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Supplementary Material to ‘“Large-scale model selection in
misspecified generalized linear models”

Emre Demirkaya, Yang Feng, Pallavi Basu and Jinchi Lv

This Supplementary Material contains additional numerical studies, examples to compute HGBIC,, all the
proofs of main results, and additional technical details.

A. EXAMPLES OF HGBIC,,

We illustrate how HGBIC), can be calculated in linear regression and logistic regression. In both cases,
we assume that B is the maximum likelihood estimator. Then, the estimated natural parameter vector is
=X B In order to eitimate the two forms of Fisher Information matrices given in (7) and (8), we use
the plug-in estimator 1, as defined in Section 3.3. To proceed, we need to make use of the link function
b(0), and its first and second derivatives.

In linear regression, the link function takes the from b(8) = 62 /2. So, v’ ()
A, =XTX, and B, = X"diag{(y — 0) o (y — )} X where diag{(y — ) o
matrix whose i-th entry is (y; — 0;)2.

In logistic regression, the link function takes the from b(6) = log(1 + €%). Then, the derivatives are
V() =e?/(1+¢€%) and b”( ) = ee/(l + €%)2. First, we can form diagonal matrix E(XBH) whose i-
th diagonal entry is exp(6;)/{1 + exp(#;)}2, and calculate A, = A, (8, )= XT2(XB,)X. Next, we
need another diagonal matrix, namely diag[{y — pu(X B )}o {y w(X ﬁ )}] with the i-th diagonal
entry being [yz - exp(@i)/{l + exp(@)}] Then, we calculate B, = X diag[{y — M(Xﬁn)} {y —

w(XB,)HX

In either case, we obtain the plug-in estimates of A,, and B,, following Section 3.3. Finally, we get
H, = A 1B,,. We use log determinant and the trace of H,, to calculate HGBIC,,.

=60 and b"”(0) = 1. Then,
( )} is the diagonal

B. NUMERICAL STUDIES ON LOGISTIC REGRESSION WITH INTERACTION

Our second simulation example is the high-dimensional logistic regression with interaction. We sim-
ulated 100 data sets from the logistic regression model with interaction and an n-dimensional parameter
vector

0= ZB+2xp11 + 2py0, (A1)

where Z = (21,...,2p) is an n x p design matrix, 2,11 = 1 0 x5 and xp 2 = X3 0 T4 are two inter-
action terms, and the rest of the setting is the same as in the simulation example in Section 4.2. For
each data set, the n-dimensional response vector y was sampled from the Bernoulli distribution with
success probability vector {e% /(14 ¢€%), ... €% /(1 + e%)}T with 0 = (61, ...,60,)T given in (A.1).
As in Section 4.2, we consider the case where all covariates are independent of each other. We chose
By = (2.5,-1.9,2.8,-2.2,3,0,...,0)T and set sample size n = 300. Although the data was generated
from the logistic regression model with parameter vector (A.1), we fit the logistic regression model with-
out the two interaction terms. This provides another example of misspecified models. As argued in Sec-
tion 4.2, the oracle working model is supp(3,) = {1, ..., 5} which corresponds to the logistic regression
model with the first five covariates. To build a sequence of sparse models, we applied Lasso followed by
maximum-likelihood refitting based on the support of the estimated model.

Since the goal in logistic regression is usually classification, we replace the prediction error with the
classification error rate. Tables 3 and 4 show similar conclusions to those in Section 4.2. Again HGBIC,,
outperformed all other model selection criteria with greater advantage as the dimensionality increases
(e.g., p > 800). As in Example 4.2, we also present the trend of the false discovery proportion and the
true positive rate as ¢ varies in Figure 2. From the figure, we observe that it is a more difficult setting
than the multiple index model to reach model selection consistency. The proposed HGBIC,, criterion with
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Table 3. Average results over 100 repetitions for Example B with all entries multiplied by 100.

100
200
400
800
1600
3200

100
200
400
800
1600
3200

AIC
0(100)
0(100)
0(100)
0(100)
0(100)
0(100)

25.3(0.3)
24.9(0.3)
25.0(0.3)
24.7(0.3)
26.0(0.4)
25.7(0.3)

Consistent selection probability with sure screening probability in parentheses

BIC EBIC GIC GAIC GBIC GBICyp HGBICy
30(100)  71(100) 67(100) 3(100) 32(100)  60(100) 98(98)
27(100)  72(100) 73(100) 1(100) ~ 29(100)  50(100) 94(96)
12(100) 80(100) 85(100) 0(100) 16(100)  44(100) 94(94)

2(99) 65(98) 75(98) 0(99) 4(99) 31(99) 92(93)
0(100) 55(96) 74(95) 0(99) 1(100) 14(98) 83(84)
0(100) 64(99) 79(98) 0(100) 1(100) 13(100) 78(81)

Mean classification error (in percentage) with standard error in parentheses

16.1(0.2) 15.5(0.2) 15.5(0.2) 17.1(0.2) 16.1(0.2) 15.6(0.2) 15.2(0.2)
17.2(0.3) 15.9(0.2) 15.8(0.2) 17.9(0.2) 16.9(0.3) 16.1(0.2) 15.5(0.2)
19.7(0.4) 15.5(0.3) 15.4(0.2) 18.7(0.3) 17.8(0.3) 16.3(0.2) 15.3(0.2)
21.9(04) 16.2(0.2) 15.9(0.2) 18.9(0.2) 18.8(0.3) 16.8(0.3) 15.8(0.2)
243(0.4) 16.2(0.2) 15.8(0.2) 19.4(0.3) 20.2(0.3) 17.2(0.2) 15.9(0.3)
24.4(04) 16.0(0.2) 15.7(0.2) 19.3(0.2) 20.7(0.3) 17.9(0.3) 16.0(0.2)

Oracle
100(100)
100(100)
100(100)
100(100)
100(100)
100(100)

15.2(0.2)
15.4(0.2)
15.2(0.2)
15.5(0.2)
15.4(0.2)
15.3(0.2)

the choice of ( = 1 appears to strike a good balance between the false discovery proportion and the true
positive rate.

To evaluate how much the fitted misspecified model deviates from the true model, we have now cal-
culated the average correlation (AC) between the fitted mean vector and the true mean vector, and the
consistent selection probability (CSP) over 100 repetitions, for the multiple index model and logistic re-
gression model in Table 5. It shows that the proposed information criterion is in general robust to different
levels of model misspecification.

Table 4. Average false positives over 100 repetitions for Example B.

p
100

200
400
800
1600
3200

AIC
55.71
40.83
35.25
31.78
30.25
28.41

BIC
1.57
3.24

11.74
18.22
22.65
22.31

EBIC
0.37
0.46
0.28
0.55
0.65
0.50

GIC
0.43
0.37
0.16
0.26
0.26
0.25

GAIC
4.51
5.10
6.43
5.83
5.87
5.26

GBIC
1.48
2.14
4.27
6.00
8.02
8.61

GBIC, HGBIC,

0.54
0.80
1.16
1.59
2.06
2.74

0.00
0.02
0.00
0.01
0.01
0.03

Table 5. Average correlation (AC) between the fitted mean vector and the true mean vector, and
the consistent selection probability (CSP), for the multiple index model and logistic regression

model

p
100
200
400
800
1600
3200

Multiple index model

AC
0.97
0.97
0.97
0.97
0.97
0.97

CSp
1.00
0.99
0.99
0.98
0.98
0.95

Logistic regression model
CSp

AC
0.89
0.89
0.89
0.89
0.88
0.88

0.
0.
0.
0.
0.
0.

98
94
94
92
83
78
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Fig. 2. The average false discovery proportion (left panel)

and the true positive rate (right panel) as the factor ¢ varies

for Example B when p = 200 (black solid), p = 800 (red
dashes), and p = 3200 (green dot-dash).

C. NUMERICAL STUDIES ON POISSON REGRESSION WITH INTERACTION

Our third simulation example is the high-dimensional Poisson regression with interaction. We simu-
lated 100 data sets from the Poisson regression model with interaction and an n-dimensional parameter
vector

0=15+Zp+ zpy1 + Tpi2, (A.1)

where Z = (x1,...,%p) is an n X p design matrix, and 2,11 = 21 0 29 and xp49 = 3 0 T4 are two
interaction terms. Here the rows of the n x p design matrix Z are sampled as independent copies via
the following process. First, we generate wy,x1 ~ t5(0,%), a multi-variate ¢-distribution with 5 de-
grees of freedom and scale matrix X, where YJ;; = pli=3l for all i and j. We consider two correla-
tion structures, namely p =0 and p = 0.6. Then, we define z,x1 = (z1,... ,xp)T as a scaled ver-
sion of w to the unit interval, where z; = (w; — ming wy)/(maxy w, — ming wy), for j=1,...,p.
Finally, for each data set, the n-dimensional response vector y was sampled from the Poisson dis-
tribution with mean vector (e%,... e%)T with @ = (6y,...,0,)T given in (A.1). Here, we choose
By = (1.25,1,0.75,1.25,1,0,...,0)T and set sample size n = 200. Although the data was generated
from the Poisson regression model with parameter vector (A.1), we fit the Poisson regression model
without the two interaction terms. From the data generation process, it is clear that Y is independent
of (x,...,xp) conditional on (x1,...,x5). Thus the oracle working model is supp(3,) = {1,...,5},
which corresponds to the Poisson regression model with the first five covariates; it is sometimes referred
to as the Markov blanket for Y (Candes et al., 2018). To build a sequence of sparse models, we applied
Lasso followed by maximum-likelihood refitting based on the support of the estimated model.

Tables 6, 7, 8, and 9 show similar conclusions to those in Sections 4.2 and B. Again HGBIC,, outper-
formed all other model selection criteria in terms of higher consistent selection probability and smaller
mean squared prediction error, with a more prominent improvement when the covariates are dependent
(p = 0.6).

To test the robustness of the proposed method, we consider a fourth simulation example, which is sim-
ilar to the third example with a change in the covariate generating process. In particular, the rows of the
n X p design matrix Z are sampled as independent copies from a mixture of two ¢-distributions via the fol-
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Table 6. Average results over 100 repetitions for Example C with all entries in the top panel
multiplied by 100 when p = 0.

Consistent selection probability with sure screening probability in parentheses
D AIC BIC EBIC GIC GAIC GBIC GBIC) HGBIC,, Oracle
100 0(100)  12(100) 39(100) 36(100) 25(100) 12(100)  44(100) 97(100)  100(100)
200 0(100)  12(100) 57(100) 60(100) 23(100) 18(100) 54(100) 98(100)  100(100)
400 0(100)  15(100) 71(100)  73(100) 15(100) 21(100) 54(100) 100(100)  100(100)
800 0(100)  14(100) 73(100) 81(100) 13(100) 15(100) 59(100) 100(100)  100(100)
1600  0(100) 12(100) 81(100) 85(100) 8(100) 18(100)  52(100) 99(100)  100(100)
3200  0(100) 12(100)  82(100)  92(100) 5(100)  13(100)  41(100) 99(100)  100(100)
Mean prediction error with standard error in parentheses
100 577(39) 424(32) 381(25) 381(25) 396(28) 423(32) 367(25) 334(21) 333(21)
200  451(16) 289(11)  254(8) 250(8)  279(10)  284(11) 250(8) 234(7) 233(7)
400  378(16)  232(9)  201(6)  201(6) 240(9) 223(7) 205(6) 192(5) 192(5)
800  337(12)  205(7) 173(4) 171(4) 211(8) 198(6) 176(4) 166(3) 166(3)
1600  313(11) 191(7) 159(4) 158(4) 206(7) 182(5) 169(5) 154(4) 154(4)
3200  284(9) 174(6) 145(3) 143(3) 189(7) 171(5) 153(4) 142(3) 142(3)

Table 7. Average false positives over 100 repetitions for Example C when p = (.

p AIC BIC EBIC GIC GAIC GBIC GBIC, HGBIC),
100 25.14 342 1.60 1.65 3.05 3.27 1.14 0.03
200 3421 371 1.03 079 392 3.14 0.90 0.02
400 3584 372 0.63 057 533 286 0.98 0.00
800 4047 4.02 040 027 507 296 0.80 0.00
1600 38.80 4.28 0.24 020 7.83 2.87 1.07 0.01
3200 38.05 4.07 023 0.08 6.83 334 1.05 0.01

Table 8. Average results over 100 repetitions for Example C with all entries in the top panel
multiplied by 100 when p = 0.6.

Consistent selection probability with sure screening probability in parentheses

P AlIC BIC EBIC GIC GAIC GBIC GBICp HGBICp Oracle
100 0(100) 1(100) 13(100) 12(100)  42(100) 1(100)  39(100)  89(100)  100(100)
200 0(100) 1(100) 8(100) 8(100)  46(100) 1(100)  42(100)  92(100)  100(100)
400 0(100) 1(100) 20(100) 24(100)  34(100) 1(100)  38(100)  92(100)  100(100)
800 0(100) 0(100) 29(100) 31(100)  29(100) 1(100)  32(100)  94(100)  100(100)
1600 0(100) 1(100) 35(100) 48(100)  19(100) 2(100)  29(100)  95(100)  100(100)
3200 0(100) 0(100) 45(100) 59(100) 9(100) 2(100)  24(100)  97(100)  100(100)

Mean prediction error with standard error in parentheses
100 1943(114) 1245(91)  1099(80)  1086(79)  955(73) 1204(84)  923(62)  796(55) 779(55)
200 2102(209)  1202(118)  1013(89) 998(88)  854(78)  1165(106)  864(80)  725(60) 715(60)
400 1301(88) 859(65) 652(50) 636(49)  659(49) 819(64) 593(44)  525(41) 511(39)
800 1160(84) 716(64) 536(47) 521(45)  575(58) 673(62) 537(48)  425(37) 416(32)
1600 1039(81) 624(48) 463(34) 442(33)  539(46) 589(46)  475(36)  377(29) 374(28)
3200 754(63) 439(29) 332(24) 318(23)  435(34) 426(30)  361(28)  275(16) 275(16)

1)

lowing process. First, we generate w,,, |

~ t5(0,X), a multi-variate ¢-distribution with 5 degrees of free-

dom and scale matrix X2, where ;; = 0.573l for all i and j. Then, we define 2"}, = (2", ..., z{")T as

px1l —
a scaled version of w(!) to the unit interval, where xgl) = (w§-1) — miny w,il))/(mao(;€ w,gl) — ming w,il)),

for j =1,...,p. Following a similar process, we generate an independent w;()2><)1 ~14(0,1,), a multi-
e2s variate t-distribution with 4 degrees of freedom and scale matrix I,. And xfx)l is its corresponding
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Table 9. Average false positives over 100 repetitions for Example C when p = 0.6.

p AIC  BIC EBIC GIC GAIC GBIC GBIC, HGBICy
100 3037 5.83 3.18 295 153 522 1.29 0.13
200 3636 5.70 2.89 251 127 5.04 1.09 0.11
400 2986 593 181 159 203 4.64 1.01 0.09
800 3447 6.14 158 133 3.04 4.86 1.40 0.06
1600 3424 5.68 143 091 382 444 1.47 0.05
3200 3401 576 093 0.67 562 446 1.79 0.03

Table 10. Average results over 100 repetitions for Example C with the mixture distribution and
with all entries in the top panel multiplied by 100.

Consistent selection probability with sure screening probability in parentheses

P AlIC BIC EBIC GIC GAIC GBIC GBICp HGBICp Oracle
100 0(100) 4(100) 30(100) 28(100) 30(100) 5(100) 44(100) 92(100)  100(100)
200 0(100) 10(100) 40(100) 43(100) 27(100) 13(100) 54(100) 92(100)  100(100)
400 0(100) 10(100) 40(100) 46(100) 16(100) 10(100) 37(100) 99(100)  100(100)
800 0(100) 8(100) 59(100) 67(100) 15(100) 12(100) 46(100) 97(100)  100(100)
1600 0(100) 8(100) 59(100) 70(100) 11(100) 12(100) 39(100) 98(100)  100(100)
3200 0(100) 8(100) 65(100) 77(100) 13(100) 13(100) 51(100) 99(100)  100(100)

Mean prediction error with standard error in parentheses
100 1565(216)  1194(187)  1077(174)  1079(174)  1069(176)  1175(186)  1016(162)  958(158)  945(158)

200 932(98) 625(76) 539(71) 533(71) 616(87) 609(76) 533(72) 480(63) 474(63)
400 1025(114) 623(70) 537(69) 527(68) 649(74) 589(66) 543(70) 468(56) 468(56)
800 625(65) 397(40) 314(29) 304(27) 404(49) 370(32) 328(30) 284(26) 283(26)

1600 635(67) 361(40) 271(28) 268(28) 355(41) 331(35) 290(35) 255(27) 253(27)
3200 569(52) 310(23) 230(14) 225(14) 319(29) 295(22) 242(16) 218(14) 216(13)

scaled version. Subsequently, we generate x,1 according to the mixture distribution 1 = L.Iél)zl +

(1- L)l’l(iz 1» Where ¢ is an independent Bernoulli random variable with distribution Ber(0.5). The re-
maining data generation process and fitting procedure are the same as in the third simulation example.
Tables 10 and 11 show similar conclusions as the tables for the third simulation example. Again HGBIC,,
outperformed all other model selection criteria in terms of higher consistent selection probability, smaller
mean squared prediction error, and much smaller false positives. This demonstrates the robustness of the

proposed model selection criteria.

Table 11. Average false positives over 100 repetitions for Example C with the mixture distribu-
tion.

p AIC BIC EBIC GIC GAIC GBIC GBIC, HGBICy
100 26.80 495 224 216 235 4.25 1.15 0.08
200 3239 5.07 1.75 149 3.06 4.04 0.84 0.08
400 35.19 453 135 1.02 525 343 1.06 0.01
800 34.15 446 084 0.64 489 344 1.07 0.03
1600 38.36 436 054 036 492 3.01 1.06 0.02
3200 35.84 4.87 052 028 519 355 0.97 0.01
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D. DISCUSSION ON ASSUMPTION 5

Assumption 5 is about the continuity of the matrix-valued functions V,,(3) and V,,(3,,...,8,) at
B.,,0- To obtain some further insights, let us expand V;,(3) in terms of the design matrix X, the covariance
matrix of response vector cov(Y'), and the link function b(6) as

Vi(B) = {XTcov(Y) X} 12XTR(XB) X {X T cov(Y) X} 1/2,

where ¥(6) = diag{b”’(6,),...,b"(6,)}. Assumption 5 puts some restrictions on the minimum and max-
imum eigenvalues of V,,(3) — V,, in a shrinking neighborhood of 3, ,. In particular, V,,(3) — V;, has
the same spectrum as the corresponding matrix { X cov(Y)X}'/2{V,,(8) — Vu, { X Tcov(YV) X} ~1/2,
which can be simplified as

{XTcov(Y) X }/2{V,(8) = Va HX Tcov(¥) X }1/2
— {(XTE(XB)X — XT(XB, )X HX cov(¥) X}
— XT{S(XB) — (X8, )} X {X cov(¥) X},

Hence, Assumption 5 can be regarded as the continuity condition of the matrix-valued function
XT{3(XB) — B(XB,0)} X{XTcov(Y)X} ! at B, ;. Moreover, the only factor that depends on 3 in
this expression is the difference ¥(X ) — X(X 3, ), which is a diagonal matrix. The diagonal entries are
given by b"(-), which is assumed to be a continuous function. Thus the difference % (X ) — X(X23,, o)
can be kept small in an appropriately scaled neighborhood of 3, ;. A similar analysis can be conducted
onV,(Bq,...,84)-

Furthermore, it is easy to see that Assumption 5 is satisfied under the linear model. Indeed, under
linear model, the second derivative of the link function is constant, so are both functions V;,(3) and
17” (B1,--.,84)- Hence, the differences in the assumption are zero matrices, and Assumption 5 holds
naturally. For the logistic regression model and Poisson regression model, the second derivative of the
link function is a continuous function " (#) = exp(6)/{1 + exp(#)}? and b () = exp(), respectively.

E. PROOFS OF MAIN RESULTS

We provide the proofs of Theorems 1-3 in this section. We aim to establish the asymptotic consis-
tency of the maximum likelihood estimator uniformly over all models 9, such that |t,,| < K where
K = o(n). For this purpose, we extend our notation. 3,, o(90,,) denotes the parameter vector for the
working model and is defined as the minimizer of the Kullback-Leibler divergence whose support is
M B,0(Mm) = arg minﬁeB(mm) H{gn; fu(; B, 7)}- By 0(Mim) is estimated by the maximum likeli-

hood estimator 3(9,,,) which is defined as 3(M,,) = arg maxge oy, ) In (8).

E.1.  Proof of Theorem 1
We consider the decomposition of S(y, 9M,,; F,) in (13) and deal with terms log[E),,, {Un(8)"}] and
log asn,,, separately by invoking Taylor’s expansion. In fact, log[E,.,, {Un.(B)"}] is based on £}, (y, 3),
the deviation of the quasi-log-likelihood from its maximum, while log aiy,, is the log-prior probabil-
ity which depends on D,,, = E[I{g,; [n(:, anm)} — I{gn; fn (s Bym,0) }, expected difference in the

Kullback-Leibler divergences. In light of consistency of the estimator 3,, as shown in Lemma 1, we focus
only on the neighborhood of 3,, ;.

First, we make a few remarks on the technical details of the proof. Throughout the proof, we con-
dition on the event Q, = {f,, € Ny(6,)}, where N,,(6,,) = {8 € R%: ||(n~'B,)Y/?(3 — Broll2 <
(n/d)=1/26,}, B, = XTcov(Y)X, 6,, = O{L,(log p)*/2} and B3, is the unrestricted MLE. The eigen-
values of n=1A,,(3) and n~! B,, are bounded away from 0 and oo by Assumptions 1 and 3. This follows
from the fact that eigenvalues of M7 N M lie between Amin (N) Amin (M7 M) and Apax (N) Amax(M T M)
for any matrix M and positive semidefinite symmetric matrix N. Therefore, from Lemma 1 we have that
pr(Qn) = lasn — .
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To establish this theorem we require a possibly dimension dependent bound on the quantity
|[n=1/2X ﬁan This can be achieved by putting some restriction on the parameter space. Let M, («) =
{B €R?: || X8|l < alogn} beaneighborhood, where « is some positive constant. One way of bound-
ing the quantity | ~2/2X3,, || is to restrict the maximum likelihood estimator 3,, on the set M,, (c). Here,
the constant o can be chosen as large as desired to make M, («) large enough, whereas the neighborhood
N, (6,) is asymptotically shrinking. Then, we have N,,(d,,) C M,,(«) for all sufficiently large n, which
implies that conditional on @n, the restricted MLE coincides with its unrestricted version. Hereafter in
this proof, Bn will be referred to as the restricted ML unless specified otherwise.

Part I: expansion of the term log[E,,, {U,(8)"}]. Recall that U,(3) = exp{n~'¢;(y, 3} and
Gy, B) = Ln(y, B) — én(y,gn). First, we observe that the maximum value of the function £ (y, 5)
is attained at 3 = f3,. Moreover, we have 02(%(y,)/0B8% = —A,(3) from (8) where A, (B)
XTY(XB)X. Then, we consider Taylor’s expansion of the log-likelihood function £, (y, ) around B
in a new neighborhood N, (6,,) = {8 € R? : |[(n='B,)/2(8 — B,)||2 < (n/d)~/25,}. We get

£,.8) = 56~ B {060, 8.)/08%} (5~ B.) (A1)
= 28 Va(8.)8.

where [, lies on the line segment joining [ and B d= n*1/2B1/2(6 B ), and V,,(B) =
B, %A, (B)B_1/2 Since 3,, € Ny (dy), by the convexity of the nelghborhood N, (6,) we have 3, €
N,,(3,,). We also note that conditional on the event Q,,, it holds that N, (6,) C N, (26,,).

Now, we will bound U,, ()™ over the region Nn(dn) using Taylor’s expansion in (A.1). By Assumption
5, we get

%(5)117"(5”)(5) < —n’lfi(y,ﬁ)lﬁn(,;n)(ﬁ) < %(ﬂ)lﬁn(gn)(ﬂ), (A2)

where ¢1(8) = 36" {Vi, — pn(6n)1a}d and g2(B) = 16" {V;, + py(6,)14}6. Then, we consider the linear
transformation h(3) = (n~' B, )'/?3. For sufficiently large n, we obtain

By e _nq2(6>1~n(5 (8)} € B, {Un(B)" 15, (5., (B)} < By, {e —nq1(6>1~n(5n)(,6)}, (A3)

Ko

where ji9n,, denotes the prior distribution on h(3) € R? for the model I,,.

The final expansion of log[E,,,, {U,(5)"}] results from combination of Lemmas 7-10. The expres-
sions Eumm{Un(/B)nlﬁ;(an)} and f5€Rd e " 11\75(6”)d,u0 for j = 1,2 in Lemmas 8 and 10 converge
to zero faster than any polynomial rate in n since Ky, = Amin(V},)/2 is bounded away from 0. Moreover,
Lemmas 7 and 9 yield

o\ U2
10B(E i, {U(8)"}] = log { (Z) e pnwnﬂdw/?} +loges,

where ¢4 € [c3,c; *]. Finally, we observe that

[Vt (0ol ™/ = [Vl 7210 £ (8 V7 = [Vl 72 (14 Ofpu BV Y2
= V7214 Ofpa (B Ak (Va2 = Va2 {1 + 0(1)},

min

where we use Assumption 5. So, we obtain

08By, (Un(8)")] = 1og[(2§) Val (1 4+ o1} | + log e

log( )

1
= B4 log |4, Bl +

d+logeyq + o(1). (A4)
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8 E. DEMIRKAYA ET AL.

This completes the expansion of log[E,,,, {U,(3)"}].

Part II: expansion of the prior term log aigy, . Now, we consider the prior term log avgy, . which depends

m m

on Bn through D,,,. Simple calculation shows that
log aon,, = —Dy, +1og C — dlogp. (A.S)

We aim to provide a decomposition of D,, in terms of H,,. Observe that —D,,, = E{n,,( B")} — N (Bn.o)
where n,,(8) = E{(,(y, )}, and ¥ is an independent copy of y. We expand F {7, (Bn)} around 7,,(53,, o)-

In the generalized linear models setup, we observe that ly(y,8) =97 XB —1Tb(XB) and n,(B) =
{E@T)}XB — 1Tb(X B). Then, we split E{n,,(8 n)} in the region Q,, and its complement, that is,

E{nn(8,)} = E{m(

= E{nn(

gt + Em(B)lg, ) (A.6)
g} +EH(EDT(XB,) - 170(XB,) g,

) Tb)

First, we aim to show that the second term on the right-hand side of (A.6) is o(1). Performing
componentwise Taylor’s expansion of b(-) around O and evaluating at X Bn we obtain b(X Bn) =
b(0) + b'(0)X B, +r, where r = (r1,..., )7 with r; = 272" {(XB);}(X5,)2 and B%,..., 8% ly-
ing on the line segment joining Bn and 0. Thus, we get

EI{E@)"XB, —170(XB,) | 15.] < O{nlogn +n + n(logn)*}pr(Q5) = o(1) (A7)

for sufficiently large n. The last inequality follows from the fact that pr(@;) converges to zero faster than
any polynomial rate. To verify the orders, we recall that Bn is the constrained MLE and b'(+) is bounded
away from 0 and co. Thus, we obtain following bounds for the four terms |[{E(7)}7 X3, | = O(nlogn),
176(0)| = O(n), b’(O)lTXBn| = O(nlogn), and [177| = O{n(logn)?}.

Now, we consider the first term on the right-hand side of (A.6). We begin by expanding 7,,(3) around

B0 conditioned on the event @L By the definition of 3, o, 7,(f) attains its maximum at 3, 5. By

evaluating Taylor’s expansion of 7,,(-) around j3,, , at En we derive

1

nn(Bn) = nn(ﬁn,O) - §(Bn - ﬁn,O)TAn(ﬁ*)(Bn - ﬂn,O)
1~ 2 n
= 10(B0) = 5 (B = Buo) " An(Br = o) =

where A,,(-) = =020, (y, -)/862, Ap = Ay (B,,0), and 3" is on the line segment joining /3, ; and ﬁn
The second equality is obtained by taking s,, = (Bn — Bro) {AR(B") — An}(ﬁn — Bp.0)- Furthermore,
setting C,, = B;, Y24, and v, = Cn(gn — Bn.0) simplifies the above expression to

M (Ba) = 10 (Ba0) = 50 {(C )T ARy Yo — (A8)

In (A.8), we first handle the term s,,. On the event @Vn by the convexity of the neighborhood N,,(4,,)
we have 5% € N, (d,,). Then, Assumption 5 implies

Snlc}z‘ = ‘(Bn = Bro) " {An(8*) = An} (B, = Bro)| 157 (A9)

= [{BY2(Bo — Bua)} 1Val8) — VaHBY2(B, - B0} 14,
pn((sn)éfzdlé;a

IN
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where V,,(-) = B~1/24,()B;*/? and V,, = V(By0). We then deduce that E(s,15-) = o(1), since
p,z(én)éfbdl@v = o(1) by Assumption 5. Therefore, (A.8) becomes

~

BB} = Blma(Ba) — 508 ((C)T 4Gy Yol ] + o). (A.10)

We provide a decomposition of v, to handle the term vl {(C. )T A, C; 1}v, in (A.10). Define
(B,) = XT{y — u(XB,)}. From the score equation we have W(j3,) = 0. From (6), it holds that
XT{E(y) — (X B, )} = 0. For any f,..., 3, € RY denote by A, (B, ...,8,) ad x d matrix with
Jjth row the corresponding row of A,,(3;) for each j = 1,...,d. Then, we define matrix-valued function

‘N/n(ﬁl, e By) = B;lﬂgn(ﬂl, cey ﬁd)B;1/2. Assuming the differentiability of W(-) and applying the
mean-value theorem componentwise around f3,, ,, we obtain

~

0=,(8,) = Uu(Bno) — An(By. ., Be) (B, — Br)

~

= XT{y — E(y)} — Au(By,---.B4) B — Bro),

where each of 3, ..., 3, lies on the line segment joining Bn and f3,, . Therefore, we have the decompo-
sition
vn = Cu(By, = B o) = tn + wn, (A.11)
where u, = By, X" {y — E(y)} and w, = —{Vi(B1, ... Bg) — Va B> (B, — Bro)}-
We handle the quadratic term v {(C,; 1T A,,C;; }v, in (A.10) by using the decomposition of v,.

For simplicity of notation, denote by R,, = (C,, 1)TAnC; I Recall that C,, = B,, Y 2An. With some
calculations we obtain

E(uy Ryun) = E{y — B(y)}" XA X {y — B(y)}]
= B(tr[A,' X {y — B(y)Hy — E(y)}" X]) = te(4, ' By).
We get E(uy Ryunlg:) = E(uy Ryun) — E(uf; Ryunlg ). From Lemma 1, we have (@) =0

as n — oo. We set ji,, = max{tr(A;'B,), 1}, hereby u, is bounded away from zero. We apply Vitali’s
convergence theorem to show that E(ul R,,u,1 g.°) = o(fin). To establish uniform integrability, we use

Lemma 6 which states that sup,, E{|(ul R, u,)/fin|'T7} < oo for some constant v > 0. This leads to
E(ufRnunlév ¢) = o(fin,). Hence we have

1 1 N

iE(uanunlév) = itr(An B,) + o(fin)- (A.12)

Now, it remains to show that

E{(w,{Rnwn + Qw,{Rnun)lév } = o(fin)- (A.13)

Using the definition of R,, and w,,, we can bound wz Rywy:
erLRnwn = ||R:/2wn||§ < HVn(ﬁlv o Ba) = Vand’idtr(A’r_Lan)'

So, on the event Q,,, it holds that E(wfRnwnlg) = o(fin,) by Assumption 5. For the cross term

wl R, u,, applying the Cauchy—Schwarz inequality yields
|E(wy Ruunlg )| < E(|Ry *wal315.)" 2 E(|luy B,/?|13)"
< E{|[Va(B1s- -, B4) = Vallalg, 6nd**tr(A; " By)}.
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10 E. DEMIRKAYA ET AL.

Thus, we obtain that E(wl R, u,1 . ) =o(fin). E{|n (B, 0)|1Q <} is of order o(1) by similar calcula-
tions as in (A.7). Then, combining (A.6), (A.10), (A.12), and (A.13) yields

B(na(Ba)} = mu(Bag) — (A7 Bu) + ofjin). (A14)
From (A.5) and (A.14), we can obtain the expansion
log gy, = —%tr(A;an) +log C — dlogp + o(fin).
Therefore, combining Parts I and II completes the proof of Theorem 1.

E.2. Proof of Theorem 2

At the beginning of the proof, we demonstrate that the theorem follows from the consistency of A and
B,,. Next, we establish the consistency of A, and B The consistency of A, follows directly from the
Lipschitz assumption; however, the consistency of B is harder to prove. To accomplish this, we break
down B,, and invoke Bernstein-type tail inequalities and concentration theorems to handle challenging
pieces.

We first introduce some notation to simplify the presentation of the proof. A (-) denotes the eigen-
values arranged in increasing order. Denote the spectral radius of d x d square matrix M by p(M) =
maxi<k<d{| A\ (M)|}. || - ||2 denotes the matrix operator norm. op(-) denotes the convergence in proba-
bility of the matrix operator norm. N

We want to show that log |H,,| = log |H,| + op(1) and tr(H,,) = tr(H,) + op(1). To establish both
equalities, it is enough to show that I;Tn = H,, + op(1/d). Indeed, assume that ﬁn = H, +op(1/d) is
established. In that case, we observe that

|tr(ﬁn) —tr(Hp)| = |tr(ﬁn - H,)| < dp(ﬁn - H,) = dllﬁn — Hyll2 = op(1),

where the equality of the spectral radius and the operator norm follows from the symmetry of the matrix
H, — H,,. Moreover, we have

‘ log ‘Hn| - log |HnH < dlgl]?%(d ‘ log )‘k(Hn) - log Ak(Hn)|

= d max log | max )\k(ﬁ) M)
_d1gkgd1 g[ {)\k( Hy,)' \o(H,,) }1

< d max [max { )\k( 1:1:71) } 1
1<k<d A (Hp, ELJ
< d max (1 n) = (M (A.15)

1<k<d mln{)\k( n) )\k(H )}

Recall that the smallest and largest eigenvalues of both n~'B,, and n~ ' A,, are bounded away from 0 and
o0. (See the note in the beginning of the proof of Theorem 1.) So, we get A\, (H,,) = O(1 ) and \; ' (H,) =
O(1) uniformly for all 1 < k < d. An application of Weyl’s theorem shows that [, (Hn) — Ax(Hn)| <
p(H, — H,) for each k. We have p(H, — H,) = ||H, — Hy||2 = op(1/d). Hence, the right-hand side
of (A.15)is op(1).
Now, we proceed to show that ﬁIn = H,, +op(1/d). It suffices to prove that nilﬁn =n"14, +
op(1/d) and n='B,, = n~'B,, + op(1/d). To see the sufficiency,

H,—H, =(n"'4,)" (n""dB,) — (n""A,) " (n"'dB,)
= (n"'A,) " (n7'dB,) — (nT'A,) " (n 1 dBy,)
+ (n 7 A,) YN dBy) — (nTAL) TN (n T dBy).
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Then, ﬁn = H,, + op(1/d) can be obtained by repeated application of the following properties of the
operator norm: [|(Iq — M)™Hl2 < 1/(1 = [ M]l2) if [ M|[2 <1, [MNllz < [|M][2]|N|l2, and [|M +
N2 < ||M]|2 + ||N||2, where M and N are d x d matrices Horn & Johnson (1985).

Part 1: prove n 'A, =n"'4, +op(1/d). From Lemma 1 we have, |3, — Broll2 =
Op{(n/d)~1/25,}, which entails 3, = Bpo + Op{(n/d)~*/26,}. Then it follows from the Lipschitz
assumption for n~ ! A, (3) in the neighborhood N,, (8,,) that n=*4,, = n=1 A, + op(1/d).

Part 2: prove n~'B,, = n"'B,, 4 op(1/d). We need to control the term y — u(XBn). In correctly
specified models, (X 3, o) and E(y) are the same. So, it is enough to introduce the mean E(y) which

is close to both y and p(X Bn) However, it is harder to control the term y — p(X Bn) in misspecified
models since we need to deal with both (X3, o) and E(y).

First, we use the fact that u(Xf3,, o) and (X 3,,) are close. To accomplish this, we add and subtract
(X B, ) to get the following decomposition:

n_lﬁn =n"'XTdiag Hy — ,u(XBn)} ) {y — M(XBn)H X
=G+ Gy + Gs,
where
Gy =n"' X" diag[{y — w(XB,0)} o {y — (X B, 0)} X
G =20 X diag[{y — (X B,,0)} o {n(XB,,.0) — (X B,) X
Gs =n"' X" diag[{u(XB,,) — (X B, 0)} o {u(XB,) — w(XB, o) X

Next, we introduce E(y) to obtain terms y — E(y) and E(y) — (X f3,, o) both of which can be kept
small. We split G1 as G1 = G11 + G12 + G153 and G4 as Gy = Ga1 + Gag, where

G =n"'X"diag[{y — B(y)} o {y — E(y)}X,
Gz = 20~ X diag[{y — E(y)} o {E(y) — n(X B, 0) X

Giz =n" ' X diag[{E(y) — p(XB,0)} o {E(y) — n(XB )}}
Go1 = 2n ' X diag[{y — E(y)} o {u(X B, 0) — n(XB,) X
Goz = 2n~ ' X diag[{E(y) — (X B, o)} o {u(XB,,0) — ( )}]X

Now, we will control each of the above terms separately. Before we begin, we observe that for any
matrices M and N, we have

pr(d[|[M — N[z > t) <pr(d|M — N|r =t

<d’ MI* — NI*| > t/d? Al
 nax pr(| | > t/d%), (A.16)
where || - || denotes the matrix Frobenius norm and M7* denotes the (7, k)th entry of M. Therefore, it

is enough to bound pr(|M7* — NI*| > t/d?) by o(1/d?) to show that M = N + o0,(1/d).

Part 2a) prove G1; = n~'B,, + 0p(1/d). We will use Bernstein-type tail inequality. First, E(Gyy) =
nUB, and G = n N Y [ogaady — By} = Yy a2, where af* = n-lagaivar(y:)
and ¢; = {var(y;)}/*{y; — E(y;)}. Leta a?* = (aJ*,...,a7%)T. Then we have ||aJ’“||2 O(ntus—1)
since || X||co = O(n*®) from Assumption 3. It may be noted that g;’s are 1-sub-exponential ran-
dom variables from Assumption 1 and so g;’s are 2-sub-exponential random variables. Furthermore,
SUp; <<, var(g?) = O(1). To see this, we note

4
varlq?) < B(at) < 47 (B <4t (sup [ Bl ) =00

810

815

820

825

830

835

840

845



850

855

860

865

870

875

12 E. DEMIRKAYA ET AL.

where we use Lemma 5. Then combining (A.16) with Lemma 12 for a choice of o = 2, we deduce

pr{d||Gi1 — E(G11)||2 > t} < d* 1g%§de{|G{lf — E(GI})| > t/d*}

< Od? exp(—Ct/?nt/4=vs /)
for some constant C'. Since d = O(n"') and u < 1/4 — ug, the right-hand side of above equation tends
to zero. Thus, we obtain G1; = E(G11) + op(1/d) = n~1B, + op(1/d).

Part 2b) prove G2 = op(1/d). Similar to the previous part, we invoke Bernstein—type tail inequal-
ity. Observe that G5 = n~' S0 2[wy 2 {E(y) — (X Bno)tilyi — B(yi)} = S, @l*q;, where
&fk = 2n" tvar(y;) Y 2z 20 { E(y) — (X B, 0)}i and ¢; = {var(y;)}~*/?{y; — E(y:)}. Then, we get
|@7*||3 = O(n*us+u2/2=3/2) by Assumptions 2 and 3.

By Lemma 11, we have

prd|Gralla > 8) <& max pr(GI5| = t/d?)

< Cd? exp{—Ctn3/472“37“2/4/d2}
for some constant C'. Since d = O(n"') and 3/4 — 2uz — uz/4 — 2k1 > 0, the right-hand side of above
equation tends to zero. Hence, we have G132 = op(1/d).
Part 2c) prove G13 = o(1/d). We derive

n

1G53 < In™" D (wial [B(yi) — {n(XB,0) 1) 7

i=1

= Sigjh<a (Za ~ {u(XB, o>}i12/var<yi>>

_Z — (X B, 0) P /var(yi)*Si<jn<alla’™ |3,

where the last step follows from the componentwise Cauchy—Schwarz inequality. From Assumptions 2
and 3, we get ||G13]|3 = O(n*2d?n*“s~1). Therefore, G153 = o(1/d) since d = O(n") and ug + 4x1 +
quz — 1 < 0.

Part 2d) prove G = 0(1/d?). Bounding G is the trickiest part. The use of classical Bernstein-type
inequalities are prohibited since the summation includes two random quantities y and B Instead, we will
apply concentration inequalities.

We start by truncating the random variable y by conditioning on the set ,, = {||W||cc < Cylogn}
which is defined in Lemma 2. Since Bn belongs to the neighborhood N,,(d,,) by Lemma 1, we get

GI1] =120 wwady — Ely) Hi(XB,,0) — m(XB,,) il

=1
< sup 207> wgmady — Ely) Hu(XB,0) — m(XB,)}il.
ﬂnENn(‘sn) =1

Then, we can separate the right-hand side by conditioning on §2,,. So, we have |G | < G211 + G212
where

Gy = sup 20 wgmady — E() Hi(XB,0) — n(XB,)}ila,
/BnENn(én) =1

Gy = sup 20> miwa{y — E(u) Hu(X B, 0) — n(XB8,)}:(1 - 1a,)].

B, ENA(6r) i=1
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First, we bound E(G;’fl) We take a Rademacher sequence {¢;}?_; independent of y. Then, we apply
symmetrization and contraction inequalities in Biihlmann & van de Geer (2011) as follows.

B(GHE) =E | sup — By Hin(X B, 0) — n(XB,)}ila, ]
BHENH(M
<4n~'E | sup Z € Tinyi{ (X B 0) — (X By)}ila, ]
/BneNn(‘;n) =1

Z €iiiTikyi (X B0 — X B )i

i=1

§4n_1coE { sup
B, ENn(6n)

)
)

where the last step follows from the Cauchy—Schwarz inequality. We observe that sup B eN,(5.)
18r.0 — B H2 < n~124/25, and B>, eix”xzkyllgnxiﬂg) < e
o x” 2 BE(y?1q, )||;v1|| /2, So, we can bound (qu) by
deon=32dY25, {31 223 E(y?1q, )| =:]|3}*/?. Using Assumptions 2 and 3, we obtain
E(GI)) = O(n='*2usd§,m,). Since d=O(n™) and —1+ 2us + 3k + 2uy + kp/2 <0, we
deduce E(GEY,) = o(1/d?).
Furthermore, we need to bound 2|z;;wixyi{1(X 8,, o) — (X 8,,) }ila,| forany 3, € N, (d,)inorder ss
to use the concentration theorem in Biihlmann & van de Geer (2011). We use Lemma 2 to bound y;:

20aijrinyi{ (X B, 0) — (XB,)}ila,
< 2zl {y: — E(yi) + E(yi) 1o, {(XB,0) — n(XB,) )il
< 2fzjl|zwaw {1 E(yi)| + Crlog(n) J{ (X B 0) — (X B,) il

Since 0"(Xj) < cy' for any (3 joining the line segment Bno and B3,, we have [{u(XB, o) — s

1(XB)Yil < g will2llBno — Bullz for any B, € N,(6,). When we put last two inequalities to-
gether with Assumptions 2 and 3, we get 2|z zixyi {1t(X 3, o) — (X B,)}ila,| < ¢, 3 Wherec, g =

O(n*"smy,)||z4]2]| 8.0 — B ll2- Moreover, we have

n

E €Ti5TikYila, T;
i=1

§4n7100 sup Hﬁn,() - 5n||2E (

ﬁnENn(én)

n
ap Z <O 2) swp B~ BB Il
B, ENn(5n ) & B, €N (6r) i=1
< O( —l4dus ~2d2(52) 900

where we use the fact that ||3,, o — 3,[13 = O(n~'dd7) for any 3, € Ny, (6,,). Thus, we can use the
concentration inequality in Bithlmann & van de Geer (2011) which yields

nt?
PT{G211 = (G211) +t} <Cexp <_Cn_1+4usﬁWz) ) (A.17)
for some constant C.

Now, take any £ > 0. We know that E(G2¥) < #/(2d?) for large enough n. Then by taking ¢ = #/(2d?)
in equation (A.17), we obtain 905

q ing £2
pr(Gay, > 1/d%) < Cexp (—C nwm) '

Since —2 + 4ug + 61 + 4uy + Ko < 0, we have pr(G3Y, > /d?) = o(1/d?).
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Lastly, G212 =0 on the event §2,, which holds with probability at least 1 — O(n~%) by Lemma 2.
Therefore, we obtain G; = o(1/d?) by using (A.16).

Part 2e) prove Go2 = 0o(1/d). First, we apply the Cauchy—Schwarz inequality to obtain

; - HEG) - w(XB 0k
( ;[n e a0 "VO)“(XB")}'H ) D
<Y ) ) (6,2 Y (Ol

Since Bn lies in the region N, (d,) with high probability and b”(:) is bounded, {u(Xp, o) —
1(XB,,)}2 can be bounded by ||z;[|20(n~'d52). Assumption 2 and the Cauchy—Schwarz inequality yield
S fvar(y)}HE @) — u(XB,0)} < O(n'/?*2/2) We further use Assumptions 1 and 3 to obtain
o5 |GIE|2 = O(n—3/2H4ustu2/2252) Since d = O(n"") and —3/2 + 4us + ug/2 + 61 + 2uy + Ky < 0,
we get |GJ5|2 = o(1/d*). Thus, we obtain Gy = 0,(1/d).
Part 2f) prove G3 = o(1/d). We decompose (i, j)th entry of G as follows

GI* ) =07t > wyra{pn(X B, 0) — w(XB,,)}

i=1

<Y gl (X By ) — m(XB,)}

920 = O(n_1+2u3d25721),

where the last line is similar to Part 2e. So, |G%*| = o(1/d?) since —1 + 2us3 + 41 + 2uy + Ky < 0.
Therefore, we get G5 = o(1/d).

We have finished the proof of Part 2. This concludes the proof of Theorem 2 with the desired probability
bound 1 — O(n=% + pl=8e27m),

025 E.3.  Proof of Theorem 3
Theorem 3 is a direct consequence of Theorem 2, Lemma 1, and assumption (17). To see this, observe
that the difference in the sample version HGBIC,, can be written as the sum of the population version
HGBIC;, and the terms consisting of differences of likelihood, tr(f,,) and log(det(H,)) between the
sample and population versions. That is,

%30 HGBICp(fm ) — HGBIC, (M) = HGBIC, (M) — HGBIC,, (M)

- 2{6 ( n m) én (y7 /Bn,m,O)} + 2{€7l (ya Bn,l) - En (ya ﬂn,l,O)}
+ {tr( n Tn) tr(Hn,m)} - {tr(ﬁn,l) —tr(Hp)}
— (log |Hn,m| —log [Hy, m|) + (log ‘ﬁn,l‘ —log [H 1])-

The equation (17) suggests that the first line is bounded below by A,, for any m > 1. Then we focus on

935 the remaining terms. Let m = 2,..., M be fixed. The consistency of the maximum likelihood estimator
in Lemma 1 implies that —2{¢,, (y, Bnm) ~ (Y, Brmo)} + 2{@,1(;/,3”71) —ln(y, Bp1,0)} converges
to zero with probability at least 1 — O(n~°) for some constant § > 0 . Moreover, Theorem 2 proves
that the last two lines are also of order o(A,,) with probability at least 1 — O(n~?) provided that A,, is
converging slowly enough. Therefore, {HGBIC,(",,,) — HGBIC,(M1)} > A,, /2 for large enough n with

a0 probability 1 — O(n~?) for any fixed m > 1. Applying the union bound over all M = o(n%) competing
models completes the proof of Theorem 3.
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F. TECHNICAL LEMMAS
F1. Lemma 1 and its proof

LEMMA 1 (UNIFORM CONSISTENCY OF THE MAXIMUM LIKELIHOOD ESTIMATOR). Assume
Assumptions 1-3 hold. If L,,{ Kn~"log(p)}'/? — 0, then

sup () TZIBON) ~ B, 0(M)]l2 = O { Laln ™ logp) 2},

[m|<K,mC{1,...,p}

where L, = 2m,, + C1 logn. m,, is a diverging sequence which appears in Assumption 2 and C1 is the
positive constant from Lemma 2.

Proof. First, we construct the auxiliary parameter vector Bu(i)ﬁ) as follows. For any sequence IV,
we take u = {1+ [[B(OM) — B, o(M)||2/N,} ! and define 3, (M) = uB(M) + (1 — u)B,, o(M). We
have ||5,,(9) — B,,.0(M)||2 = u[|BEON) — B, o(M)[|2 < N, by the definition of u. So, 3,,(9) belongs
to the neighborhood Bax (Ny,) = {8 € R?, supp(8) = M : |8 — B,,0(M)||2 < N, }. Moreover, we ob-
serve that |3, (9) — BnoM)[l2 < N, /2 implies |B(9) — Bro(M)]]2 < N,. Thus, it is enough to
bound || 3,, (M) — Br0(M)]]2 to prove the theorem.

Now, we consider ||Bu (M) — B,,.0(M)]|2. First, the concavity of £,, and the definition of B(Sﬁ) yield

Ca{Bu ()} > uln {BEN)} + (1 — w)ln{B, (9}
> wly (B, (M)} + (1 — u)ln{B, o (M)}

So, by rearranging terms, we get

~La{ B0 (M)} + £ {B, (M)} = 0. (A1)
Besides, for any 8 € By (V,,), we have

Elln{B,,0(M)} = €n(B)] = Hgn; fu (5 8,7)} = H{gns fu 5 B0 (M), 7)} 2 0, (A2)
by the optimality of 3,, 4(t). Combining (A.1) and (A.2) gives

0 < Bltn{B, o(M)} — £, {5, (M)}]
< —la{ B o)} + La{ By (M)} + E[ln{B,, 0 (M)} — £, {5, (IM)}]
< sup  |UB) — E{la(B)} — (af{Br o (M)} — E[n{B, 0(MM)}])]

BeBam(N.)
= nTom(NV,), (A.3)
since 3, (M) € Bop(N,,).
On the other hand, for any 5 € Bon(N,,),
Eltn{B0(M)} = u(B)] = E(Y") Zon{B,,0(M) — B} — 17 [b{ZonB,, o (M)} — b(Zan 3)]
= 1{ Zon B, 0(M) } Zon{ B, 0 (M) — B} = 17 [b{ Zom B, 0 (M)} = b(ZamB)],

since 3, o(9M) satisfies the score equation: ZE{E(Y) — uw(ZmPB)} = 0. Furthermore, applying the sec-
ond order Taylor expansion yields

Ella{B,0(0M)} — £,(B)] = 1

2
where /3 lies on the line segment connecting Br0(M) and 3. Then, we use Assumption 3 and the assump-
tion that cg < b”(ZB) < ¢; ' forany 3 € B. So, we get E[(,,{8,, o(M)} — £n(B)] = $ncoca||B,0(MM) —
B,,(9)||2. Therefore, for any 8 € Bon(N,,),

18,,0(9) = BII3 < 2(cocz) ™ n ™" Elln{B,, o(M)} — €a(B)]- (A4)

{BoOR) — BY" Z55(ZonB) Zon {B,.0(M) — BY

945
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Finally, we take a slowly diverging sequence 7, such that ~, L, {K log(p)/n}'/? — 0. Then, we
choose N,, = v, L, {|M|n"" log(p)}/2. Since 3, (M) € Boy(N,,), we combine equations (A.3) and
(A.4) to obtain

R 1/2
sup (J90) /2B, (M) — Bu(@)2 < sup {T””(N)} [2cocs) 'n~ 1}
M| <K i< |9

= Op[La{n™"log(p)}'/?],

where the last step follows from Lemma 4. This completes the proof of Lemma 1.

F2. Lemma 2 and its proof

LEMMA 2. Assume that Y1, ...,Y, are independent and satisfy Assumption 1. Then, for any constant
0 > 0, there exist large enough positive constants Cy and Cs such that
[W]leo < C1logn, (A.5)

with probability at least 1 — O(n™°) and,

In =V 2E(W | Q)2 = O{(logn)n="}, (A.6)
where Q,, = {||W]|s < Cqlogn}.
Proof. We take t = C7 logn in Assumption 1. So we get

pr([[Wleo < Cilogn) >1— nm<axpr(|WZ-| > Cylogn) >1— et O

4 We choose C large enough so that 1 —c;'Cy < 0. Thus, we have pr(||W||o < Cylogn) =1—
O(n~?%) where we pick § = ¢;*C; — 1 > 0. This proves the first part of the lemma.

Now, we proceed the proof of the second part of the lemma. We will bound each term E(W;|2,,) for
t=1,...,n.Since W;’s fori = 1, ..., n are independent, the conditional expectation F(W;|{2,,) can be
written as follows

E{W;1(|W;| < Cylogn)}
(Wi | 2n) = BOWi | [Wi] < Crlogn) = — e

Since E(W') = 0 by definition, we get E{W,1(|W;| < C;logn)} = —E{W;1(|]W;| > C1logn)}. Last
two equalities result in

E{|Wi[1(]W;] > Cylogn)}

[E(W: | )l pr(|W;] < Cylogn)

We already showed that the denominator pr(|W;| < Cylogn) can be bounded below by 1 — O(n~?)
uniformly in 4. Thus, it suffices to bound the numerator E{|W;|1(|W;| > C logn)}. Indeed, we have

E{|Wi1(]Wi| >C’110gn)}:/ pr{|Wi1([Wi| > Ci logn) > t}dt
0
Cylogn
= [ pr Wil > Cilogn) > e
0

+ [ Wil > Crlogn) = s
Cilogn

Cjlogn [e%)
= [ ez g+ [ (Wil > v
0 Ciplogn

< Cy log(n)pr(|W;| > Cylogn) —l—/ c1exp(—cy 't)dt
Cilogn

< Cylog(n)ey exp(—cytCylogn) + ¢ exp(—c; 1 Cy logn),
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where we use Assumption 1 in the last two steps. This concludes the proof of Lemma 2 by choosing s
02 = 61_101.

FE3. Lemma 3 and its proof
LEMMA 3. Under Assumption 2, the function p defined by p(z1' 3,Y;) = Y;aT' B — b(x]' B) is Lipschitz
continuous with the Lipschitz constant L,, = 2m,, + C1 logn conditioned on the set Oy, = {|W]|eo <
Cy logn} given in Lemma 2. 1000

Proof. We consider the difference p(z'3,,Y;) — p(z] 85, Y;) for any 3, and 3, in RP. We observe that
|p(a B1,Yi) = plaf By, Vi)l < IYilla] (By — Ba)| + Ib(af By) — bl By)l.
We can bound |Y;| on €2, using Assumption 2 as |Vi| < [|Y][eo < [|[EY || + [[W]oo < My +

C1 log(n). Then we apply the mean-value theorem to obtain |b(z! 3,) — b(zX B,)| < |V (B)||zF (B, —

B,)| where J lies on the line segment connecting 3, and (,. Thus, we get |b(z) ;) — b(zT 8,)| <
mp|r] (8, — By)| by Assumption 2. Hereby, we showed that |p(x7 81,Y;) — p(2f 85, Y:)| < (2m, +
Cylogn)|xT B, — 2T B,| conditioned on ©,,. Thus, p(-,Y;) is Lipschitz continuous with the Lipschitz 105
constant L,, = 2m,, + C log n conditioned on the set €2,,. This completes the proof of Lemma 3.

F4. Lemma 4 and its proof

LEMMA 4. Assume that Assumptions 1-3 hold. Define the neighborhood Bon(N)= {8 €
R, supp(B) =M : [|B = B,,o(M)||2 < N} and

Ton(N) = el 00 (B) = €a{Bruo (M)} — E[0n(B) — £n{ B o(M)}] .

If Vn is a slowly diverging sequence such that ~y, L,{ Kn~! log(p)}l/2 — 0, then

sup (190)) /2 Tan [ L {90} log(p)}/%] = O(L20 " ogp)
[m|<K

with probability at least (1 — 62p1*8‘32ﬁ){1 — O(n=%)}, where L,, = 2, + Cy logn.
Proof. To prove the lemma, we condition on the set 2, = {||Y — EY||oc < C1logn}. We observe that

€0 (B) = £a{ B o ()} = Blln(B) — ta{ B o(M)}]] 010
< |£n(ﬁ) - En{ﬂn,O(m)} - E[£n<5) - En{ﬁnﬁ(m)} ‘ Qn”
+ [E[ln(B) = £n(By,0(M))] = Elln(8) = £nf{ B 0 (M)} | Q]

by the triangle inequality. Thus, Tox (N,,) can be bounded by the sum of the following two terms:
TEW(Nn) = Sup n! ‘gn(ﬁ) - gn{ﬁn,o(im)} — E[l,(B) - ﬁn{ﬂn’o(i)ﬁ)} | Qn” , and

BEBSD?(Nn)
Rop(Ny) = sup 0 (E[ln(B) = la{B0o(M)}] = Ella(B) = la{ B o(M)} | 2n)) 1015
BEBom (Nn)
That is,
Ton(Ny) < Ton(Ny,) + Ron(Ny). (A7)
In the rest of the proof, we will show the following bounds
1
Ron(Ny) = 0 (Li e ) : (A8)
n

and

Ton(N,)) = O, (Li lofp ) : (A.9)
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1020 First, we consider Ryy (N,,). We split Rox (N,,) by the Cauchy—Schwarz inequality so that
R(Nn) = sup  n '{E(Y) = E(Y | 2.)} X{8 = 5,00}
BEBam (Nn)
< VHEY) = E(Y [ Q)2 sup  [InTVEX{B = B, 00} 2.
BEBon (Nn)

We have
In " AHEY) = E(Y | )}z = [In ™ 2{EW | Qu)}2 = O(n™ logn)
1025 by Lemma 2. We also have

102 X{8 = B o (M)}l2 < {Amax (™ Xy Xon) 1218 = B oMo < ¢ /* Ny,

for any 8 € Bon(N,,).
Therefore, Ron(S) = O(Nnn_?"‘ logn). So, (A.8) follows by taking C5 large enough.

Next, we deal with the term Tyy(IV,,) by showing (A.9). We observe that the difference £,,(5) —
1030 L {3, 0(9M)} can be written as

n

S (Vi{aT B — T B, o)} — [b(2T B) — b{zT B, o (MM)}])

1

fn(ﬂ) - én{ﬁmo(m)}

2

Il

i=1

In Lemma 3, we showed that p(z7 8,Y;) = Y;xT 8 — b(z]' B) is Lipschitz continuous with the Lipschitz
constant L,, conditioned on the set €2,,.

1035 Next, we choose a Rademacher sequence {¢;}? ;. Then, we apply symmetrization and concentration
inequalities in Bithlmann & van de Geer (2011) as follows:

> _ci[plal B.Y:) — pla B, 0(M), Yi}]‘ | Qn>

§2E< sup nt
i=1

BEBan (N»)

<AL, E sup  nl

/BEBDJ'I(NH)

Zﬁz{ffﬁ - x?ﬂn()(m)}‘ |
i=1

1040 Furthermore, we have

Bl s o[> afals - x?ﬂn,om»‘ .
BeBan (Ny) i=1
n
<E {n_l sup |8 = B oM)l2ll Y €i(wi)amll2 | Qn}
BeBa (Ny) i=1

n n 9 1/2
<E {n—lzvnn > ei(@iomllz | Q} =n"'NLE QY (Z )
i=1 jem \i=1
1/2

n 2
S n_an Z E (Z Ei.’lﬁij> = Nnn_1/2|9ﬁ|1/2,
i=1

JjEM
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where we use the Cauchy—Schwarz inequality and the assumption Z?:l z?j = n. Therefore, we obtain 1045
the bound

E{Ton(Ny) | .} < 4L, Nyn~ /2|02, (A.10)

For any 8 € Bon(N,,), we have
n Y pfal B (M), Yi} — p(af B, V7))
i=1

<n L2 |2l B, o(M) — 2] B

=1
= 07 L2{B,,,0 (M) — B} Xy Xon {8, () — B}
< LZc;'NZ2.

Then we apply Theorem 14.2 in Biihlmann & van de Geer (2011) to obtain

- - —necot?
pr [TEUI(NTL) > E{TSUI(NH) | Qn} +1 | Q"} < exp <8L2 ]2\]2) :

Now, we take t = 4L, N,n~'/2|9|'/?u for some positive u that will be chosen later. So, we get

pr{Ton(N,,) > AL, Nyn =2 2(1 4 u) | Q) < exp(—2c2u?|9M]) by using (A.10). 1055
We choose N,, = L,n~/2|9|*/2(1 4 u). So, it follows that

Toxt (N,
pr {m|t9(ﬁ|) > 4L (1 +u)? | Qn} < exp(—8cou?|MY).

Thus, we have

pr{ sup TW(N ) > 4L%n (1 4 u)? | Qn} < Z pr{Tm(N n) > 4020 (1 4 u)? | Qn}

D o] 2=
p 2 pe\Fk 2
< Z <k) exp(—8cauk) < Z (?) exp(—8cau’k).
k<K k<K

1/2

Now, we choose u = v, (log p)'/<. So, for n large enough, we get

ep(l 862771) }k

Z (%)kexp(—&gu%) = Z (%) henk Z o b o

k<K k<K k<K
(1— 8C2’)/n
< Z e T 82p1—8cz»y§.
k<K

So far, the probability of the event Ton(N,,) = O(L? log p/n), which we call A, is bounded below
conditional on £2,,. Simple calculation yields pr(A) > pr(AN Q) = pr(Q,)pr(A | Q). Thus, pr(A4) >
(1 — e2p'=8e27)(1 — O(n=9)). So, (A.9) follows.

We have shown (A.8) and (A.9), which control the terms Tgm(Nn) and Rgy(N,,), respectively. Thus, 10es
(A.7) concludes the proof of Lemma 4.

F5. Lemma 5 and its proof

LEMMA 5. Let q;’s be n independent, but not necessarily identically distributed, scaled and centered
random variables with uniform sub-exponential decay, that is,

pr(lasl > t) < Cexp(~=C™'1)
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or someposmve constant C. Let ||q; enote the su —exponentla norni aejine 'y
1) C. L v d he sub jal d d b
laillos = sup [ {E(lai™)}/™].
m>1

Then, we have ||g; |y, < e/¢Cmax(C, 1) for all i.

Proof. From the condition on sub-exponential tails, we derive
E(lgil™) =m / r(lgi] > 2)dz < Cm / 7L exp(—C 1)z

= C’mC’m/ u™ ! exp(—u)du = CmC™T(m) < CmC™m™,
0

where the last line follows from the definition of the Gamma function. Taking the mth root, we have
{B(lg:[™)}™ < (Cm)Y™Cm.
Rewriting above equation, we obtain
m~HE(lq;|™) Y™ < mtmet/me < el/¢ max(C,1)C,
for all m > 1. Since the bound is independent of m, it holds that ||g;|,, < e'/¢Cmax(C,1) for all i.
This completes the proof of Lemma 5.
F.6. Lemma 6 and its proof

LEMMA 6. Under Assumption 1, for some constant ~y > 0, we have

sup Eﬂ(“ZRnun)/ﬁn‘l—M} < 00,

where u, = By "> XT{Y — E(Y))}, R,, = By/*A; By/?, and [i,, = max{tr(A;'B,), 1}.
Proof. From the expression of ul R,,u,,, we have
ul Ryu, ={Y — E(Y)}'XA'XT{Y — E(Y)}
={Y — EY)Y cov(Y) ™V 3[cov(Y)V2X A7 X Tcov (Y)Y 2] [cov (Y)Y — E(Y)}].

Denote S, = cov(Y)'/2X A1 XTcov(Y)'/2 and ¢ = cov(Y) " V2{Y — E(Y)}. We decompose
ul R, u, into two terms, the summations of the diagonal entries and the off-diagonal entries, respectively,

n
Uy Rty = q" Snq = Zsqu + Z 5ij4i4;
i=1 1<i#j<n
where s;; and ¢; denote the (7, j)th entry of .S,, and ith entry of ¢. Then, we have

B{(uf Roun)®} =Y sRE(q)) + > sius;iB(@})E(G)

i=1 1<i7£j<n

+ 2 Z q])

1<i#j<n

Using Assumption 1 and the sub-Gaussian norm bound in Lemma 5, both quantities E(q}) and
E(q})E(q7) can be uniformly bounded by a common constant. Hence

E{(un Raun)®} < O(1) - [{tr(Sn)}? + tr(S7)].

Since S, is positive semidefinite it holds that tr(S2) < {tr(S,)}?. Finally noting that tr(S,) =
tr(A;1B,,) < [in, we see that sup,, E{|(ul R,u,)/fi,|'T7} < oo for v = 1, which concludes the proof
of Lemma 6.
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G. ADDITIONAL TECHNICAL DETAILS 1095

Lemmas 7-10 below are similar to those in Lv & Liu (2014). Their proofs can be found in Lv & Liu
(2014) or with minor modifications.

LEMMA 7. Under Assumption 4, for j = 1,2, we have

05/ e "] < dpo < By, {6_”‘“1~ } < 06/ e "] dpug. (A1)
(SERd Nn(én) Hon Nn((sn) 66Rd Nn(5n)
LEMMA 8. Conditional on the event @,L, for sufficiently large n we have

E,., {Un( ﬁ)nlﬁg(én)} < exp[—{Fn — pn(6,)/2}d62] (A2) 1100
< exp{—(Rn/2)d0}},
where Ky, = Amin(Vi) /2.

LEMMA 9. It holds that

—-n 27 a2 —1/2

/5 g = (2T) W pal (A3)

€eR

and
97\ 42

e = (n) Vit pu(8) Ll (Ad)

eR

LEMMA 10. For j = 1,2, it holds that 1105
2 d/2 -
/5 , e "L g (5, dH0 < <nE> exp [—{(ﬁndéi)l/z — ()2 )2|. (A5)
€RrR nan n

LEMMA 11 (VERSHYNIN (2012)). For independent sub-exponential random variables {y;}_,, we
have that the sub-exponential norm of ¢; = {var(y;)}~*/?{y; — E(y;)} is bounded by some positive con-
stant C's. Moreover, the following Bernstein-type tail probability bound holds

n 2
t t
pr| | a;qi| >t §2exp{—C’3min< , )}
(Z ) el Collall

i=1

fora e R™, t > 0.

Lemma 11 rephrases Proposition 5.16 of Vershynin (2012) for the case where ||g;||w, < Cs. Further, 110
for our proof we need to characterize the concentration of the square of a sub-exponential random variable.
In this regard, we define a general a-sub-exponential random variable &, which satisfies

pr([§al > %) < H exp(—t/H)

for H,t > 0. The usual sub-exponential g;’s are 1-sub-exponential random variables. It may be useful to
note that & = 1/2 corresponds to sub-Gaussian random variables.

LEMMA 12 (ERDOS ET AL. (2012)). For independent a-sub-exponential random variables q?, the 1115
following Bernstein-type tail probability bound holds

e

n n
S ot (z aiqi?)
=1 =1

2/(24+a)
t

sup var'/?(q7)||al|2
7

> t} < Cyexp | —Cy

fora € R", t > supvar'/?(q?)|al|2, and Cy > 0 depending on the choice of o, H.
i
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The proof of Lemma 12 follows from that of Lemma 8.2 in Erdds et al. (2012).



