomial Logit and Independent Demand Models 25

7. Recovering a Primal Solution

We focus on recovering an optimal primal solution to the Choice-Based LP by using the Compact
LP. Throughout this section, we follow the convention that if the Compact LP has multiple
optimal solutions, then we pick any one that has the largest value for the decision variable zq. It
is simple to implement this convention in practice. In particular, for ¢ > 0, we can add the
additional term ez to the objective function of the Compact LP. If € is small enough, then the
additional term favors an optimal solution with the largest value of xzy. If it is not clear how
small € should be, then another approach would be to first solve the Compact LP and obtain its
optimal objective value. Letting 2/, be the optimal objective value of the Compact LP, we can then
solve another LP where we maximize x in the objective function, subject to the constraint that
T ien mi (i +A0) i +X0:3 v Yij) > 2(p, along with all constraints in the Compact LP. In
this case, we get a solution with the largest value for the decision variable z(, providing an objective
value of at least z/p, so it must be optimal. In the next lemma, we establish a useful property of

the basic optimal solutions to the Compact LP. The proof is given in Appendix E.

Lemma 7.1 (Extreme Point Optimal Solutions) Let (x},z*,y*) be a basic optimal solution

to the Compact LP. Then, we have y;; = min{z;,z;} for alli,j € N.

z’]

The proof, which is nontrivial, explicitly uses the fact that we pick a basic optimal solution that
has the largest value for the decision variable zy. We can generate examples to show that we may

not have y;; = min{xz;, z}} for other basic optimal solutions. Also, note that the last two constraints

ir Ty

in the Compact LP do not immediately imply that y;; = min{z;,z}}, since the first constraint in

[ ]

this LP may not allow setting y;; = min{z;,z;} in a feasible solution to the Compact LP. Next, we

79 j
focus on the main result of this section and give a remarkably efficient approach for recovering an

optimal primal solution to the Choice-Based LP from an optimal solution to the Compact LP.

Let (xf,x*,y*) be a basic optimal solution to the Compact LP. We index the products so that
x> xy > ... >x. Defining the set S; ={1,...,i} with Sy =@, for each i =0,1,...,n, we set

W(Si) = (27 —wipy) (L+V(Sh), (Recovery)

where we follow the convention that xz},, = 0. Noting that z{ >z} for all i € N by the third

constraint in the Compact LP, we have w(Sy) =z — 27 > 0.

We define the solution @ to the Choice-Based LP as follows. For all i =0,1,...,n, we set w(.S;)
as in the Recovery formula. For S & {Sp,S1,...,S,}, we set w(S)=0.

In the next theorem, we show that the solution @ that we construct by using the Recovery

formula as discussed above is an optimal solution to the Choice-Based LP.
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Theorem 7.2 (Recovering an Optimal Solution) For a basic optimal solution (x5, x*,y*) to
the Compact LP, let w = {w(S): S C N} be constructed as in the Recovery formula with w(S)=0
for all S ¢ {Sy,S1,...,S,}. Then, W is an optimal solution to the Choice-Based LP.

Proof: For notational brevity, let A} =T (v; + A0;)x; + T A0, 3, yv;y;;. By Lemma 6.1, the
optimal objective values of the Compact LP and Choice-Based LP are equal. Let 2], be their common
optimal objective value. Noting the objective function of the Compact LP, we have z/p = >,y 7 A
Furthermore, by the first constraint in the Compact LP, we have ), a, A} < c,. We will show
that > gy @(S)=1and ) ¢y 1(i €9) (1+V(S) +A6;) @(S) = A;. In this case, we get

ZZ( +A0> =) ) ni zeS( V<S)+)\9) $) =S 1Al = 2.

SCN ies i€N SCN ieN
Thus, the solution @ provides an objective value of 2, for the Choice-Based LP, which is the
optimal objective value of this LP. Moreover, replacing r; with a,; in the chain of equalities above
and carrying out the same computation, we get > gy D icg aqz(u0+V(S) +X0;) W(S) =2 aqi A
So, since Y,y aqi A} < ¢q, W is a feasible solution to the Choice-Based LP. Noting that b provides

an objective value of zp for this LP, @ is an optimal solution for the Choice-Based LP, as desired.

First, we show that » ¢\ @(S) =1. By the definition of S;, we have V(S;) — V(Si-1) = v; for

all i=1,...,n. Thus, using the Recovery formula, we get

X (a) n ) n .
dow(S) = Y w(s) = Y (af —wi,) L+ V(S Z:r (L+ V(S sz+1 (1+V(S))
SCN 1=0 =0 1=0

= (968(1+V(So))+ixf(1+‘/(5i))> - (fo(HV(Si—l))erilﬂ (1+V(Sn))>

=1 =1
DR L ©
= x0+zmi (V(S:) =V(Si-1)) = xo‘i‘zvz = 1
=1

where (a) holds since w(S) =0 for all S & {Sy,S1,...,5,}, (b) holds since x},; =0, and (c) holds

since the solution (zj,x*,y*) satisfies the second constraint in the Compact LP.

Second, we show that » s 1(i € 5) (1+§’;(S) +X6;) w(S) =A;. Noting the definition of @ in the

Recovery formula, for each £k =0,1,...,n, we have

w(Sk) = (xf — x2+1) (1+V(Sy) = xp— Thyp + (z} — x2+1) V(Sk)

= Tp = T + Z 1(¢ < k) (2}, — Tjs1) Ve,

teN
where the last equality uses the fact that S; = {1,...,i} and V/(S) =", ¢ v;. By Lemma 7.1, we have

y;; = min{x},x}} for all 4,j € N. Thus, since we index the products such that z} > x5 >... >z},

Z7j
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we have y; = z; for i > j and y;; = 27 for i <j. In other words, letting a Vb = max{a,b}, we have

yi; = x;,;. Using the last chain of equalities displayed above, for each i € N, we get

STakzi)a(Sy) = Y 1k >i) (25— aip) + YD k>0 1K) (2] — 27,,) v

keN keN kEN LEN
(d) - * * - * *
= Zl(kZz) (xk_xk—&-l)—i_zvle(kzzvg) (Th — Thg)
keN teN  keN
(e) * * * *
=T +ZW Tive = Ty +ZW Yies (4)
teEN teN

where (d) holds since 1(k >1i)1(¢{ <k) =1 if and only if 1(k >V {) and (e) holds by canceling the

telescoping terms in the first and third sums on the left side of the equality.

By the Recovery formula, we have >,y 1(k > z)m W(Sy) =Y ey Lk >10) (wp — 2 4) =

x;. In this case, noting that i € Sy, if and only if k >4, we obtain

Y 1(i€s) <1+UV(S) +)\9i> W(S) = Y 1(iesy) (mq;(sk) +>\0i> W(Sy)

SCN kEN

= Zl(kzi) (mq;i(Sk)Jr)\@i) w(S)

keN
N .
- vikz:l(k>z)l_i_V(Sk)w(Sk)—i—)\HiZI(k>z)w(Sk)
eN keN
v vixj—l—)\ﬁi(xf—i—ngy;}) @ Az
leN

where (f) follows from (4) and (g) holds by the definition of A;. Thus, the two identities that we
claim to hold at the beginning of the proof indeed hold. |

By the theorem above, noting the Recovery formula, after we solve the Compact LP, recovering an
optimal solution to the Choice-Based LP requires simply sorting the values of the decision variables
{z;:i € N}. Furthermore, the Recovery formula implies that there exists an optimal solution w*
to the Choice-Based LP such that w*(S) =0 for all S & {S,S1,...,5.}, so there exists an optimal
solution to the Choice-Based LP that offers at most n + 1 subsets. In this solution, since the sets
{S;:i=0,1,...,n} satisfy So CS; C...CS,, if w*(S) >0 and w*(Q) > 0, then we have either
SO Qor @ 2DS. Putting the last two observations together, there exists an optimal solution to the
Choice-Based LP that offers at most n + 1 assortments and these assortments are related to each

other in the sense that one assortment is included in another one.

8. Computational Results

We provide two sets of computational experiments. In the first set, we test the ability of the

mixture of multinomial logit and independent demand models to capture the choice process of the
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customers. In the second set, we check the computational benefits of using the Compact LP, instead

of solving the Choice-Based LP directly by using column generation.

8.1 Prediction Ability of the Mixture Model

In this section, we test the benefits of using the mixture of multinomial logit and independent

demand models to predict the purchase behavior of the customers.

Experimental Setup:

We generate the past purchase history of customers under the assumption that the choices of
the customers are governed by a complex ground choice model that is very different from the
multinomial logit model. The past purchase history includes the assortment of products offered to
each customer and the product, if any, purchased within the assortment. We split the purchase
history into training and testing data. We fit a mixture of multinomial logit and independent
demand models to the training data and test the performance of the fitted model on the testing
data. As a benchmark, we also fit a pure multinomial logit model to the same training data. In
all of our test problems, we have n = 10 products. In the ground choice model, we have p = 50
customer types. Indexing the customer types by P ={1,...,p}, customer type ¢ is characterized
by a preference list of products a* = (c(1),0%(2),...,0(k")), with o%(i) € N for all i =1,... Kk,
where ‘(i) is the i-th most preferred product by a customer of type £ and k‘ is the number of
products in the preference list. A customer of type £ arrives into the system with probability 5,. An
arriving customer chooses her most preferred available product in her preference list. If no product

in her preference list is available, then the customer leaves without a purchase.

The parameters of the ground choice model are the collection of preference lists {o“: ¢ € P} and
the arrival probabilities {3°: ¢ € P}. To generate these parameters, we consider the case where
the products have an inherent ordering 1> 2 > ... > n, in which product 1 has the highest quality
and highest price, whereas product n has the lowest quality and lowest price. A customer of a
particular type has a maximum price she can afford and minimum quality she accepts. In this case,
the customer generally chooses the highest-quality product that is available within this range, but
we add some noise to introduce some deviation from the inherent ordering of the products. In
particular, for each customer type ¢, we randomly choose an interval of products [if, j¢] with i < j*,
so that a customer of type ¢ cannot afford products with price higher than that of product i
and does not accept products with quality lower than that of product j¢. Considering the ordered
list (v%(1),74(2),...,74(k%)) = (i%,i* +1,...,5°) with k* = j* — i + 1, we make 20 random swaps
to change the position of a product with its successor so that the preference list only roughly

follows the inherent ordering of the products. In this way, we obtain the preference list of products
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(0*(1),0%(2),...,0% k")) for customers of type £. Following the approach described so far in this
paragraph, we generate the preference lists for p —n =40 customer types. The preference lists for
the remaining n = 10 customer types is a singleton, each including one of the products, so the
customers of these types are unwilling to substitute between the products. To come up with the
arrival probabilities, sampling (¢ from the uniform distribution over [0,1], for all £=1,...,p —n,
we set 3= (1-0)¢*/ > ) ¢*, whereas for all {=p—n+1,...,p, weset f*=0¢/>7_ . ",
where O € (0,1) is a parameter that we vary. In this case, we have Z?:pfn 1 B¢ =0, so O fraction

of the customers are unwilling to substitute between the products.

Once we generate the ground choice model as in the previous paragraph, we generate the
past purchase histories of customers who choose according to the ground choice model. The past
purchase history consists of the pairs {(S,4;):t=1,...,7}, where 7 is the number of customers
in the history, .S; is the assortment that we offer to customer ¢, and i, is the product that this
customer chooses. If customer ¢ does not purchase anything, then we have i, = 0. To generate the
assortment S;, we include each product in the assortment S; with probability p € (0,1), where p
is another parameter that we vary. We sample the product ¢, among the products in .S; and the

no-purchase option according to the ground choice model.

We use maximum likelihood estimation to fit a mixture of multinomial logit and independent
demand models to the past purchase history. To find a local maximum of the likelihood function,
we use gradient search with 10 different initial points and bisection to find the best step size. All
of our computational experiments are carried out in Java 1.7 on MacOS with 16 GB RAM and
2.8 GHz Intel Core i7 CPU. We compared our gradient search code with the fmincon routine in
Matlab, and our gradient search code consistently reached local optima faster without sacrificing
solution quality. Similarly, we use maximum likelihood estimation to fit a pure multinomial logit

model without having an independent demand model in the mixture.

Testing Prediction Performance:

Varying (0, p) € {0.2,0.3,0.4,0.5} x {0.4,0.5,0.6}, we obtain 12 parameter combinations. For

each parameter combination, we generate the ground choice model as described earlier in this
section. Using the ground choice model, we generate the past purchase history of 7 customers. We
vary T € {1250,2500,5000} to capture three levels of data availability in the training data that
we use to fit the choice models. Following the same approach to generate the training data, we
generate the past purchase history for another 10,000 customers to use as the testing data. For
each combination of (©, p) and 7, we replicate our results 50 times to get a better understanding of
how much they change from one replication to another. We regenerate the ground choice model in

each of these replications. We compare the two fitted choice models in terms of the out-of-sample
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T=1,250 T = 2,500 T =5,000

Param. MIX MNL  Perc. MIX MNL| MIX MNL Perc. MIX MNL| MIX MNL  Perc. MIX MNL

(©,p) Like. Like. Gap Better Better| Like. Like. Gap Better Better| Like. Like. Gap Better Better
(0.2,0.4) | -12,092 -12,195 0.85 46 4 -12,041 -12,167 1.05 50 0 -12,024 -12,158 1.12 50 0
(0.2,0.5) | -13,753 -13,832 0.57 47 3 -13,710 -13,807 0.71 50 0 -13,690 -13,796 0.78 50 0
(0.2,0.6) | -15,194 -15,250 0.37 45 5 -15,156 -15,224 0.45 49 1 -15,137 -15,214 0.51 50 0
(0.3,0.4) | -12,510 -12,596 0.69 48 2 -12,461 -12,570 0.88 50 0 -12,441 -12,561 0.96 50 0
(0.3,0.5) | -14,269 -14,345 0.54 49 1 -14,228 -14,321 0.66 50 0 -14,208 -14,310 0.72 50 0
(0.3,0.6) | -15,841 -15,904 0.40 46 4 -15,804 -15,880 0.48 50 0 -15,784 -15,870 0.54 50 0
(0.4,04) | -12,772 -12,867 0.74 49 1 -12,734 -12,847 0.88 50 0 -12,716 -12,838 0.96 50 0
(0.4,0.5) | -14,624 -14,705 0.55 48 2 -14,588 -14,686 0.67 49 1 -14,569 -14,677 0.74 50 0
(0.4,0.6) | -16,286 -16,358 0.44 48 2 -16,253 -16,341 0.54 50 0 -16,235 -16,332 0.60 50 0
(0.5,0.4) | -12,881 -12,966 0.66 50 0 -12,845 -12,946 0.79 50 0 -12,826 -12,938 0.87 50 0
(0.5,0.5) | -14,850 -14,932 0.55 50 0 -14,810 -14,912 0.69 50 0 -14,793 -14,903 0.74 50 0
(0.5,0.6) | -16,605 -16,689 0.50 50 0 -16,567 -16,669 0.61 50 0 -16,549 -16,659 0.67 50 0
Average 0.57 48 2 0.70 49.83 0.17 0.77 50 0

Table 2 Out-of-sample log-likelihoods of the two fitted choice models.

log-likelihoods and the deviation between the choice probabilities under each fitted choice model
and the exact ground choice model. Throughout this section, we use MIX to refer to the fitted
mixture of multinomial logit and independent demand models, whereas MNL to refer to the fitted

pure multinomial logit model.

In Table 2, we compare MIX and MNL in terms of their out-of-sample log-likelihoods. In each of
the 50 replications, after generating the ground choice model, we sample training data and testing
data using the ground choice model. We fit MIX and MNL to the training data, and we compute
the log-likelihood of the testing data under the fitted choice models. The first column gives the
parameter configuration (©,p). In the rest of the table, there are three blocks, each with five
columns. The three blocks correspond to the values of 7 € {1250, 2500, 5000}, capturing three levels
of data availability. In each block, the first column gives the average out-of-sample log-likelihood
of MIX, where the average is computed over 50 replications. The second column gives the average
out-of-sample log-likelihood of MNL. The third column gives the average percent gap between
out-of-sample log-likelihoods of MIX and MNL. The fourth column gives the number of replications
out of 50 in which the out-of-sample log-likelihood of MIX is better than that of MNL, whereas
the fifth column gives the number of replications in which the outcome is reversed. Our results
indicate that the out-of-sample log-likelihoods of MIX are noticeably larger than those of MNL.
For the smallest training data availability with 7 = 1250, there are a few replications in which the
out-of-sample log-likelihoods of MNL are larger than those of MIX, but for 7 = 2500 and 7= 5000,
the out-of-sample log-likelihoods of MIX are quite consistently larger than those of MNL.

Note that MIX has 2n parameters, whereas MNL has n parameters. Thus, MIX provides more
flexibility for capturing the customer choice behavior. With its larger number of parameters,
however, MIX may overfit to the training data, resulting in poor out-of-sample log-likelihoods,

especially when we have too little training data. Thus, it is not guaranteed that the out-of-sample
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T=1,250 T =2,500 7= 5,000

Param. | MIX MNL Perc. MIX MNL | MIX MNL Perc. MIX MNL | MIX MNL Perc. MIX MNL

(©,p) Error Error Gap Better Better | Error Error Gap Better Better | Error Error Gap Better Better
(0.2,0.4) | 0.022 0.027 22.43 47 3 0.019 0.026 32.96 50 0 0.018 0.025 40.09 50 0
(0.2,0.5) | 0.019 0.023 17.58 48 2 0.017 0.021 24.59 49 1 0.016 0.021 30.52 50 0
(0.2,0.6) | 0.017 0.019 12.16 47 3 0.015 0.018 17.75 48 2 0.014 0.017 2246 50 0
(0.3,0.4) | 0.021 0.026 24.23 47 3 0.018 0.025 38.89 50 0 0.016 0.024 51.10 50 0
(0.3,0.5) | 0.018 0.022 21.06 49 1 0.016 0.021 30.00 50 0 0.014 0.020 39.76 50 0
(0.3,0.6) | 0.015 0.018 17.72 49 1 0.014 0.017 25.34 50 0 0.012 0.017 33.28 50 0
(0.4,0.4) | 0.020 0.025 30.52 50 0 0.016 0.024 47.62 50 0 0.015 0.023 60.69 50 0
(0.4,0.5) | 0.017 0.021 23.83 48 2 0.015 0.020 36.53 49 1 0.013 0.019 4794 50 0
(0.4,0.6) | 0.014 0.018 22.38 46 4 0.012 0.017 33.75 50 0 0.011 0.016 42.85 50 0
(0.5,0.4) | 0.018 0.024 30.97 50 0 0.015 0.022 50.65 50 0 0.013 0.022 66.34 50 0
(0.5,0.5) | 0.016 0.020 26.05 49 1 0.013 0.019 44.87 50 0 0.011 0.018 5891 50 0
(0.5,0.6) | 0.014 0.017 24.79 50 0 0.011 0.016 41.08 50 0 0.010 0.015 54.13 50 0
Average 22.81 48.33 1.67 35.34 49.67 0.33 45.67 50 0

Table 3 Mean absolute errors of the choice probabilities of the two fitted choice models.

log-likelihoods of MIX will be larger than those of MNL. Nevertheless, overfitting does not seem
to be a concern for MIX, and the out-of-sample log-likelihoods of MIX are larger than those
of MNL in an overwhelming majority of our replications. The gap between the out-of-sample
log-likelihoods of MIX and MNL becomes more pronounced as the amount of training data
increases, corresponding to larger values for 7. Shortly, we demonstrate that such improvements in

out-of-sample log-likelihoods translate into significant improvements in expected revenues.

In Table 3, we compare MIX and MNL in terms of how closely they track the choice probabilities
of the ground choice model. The layout of this table is identical to that of Table 2, with three
blocks capturing three levels of data availability. In replication g, let ¢7(S) be the choice probability
of product ¢ within assortment S under the fitted MIX. Also, let P?(S) be the corresponding
choice probability under the ground choice model. Letting {S;:t =1,...,10000} be the assortments
in the testing data, we compute the mean absolute error of the choice probabilities for MIX as
Ay = 15505 Sy’ 57 2ies, |01(Se) = P/(S,)|. In each block, considering the 50 replications, the
first column gives the average of {Af;x :¢=1,...,50}. The second column gives the average of
{A%nL g=1,...,50}, where Ajjy; is the mean absolute error for MNL in replication ¢, computed
in a fashion similar to Af;x. The third column gives the percent gap between the first two
columns. The fourth column gives the number of replications in which the mean absolute error of
MIX is smaller than that of MNL, whereas the fifth column gives the number of replications in
which the outcome is reversed. We focus on mean absolute errors rather than mean absolute percent
errors, because if a product has a small purchase probability, then misestimating this purchase
probability even by a small amount may increase the mean absolute percent error substantially,
putting disproportionate weight on estimating small choice probabilities more accurately. Our
results indicate that MIX improves the mean absolute errors in the fitted choice probabilities

significantly, when compared to MNL. The improvements hold for an overwhelming majority of our
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T=1,250 T =2,500 T =5,000

Param. | MIX MNL Perc. MIX MNL | MIX MNL Perc. MIX MNL | MIX MNL Perc. MIX MNL

(©,p) Rev. Rev. Gap Better Better| Rev. Rev. Gap Better Better| Rev. Rev. Gap Better Better
(0.2,0.4) | 5,79 5.67 2.04 48 2 5.81 5.67 248 50 0 5.82 5.67 2.64 50 0
(0.2,0.5) | 5.78 5.66 2.19 45 5 5.81 5.66 2.63 50 0 5.82 5.66 2.70 50 0
(0.2,0.6) | 5.78 5.66 2.05 46 4 5.81 5.66 247 49 1 5.82 5.66 2.67 50 0
(0.3,0.4) | 560 5.44 295 50 0 5.64 544 3.54 50 0 5.66 5.44 3.89 50 0
(0.3,0.5) | 5.64 546 3.17 50 0 5.66 5.46 3.60 50 0 5.67 5.46 3.84 50 0
(0.3,0.6) | 5.60 5.43 3.09 47 3 5.63 5.43 3.57 50 0 5.65 5.43 3.90 50 0
(0.4,0.4) | 5561 5.25 4.62 50 0 5.53 5.26 4.98 50 0 5.54 5.26 5.19 50 0
(0.4,0.5) | 5.52 5.26 4.63 50 0 5.54 526 4.99 50 0 5.55 5.26 5.21 50 0
(0.4,0.6) | 550 5.25 4.63 50 0 5.53 5.24 5.09 50 0 5.54 524 5.29 50 0
(0.5,0.4) | 541 5.10 5.69 50 0 544 510 6.20 50 0 545 510 6.44 50 0
(0.5,0.5) | 5.41 5.10 5.75 50 0 5.43 5.10 6.22 50 0 5.45 5.09 6.48 50 0
(0.5,0.6) | 540 5.08 5.95 50 0 543 5.08 6.49 50 0 545 5.08 6.85 50 0
Average 3.90 4883 1.17 4.35 49.92 0.08 4.59 50 0

Table 4 Expected revenues obtained by using the two fitted choice models.

replications. Furthermore, the gaps between the mean absolute errors become more pronounced as

the amount of training data increases.

Testing Revenue Performance:

In Table 4, we compare MIX and MNL in terms of their revenue performance. The layout
of this table is identical to that of Table 2, with three blocks capturing three levels of data
availability. In replication ¢, let ¢J(S) be the choice probability of product i within assortment S
under the fitted MIX. We generate 100 samples of the product revenues, sampling the revenue of
each product from the uniform distribution over [1,10]. In replication g, letting (r‘llk,...,r;{’“) be
the revenues of the products in the k-th sample, we use S to denote the optimal assortment to
offer under the assumption that the customers choose under the fitted MIX. In other words, Sak
is an optimal solution to the problem maxscy ), r? $7(S). The customers, however, actually
choose according to the ground choice model. In replication ¢, letting let P/(S) be the choice
probability of product ¢ within assortment S under the ground choice model, we compute the
actual expected revenue from assortment S% as RIF. = Y icgak i PY(S). Averaging over all the

100 revenue samples, in replication ¢, we capture the expected revenue performance of the fitted

MIX by Rev?y = = 5% R . In each block, considering the 50 replications, the first column

100 £uk=1
gives the average of {Revi;x:¢=1,...,50}. The second column gives the average of {Revyy :
g=1,...,50}, where Revi;y; captures the expected revenue performance of the fitted MNL in

replication ¢, computed in a fashion similar to Rev{;x. The third column gives the percent gap
between the first two columns. The fourth column gives the number of replications in which the
expected revenue performance of MIX is better than that of MNL, whereas the fifth column gives

the number of replications in which the outcome is reversed.

Our results indicate that fitting MIX to the training data can provide assortments with

significantly larger revenues, when compared to fitting MNL to the training data. The improvements
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in the expected revenue provided by MIX are consistent over an overwhelming majority of our
replications and can exceed 6%. As 7 gets larger and the amount of training data increases, the

improvements in the expected revenue provided by MIX become more noticeable.

8.2 Computational Benefits of the Compact Formulation

In this section, we check the computational benefits of using the Compact LP in conjunction
with Theorem 7.2 to get an optimal solution to the Choice-Based LP, rather than solving the

Choice-Based LP directly by using column generation.

Experimental Setup:

We generate multiple instances of the network revenue management problem using the following
approach. The set of products is N ={1,...,n} with n =100, and the set of resources is M =
{1,...,m}, where m is a parameter that we vary. In the multinomial logit model, for each product
i, we generate 7); from the uniform distribution over [0,1] and set the preference weight of product

1 as v; =1 (1;5 0)/ Zje ~7j, where Py is another parameter that we vary. In this case, if we

offer all products, then the customer segment with the multinomial logit model leaves without

a purchase with probability ; +El = P,y. In the independent demand model, we
€

_ 1
Nvi  1+(1=Py)/Po
generate -y; from the uniform distribution over [0, 1] and set the probability of demand for product
ias 6, =/ Zje ~ V- In this case, the purchase probability of product ¢ within assortment § is

0:(S)=p Hzﬁﬁ + (1 —=p)0;, where ( is one more parameter that we vary.

We have T'= 100 time periods. We sample the revenue r; of each product i from the uniform
distribution over [100,500]. For each product i, we randomly choose a resource ¢; and set
a,,, = 1. For the other resources, we set a,; = 1 with probability 1/5 and a,; = 0 with probability 4/5
for all g € M \ {¢;}. Thus, the expected number of resources used by a product is 1+ (m—1)/5. To
come up with the capacities of the resources, noting that ¢;(.S) is the choice probability of product
1 within assortment S in the previous paragraph, we let S* be an optimal solution to the problem
maxscn g7 ¢i(S), which is the assortment that maximizes the expected revenue under infinite
resource capacities. If we offer the assortment S* over the entire selling horizon, then the total
expected capacity consumption of resource q is T') . _ o. aq: ¢:(S™). We set the capacity of resource

qascg=kKTY o g ¢;(S*), where k is a last parameter that we vary.

Computational Results:

Varying (m, Py, 8,k) € {25,50} x {0.1,0.2} x {0.25,0.75} x {0.6,0.8}, we obtain 16 parameter

combinations. For each parameter combination, we generate a problem instance by using the

approach in the previous two paragraphs. We obtain an optimal solution to the Choice-Based LP
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1% Gp. 1% Gp. 1% Gp. 1% Gp.
Param. COG CLP Secs. COG 1% Secs. Param. COG CLP Secs. COG Secs.
(m, Py, B, k) Secs. Secs. Ratio  Secs. Ratio (m, Po, B, k) Secs. Secs. Ratio Secs. Ratio

(25,0.1,0.25,0.6) | 62.51  4.24 14.74 22.82 5.38
(25,0.1,0.25,0.8) | 58.34  5.09 11.46 21.06 4.14
(25,0.1,0.75,0.6) | 70.50  4.79  14.72 37.98 7.93

) (50,0.1,0.25,0.6) | 101.38  6.02 16.84 29.63 4.92
) (
) (
(25,0.1,0.75,0.8) | 72.07  7.72  9.34 3194  4.14 (
) (
) (
) (
) (

5

50,0.1,0.25,0.8) | 93.84 4.11 22.83 2799 6.81
50,0.1,0.75,0.6) | 128.20 6.95 18.45 46.15 6.64
50,0.1,0.75,0.8) | 143.04 8.78 16.29 55.12  6.28
5
5
5
5

(25,0.2,0.25,0.6) | 55.21  4.11  13.43 23.56 5.73
(25,0.2,0.25,0.8) | 52.23  5.37 9.73  20.03 3.73
(25,0.2,0.75,0.6) | 86.15  5.02 17.16 36.20 7.21 0,0.2,0.75,0.6) | 145.13 10.32 14.06 55.17 5.35
(25,0.2,0.75,0.8) | 74.90 9.80 7.64 31.43 3.21 0,0.2,0.75,0.8) | 122.47 11.07 11.06 38.22 3.45

Average 12.28 5.18 Average 19.47 6.03

Table 5 Running times for solving the Choice-Based LP through two methods.

0,0.2,0.25,0.6) | 139.19  5.15 27.03 29.62 5.75
0,0.2,0.25,0.8) | 149.65 5.12 29.23 46.32 9.05

for each problem instance by using two methods. First, we solve the Choice-Based LP directly by
using column generation. We refer to this method as COG, which stands for column generation.
Second, we solve the Compact LP and build on Theorem 7.2 to use an optimal solution of this
LP to recover an optimal solution of the Choice-Based LP. We refer to this method as CLP, which
stands for compact LP. We show our results in Table 5. The first column gives the parameter
combination. The second column gives the running time for COG to obtain an optimal solution to
the Choice-Based LP through column generation. The third column gives the running time for CLP
to solve the Compact LP and use an optimal solution to this LP to recover an optimal solution to
the Choice-Based LP. We use Gurobi 9.0 as our LP solver. The fourth column gives the ratio of the
running times in the second and third columns. Column generation may get near-optimal solutions
quickly but may take a while to close the remaining portion of the optimality gap. To check for
this possibility, the fifth column gives the running time for COG to solve the Choice-Based LP with
a 1% optimality gap. The sixth column gives the ratio of the running times in the third and fifth
columns. Our results indicate that CLP can improve the running times for COG by up to a factor
of 29.23. The average improvement in the running times is a factor of 15.88. If we allow COG to
terminate with a 1% optimality gap, but run CLP until it gets to the optimal solution, then CLP
can still improve the running times for COG by up to a factor of 9.05. The improvements in the
running times become more pronounced when m is larger, so that we have problem instances with
a larger number of resources. In our test problems, most of the running time for COG is spent on
solving the Compact LP. It takes less than one-tenths of a second to recover an optimal solution to

the Choice-Based LP by using an optimal solution to the Compact LP through Theorem 7.2.

We also compare the performance of COG and CLP for larger test problems with n = 500
products and m = 100 resources. For such test problems, COG does not reach an optimal solution
within one hour of running time. We give our results in Table 6. The first column shows the
problem parameters. The interpretation of the problem parameters Py, 5, and « is the same as the

one presented earlier in this section. The second column shows the optimality gap for COG after
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COG COG
Param. % Opt. CLP Param. % Opt. CLP
(Po, B, k) Gap. Secs. (Po, B, k) Gap. Secs.
(0.1,0.25,0.6) 4.93 676.13 (0.2,0.25,0.6) 7.17  408.59
(0.1,0.25,0.8) 5.27 2139.15 (0.2,0.25,0.8) 4.71 1059.42
(0.1,0.75,0.6) 14.27  909.10 (0.2,0.75,0.6) 14.10  950.74
(0.1,0.75,0.8) 9.51 2420.80 (0.2,0.75,0.8) 8.53 2458.98
Average 8.49 1536.29 Average 8.63 1219.43

Table 6 Optimality gaps and running times for the two methods for solving the Choice-Based LP with n = 500

products and m = 100 resources.

one hour of running time. The third column shows the running time for CLP to get the optimal
solution. Over all the test problems, the average optimality gap of the solutions obtained by COG
after one hour of running time is 8.56%. There are test problems for which COG terminates with
more than a 14% optimality gap. The average running time for CLP to obtain an optimal solution

is about 23 minutes, the longest running time not exceeding 41 minutes.

9. Conclusions

We studied the single-shot unconstrained and cardinality-constrained assortment optimization and
assortment-based network revenue management problems under a mixture of multinomial logit and
independent demand models. Our mixture choice model is a natural way to simultaneously improve
the flexibility of both the multinomial logit and independent demand models to capture the choice
process of the customers, while ensuring that the corresponding assortment optimization problems
remain tractable. There are several avenues for further research. Mixing the multinomial logit
model with the independent demand model resulted in efficiently solvable assortment optimization
problems, but our results closely exploited the structure of the multinomial logit model. One can
mix the independent demand model with other choice models and try to tackle the corresponding
assortment optimization problems. Moreover, we focused on solving assortment optimization
problems, but our computational experiments indicated that our mixture choice model can improve
the modeling flexibility of the pure multinomial logit model in terms of predicting the purchases
of the customers. It would be useful to test the prediction ability of our mixture choice model on
data generated by real-world applications. Lastly, one can work on enriching our mixture choice
model by incorporating an incremental process for viewing the products in batches or by allowing

customers with different consideration sets.
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Appendix A: Comparison with the Markov Chain Choice Model

We give an example to show that our mixture of multinomial logit and independent demand models
is not a special case of the Markov chain choice model. Under the Markov chain choice model,
a customer arriving into the system is interested in purchasing product i with probability ~;. If
this product is available for purchase, then the customer purchases it. Otherwise, the customer
transitions from product ¢ to product j with probability p;; and checks whether product j is
available for purchase. With probability 1 — > jen Pij» the customer transitions to the no-purchase
option, in which case, she leaves without a purchase. In this way, the customer transitions among
the products according to a Markov chain until she visits a product that is available for purchase or
she visits the no-purchase option. The parameters of the Markov chain choice model are {~; :i € N}
and {p;; : 1,7 € N}. Given that we offer the assortment S C N of products, we let P;(S) be the
expected number of times that a customer visits product ¢ during the course of her choice process.
If i € S, then a customer purchases product 7 as soon as she visits this product, so for ¢ € S,
P;(S) is the purchase probability of product i when we offer the assortment S. We can compute

{P;(S) :i € N} by solving the system of equations

P(S)=7+> p;iPi(S) VieN. (5)
JgSs

We can intuitively justify (5) through a balance argument (Feldman and Topaloglu 2017). On the
left side, P;(S) is the expected number of times that a customer visits product i during the course
of her choice process. For a customer to visit product ¢, she may arrive into the system with an
interest to purchase product i, which happens with probability ;. Alternatively, she may visit
some product j ¢ S and the expected number of visits to this product is P;(.S). In this case, if
she transitions from product j to product i, then the customer ends up visiting product ¢. The
probability of transitioning from product j to product 7 is pj;. If Zj en Pij <1 for all : € N, then

there exists a solution to the system of equations above for any S C V.

We consider an instance of the mixture of multinomial logit and independent demand models
with N ={1,2,3}, (v1,v2,v3) = (1,1,1), (61,62,05) = (0,0,1) and § = 2. Under this choice model,
if we offer the assortment S, then a customer purchases product i € S with probability ¢;(S) =
B H%I(S) + (1—3)0;. Note that we did not normalize the size of the first customer segment to
one. In Table EC.1, we give the choice probabilities {¢;(S):i € S, S C N} for this instance of
the mixture of multinomial logit and independent demand models. We argue that there exists
no Markov chain choice model such that the choice probabilities under the Markov chain choice

model for all products and for all assortments match those under the mixture of multinomial
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S $1(5) ¢2(S) s(5) S ¢1(S) #2(5) ¢s(S)
0 0 0 {12y 1/4 1/4 0
{1} 3/8 0 0 {1,y 14 0 1/2
{22 0 358 0 {23y 0 1/4 1/2
{3} 0 0o 5/8 {1,2,3} 3/16 3/16 7/16

Table EC.1  Expected revenue provided by all possible assortments.
logit and independent demand models. In other words, there exist no parameters {7, :7 € N} and
{pij 11,5 € N} for the Markov chain choice model such that P;(S) = ¢;(S) for all SC N, i€ N.
To make this argument, by (5), note that P;({1,2,3}) =, for all i € N. Thus, to ensure that
Pi({1,2,3}) = ¢;({1,2,3}) for all i € N, we must choose {v;:i € N} so that v = ¢1({1,2,3}) = 2,
Yo =¢2({1,2,3}) = = and 3 = $3({1,2,3}) = &, fixing the values of the parameters {;:i € N}.

Consider an assortment of the form N \ {i}. Product i is the only one not in the assortment
N\{i}, soby (5), we get Pp(N\{i}) =+ pia P;(N\{i}) for all k£ € N. Using the last equality with
k=1, we get (1—p;;) Pi(N\{i}) =, so the equality P.(N\{i}) =+ pa B;(N\{i}) is equivalent
to Pe(N\{i}) = + pix 175, which, in turn, is equivalent to p; = 1;—?“ (P.(N\{i}) — ). Thus,
to ensure that P,(N \ {i}) = ¢ (N \ {i}) for all i,k € N, we must have

p = 2 (G (N (i) )

K2

Using the values of ¢, (N \ {i}) for i,k € N in Table EC.1 and the fact that v, = %, 75 = 3

16
3
167

ps2 = 2(1 — ps3). Lastly, consider the assortment {1}. By (5), we have P,({1}) =72 + p22 P2({1}) +

p32 P5({1}), which is equivalent to (1 — paz) Po({1}) =72+ ps2 P5({1}). Similarly, (1— ps3) P3({1}) =
Y3+ p2s P2({1}). Since pas = £(1 — pa2) and psz = (1 — ps3), the last two equalities become

and vz = the expression above yields po; = £(1 — pa2), ps1 = 2(1 — ps3), p2s = 5(1 — p22) and

(1= pa2) Po({1}) = 7o+ % (1= ps3) P3({1})
(1= p33) P3({1}) = 73+ 5 (1= po2) P2({1}).

Since 7, = 1= and 73 = 1%, solving the equalities above, we get (1—py)P2({1}) = 2 and
(1= ps3) P3({1}) = 55 Also, by (5), we have Pi({1}) = v + p21 P2({1}) + ps1 P5({1}). Noting
that v, = 1%, p21 = 5(1 — p22) and ps; = 7(1 — ps3), we get Pi({1}) = 5% + 3(1 — pao) P({1}) +
(1 — ps3) Ps({1}), but since (1 — paz) Po({1}) = 2t and (1 — ps3) P5({1}) = 2L, plugging them in the
last equality, we must have have P;({1}) = &, which is different from ¢ ({1}) = 2.

Thus, we cannot choose the parameters of the Markov chain choice model to make sure that
its choice probabilities match those in Table EC.1. The example that we give in this section is
not hard to find. Virtually for all randomly generated instances of our choice model, we cannot

calibrate a Markov chain choice model to match the choice probabilities of our choice model.
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Appendix B: Proof of Lemma 3.1

Let H={ie N:2; =00}, M={i e N:0<%; <2} and L={i € N :%; =0}. To get a
contradiction, assume that M # @. We construct two distinct feasible solutions (Zo,Z,y) and
(To, T, Y) to the Assortment LP such that (&g, &, 9) = 1 (Zo, &, §) + 5 (To, T, ¥), contradicting the fact

that (Zo,&,9) is a basic feasible solution. For small € > 0, we define the solution (%, Z,y) as

i'():{i'o—V(M)E,
V(M)e ifie H {

H)

E; = zi ( +V(H))e iziﬁ/{ Yij = i if iy < min{a:, &),
We claim that (Z,,&,y) is feasible to the Assortment LP. To see the claim, note that Z, +
DoienViTi=To+ Y i enVili—V(IM)e—> cpviV(IM)e+ 0, vi(1+V(H))e=1, where the last
equality follows by the fact that 2o+ . yviZi=1, > . .zvi=V(H) and ). _,,v; =V (M). Thus,
(Zo, &, y) satisfies the first constraint. Noting that M # &, we have &, > 0. By the definitions of
Z; and Zg, for all i € H, we have &, =3, — V(M)e=2c— V(M)e = Zy. For all i € M, we have
Z; < Zo, so for small € >0, it follows that Z; =2, + (1 + V(H))e < &y — V(M) e = Ty. Lastly, for all
i € L, noting that &; = 0 < &g, for small € >0, we get ; =2, < &g — V(M) e = Zy. Thus, (Zo,Z,9)
satisfies the second constraint as well. If g;; = min{z,,2;}, then ¢;; = min{z;,Z;}, so g;; <&; and
¥i; < Z;. If, on the other hand, y;; < min{Z;,Z;}, then ¢;; <min{z;,2;} — V(M) e for small € > 0.
Noting that Z; > &; — V(M)e for all i € N, we get §;; = 9;; < min{Z;,2;} — V(M) e <min{z,,7;},
so U;; < Z; and g;; < Z;. Thus, (%o, &,y) satisfies the third and fourth constraints. Also, we have

(z,9) € RT"2 for small € > 0, establishing the claim. We define the solution (Zo,Z,y) as

T():LIATQ—FV(M)Q

T, +V(M)e ifre H n(E. T} i n(8,2,}
min\z;,x;y 1t ¢;; = min x;,x;

T,i=q2;,—(1+V(H))e ifieM Ui =1 . j ‘3{] N3, 2
& ifiel, Yis if §;; <min{@;, &;}.

Using the same argument earlier in this paragraph, we can check that (Zo,Z,y) is feasible to
the Assortment LP. Noting that M # @, V(M) > 0, so &y # Ty, which implies that (Zo,&,y) and
(To, Z,y) are distinct. By the definitions of (Zo, &) and (o, T), we have (&g, &) = 1 (Lo, &)+ 5 (To, T),

in which case, it only remains to check that § = %Q + %@.

If we have ¢;; < min{z;, 2,}, then g;; = ;; =7, 50 Ui; = %gjij + %yij, as desired. Thus, we assume
that g;; = min{Z;,2;}. Note that ¢,; = min{Z,,Z;} in this case. We consider four cases.

Case 1: Assume that (i,j) € H x H. The definition of H implies that &; = &; = &, S0 yi; =
min{z;,2;} = &o. Furthermore, if (i,5) € H x H, then we have &, =2; — V(M) e=12,— V(M) e and
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Tj=3;—V(M)e=1o—V(M)e, so §;; =min{Z;, T, } = &y — V(M) e. By the symmetric reasoning,
we have 7, = o+ V(M) € as well. In this case, we get §;; =3 Ji; + 5 Ui;-

Case 2: Assume that (i,j) € (H,M). By the definition of H and M, &, = 2o > Z;, so §;; =
min{z,;,z;} =2;. If (i,j) € (H, M), then we have Z; =2, —V(M)e and ; =2; + (1 + V(H))e, but
noting that &; > Z;, we get &; > Z; for small € >0, so §;; = min{%;,Z,} =%, =%;+ (1+V(H))e. By
the symmetric reasoning, we have 7, =&; — (1+V(H)) € as well. Thus, §;; = 5 Ji; + 3 U,

Case 3: Assume that (¢,7) € (M, H) or (i,7) € (M, M). In this case, by using the same argument
in Case 2, we can show that §;; = 1 ;; + 5 7,;-

Case 4: Assume that i€ L or j € L. Let £ € {i,j} be such that ¢ € L. The definition of L implies
that 2, =0, so ¢;; = min{&;,2;} < &, = 0. Furthermore, for ¢ € L, we have &, = &, =0, in which
case, we get ¢;; = min{Z;, 7} < I, = 0. By the symmetric reasoning, we have 7, = 0 as well. In this

case, it follows that g;; = 0= 3 7;; + 5 ¥y, [ |

Appendix C: Proof of Theorem 4.1

We start this section with the following lemma that is used in the proof of Lemma 4.2, which, in

turn, becomes useful to give a proof for Theorem 4.1. Recall that R(S) =}, sriv:/(1+V(S5)).

Lemma C.1 (a) Let the assortments S,K C N be such that KNS =@ and r; > R(S) for all
i€ K. Then, we have R(SUK) > R(K).

(b) Let the assortments S, K C N be such that K C S and r; < R(S) for alli € K. Then, we have
R(S\K)> R(K).

Proof: For the first part, note that TR Vil g g weighted average of the revenues of the products

V(K)
in K. Since r; > R(S) for all i € K, we get % > R(S). By the definition of R(S), we have
1+V(S) V(K) D ick ViTi
R(SUK)=———F+——"= R(S -
( ) 1+V(SUK) ( )+1+V(SUK) V(K) ’

which implies that R(SUK) is a convex combination of R(S) and % Thus, since % >

R(S), it must be the case that R(SUK) > R(S). The proof of the second part is similar. |

Proof of Theorem 4.1:

In the remainder of this section, we give a proof for the second part of Theorem 4.1. Let 6 >0
be such that S*(\,a) = 5*(A,0) for all a € [0,d) and S*(A,d) # S*(A,0). In other words, as we
progressively increase the revenues of the products by larger amounts, ¢ is the first increment

when the optimal solution to the Parametric Mixture problem changes. It is enough to show that
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S*(A,0) 2.5%(A,0). Once we show this result, we can set the nominal revenues of the products as

{ri+0:1€ N} and progressively increase the revenues starting from these nominal values.

Having fixed ¢ as in the previous paragraph, letting R(S) be as defined at the beginning of this
section, note that there are finitely many values in the set {R(S) + 0 —2L: § C N'}. Thus, there

1+v(s) *
exists € > 0 such that if R(S)+§ lr‘(/%) #R(Q)+0 1‘+/‘(/C(222) for some S,Q C N, then we must have
|R(S)+ 0 14‘:‘(/‘2) —R(Q)—9 lr‘(,c’(%)‘ > €. So, if R(S)+9d 14‘:\(/%) and R(Q)+9 1}:‘(/?%2) are different,

then they must differ by at least € > 0. For V,,;, = min;cy v;, fix a € [0,0) as

0<<1+)\1+VV(N) Zei)(aa)ge. (6)

mneN
Since a < §, we have S*(\,a) = S*(A,0). Building on the notation introduced right before
Lemma 4.2, we define two instances of the Mixture problem with r;; =r; +« and r,o =7, + 6
for all i € N and A\ = A = A\y. Letting Ry(S) => . _criev;/(1 + V(5)) and recalling that S; is
an optimal solution to the problem maxgcy {RZ(S) + Ao e it Hi}, showing that S*(\,d0) D
S*(A,0) = S*(\, ) is equivalent to showing that S5 D S;.

i€S

We consider two cases. The first case will lead to a contradiction, so it cannot happen. In the

second case, we establish the desired result. The first case is the more involved.

Case 1: Assume that R;(S}) — o < Ry(S5) — 0. Define K as in Lemma 4.2, in which case, we
have S} U K D S5 by this lemma. First, we proceed under the assumption that K # &.

By the definition of K, we have r; + a = r;; < Ry(S}), which we equivalently, write as r; <
R (S7) — a < Ry(S;) — 6, where the last inequality holds since we have R;(S}) — a < Ry(S5) — 0
in the case we consider. Therefore, we obtain r;, =r; + 9 < Ry(S3) for all i € K. In this case, the
second statement in Lemma 4.2 holds. Noting that >, . i1 v;/V(K) =3, x(r + a)v;/V(K) =
a+> ey Tiv/V(K), multiplying both sides of (2) with 14V (S} UK), we get

« 2iexiVi 1+ V(STUK) x ik i Vi 1+ V(S]UK)
1+ V(STUK) x Diek Ti Vi 1+ V(N)
ZW@S)<R2(52)—5—V<K)>—)‘(5_@)Vmingen

where the last inequality uses the fact that 7o — 73 =0 —a >0, V(N) > V(S; U K) and
Vinin < V(K). By the discussion at the beginning of this paragraph, we have r; + 6 < Ry(S;) for
all i € K. Note that . . 7v;/V(K) is a weighted average of the revenues {r;:i € K}. Since
r; < Ry(S3) — 6 for all i € K, we obtain ) ., 7v;/V(K) < Ry(S5) — 6, which is to say that
Ry(S5) =0 — > i mivi/V(K) > 0. Also, by (6), we have ALY (5 — ) Yo bi<e—(6—a).

Vinin
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Lastly, since S; UK 2 S5, we have 1+ V(S; UK) > 14 V(S5). In this case, noting the last chain
of inequalities displayed above, using the fact that Ry(S5) —0—>, ., mivi/V(K) >0, we get

ek TiUi
V(K)

> iex Ti Vi

Ra(S7) - e

> Ro(S5) — 6 — —etb—a,

which we equivalently write as R;(S}) > R2(S5) — e. Furthermore, since § > «, we have r;; =

ri+0>71;+a=ry for all i € N, which implies that Ry(S) = Z’Es(;gz Y Zlf;?;l)l % = Ry(S) for all

S C N. Thus, noting that R;(S7) > R2(S5) — €, we obtain Ry(S7) > R1(S7) > R2(S5) —e. On the
other hand, since R;(S5) —a < R2(S5) — 0 in the case we consider, we get Ry(S5) > R1(S7)+0—a=
Zz *rz v; Zz * (rjota—38)v; .
65(75*1 +0—a= eslv(;f) +6—a=Ry(S})+ (6 —a)(1- “;Egl)) R5(S7). Focusing on
the first and last terms in this chain of inequalities yields Ry(S5) > R2(SY).

By the discussion at the end of the previous paragraph, we have the two inequalities Ry(S7) >

Ry(S3) — e and Ry(S;) > R2(Sy), which imply that |Ra(S;) — Ra(S7)| < € and Ry(S5) # Ra(S7).
Letting R(S) be as defined at the beginning of this section, we have Ry(S) = Ziestritd)vi

V(S)
R(S)+ 51+v . So, the assortments S;,S; C N satisfy |R(S3) + (51}:‘(/3(%3* — R(Sy) — (51}:‘(/5(3;1) <k,
while R(S5)+6 1}:‘(/“?23* and R(S})+65 +vsg)* being distinct from each other, which contradicts the

definition of € at the beginning of the proof.

Second, we proceed under the assumption that K = @&. Since ST UK 2O S;, we obtain S} 2 57.
To rule out the possibility that S} = S5, observe that if S; = S;, then using S to denote the

common value of St and S}, we obtain Ry(S) — Ry (S) = %ﬁ;m =(—a) IJ‘:‘(/S) < 6 —a, which

yields Ry(S3) — 8 = Ry(S) — 6 < Ri(S) — v = R1(S}) — v, contradicting the fact that we assume

R1(ST) —a < Ry(S3) —d in the case we consider. Therefore, S; must be a strict subset of S}, which

V(s7) V(S3)
mvso > Trvisp A0 Diesr 00> X ics; b

implies that

Recall that S} is an optimal solution to the problem maxgcy {R@(S) +Xe D enTie 92»}. Noting

that r;; —a=r; =r;y — 0, we obtain the chain of inequalities

Ri(83)+(0—0) v e +Azme +AG—a) > 0,
'LGS* ZGS*
- RQ(S; +>\ Z?"igei Z RQ(ST)"‘)\ ZTQGZ'
€Sy ieSy
= R(S)+(0—a)—t~ 46 +)\ > rabi+A(0—a) Y6,
1+V ES* ZES*

where the equalities follows by arranging the terms and the inequality follows from the fact that S5

V(s])
1V (S

V(S3)

11V (s5) and

is an optimal solution to the problem maxgcy {RQ(S) + A2 Y ien T2 0 } Since >
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Zies; 0; > Ziesg 0;, the last chain of inequalities implies that R;(S5) + A Zies; ri160; > Ry (ST) +
A e sy Tl 0;, which contradicts the definition of S;.

Case 2: Assume that Ry(S5) — 3 < R;(S7) — a. We follow an outline similar to the one in the
proof of the first part of the theorem in the main text to show that S; 2 S7.

Observe that the choice of the first and second instances in Lemma 4.2 is arbitrary. Thus, this

lemma holds when we interchange the roles of the first and second instances. Define
K:{ZENTZQ SRQ(S;), ’LQS;, ZGST},

which is the analogue of assortment K in Lemma 4.2 after interchanging the roles of the first and

second instances. In this case, by this lemma, we have S; UK D S7}.

If K =, then we get S; D S7, which is the desired result. To get a contradiction, assume that
we have K # &. By the definition of K, we have r;; < Ry(S5) for all i € K. Noting that ry; =r; + 9,
we obtain r; < Ry(S5) — 0 < R1(S}) — « for all i € K, where the second inequality uses the fact
that Ry(S5) — 0 < Ry(S7) — « in the case we consider. Thus, we have r;; =7, + a < Ry(S}) for
all i € K. Since r;; < Ry(S7) for all i € K, noting that >, r;v;/V(K) is a weighted average of
the revenues {r; :4 € K}, we obtain )., ri1v;/V(K) < Ry (Sy).

In the previous paragraph, we show that r;; < R;(S7) for all i € K, so (2) in Lemma 4.2 holds
after interchanging the roles of the first and second instances. Thus, by (2), we get

o 2uiex T2V _ 1+ V(S;UK) o ek Tt Vi 1+ V(S;UK)
Ry(S3) — V(EK) > T+ V(S7) <R1(Sl)_V(K)>_>\V(K)Z(T“_r”)ei’

i€k
which we obtain by multiplying both sides of (2) by 1+ V(S5 U K), arranging the terms and noting

that A\ = A= Ay in our definition of the two instances.

Since § > «, we have r;, =1; +0 > r; + o = r;;. Thus, the last term that we subtract on the

right side of the inequality above is negative, which implies that if we drop this term, then the

inequality remains valid. Since S; U K D Sy, we have %&U?)
1

2ieK Ti1 Vi
V(K)

> 1. In this case, noting that

14V (S3UK) . .
1+V7(253*) on the right side of

< R;1(S7) by our earlier discussion, if we drop the term
the inequality above, then the inequality remains valid. Thus, dropping the two terms mentioned,

we get Ro(S5) — % > Ry (S7) — % by the inequality above.

Note that ), i1 vi =D, cp(ri +a)vi=) . v +aV(K). Similarly, we have ), ripv; =
ZieK T U + (5V(K) as well. So, the inequality RQ(S;) — ZZLT;ZW > Rl(Sik) _ XiekTilvVi vields

V(K V(K)
* Zie[( T'i Vi X EieK T4
RQ(SQ) — W —(5> R1(Sl) — W —Q,

which is equivalent to R2(S5) —0 > R1(S7) — a. Therefore, we get a contradiction to the fact that

we have Ry(S5) — 6 < R;(ST) — « in the case we consider.
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Appendix D: Proof of Theorem 5.2

To give our FPTAS, for a fixed accuracy parameter p > 0, we construct the grid points Grid =
{1+ p)r k= eV | [lelVmed 1) For each t € Grid, let vy, = [+ v;]. Consider the problem

log(1+p) log(1+p)
(% o
e (i +00) - S [2] e 1s1=c) g

Letting S* be an optimal solution to the Cardinality-Mixture problem, by the construction of Grid,
there exists ¢ € Grid such that V(S*) <t < (1+ p)V(S*).

In the next lemma, we show that solving problem (7) with some ¢ such that V(S*) <t <

(14 p)V(S*) yields a (1 + 5p)-approximate solution to the Cardinality-Mixture problem.

Lemma D.1 Using S* to denote an optimal solution to the Cardinality-Mixture problem with the
optimal objective value z*, let £ be such that V(S*) <& < (1+p)V(S*). Then, letting S be an optimal

*

solution to problem (7) with t =t, the expected revenue of the assortment S is at least z*.

1
(14p) (1+2p)

Proof: By the definition of v, we have v; < i, Ui+ 1. Also, we have V(S*) <{. In this case, we
get D iess Vit S Xies+ (Ui +1) S £ V(SY) +n < »+n=/[%]+n. Thus, S* is a feasible solution
to problem (7) when we solve this problem with ¢ =#. On the other hand, we have

=X O[] = () ([2] o) = (2) (2 ren) <0520

where (a) holds since S is an optimal solution to problem (7) when we solve this problem with

t =1, so it satisfies the first constraint in this problem.

In this case, if we evaluate the expected revenue provided by the assortment S and note that

V(S)<(1+2p)t and (1+p)V(S*) > ¢, we obtain

V; V; 1 V;
ri| ———— 4+ X0, | > ri| —————— O | > —— T NG,
Z ( +V(5) ) Z <1+(1+2,0) ) 1-|—2p (1—}—75 )

€S ic$
® 1 Vs 1 V4
>—— > ri| —=+X0, | > ; - + A0,
1+2p &= <1+t >_1+2p = <1+(1+p)V(S*) >

1 v, B z
- (1+p)(1+2p)i§m(l+‘/(5*) +wi) C (1+p)(1+2p)

where (b) uses the fact that S* is a feasible but not necessarily an optimal solution to problem (7)

when we solve this problem with ¢ = ¢. |

For p <1, we have (1+ p) (1+2p) <1+ 5p, showing that the assortment S in the lemma above
a (1 + 5p)-approximation when p < 1. Note that problem (7) is a knapsack problem with a
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cardinality constraint, where the space consumption of each product ¢ is v, which is an integer.

Thus, for fixed ¢, we can solve this problem through the dynamic program

Ji(p,q;t) :max{n(lit +)\9i> +Jip1(p+ Vi, g+ 15t) Ji+1(l’,q;t)},

with the boundary condition that J,, 1 (p,q;t) = —occ if p > [%] +n or ¢ # C. In the state variable,
the first and second components, respectively, keep track of the total space consumption of the
offered products and the number of offered products. The boundary condition rules out the solutions
where the total capacity consumption of the offered products exceeds the capacity of the knapsack
or the total number of offered products is not equal to C. Thus, if the first component of the state
variable exceeds [%1 +n, then we can immediately conclude that the value function at this state
is —oo. In this case, since C' < n, number of states in the dynamic program above is O(”—;). There

are n decision epochs, so for fixed ¢, we can solve the dynamic program in O(”—;) operations, giving

an optimal solution to problem (7). By the definition of Grid, we have O(log(hp) log (”“//H{a’()> =
O(% log (m>> grid points. Thus, we can obtain an optimal solution to problem (7) for all

len

t € Grid in O(Z—s log (%)) operations. Here is the proof of Theorem 5.2.

Proof of Theorem 5.2:

Given € € (0,1), we choose the accuracy parameter as p = €¢/5. By the discussion in the previous
paragraph, we can obtain an optimal solution to problem (7) for all ¢ € Grid in O(Z—; log <”“/;%)>
operations. Since p=¢€/5 <1, we have (1+p) (1+2p) <1+5p=1+¢€< -, so by Lemma D.1, the
expected revenue from one of these solutions is at least (1 — ¢) z*. Thus, if we check the expected
revenue provided by the solution to problem (7) for each t € Grid and pick the best one, then
the best solution provides an expected revenue of at least (1 —€) z*. The number of operations to
check the expected revenue from each solution is dominated by the number of operations to get
an optimal solution to problem (7) for all ¢ € Grid. Thus, in O(’Z—s log (%)) operations, we can

obtain a solution to the Cardinality-Mixture problem with expected revenue at least (1 —¢€) z*.

Appendix E: Proof of Lemma 7.1

In this section, we give a proof for Lemma 7.1. By the discussion at the beginning of Section 7,
recall that if the Compact LP has multiple optimal solutions, then we choose the one that has the
largest value for the decision variable xy. Furthermore, to obtain a solution that has the largest
value for the decision variable for g, for € > 0, we can add the additional term € xy to the objective

function of the Compact LP. If € is small enough, then solving the Compact LP with the additional



ecl0 e-companion to Mixture of Multinomial Logit and Independent Demand Models

term provides an optimal solution to the original version of the Compact LP that has the largest

value for the decision variable xy. Thus, we consider the problem

max {T E r; ((UH—)\@Z-) :Ui—i—)\@inj yij> +exy (8)

2
(z0,@,y) ERXRFT™ iEN JEN

T Z aqz’<<Ui+)\9i)wi+)\gizvjyij> <c¢q Vqge M,

ieN jEN

$O+Zvixi:1,

i€EN
ﬂfigl’o VY/EN,

Yij <wmi Vi,jEN, yi; <w, Vi,jGN}.

If € is small enough, then a basic optimal solution to the problem above is also a basic optimal
solution to problem the Compact LP. So, it is enough to show that if (xf, *,y*) is a basic optimal
solution to problem (8), then we have y;; = min{z},z;} for all 4, j € N. For notational brevity, we
let P={(zo,z,y) €R X RT"Q (oY enViti =1, ; <x9 ViEN, y; <min{x;,x;} Vi, j e NY,
denoting the polytope captured by the last four constraints in the LP above. The proof of Lemma

7.1 uses two lemmas, which closely resemble results already established in the main text.

In the first lemma, we consider a slightly modified version the Assortment LP, where we add the

additional term exy to the objective function. In particular, consider the LP
max Q{Zri ((vi—i-)\ﬂi)xi—i-)\einjyij) +exy (xo,az7y)€73}. 9)
(zo,2,y)eRXRT™ ( ieN JEN

In the next lemma, we relate an optimal solution to the LP above to an optimal solution of a

slightly modified version of the Mixture problem.

Lemma E.1 For a basic optimal solution (xj,x*,y*) to problem (9), let S*={ie N :x}>0}.

Then, S* is an optimal solution to the problem

?Calif({;ri<H1;(S’)+Aei>+HT/($}' (10)

Lemma E.1 is an analogue of Theorem 3.2 and its proof follows the same line of reasoning that

we used in the proof of Theorem 3.2. We skip the proof.

In the second lemma, we relate problem (8) to a slightly modified version of the Choice-Based

LP. We can view this lemma as an analogue of Theorem 6.1.
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Lemma E.2 Consider the Choice-Based LP after adding the additional term 3 s v 17755 w(S) to
the objective function, which is given by

max {TZZT( +>\9> +21+V (S) : (11)

weR2™
+ SCN ieS SCN

TZZCLm(l_'_V )+)\c9> (S)<c¢, VqgeM,

SCN ieS
> w(s) = 1}.
SCN

Then, the optimal objective values of problems (8) and (11) are the same. Furthermore, the optimal

values of the dual variables for the first constraint in problems (8) and (11) are the same.

The proof of the lemma above uses the same reasoning that we use in the proof of Theorem 6.1

in conjunction with Lemma E.1. We skip the proof.
Next, using the dual variables p={p,:qe M}, 7, a ={a;:i € N}, n={n;; :i,j € N} and
o ={0;;:1,j € N}, the dual of problem (8) is given by

min : {Zcq,uq—i—ﬂ' : (12)

(l"’7 ﬂ-7a7n7o. 62 qu
m n+2n
R X R x RY

W:Zai—i—e,
iEN
Ui7r—|—ai—277ij—zgﬂZT(Ui—i—)\H,-) (m—Zaqi,u,q) VZ€N7
jEN JEN gEM
Nij +0ij 2 T A0 v; <Ti_ Zaqiuq) Vi, j EN}.
qeEM

In the next lemma, we use complementary slackness to give two useful properties that are satisfied

by an optimal primal-dual solution pair for problem (8).

Lemma E.3 Let (z,x*,y*) and (p*, 7%, a*,n*,0%) be a basic optimal primal-dual solution pair
for problem (8) and S* ={i€ N :x} > 0}. Then, we have

= g af +e,

i€S*

Z Z(’ﬁj +U;i) = Z Z (77;]‘ +0—;j)'

i€S* jEN i€S* jeS*

Proof: To see the first equality, note that xj > 0. Otherwise, we have x; =0 for all : € N by the

third constraint in problem (8), in which case, it is impossible to satisfy the second constraint.
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Since x5 >0 and z; =0 for all ¢ ¢ S*, using complementary slackness on the third constraint in
problem (8), we have of =0 for all i ¢ S*, in which case, by the first constraint in problem (12), we
get ™ =), g« af +¢. To see the second equality, if i € S* and j ¢ S*, then z; >0 and x} =0, in
which case, by the last two constraints in problem (8), we have y;; =0 and yj; = 0. Therefore, we
get yi; <zj and yi; <7, so using complementary slackness on the last two constraints in problem
(8), we get n;; =0 and oj; =0. Thus, if i € S* and j ¢ S*, then n;; =0 and o}, = 0. In this case, the

second equality in the lemma follows by noting that

Z Z(n;‘+‘7;i) = Z Z(ﬁfj+0';i)+ Z Z(TIZ}JFJ}%)

i€S* jEN i€5* jeS* i€S* jgZS*
_ * €\ _ * *
= E § (nij+0ji) = E E (nij+aij)' u
i€S* jES* i€S* jeS*

Proof of Lemma 7.1:

Let (xf,z*,y*) and (p*, 7, a*, n*,0*) be a basic optimal primal-dual solution pair for problem
(8). By the discussion right after problem (8), it is enough show that y;; = min{z},x}} for
all i,j€ N. Let S*={i€ N :z; > 0}. Consider i,j € S*. We have ; >0 and z} > 0, so using
complementary slackness on the last two constraints in problem (8), if y;; =0, then 77, =0 and
o;;=0. On the other hand, if y;; > 0, then using complementary slackness on the last constraint
in problem (12), we have nj; + o7; = T'A0;v; (ri — >_ )y qi ). Therefore, for all i,j € S*, we

have n; +05; <T A0 v; (r; — > gent Qai u;)+, where we let (a)™ = max{a,0}.

For all i € §*, xf > 0, so using complementary slackness on the second constraint in problem

(12), this constraint holds as equality for all : € S*. Adding over all ¢ € S* yields

va*wLZar =T Z(Uﬂr)\@i) (Ti_ Zaqi“2> +ZZ77%Z+ZZ”?

1€S5* 1€5* 1€S5* qeEM 1ES* jEN 1ES* JEN

(@) * * *

=T Z(vi—l-)\@i) (’I"i - Z aqiﬂq> + Z Z(mj +07;)
ieS* qgeM 1€S* jES*

(b) i

<T Z(UH‘/\@@) <7“,- — Zaqi,u;> +7T Z Z A0 v; (ri— Zaqi/@)
ies* qeM ieS* jes* qeM

“ + +

3 (ne T ) +7 T a0V (- i)
i€S* qeEM i€S* qeEM

where (a) follows from Lemma E.3, (b) holds since n}; +07; <T A0;v; (r; — > gen Ogi ,uZ)Jr as in the

previous paragraph and (c) holds by arranging the terms and noting that . ¢. v; =V/(S").

The expression on the left side of the chain of inequalities above is given by >, . v;m +

Yoiege @ = V()T + Y e = (1 + V(S))7* — €, where the last equality follows from
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Lemma E.3. In this case, replacing the left side of the chain of inequalities above by

(14 V(S*))m* — e and dividing both sides of the inequality by 1+ V(S*), we get

+

i€S* qeEM
To show the result by contradiction, assume that there exists 4,7 € N such that y;; < min{z},z}}.

Since y;; > 0, it must be the case that 7 >0 and z} >0, so we get 4,7 € 5.

Letting 4,7 € S* such that y;; <min{x},x}}, using complementary slackness on the last two

i) j
constraints in problem (8), it follows that n;; = 0 and o;; = 0, in which case, by the last constraint in
problem (12), we have 0> 7;—>_ ), a4 p;. Thus, there exists ¢ € S* such that 7, =~ ), ag p; <0.

Let N*={i € 5" :r; =Y cps aqi pt; <0}, s0 N* is non-empty.

By Lemma E.2, problems (8) and (11) have the same optimal objective values. Letting 2% be

their common optimal objective value, since problem (12) is the dual of (8), we get

+
* * * () * * U €
2p = ZCqu+7T < Zcqﬂq—l—TZ(Ti—zaqiﬂq) <V(S’*)+)\9> W

qeEM qEM icS* qeM
@ ZC * €
= eSS ( Z%u)( . )\9)+*
qeM ! iES*\N* q€M ! V(S) 14+V(S*)
©) o )
< Dy +T Y ( Zaqz/i)(Heri)Jr**
Py SRl G AR AR E AN 1V (5\NY)
€
< Zcqu + max {TZ (7"7 Zaqlu )( +)\9> }
aeM ! = geM ! 1+V(S) 14+ V(S)
5
- Cafty + max 4 T (Tz am)( +/\0> w(s)
q%;qq R{S;V; q%;q v
" Z1+V ws) : Zw(S):l},

where (c) uses (13), (d) holds since r; — >\ aqipy; <0 for all i € N*, (e) holds since N* # &, so
V(S*\ N*) <V (S*) and (f) holds by randomizing instead of picking one assortment.

Consider computing the dual function for problem (11) by associating the dual multipliers
ur = {MZ :q € M} with the first constraint in this problem. In this case, the value of the dual
function precisely corresponds to the expression on the right side of the chain of inequalities above.
Furthermore, by Lemma E.2, pu*, which gives the optimal values of the dual variables associated
with the first constraint in problem (8), also gives the optimal values of the dual variables
associated with the first constraint in problem (11). Thus, the expression on the right side of the
chain of inequalities above is the optimal objective value of problem (11), which is also 2. In this

case, noting the strict inequality in (e), we get a contradiction.



