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Raising of Public Debt

Numerical algorithm



To simplify the exposition we describe the numerical procedure when there are only two
countries (N = 2). We first form a two-dimensional, equally spaced grid over the states B1

and B2, which we denote by S. We then solve the model at any grid point for the states
(B1, B2) ∈ S backward, starting from the terminal period t = T . Before describing the
specific solution at any t = T, T − 1, ..., 1, we state the following property based on Lemma
2.1, Proposition 2.1, Corollary 2.1 and Proposition 4.1.

Property 1 Given Bj,t, Bj,t+1, pj,t+1, Vj,t+1, Wj,t+1, j ∈ {1, 2}, we can solve for all
variables at time t using the equations
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where ν = Φ
1+Φ , Ā =

∑
`A(z`)µ`, w̄ = (1− θ)z̄θ.

We can solve exactly for the above variables sequentially, once we know Bj,t, Bj,t+1,
pj,t+1, Vj,t+1 and Wj,t+1. For the following description of the computational algorithm,
it will be convenient to define the vectors Xt = {Bj,t, Bj,t+1, pj,t+1, Vj,t+1,Wj,t+1}2j=1 and

Yt = {pj,t, Vj,t,Wj,t}2j=1. Using Property 1, we can express Yt as a function of Xt,

Yt = Υ(Xt).

We describe next the solution at each time t, starting from the terminal period T .
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Solution at t = T

In the terminal period governments fully repay their debts. Thus, Bj,T+1 = 0. Furthermore
we know that pj,T+1 = V1,T+1 = Wj,T+1 = 0. Therefore, XT = {Bj,T , 0, 0, 0, 0}2j=1. We

can then use the function Υ(XT ) from property 1 to solve for YT = {pj,T , Vj,T ,Wj,T }2j=1

at each grid point (B1, B2) ∈ S.
The solution obtained for YT at each grid point (B1, B2) ∈ S is used to form the

approximate function
YT = ΓT (B1,T , B2,T )

The reason we need to create this approximate function is because, when we move to
the next step t = T − 1, we need to determine YT also for values of B1,T and B2,T that
are not on the grid S. The approximate function is created with bilinear interpolation of
the solutions YT obtained at the grid points (B1, B2) ∈ S. Armed with the approximate
function ΓT (B1,T , B2,T ), we can move to period t = T − 1.

Solution at t < T

The main difference from the terminal period T is that now we need to solve for the optimal
debts B1,t+1 and B2,t+1 chosen by governments. To find the optimal debt chosen by each
government at each grid point (B1, B2) ∈ S, we implement the following steps.

1. We first solve for the optimal response functions to the debt chosen by the other coun-
try. To find the optimal response function we need to find the government objective
Oj,t(B1,t+1, B2,t+1) = ΦWj,t + Vj,t. The response function of country 1 and country 2
are defined, respectively, as

ϕ1,t(B2,t+1) = max
B1,t+1

O1,t(B1,t+1, B2,t+1),

ϕ2,t(B1,t+1) = max
B2,t+1

O2,t(B1,t+1, B2,t+1).

The optimization is performed by searching over an equally spaced grid B. This grid is
finer than the two dimensional grid for the states S so that we obtain a more accurate
approximation to the maximization problem. The detailed steps are as follows:

(a) Given (B1,t+1, B2,t+1) ∈ B × B, we find Yt+1 using the approximate function
Γt+1(B1,t+1, B2,t+1) found in the previous step t+ 1.

(b) Given Yt+1 we have all the terms we need to construct the vector Xt. Thus we
can find Yt using the function Υt(Xt) from Property 1.

(c) The vector Yt contains the necessary elements to compute the government ob-
jectives Oj,t(B1,t+1, B2,t+1) for (B1,t+1, B2,t+1) ∈ B×B.
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(d) Now that we know the government objectives at the grid points, we compute the
optimal response functions as

ϕ1,t(B2,t+1) = max
B1,t+1∈B

O1,t(B1,t+1, B2,t+1),

ϕ2,t(B1,t+1) = max
B2,t+1∈B

O2,t(B1,t+1, B2,t+1),

which are defined only over the grid B. To make the response functions contin-
uous, we join the grid values with piece-wide linear segments.

2. The optimal response functions allows us to compute the equilibrium policies chosen
by the two governments. They are the fix point (B∗1,t+1, B

∗
2,t+1) to

B∗1,t+1 = ϕ1,t(B
∗
2,t+1)

B∗2,t+1 = ϕ2,t(B
∗
1,t+1)

After making the response function continuous, we find the solution (B∗1,t+1, B
∗
2,t+1)

using a nonlinear solver. Of course, the solution is not necessarily on the grid B×B.

3. Given the solution for (B∗1,t+1, B
∗
2,t+1), we can compute Yt+1 = Γt+1(B∗1,t+1, B

∗
2,t+1)

and construct the vector Xt associated with the equilibrium policies. This allows us
to compute Yt = Υt(Xt).

Once we have completed the above steps and found the vector Yt for each grid point
(B1, B2) ∈ S, we can then construct the approximate (bi-linearly interpolated) function

Yt = Γt(B1,t, B2,t).

We can then move to the earlier step until we reach the initial period t = 1.
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