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Abstract

We offer theoretical and empirical insights into the impact of exogenous randomness on
the effectiveness of random forests with tree-building rules independent of training data.
We formally introduce the concept of exogenous randomness which can come from feature
subsampling or tie-breaking in tree-building processes. We develop non-asymptotic expan-
sions for the mean squared error (MSE) for both individual trees and forests and establish
sufficient and necessary conditions for their consistency. In the special example of the linear
regression model with independent features, our MSE expansions are more explicit, provid-
ing more understanding of the random forests’ mechanisms. It also allows us to derive an
upper bound on the MSE with explicit consistency rates for trees and forests. Guided by
our theoretical findings, we conduct simulations to further explore how exogenous random-
ness enhances random forests performance. Our findings unveil that feature subsampling
reduces both the bias and variance of random forests compared to individual trees, serving
as an adaptive mechanism to balance bias and variance. Furthermore, our results reveal an
intriguing phenomenon: the presence of noise features can act as a “blessing” in enhancing
the performance of random forests thanks to feature subsampling.

Keywords: random forests, partitioning rule, feature subsampling, ensemble, exogenous
randomness

1 Introduction

Random forests, a type of ensemble estimator, have gained significant attention due to their
appealing empirical performance across various applications over the past two decades. At a
high level, random forests build individual trees (a type of partitioning estimator) using some
recursive tree building rule (a type of domain partitioning rule), and then combine these
trees into a single ensemble estimator. In Breiman’s random forests algorithm (Breiman,
2001), a key innovation is feature subsampling, where a random subset of features is chosen
during each split, enhancing diversity among the trees. The size of the feature subset is
chosen independently of tree construction and is controlled by a parameter v € (0, 1] with
v = 1 representing no feature subsampling.

Despite their success, random forests are often regarded as a “black-box” model, as the
reasons behind their effectiveness remain incompletely understood. A primary distinction
between random forests, individual trees, and bagged trees is feature subsampling; yet its
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specific impact on performance needs deeper exploration. An important goal of our study
is to enhance the understanding of feature subsampling in random forests success. For
this purpose, we simplify other aspects of the random forests algorithm by considering
deterministic tree-building rules that are independent of the training data and excluding
subsampling along the sample dimension (e.g., bootstrapping). We recognize that these
simplifications exclude training-data-dependent tree-building rules, such as sample CART
(Breiman, 2001), as well as tree bagging estimators which are relatively well understood
thanks to the extensive existing literature on bootstrapping. However, they also allow us
to peel out the effects of feature subsampling and ensemble. Additionally, the population
CART can serve as a good proxy of the sample CART when the sample size is large and
the tree depth is not too large, in the sense that with high probability, for all splits in the
tree building process, the impurity decrease by the sample CART is asymptotically close to
the impurity decrease by the population CART, as has been formally characterized in Chi
et al. (2022) (Theorems 3 and 4 therein); see also Klusowski (2020).

We start with considering nonparametric estimation via partitioning estimator ensem-
bles within a general regression framework (see Section 2). Our study focuses on the indi-
vidual base learners being the partitioning estimators, including tree estimators as a special
case, constructed from some training-data-independent partitioning rules. This includes
popularly studied methods such as the population CART random forest (Klusowski, 2020;
Chi et al., 2022), the Mondrain forest (Mourtada et al., 2020; Cattaneo et al., 2024), the cen-
tered forest (Biau, 2012; Klusowski, 2021), and the mean /median forests (Scornet, 2016). To
simplify the presentation, we use the term “random forest” (RF) in a broad sense, equating
it with the class of partitioning estimator ensemble methods with the feature subsampling
component but excluding bootstrap throughout the paper.

In forming the RF estimators, two sources of randomness can arise: the endogenous
randomness related to training data, and the exogenous randomness that is independent of
training data. An example of the latter is the randomness introduced by feature subsam-
pling in Breiman’s RF. We consider ensemble estimators incorporating feature subsampling
when forming their base estimators, and thus, there always exists exogenous randomness in
our RF. It is worth noting that for some partitioning rules, such as the population CART,
there can exist additional exogenous randomness beyond the one caused by feature subsam-
pling, such as the randomness related to tie-breaking in choosing the next domain splitting
location. We formalize these two types of exogenous randomness in Definition 1. Our study
reveals that both types contribute to the success of RF, albeit in distinct ways. While
our analysis retains tie-breaking randomness for mathematical rigor and completeness, our
focus is primarily on feature subsampling randomness, as tie-breaking occurs more rarely
in practice.

As a general framework, we establish nonasymptotic expansions for the mean squared
error (MSE) of the individual tree estimator and the corresponding forest estimator. Our
theoretical results in Section 3 show that with exogenous randomness, i) ensemble ensures
that RF has both smaller squared bias and variance than its base estimator; ii) the lead-
ing order contributions to both the squared bias and variance are completely different for
the forest estimator and the base estimator; and iii) forest estimators can be consistent
under weaker conditions than their individual base estimators. We provide sufficient and
necessary conditions for the consistency of the partitioning estimator and related forest es-
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timator. These results hold broadly for any partitioning estimator ensembles with training-
data-independent partitioning rules and exogenous randomness, including those previously
reviewed ones. While similar message as summarized in i) exists in the literature (e.g., Liu
and Mazumder (2024); Curth et al. (2024)), those prior studies primarily provide empirical
evidence without much theoretical support. In contrast, our paper backs these findings
by rigorous theoretical justifications and characterizes the interaction mechanism among
individual base estimator; see Theorem 4 and Equation (16). A key step in our analyses of
the interaction mechanism is the novel conditional bias-variance decomposition of the MSE,
where the randomness in the training data is integrated out first before we account for the
exogenous randomness. Such a strategy differs from the common approach in the existing
literature (Scornet et al., 2015; Scornet, 2016; Curth et al., 2024) in that the exogenous
randomness is integrated out first in those works.

To gain additional insights into the CART partitioning rule, we further consider a sim-
plified setting of sparse linear regression with independent features. Two different feature
distributions, binary and continuous uniform, are studied. Thanks to the simplified model
setting, our general results on the MSE expansion take mathematically more specific forms,
providing us additional insights into the effects of exogenous randomness and ensemble. We
also establish a (conservative) consistency rate for both the tree and the forest estimators,
which clearly shows a bias-variance trade-off as the tree depth and + vary. In the special
case of one signal feature, we derive explicit consistency rates for forest and tree estimators,
where the dependence on model parameters such as subsampling rate and feature dimen-
sionality are explicit and clearly support the blessing of dimensionality phenomenon. We
further conduct theory-guided simulations based on our exact MSE expansions. Our the-
oretical and simulation results reveal an interesting yet surprising phenomenon of blessing
of dimensionality and noise features, which is made possible by feature subsampling. We
list our additional major findings here: iv) the exogenous randomness from tie-breaking (if
present) in partitioning rules, often overlooked in the literature, can improve the perfor-
mance of ensemble estimators; v) when v < 1, the exogenous randomness caused by feature
subsampling and the existence of numerous noise features act together to enable early-stage
variance reduction during tree building, potentially coexisting with bias reduction for a
while as tree depth grows; additionally, feature subsampling may also help with bias reduc-
tion compared to the v = 1 case, although this effect can be model-specific; vi) for each fixed
~ value, as tree grows deeper, RF gradually shifts its focus from bias reduction to variance
reduction (although they can coexist at all tree depths), often resulting in a U-shaped MSE
curve. Although these additional insights are gained in linear models, we conjecture that
they can carry over to broad model settings. We believe that some of the findings also shed
light on the sample CART random forests, because of their close connection as revealed
in the literature (Chi et al., 2022), especially the role that feature subsampling plays in
balancing the bias and variance of forest estimators.

1.1 Related Literature

Existing literature on RF's broadly falls into two categories. The first category focuses
on theoretically understanding RF’s consistency and predictive performance. Due to the
complicated training-data-dependent nature of the sample CART, there only exist limited
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works addressing the consistency of Breiman’s original RF, including works on the one-split
stumps (Bithlmann and Yu, 2002), sparse additive regression models (Scornet et al., 2015;
Klusowski and Tian, 2024), binary feature models (Syrgkanis and Zampetakis, 2020), and
high-dimensional nonlinear models satisfying the sufficient impurity decrease (SID) condi-
tion (Chi et al., 2022) and the merged-staircase property (MSP) (Tan et al., 2024). To make
the problem more accessible, many studies have instead focused on stylized RF variants,
such as purely random forests (Biau, 2012; Klusowski, 2021), median forests (Scornet, 2016),
Mondrian forests (Mourtada et al., 2020; Cattaneo et al., 2024), and honest forests (Wager
and Athey, 2018; Athey et al., 2019). These studies, through their specific ways of introduc-
ing exogenous randomness either in the partitioning process or in the evaluation step, have
provided important theoretical insights into the mechanisms of the original CART-based RF
and revealed the interplay between parameter tuning and consistency within their respec-
tive modeling frameworks. In contrast, our work focuses on the role of general exogenous
randomness in the partitioning process, including the one caused by feature subsampling,
and formulates a framework to understand how such randomness induces interactions across
partitions, thereby explaining why and how RFs can outperform a single decision tree.

The second category focuses on understanding the role of tuning parameters in the suc-
cess of RF's, mostly from the empirical perspective accompanied by heuristic insights. For
instance, Mentch and Zhou (2020) provided a degree-of-freedom explanation with empirical
evidence that in a low signal-to-noise ratio (SNR) setting, the feature subsampling random-
ization serves as an implicit regularization mechanism like Lasso and ridge regression in
improving the performance of RFs. Building upon this, Liu and Mazumder (2024) used a
simulation study to show that even in a high SNR setting, RF can achieve both bias and
variance reduction, highlighting the role of feature subsampling in helping RF's capture the
hidden patterns missed by bagging. Lin and Jeon (2006) and Curth et al. (2024) interpreted
RF's as adaptive potential nearest-neighbor estimators and highlighted that the feature sub-
sampling and ensemble serve as smoother in out-of-bag predictions. Additionally, Mentch
and Zhou (2022) also investigated how noise features influence the performance of bagging
methods including RF's, and proposes a novel AugBagg procedure that introduces an addi-
tional set of noise features into the training data for improved prediction performance. The
impact of other parameters, such as the tree depth, the forest size, the noise variance, and
the maximum number of leaf nodes, as well as the interactions among these parameters,
have been extensively explored in Fernandez-Delgado et al. (2014); Probst and Boulesteix
(2018); Le et al. (2023); Bernard et al. (2009); Zhou (2022); Zhou and Mentch (2023). Our
paper contributes and strengthens this research direction by providing both theoretical and
additional empirical insights into understanding how exogenous randomness contributes
to the success of random forests over trees. Further comparisons and connections to the
literature will be provided throughout the paper as the context becomes clearer.

2 Ensemble Estimator with Exogenous Randomness

Consider a training data set consisting of independent and identically distributed (i.i.d.)
observations Z = {(X, Y;) }1<i<n drawn from a generic population (X,Y’), where random
vector X = (X1,...,X,)" takes values in a d-dimensional product topological space X9 =
X x .-+ x X and response Y takes values in ) = R. The relationship between Y and X is
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expressed through the nonlinear model
Y = pu(X) +¢, (1)

where p : X4 — Y represents an unknown function to be estimated, and ¢ is the random
model error satisfying E(¢|X) = 0 and Var(e|X) = 0?(X) with ¢ : X — ) a variance
profile function. The model above accommodates heteroscedastic error variance. Our results
in this paper are general and apply to both fixed and diverging dimensionality d.

Since random forests belong to the family of partitioning estimator ensemble methods,
we introduce the concept of partitioning estimators and their ensemble in this section.
Before proceeding, we need some necessary notation. Let g be a generic integrable function
on X% and A a generic measurable subset of X¢. We use Ex(g) and Px(A) to stand for
E(g(X)) and P(X € A), respectively, and I4(x) = I{x € A} to stand for the indicator
function of set A. Denote by Px(A|B) = P(X € A|X € B) for any A C B, Ex(g|A) =
E(g(X)|X € A), and Varx (g|A) = Var(g(X)|X € A). By f(n) < g(n), we mean that there
exists a constant C' independent of n such that | f(n)| < Cg(n); if f(n) depends on additional
quantities d, i, o2, and so on, the implicit constant C' is assumed to be independent of those
parameters unless specified otherwise. Throughout, we use a, < b, to denote that there
exist positive constants ¢ and C such that ¢b, < a, < Cb,. For any real number x, the
smallest integer greater than or equal to x is written as [x].

2.1 Partitioning Estimator

A (finite) partition P of space X% consists of a finite number of disjoint subsets with their
union being the whole space; that is, P = {Pj c xd: U;.lzl P; = x4, P;NP; = @ for i # j}.
We use |P| to represent the cardinality of P. Denote by Fp = o(P) the o-algebra generated
by partition P. For any square-integrable function u, we call the conditional expectation
up = Ex(p|Fp) = ZPJ_GP Ex (|Pj)Ip; the projection of u on Fp. It is well known that
this projection minimizes the mean squared error (MSE) Ex[(x — f)?] over the class of
Fp-measurable and square-integrable functions.

In practice, up is inaccessible to us because the ground truth p is generally unknown.
With observed data Z, we can form the partitioning estimator below based on partition P
by locally estimating the population means in pp using sample observations

- RN
fpart (3 Z, P) := <= > Yil{X; € Pr}, 2)
Ti=1

where & € X% is a target test point, P, stands for the unique region in P that contains x,
and Ny = Y " | I{X; € Py} represents the sample size in P,. By convention, we define
% = 0 to avoid ambiguity.

2.2 Ensemble Estimator with Exogenous Randomness

Various methods can be used to form partitions P. A partitioning rule is a set of procedural
steps, typically implemented algorithmically, that defines how a finite partition P is formed
for the feature space X'¢. These rules determine partition boundaries based on some decision
factors, which can carry inherent randomness. As a result, the corresponding partitions
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are typically random as well. Since we focus on data-independent partitioning rules, the
resulting randomness in partitioning is determined only by ezogenous factors introduced by
the user or inherently by the algorithm, independently of the training data.

An arguably most well-known example is the CART partitioning rule for building trees
in RF. We provide details on the population CART partitioning rule, which will be the
main focus of Section 4. First, we define the impurity decrement when splitting a cell
(hyperrectangle) t = H?:1 t; € X% along direction j at location ¢ € t; C X into two
daughter cells t; .7 =t N{X; <c} and t;,r =t N {X; > c} as

Aj,c(t) = VarX(,u\t) — VarX(,u|tj70;L)IP’X (tj,c;L|t) — VarX(H|tj,c;R)]P>X(tj,c;R|t)- (3)

For a parent cell t, a subset of features = C {1,...,d} is randomly selected with |=| = [~d]
for a given v € (0, 1], and the population CART finds the optimal pair (5%, c¢*) as

(J, ") = argmax Aj o(t). (4)
JEE,cEL;

The parent cell t is then split into two daughter cells t;« .~,;, and t;« ..z, each of which
becomes new parent cell for the next round of splits. Ties are broken randomly in the opti-
mization problem (4). The entire process starts from the root cell X%, proceeds recursively,
and stops when a pre-given tree depth [ is attained. This results in a so-called (population)
CART decision tree whose terminal cells (the cells at depth ) form a partition P of space
X?. A partitioning estimator in the form of (2) can be defined, which we will refer to as
the CART tree estimator. The RF algorithm in Breiman (2001) forms tree estimators in a
similar fashion to the process discussed above, with the difference that the sample version
of the CART partitioning rule is used.

Definition 1 (Exogenous randomness in population CART) There are two types of
exogenous randomness in forming a population CART tree estimator: i) (Type I) The ran-
domness introduced by feature subsampling; ii) (Type II) The random tie-breaking in the
optimization problem (4).

We remark that although the above definition is for the population CART partitioning
rule, the general concept is broadly applicable to other partitioning rules. In the absence of
exogenous randomness, RF consists of one tree and thus becomes a single tree estimator.
The main text of our paper will focus primarily on Type I exogenous randomness, as tie-
breaking happens more rarely in practice and thus the results specific to Type II exogenous
randomness are relegated to the Supplementary Material.

To facilitate a rigorous analysis, we formalize the concept of a partitioning rule in math-
ematical terms. Let P denote the collection of all finite partitions of X¢. A partitioning rule
P : D — P is a mapping from space D to collection P of finite partitions, where D summa-
rizes all potential decision factors to determine the partition boundaries. Let © : 2 — D be
a random element mapping from certain probability space €2 to the decision space D, and
is assumed to be independent of the training data. Here, © is a D-valued random variable.
So P(0) = Po©, a composition of the deterministic rule P with the random seed O, yields
a random partition of feature space X? driven by exogenous randomness.
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Let P(©1.5) = {P(©1),...,P(Op)} be a set of independent copies of random partition
P(0), where O1.5 = {O1,...,0p} is an i.i.d. sample from a population © of the exogenous
random element. The ensemble estimator averages the outputs of B partitioning estimators
(2) formed on the same input training sample Z; that is,

B
flns (3 2, P(O1.5) = 5 > Ty (&5 2, P()). o)
b=1

3 General Results on Partitioning Estimator Ensemble

In this section, we establish the non-asympototic expansion of the MSE for general par-
titioning estimator ensemble (5) under the setting in Section 2. We will work under the
following assumptions.

Assumption 1 (On X) The random vector X can take either continuous or discrete val-
ues with bounded joint density function (or mass function) from the above and below.

Assumption 2 (On p) The ground truth function u(-) belongs to the class M(X?,Y), the
collection of measurable functions mapping from X¢ to Y. Continuity is not required.

Assumption 3 (On 0?) The function o2(-) is bounded from both above and below.

Additionally, we introduce the concept of indistinguishablity, which plays a fundamen-
tally role in our theoretical development.

Definition 2 (Indistinguishability) Two subsets A and B of feature space X are in-
distinguishable under probability Px if Px(AN B) = Px(A) = Px(B). Two partitions P
and P' are indistinguishable if for any pair of P; € P and P} € P" with P, P} # @, sets
P; and PJ’» are ndistinguishable.

We treat indistinguishable sets as equivalent (equal), which allows us to simplify the
technical derivations. Recall the definition of partitioning rule P, space D of decision
factors, and exogenous random element © introduced right after Definition 1. We add
superscripts to P and D in the assumption below to emphasize their dependence on n.

Assumption 4 (On P") Let Dg C D" be the subset of decision parameters that can be
taken by the exogenous random seed ©. Accordingly, we define Py = {P"(D) : D € Dg},
which represents the collection of all possible deterministic partitions that may arise from
the random partitioning rule P™(©). The following reqularity conditions hold:

(1) Each cell in a partition P € P§ has a positive probability under Px .

(2) For cells Py € P and Py € P" with partitions P and P’ two distinct elements in Py,
probability Px (Py N Py) >0 if PLN Py # .

(3) Any distinct partitions P and P" in P} are distinguishable.

Moreover, Ex (u|Py(0)), Px(P%(©)), and Ipn@) are bivariate measurable functions
on X% x Q, where P"(©) is the cell in P"(©) that contains .
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Let ji(x; Z, P(©)) be either fipart OF fens as in (2) and (5). We use the following global
mean squared error (GMSE) to evaluate the performance of fi(x; Z, P(©))

MSE(R) = Ex.ze [((X) - i(X; 2, P(©))7], (6)

where X is an independent test point that is identically distributed as the training feature.
A key step in our analysis is the following decomposition of GMSE

MSE(z1) = Ex o[i(X; P"(0)) — (X)) + Ex o[Varz (i(X; Z, P"(0)))], (7)

squared bias variance

where ji(x; P"(0)) = Ez[u(x; Z, P"(0))] with the expectation taken with respect to train-
ing sample Z.

Decomposition (7) above differs from the the existing literature (e.g., Scornet et al.
(2015); Scornet (2016); Curth et al. (2024)) in that we first integrate out the effect of Z,
whereas most existing work first integrates out the effect of exogenous randomness ©. In
our decomposition, u(x; P"(©)) — p(x) is precisely the bias of a single partitioning esti-
mator conditional on P™(©). Similarly, Varz(ji(x; Z, P™(©))) is the variance of individual
tree estimator conditional on P™(©). In this sense, (7) averages over individual partition-
ing estimators’ squared bias and variance. Our new way to decompose MSE effectively
supports our goal of analyzing the interactions among individual partition estimators and
characterizing their effect on the estimation accuracy of RFs.

The facilitate future presentation, we define two kernel functions K, and K,z : Py X
Py — R as

Px (P; N Pl)?
K, (P, P) = E —-E P, —E PHlPNP)—— I
PicP’

Kp(PP)= ) Ex (UZ\BWP()Wv

J
P,eP,
PieP’

respectively, where P = {P;} and P’ = {P]} are elements in Pg. In particular, when
P = P’, we denote by

Qu(P) = Ku(P.P) = 3" Varx(u|P)),
P,eP

Qn2(P) = Kp2(P,P) = Y Ex(o?|P).
P;eP

9)

The two kernel functions introduced in (8) above arise naturally in the non-asymptotic
error analysis of random partitioning ensembles, capturing the interaction mechanism of
random partitions in achieving the variance reduction. Furthermore, the proposition below
shows that they are indeed reproducing kernels on certain Hilbert spaces and thus satisfy
the Cauchy—Schwarz inequality. The proof is provided in Section C.1.
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Proposition 3 Let P and P’ be two components in P§, and (X', &") an independent copy
of (X,¢€). Define the feature mapping ®,, : Py — L*(X,X’') as

(1(X) — Ex(p5))

o,(P; X, X' = Ip (X)Ip (X'
and another feature mapping ®2 : Py — L*(X,e,X') as
€
S 2(P; X,e, X)) = — Ip (X)Ip(X").
0'2( ) » €y ) Z PX(Pz) Pz( ) Pz( ) (11)

P,eP
Then it holds that
KM(Pv Pl) = <(I)02(P;X7X/)a(I)UQ(P/;X¢X/)>L2(X,X’)7

12
KO'Q(P7P/) - <CI)02(P;XagaX/)a(I)UQ(P,;X7€7X/)>L2(X,5,X’)v ( )

where (-,-)r2(x x7y and (-, -)r2(x . x7) represent the standard inner products in the L2-
spaces. Consequently, we have that

Ku(P,P') <1/Qu(P)Qu(P"), K2(P,P') < \/Qu2(P)Qq2(P'), (13)

where the first equality holds if and only if for any P; € P, PJ( € P’ with P ﬂPJ{ %+ @, either
P; and Pj’ are indistinguishable or p is constant on P; U Pj(, while the second equality holds
if and only if P and P' are indistinguishable. Therefore, Assumption 4(3) ensures that the
second result in (13) is a strict inequality, and that when u is a non-constant function, the
first result in (13) is a strict inequality.

Theorem 4 Assume that )
supEo [nP"«a)@ < oo, (14)

where |P™(©)] is the total number of cells in P™(©). Then the MSE of [iens satisfies

~ B-1 1
MSE(fiens) =—5—Ex [(pn - Eo(1pn(e)))’] +5 Exe |- ppr(e))’]
squared bias of ensemble squared bias of a single partition

*%E@@' {;KM(P”(G’), P"(0")) + %KUQ(P"(@’), P"(@'))}

(15)

cross-partition covariance

#3550 { LQUP(6) + 1Qua(P"(O) | +Ronc()

TV
single-partition variance

where © and ©' are independent copies of the exogenous random elements, and

[P"(©)] 1

Rens(1) S (l1tlloo + 107l +1)% x Ee -
n 1+ minpepne)(n — DPx(P)
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with the constant in < independent of p, o2, P"(0), and n. The MSE of a single parti-
tioning estimator [ipe corresponds to the special case of B =1 in (15) with

[P"(9)] 1 > '

n 14+ minpepre)(n —1)Px(F)

Ryartit) < (ltlloo + 1020 + 1) x Ee (

Theorem 4 above is built on a local MSE bound for ensemble estimators detailed in
Section B, and its proof is provided in Section C.2. Condition (14) indicates that the
partitioning rule is allowed to vary as sample size n increases, as we need at least one
training data point in forming prediction in each terminal cell. Under Assumption 4(3)
and when g is non-constant, the results in Proposition 3 become strict inequalities. Thus,
the leading terms of both squared bias and variance for the ensemble estimator are strictly
less than those of a single partitioning estimator, showing the advantage of the ensemble
estimator. As B — oo, the leading terms in MSE decomposition for ensemble estimator are
driven by the pairwise interactions among partitions resulted from exogenous randomness,
and the effect from single partitioning estimators vanishes completely. These theoretical
results support the new insights discussed in the Introduction.

We next present the consistency results and additional conditions under which the re-
mainder terms Rpqr¢ and Repns become negligible compared to their corresponding leading
order terms. We define, for any partitions P = {P;} and P’ = {P/} with positive cell
probabilities, a model-free kernel function

K(P,P)=Y "> Px(P|P)Px(PjP). (16)
PieP PleP’

When P = P, it reduces to
QP)=K(P,P)=> 1=|P|. (17)
P,eP

In addition, we also define a feature mapping

o(PX, X)) =)

P,eP

It is clear that K (P, P') = (®(P; X, X'), ®(P'; X, X)) 12(x,x7) and thus 0 < K(P, P') <

Q(P)Q(P"), where the last equality holds if and only if P and P’ are indistinguishable (see

Definition 2). Similar to K,(P, P") and K 2 (P, P'), the quantity K (P, P’) also characterizes

the interaction between partitions P and P’ but it is not model specific (i.e., independent

of 1 and 02). Under Assumptions 2 and 3, it serves as a uniform upper bound for both

K, (P,P') and K,2(P, P'), and a uniform lower bound for K2 (P, P'), and thus controls the
convergence rate of the variance terms in the MSE decomposition.

Furthermore, we can also define the cross-partition correlation as

K(P, P’
EBE)_ ), (19)
QP)Q(P')
which quantifies the correlation between two partitions and plays a key role in understand-

ing the difference between a single partitioning estimator and the corresponding ensemble
estimator.

Ip,(X)Ip,(X)

Px (F;) (18)

Corr(P, P') =

10
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Theorem 5 Assume that Assumptions 1-4 hold, condition (14) is satisfied for eachn > 1,
and with probability one with respect to Pg,

min  nPx(P") — 4o0. (20)
Prepm (o)

Then for the partitioning estimator [ipern, the sufficient and necessary condition for the
weak consistency of [partn S

Eo[|P"(O)]

Exo [(b— ppr@©)?] =0 and — 0. (21)

Meanwhile, as B — oo, the ensemble estimator [iensy is weakly consistent if and only if
1
Ex [(1 —Ee(upre))?] =0 and —Eo e [K(P"(©), P"(€))] = 0. (22)
In particular, condition (21) implies condition (22).

Under Condition (20), the remainder terms Rpqr¢ and Repns in Theorem 4 are negligible
compared to E[|P"(©)|/n], the order of the leading terms in the MSE decomposition (15).

Remark 6 It is worth noting that both Theorems 4 and 5 do not require any continuity or
smoothness condition on the ground truth p as in Assumption 2. This is because the analysis
is conducted under the global L?-risk in LQ(Xd), rather than on local approrimation at a
specific point. Such a phenomenon is well known in the theory of partitioning estimators; for
example, histogram regression (Gyorfi et al., 2002, Theorem 4.2), Mondrian trees (Mourtada
et al., 2020, Theorem 1), and CART random forests (Chi et al., 2022, Theorem 1) achieve
the global L?-consistency without assuming continuity of u. The continuity or smoothness
conditions may become necessary when one seeks local consistency at a given target point
as discussed in Gyorfi et al. (2002)[Chapter 4] and Mourtada et al. (2020).

The proof of Theorem 5 above is provided in Section C.3. For the single-partition esti-
mator, the first condition in (21) (governing the squared bias) requires that for almost all
realizations of P(0), the induced partition is fine enough to capture the structure of the
target function p, while the second condition (controlling the variance) requires that each
cell contains sufficiently many samples. For the ensemble estimator, the first condition in
(21) relaxes that in (22): an individual partition may be coarse, but their aggregation over
O (i.e., Eo(ipn(e))) should provide rich enough structure to approximate p well; and the
second condition in (21) for controlling variance requires that partitions be diverse and
weakly correlated, a core principle of ensemble methods.Since condition (21) is stronger
than condition (22), we obtain immediately that the ensemble estimator may be consistent
under weaker conditions than its individual partitioning estimator.

4 The CART Random Forests

In this section, we deviate from our general model in (1) and consider the following sparse
linear model

y=FX1+ X+ + B Xs + e, (23)

11
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where f31,...,08s € R\{0} are nonzero regression coefficients, Xi,..., Xy are i.i.d. random
variables, positive integer s < d is the sparsity parameter, and the model error ¢ is inde-
pendent of covariates with zero mean and a constant variance 3. Variables X1, ..., X, are

called informative variables as they contribute to response y; when d > s, the remaining
d — s ones are non-informative (or noise) variables since they are independent of y. We set
Bj =0 for j =s+1,...,d. We focus on the simpler model here because it allows us to
derive mathematically more explicit results and thus gain more insights.

In Section 4.1, we will theoretically analyze the binary and continuous feature scenarios.
We consider both types of feature distributions because the CART partitioning rule can
be significantly simplified in the binary case and is more complicated in the continuous
case. Our theoretical results show an intriguing fact that the MSE expansions of tree and
forest estimators are strikingly similar for both binary and continuous features, an evidence
supporting that the insights gained in this section may be broadly applicable. In Section
4.2, we use theory-guided simulations to gain further insights.

4.1 Theoretical Analysis
4.1.1 MODEL WITH BINARY FEATURES

In this section, we assume that Xi,..., Xy are i.i.d. Bernoulli random variables B(1,0.5),
and that the tree depth [ < [yd]. The splitting rule is now uniquely determined once the
direction for split is selected because any splitting position along that direction results in
the same outcome. Hence, for any cell t = H;l:l t; C {0,1}4, the impurity decrement (3) is
independent of split location and takes the explicit form

Aj(t) = B34 if je{l,...,s} and t; = {0,1};
0 ifje{s+1,...,d} ort; ={0},{1}.

Thus, in view of the description around (3), for each parent node t and a randomly
subsampled feature set = C {1,...,d} with size [vd], if there are indices in {1,...,s} NE
that have not been split yet, we randomly choose one with the mazimal /832 as the optimal
j*; and if all indices in {1,...,s} N E have been split, then we randomly pick one from =
that have not been split and set it as j*. The resulting daughter cells are then treated
as new parent cells and split independently according to the same rule. The splitting
process starts from root cell to = {0, 1}d and stops after tree depth reaches | (which may
be tuned according to n to ensure that each terminal cell has at least one data point with
high probability for forming meaningful prediction). Throughout the paper, we choose the
depth [ < [~d] so that there are always indices that have not been split yet in the feature
subsample =, and consequently, we will have exactly 2! terminal cells.

It is seen that each terminal cell t at depth [ can be uniquely determined by the states
of whether each coordinate is split or not. We thus define a stochastic process, named the
binary CART process, to describe the states of coordinates in the tree-growing process.

Definition 7 (Binary CART process) For a terminal cell t in a depth-l tree, the binary
CART process Iy = (Ig1,. .., Ixq) records the states of coordinates by tree depth k for k =
0,1,...,1, where I;; = 1 indicates that X; has been split by depth k, and I; = 0 otherwise.

12
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Algorithm 1 Binary CART process
1: Initialize Iy = (0,...,0) of length d.
2: for k=1tol do
3: Randomly select a subset Zj, of size [yd] from {1,...,d}.
Filter = to obtain unsplit features Zo; = {7 : I = 0}.
if Zgx # @ then
Choose randomly an index j* such that j* = argmax;ez,, 5]2-
end if
Update Ij; by setting I, j« = 1 for j7* and I, ; = I;_1; for the rest, if Ey, # @;
otherwise, set I, = I}._1.
9: end for
10: return I;

Algorithm 1 outlines the binary CART process as tree depth increases. For a point
xo = (201,...,704) and a tree with depth [, let t, be the terminal cell containing x.
Then we have tg, = szlljzl{xoj} X Hjjlj:o{O, 1}, which is completely characterized by I;.

Using Definition 1, it is seen that Type II exogenous randomness can occur when multiple
informative features have identical 5?’5, or when a random non-informative feature is chosen
as j*. Type I exogenous randomness is controlled by parameter ~, and Type II exogenous
randomness in this example is controlled by multiple parameters s, §;’s, d, and . It will
be made clear that both types can contribute to the success of random forests.

Observe that given I, the distribution of I, 1 depends only on the exogenous random-
ness discussed above. Further, given model (23), the binary CART process I; is Markovian
and parameterized by feature subsampling rate ~. It is also important to note that [; and
I} from two separate depth [ trees are independent and identically distributed.

Denote by fitree and firp the tree and forest estimates formed with the CART parti-
tioning rule described above, respectively. We present below the explicit expansion for the
MSE in (6) of these two estimators using the binary CART process.

Theorem 8 Let I; and I] be two independent binary CART processes. It holds that

MSE(igr) = %E iiﬁf(l — max{1;;, I};}) + E 252 (1—1;)
j=1
sunared bias from tree ensemble single-tree squared bias
+ % E {6+ i;ﬂ? (1 —max{ly, I};}) 2 m;n{llﬂ{j} (24)
cross-lree covariance
+ %E o2+ ig,@% —Iy) 22;;;11 +RRF,

single-tree variance

13
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where the remainder satisfies Rrp < W + (1 — 2—1)". In particular, when

B =1, the global MSE of a single tree estimator is

d

- 1| 1< 92-5=1 1
MSE(fiiree) = 4 E > B1-I;)| +E || of + i > 81— 1Iy) | +Ruree
j=1 j=1
single-tree ‘srquared bias single-tree variance
(25)
. . . . ol —_\"
in which the remainder is bounded by Riree < P =121 + (1 -2 ) . Furthermore, as
1 =1, — oo with 2'/n — 0, we have the convergence rate result
3 +1 2[
max{ MSE(iirr), MSE([itrec)} < s (1 — 4’yW%d(s)> + o (26)

where the constant in < depends only on ﬁjz ’s and 0[2), and the positive function with x < d

W, a(z) = (1 - g) (1 - d_hdel) (27)

depends only on feature subsampling rate v € (0,1] and dimensionality d.

The results in Theorem 8 above are built upon the general Theorem 4, and its proof
is provided in Section C.4. Some interesting insights can be obtained by examining the
expressions in (24) and (25).

Remark 9 For simplicity, we assume that B is large enough so that the terms involving
1/B are all negligible, and that B? s all have similar magnitude B3 > 0. Comparing (24) and
(25), it is seen that the leading contributions to MSE for trees and forests are completely
different. For [igree, the variance and squared bias are driven by a single Markov process
I;. For lirr, owing to ensemble, MSE is driven by the interaction effects between two
independent processes I and I}, and the effects from individual tree estimates are negligible.

Additionally, ensemble reduces both the squared bias and variance. For the squared bias
terms, it is seen from both (24) and (25) that they depend only on the s informative variables
via the weighted sums of their BJZ- ’s. For a single tree, we have

S

B —-1;) =B (1-1Ip),
j=1

J=1

squared bias by a single tree

in which the right-hand side (RHS) is proportional to the number of unsplit informative
variables by a single binary CART process I;. For forest, we have

Zﬁf(l - maX{IljaIl/j}) = 32(1 - maX{IlﬁHj]’)?

J=1 J=1

squared bias by tree ensemble

14
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where the RHS is proportional to the number of unsplit features shared by I, and I]. By
comparing the two results above, the squared bias for firp is always smaller than that for
Htree, Showing that ensemble reduces the squared bias.

For the variance terms, the order of the tree variance is determined by 22321 Ly /m, which
1s driven by the number of splits in I;. The order of the forest variance is determined by

d : /
92 5=1 mm{l”’llj}/n, which is driven by the number of shared splits between I; and I]. Noting

that 22?=1min{1’j’lllf} < 2Z?=1llj, the forest estimator admits a smaller variance than the
tree estimator. Intuitively, the exogenous randomness makes two individual trees likely split
along distinct coordinators (that is, it is likely that min{l;;, Ij;} < Ij;), and hence reduces
the variance of forests.

Remark 10 Theorem 8 provides a mew perspective on how exogenous randomness helps
reduce the pairwise correlation among trees. To understand this, note that using the def-
initions in (16) and (17), the expectation of kernel function K of two independent par-
titions P and P’ generated by two separate CART trees can be written as E[K (P, P")] =

E [22?:1““{[”’]{]'}}, and the expectation of function @ for a single tree P is E[Q(P)] =
E [22?:1 I“} ; the derivations can be found at the end of Section C.4. When I < [yd], we

have Q(P) = 2'. Thus, in this case, the expected cross-tree correlation function becomes
E[Corr(P, P')] = E [22?:1 mi“{fla‘vfz’j}*l} . (28)

Recall that Z?:l min{/;;, Il’j} 18 the number of shared splits by level | and thus is always no
larger than the total splits I. The correlation function takes values between 0 and 1, with a
smaller number of shared splits corresponding to a smaller correlation. In this sense, the
exogenous randommness helps increase the variability of splits across different trees and thus
reduces Z?Zl min{/;;, Il’j}, which consequently reduces the variance of igp.

Theorem 8 provides a common upper bound (26) for the convergence rates for both it ee
and [igp; the bound is conservative for both estimators, more so for the latter. We derive
the following corollary for the special case of s = 1 to demonstrate that random forests can
achieve faster convergence rates than a single tree.

Corollary 11 Assume that | < d and s = 1 with $1 # 0. Let I; and I} be independent
binary CART processes. Then it holds that

1 B-1
S (MRF)N4BB1( v)' + 1B Br(1—7)

squared bias

1,28 B—1 ,p4(7)
RO, E +Rar,

variance

7%

where Ripp < (1— v)l% + (%)3/2 + (1 —27Y". Here, the rate p.q(7) is a quadratic form of
Pr=1-(1-7)

pra(y) = AyaP? +2B1gPi(1 — P1) 4 Cq(1 — Py)?, (30)
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in which the coefficients
-1 -1
(1—1)2 l (1 —1)2
Ajg=2y ——— By = u
hd g(d—l)rr!’ =) I—r) (d—1),r!

Cr e g = (31)
CLd:Z(z_r) @=1),n

r=0

depend only on d,l, not on 7y, with the falling factorial (x); = z(x — 1)---(x — t + 1).
Moreover, as d,l — oo and l/d — 0 (the high-dimensional shallow-tree regime), for any
fized v € (0,1), we have logy pr.a(y) S % < 1. Thus, random forests achieves faster

~

convergence rates both in squared bias and the variance than a single tree.

The detailed proof of Corollary 11 is given in Appendix C.5.

Remark 12 (Blessing of dimensionality) Note that the squared bias rate and the single-
tree variance are both independent of dimensionality d. As for the tree-ensemble variance,
we recall that coefficients A 4, By g4, and Cpq in (31) are all strictly decreasing in d. Hence,
the total variance part decreases in d and thus higher dimensionality improves the perfor-
mance of random forests by reducing the variance.

Remark 13 (Optimal v* € (0,1)) Recall that the squared bias part decreases in . Mean-
while, we observe that
d
) Pl.d
Note that Cj 4 > By 4, A1.qa > Bia, and A1q — 2B, 4+ C1.q > 0. Thus, the derivative above is
strictly increasing in Py and changes sign exactly once at

P = Cia— Bia
Alg—2B14+Cra

(v) = 2(Bqg — Cra) + 2(A1,qa — 2B1.a + Crq) 1.

€ (0,1).

Since Py =1 — (1 —~)! is strictly increasing in v, it follows that p,q(y) is decreasing in -y
for v < ~* and increasing in «y for y > v*, where v* =1—(1 —Pl*)l/l € (0,1). This together
with the fact that the squared bias decreases in v shows that when the noise variance 0(2) 18
sufficiently large compared to the signal strength 52, the total MSE exhibits a U-shaped curve
in v, implying that the random forests estimator with the optimal v* € (0,1) outperforms a
single tree estimator without feature subsampling (i.e., v =1).

4.1.2 MoDEL WITH CONTINUOUS FEATURES

We now consider the case where Xj,---, Xy are i.i.d. uniform random variables ¢/(0,1).
Similar to the last subsection, we start by describing the population CART partitioning
rule applied to this specific setting. For a cell t = H;l:l t; with t; = (aj,b;) C [0,1], the
conditional mean of y on t is given by E[y|X € t] = >7%_, §; bi ;aj. Then the impurity
decrement in (3) by splitting along X is specified as

Ajt) = {,g;(bj — a;)2/12 1f] e{1,...,sh
ifje{s+1,...,d}.

(32)
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We note that for any informative feature j € {1,...,s}, the optimal splitting position c;

along the jth coordinate is the midpoint @ of t;. However, in the case of non-informative
variables (for j € {s+1,...,d}), splitting at any position within ¢; yields the same zero
impurity decrement; we choose to split at the midpoint for simplicity. This simplifies the
tie-breaking process by limiting randomness to split direction only.

When building trees, for each parent node t and a randomly sampled feature subset = C
{1,...,d} withsize [vd], if EN{1,..., s} # &, we choose j* € = as the one with the maximal
impurity decrement (ties are broken randomly); and if 2N {1,...,s} = &, we randomly
pick one from = as j*. We note that, unlike the binary case, an index j € {1,--- , s} in the
uniform case can be split arbitrarily many times, with the impurity decrement always being
positive. This difference also makes the continuous feature case more difficult to analyze.

We now define the uniform CART process and the algorithm for generating it.

Definition 14 (Uniform CART process) For a terminal cell t in a depth [ tree, the
uniform CART process is a vector process Jy, = (J1, ..., Jpa) with Ji; being the number of
splits along coordinate X; by tree depth k, where j € {1,...,d} and k € {1,--- ,1}.

Algorithm 2 Uniform CART process

1: Initialize Jy = (0, ...,0) of length d.

2: for k=1tol do

3 Randomly select a subset Zj, of size [yd] from {1,...,d}.

4: Randomly select j* from Zi;, = arg maxjez,, 62 272 k15,

5 Update Ji, by setting Ji j+ = Jy—1 4~ + 1 and J’w = Ji—1,; for the remaining j’s.
6: end for

7: return J;.

Similar to the binary case, the uniform CART process is also Markovian and parameter-
ized by «y given model (23), since the conditional distribution of Jy41 given Ji is determined
only by the exogenous randomness.

Each terminal cell t can be uniquely determined by its uniform CART process J;. To
understand this, note that given xy € (0, 1), if interval (0, 1) is split equally into m parts, the

unique interval containing xg is t(xg,m) = (K(xo’m)_l K(@om) | with K(xzg,m) = [2o2™].

2771 b 27TL
Thus, for a given xg = (xo1,...,T0q) , the terminal cell ¢,, can be expressed as
d
fEU,Jl H xO],Jlj (33)

in which J; is independent of . Same as in the binary case, J; and J] from two separate
trees grown by the uniform CART partitioning rule are i.i.d. random vectors.
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Theorem 15 Let J; and J] be two independent uniform CART processes. The global MSE
of the related random forests estimator i 18

~ B -1 1< 26—2max{Jy;,J, } ~ 1 26—2Jy;
i=1 i=1
squared bias by tree ensemble squared bias by a single tree
B—-1 1 & , 22?:1 min{J;;,J;; }
7E 2 _ 22—2max{Jli,Jli}
T3 (UO 12 25 n (34)
cross-tree covariance
1
e (‘70 + 5 2522_2‘]’1) +Rer.
single-tree variance
In particular, when B = 1, the global MSE for a single tree estimator is
MSB(fisree) = E | 5 Z pr22Mi| +R <ao +— Z 522—2%) Ruwee o
=1
squared bias by a single tree single-tree variance

Here, the remainders Rrr and Riee are the same as in Theorem 8. Additionally, as
I =1, — oo with 2'/n — 0, max{ MSE(jigr), MSE(Jizree)} has the same upper bound as in
(26).

The proof of Theorem 15 above is also based on Theorem 4 and is detailed in Section
C.6. It is seen that despite the distinct feature distributions in this example, the MSE
expansions exhibit surprisingly similar forms, and all insights presented in the last section
remain true. We provide three remarks emphasizing the differences from the binary case.

Remark 16 We make the same simplification assumption that ﬁjz ’s all have similar mag-
nitude B2, and that B is large enough so that all terms involving 1/B are small enough.
Theorem 15 also shows that ensemble reduces both squared bias and variance, and that the
leading contributions to MSE for trees and forests are completely different.

For the squared bias term, both [iyree and firg depend only on the informative features.
However, the dependence mechanism here is different from the binary case. To make this
clear, we define the diagonal signal length along the direction of informative features for a
cell t = Hle ti as [tlos = (307, |ti|2)1/2. For a target point xg, recall the terminal cell
t(xo, J;) in (33). Then we have

s s

20—2J; 2 —2J; 2 2

Zﬁi2 Ju xﬁo 22 Jui :/30|t($0a‘]l)’2,sa
i=1 =1

squared bias by a single tree

S S
Z 612272 max{Ji;, J;} ,Bg Z g—2max{Jy;,J;;} _ 5(2)“;(5807 Jp) N t(xo, Jl,)|%,5'

i=1 i=1

squared bias by forest
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Since the squared bias of irp is associated with the intersection of two terminal nodes, it is
naturally smaller than that of liree. The comparison and interpretation of variance terms
are sitmilar to the binary case and omitted here.

Remark 17 Comparing the above upper bound to (26), we see a surprising similarity be-
tween the results despite the different feature distributions. These upper bounds have an
ezxplicit dependence on v. However, since these bounds can be conservative and the MSE
expansions in (24), (25), (34), and (35) are more accurate in characterizing the effect of
v, we will use simulation studies to simulate the Markov processes involved in these upper
bounds to gain insights on how = affects the MSE.

Remark 18 Using (16) and (17), the expectation of kernel function K of partitions P and
P’ generated by two independent uniform CART processes Jy; and Jl’j can be calculated as

E[K(P,P")] = E [22?=1min{‘]”’%i}}, and the expectation of function Q for one single tree

can be calculated as E[Q(P)] = E [225:1 Jll} = 2!; see the end of Section C.6 for detailed
derivations. Thus, the expected cross-tree correlation function is

E[Corr(P, P')] = E [22221 min{Jis, Jji} =1 (36)

Similar to the binary case, the correlation function is strictly less than 1 unless J; and J|
share all splits (that is, Z;i:l min{Jy;, J};} = 1). Thus, the exogenous randomness helps
increase the variability of J; and J| and consequently reduces the forest estimator variance.

Analogous to the binary-feature case, we next investigate the special case when s = 1,
where the explicit convergence rates for a single tree and forest estimator can be derived.

Corollary 19 Assume that | < d and s = 1 with 51 # 0 in model (23). Let J; and J| be
independent uniform CART processes. Then it holds that

R B-1 2 1 37\
MSE(lirr) S Gh (1 - 1) F <217> + =0 <1 - 7>

12B 2 12B 4
squm?c;l bias (37)
B—1 ,2 1,2
+ 5% EGl,d(’Y) + 500 +Rrr,

NV
variance

where Rrrp S (1 — 37/4)”% + (1 —27H" and functions Fy and G4 are defined as follows.
Forr € (0,1), denote the Poisson kernel as

B 1—r2
1 —2rcosf +1r2’

P.(0) 0 € |—m,ml,

and the related probability density function as u.-(0) = P.(0)/(2w). Let ¢ be a random
variable having a density u1/2(9’), and @1,...,9q4 an i.i.d. sequence of random variables
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sharing a common density function Ml/ﬁ(9)~ Then we have that for any q € [0,1],
2l
B (38)

d
i 1—‘12 i,
qeﬂol_i_ﬁ e‘ﬂj
J=2

Filg) = By [|(1 - ) +qc

Gra(q) = Egy.....o0 [ 21} , (39)

where i = (—1)'/2 is the imaginary unit. Further, for any fived d and q € (0,1), it holds

that Fi(q) = O(F%) and G 4(q) = O(lf%). Therefore, the tree ensemble indeed leads to
faster convergence rates both in squared bias and the variance than a single tree.

The proof of Corollary 19 is provided in Appendix C.7.

Remark 20 (Blessing of dimensionality) In the MSE bound (37), both the squared bias
part and the single-tree variance part are independent of dimensionality d. Meanwhile, we
show that for any fized I and v € (0,1), the rate Gy 4(7y) is a decreasing function of d; see
Appendiz C.7 for details. Hence, as dimensionality d grows, the variance part caused by the
tree ensemble reduces and thus optimizes the performance of random forests.

Remark 21 (Optimal v* € (0,1)) We show in Appendix C.7 that for a sufficiently large
depth l: 1) the squared bias part in (37) decreases in feature subsampling rate 7, and 2)
Gi.a(7) first decreases over interval v € [0,1/d] and then increases over v € [1/d, 1], forming
a U-shaped curve in v. With these observations, we see that when the noise variance 0(2)
are comparable to the signal strength 8%, the MSE (87) will also exhibit a U-shaped curve
as a function of vy, demonstrating that the random forests with the optimal ratio v* € (0,1)
outperforms the single tree without feature subsampling (i.e., v =1).

4.2 Additional Insights via Theory-Guided Simulations

This section provides justifications on and some additional insights into the success of RF
over individual trees via simulation studies. Our simulation examples are designed and
guided by the theoretical results established in the last subsection. We numerically verify
the phenomena described in Theorems 8 and 15, which state that RFs can reduce both
squared bias and variance. In addition, the following key insights about the success of
RF are discussed, accompanied by simulations: 1) Type II exogenous randomness from
random tie-breaking helps RF outperform single trees even when v = 1, and 2) exogenous
randomness improves the performance of RF over tree both when v =1 and v < 1, but the
working mechanisms are different in these two cases.

We generate data from model (23) and set dimensionality d = 100, s = 5, sample size
n = 1000, the number of trees B = 100, and noise variance 0(2) = 1.69. The true regression
coefficient vector 8 = (B, B2, ..., B5)" has the following two different configurations:

(I) Equal configuration: [y = o = 3 = B4 = P5 = 0.5.

(IT) Unequal configuration: 51 =2, o = 1.8, B3 = 1.6, B4 = 1.4, B5 = 1.2.
We vary feature subsampling rate + from 0.1 to 1, and the tree depth from { =1 to 9.

Motivated by our theoretical results, we record the values of the following performance
measures across 1000 Monte Carlo simulations for comparing RF to single trees:
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(a) Squared bias: Squared bias terms by tree ensemble and a single tree in (24) for the
binary case, and those in (34) for the continuous case.
(b) Number of unsplit signals in the binary case: s — > % Ij; for a single tree, and

s — >y max{l;, I};} for a random forest, as discussed in Remark 9.

Squared diagonal signal length in the continuous case: y ;_, 272Jii for a single tree, and
Sy 2-2max{ii,Jii} for a random forest, as discussed in Remark 16.

(¢) Variance: Single-tree variance and cross-tree covariance in (24) for the binary case,
and those in (34) for the continuous case.

(d) Cross-tree correlation: Expected cross-tree correlation (28) for the binary case, and
(36) for the continuous case. The cross-tree correlation for tree is defined as 1.

(e) Number of shared splits: For a single tree, Z?Zl I; for the binary case and Z?Zl Jii

for the continuous case; while for a forest, Z?Zl min{]lj,ll/j} for the binary case and

4 min{Jy, Jj;} for the continuous case.
(f) Global MSE bound: The leading terms of the global MSE bounds in (24) and (34),
respectively, for the binary and continuous cases, with the remainder terms ignored.

4.2.1 RANDOM FORESTS CAN REDUCE BOTH SQUARED BIAS AND VARIANCE

This section aims at verifying Remarks 9 and 16 via simulation using Equal Coefficient
Configuration (I). We present the results for performance measures (a)—(f) in Figures 1 and
2 for the binary and the continuous cases, respectively, with respect to varying ~.
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Figure 1: Performance measures (a)—(f) for tree and forests in the binary case under con-
figuration (I) as y varies. Tree depth is fixed at [ = 7. Red: tree; blue: forest.

From Figures 1(a) and (c), we observe that the squared bias and variance curves for
RF's are consistently lower than those for tree, leading to a substantial improvement in MSE
as shown in Figure 1(f). The reduction in squared bias is because the forest splits more
signal features, as shown in Figure 1(b). The reduction in variance is due to fewer shared
splits between I; and Ij, as illustrated in Figure 1(e). These results are consistent with
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configuration (I) as  varies. Tree depth is fixed at [ = 7. Red: tree; blue: forest.

our theoretical analysis in Remark 9. Additionally, the correlation between trees is low, as
shown in Figure 1(d), also explaining the reduction in variance.

For the continuous features, the trends observed in Figure 2 for performance measures
(a)—(f) exhibit similar patterns to those in the binary case. These results also support our
conclusion in Remark 16, demonstrating that RF consistently achieves lower squared bias
and variance compared to tree as «y varies. They also confirm the improved effectiveness of
RF across different types of feature distribution.

Additionally, as seen in Figures 1(f) and 2(f), the MSE curves for RFs exhibit U-shaped
patterns, with the optimal MSE differing in these two settings. These observations are
consistent with Remarks 21 and 13, and indicate that the optimal v can be sensitive to the
model structure, calling for further investigation.

4.2.2 TYPE II EXOGENOUS RANDOMNESS ALONE CAN ENHANCE RFS’ PERFORMANCE

Type I exogenous randomness from feature subsampling is widely recognized as a key factor
in the success of random forests and has prompted extensive research. In contrast, Type 11
exogenous randomness has received little attention. Indeed, it is commonly believed that
without Type I exogenous randomness (i.e., v = 1), random forest is considered identical
to a single decision tree. This subsection challenges such existing belief and demonstrates
that Type II exogenous randomness can work solely to improve the performance of random
forests compared to a single tree. Additionally, our simulation results support the “blessing
of dimensionality” phenomenon: as the dimensionality grows, the presence of many non-
informative features introduces tie-breaking randomness that leads to a clear reduction in
variance. The detailed simulation results and interpretations are presented in Appendix
Section A.1.
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4.2.3 THE ROLE OF TYPE I EXOGENOUS RANDOMNESS IN RFS’ SUCCESS

In this subsection, by comparing scenario when v < 1 to that when v = 1, we gain additional
insights into the role of Type I randomness in the success of RF. We demonstrate that feature
subsampling allows noise features to contribute earlier (to variance reduction), before tree
depth reaches | = s = 5 (I = 5 means that all informative features have been split once),
and thus further reduces cross-tree correlations across all tree depths (see Figure 3(d)). The
performance measures (a)—(f) are plotted in Figures 3 and 4 below for Equal Configuration
(I), and in Figures 5 and 6 for Unequal Configuration (II), respectively, as we vary [.
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Figure 3: Performance measures (a)—(f) for forests in the binary case as v and [ vary under
configuration (I).

For configuration (I), feature subsampling adds Type I exogenous randomness into the
tree-building process, and thus, non-informative features now have a chance to be split
earlier than informative ones at the first s tree depths; see Figure 3(b) for the increasing
number of unsplit informative features at each fixed tree depth when v decreases. This early
involvement of non-informative features has a strong effect on reducing cross-tree correlation
in high-dimensional settings, leading to a significant decrease in variance and correlation as
v decreases at each fixed tree depth; see Figures 3(c) and (d). Indeed, Figure 3(d) shows
that the cross-tree correlation stays below 1 for all v < 1 even when tree depth [ = s = 5,
a distinction from the v = 1 scenario where | = s = 5 has cross-tree correlation 1. The
decreasing patterns of variance and cross-tree correlation are supported by the reduction in
shared splits between I; and I] as shown theoretically in (24) and empirically in Figure 3(e).
However, such variance reduction comes at the cost of increased squared bias (especially
for small /), as shown in Figure 3(a), because of the heavy involvement of non-informative
features. This directly leads to a bias-variance tradeoff (see Figure 3(f)), and v = 1 is not
optimal as [ increases.
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Figure 4: Performance measures (a)—(f) for forests in the continuous case as v and [ vary
under configuration (I).

For the continuous case, recall the discussion in Section A.1 that non-informative fea-
tures never enter the tree-building process when v = 1. Thanks to Type I exogenous
randomness, for 7 < 1, non-informative features have a chance to be split and thus reduce
cross-tree correlation, leading to similar patterns in performance measures to those in the
binary case; see Figure 4.

A surprising observation is that feature subsampling does not always increase the squared
bias at the early stage of tree-building. To demonstrate it, consider Unequal Configuration
(IT) in Figures 5 and 6. Recall that as in Figures 9 and 7, the tree-building process is purely
deterministic when v = 1 and [ < s: features are split deterministically in the decreas-
ing order of impurity decrement. With v < 1, however, since important features may not
be selected into some feature subset, such deterministic splitting order is disrupted. This
may seem harmful to bias reduction because less important variables can be split earlier
on. However, feature subsampling creates a large number of trees, and ensemble allows
(on average) many more informative features to be split earlier on. This results in a re-
duction of squared bias by encouraging fewer shared-unsplit-informative variables by two
independent CART processes; see (24), (34), and Figures 5(a)—(b). Meanwhile, Type I ex-
ogenous randomness also introduces variability in splits along informative features, allows
non-informative features to be involved earlier, and thus helps reduce the cross-tree corre-
lation in Figure 5(d), leading to lower variance in Figure 5(c) and a reduction in MSE in
Figure 5(e). The observed behaviors in Figure 6 resemble those in the binary setting, with
similar interpretations. To summarize, in this example, we see that feature subsampling
can introduce beneficial randomness to achieve both bias and variance reduction.
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Combining with the discussions in Section 4.2.1, our finding clearly shows that feature
subsampling can reduce both bias and variance when -~ is not too small, where the bias
reduction phenomenon may be model-specific and the variance reduction could be a robust
phenomenon across models. Our theory in Section 4.1 explains clearly how bias and vari-
ance reductions are achieved. Although (I) and (II) represent two specific configurations,
they share the same mechanisms where feature subsampling improves RF’s performance
by early involvement of non-informative variables. These results underscore the generality
of the feature subsampling effect in enhancing RF’s performance across various coefficient
configurations.

5 Discussions

In this paper, we have studied both theoretically and empirically the effects of exogenous
randomness in the success of RF's with training-data independent partitioning rules. The ex-
ogenous randomness can be caused by random feature subsampling or random tie-breaking
in forming an RF estimate. Our study has provided theoretical and empirical justifica-
tions on the advantage of exogenous randomness in the success of RFs. We have focused
on training-data-independent partitioning rules, and an interesting direction for future re-
search would be to explore data-adaptive partitioning rules, particularly the sample CART
splitting criterion. It would also be interesting to extend the study to sequence data by
exploiting the Transformer and BERT models.
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Appendix A. Additional Simulations

We present additional simulation studies here to illustrate the effect of Type II exogenous
randomness in RF’s performance.

A.1 Type II exogenous randomness alone can enhance RFs’ performance

We provide details for Section 4.2.2 of the main text. To illustrate this point, we examine
the performance measures (a)—(f) and present the results in Figures 7-10 for forests and
trees under various settings discussed at the beginning of this section while fixing v = 1.

We note some key points before presenting our numerical results. First, with v = 1,
both binary and uniform CART processes prioritize informative features for splitting, as
long as they are available. Second, along a tree branch connecting an end cell (at level [)
with the root cell (at level 0), a continuous variable can be split as many as [ times, while
a binary variable can only be split at most once. These basic properties can assist us in
understanding the numerical results.

Figures 7 and 8 present the results with continuous features, where each split can only be
on informative features. Thus, under Unequal Configuration (IT), no exogenous randomness
is present and thus random forests collapses to a single tree; hence, all curves in panel (a)—(f)
coincide as shown in Figure 7.
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Figure 7: Performance measures (a)—(f) for tree and forest in the continuous case under
configuration (II) as tree depth [ varies when v = 1. Red: tree; blue: forest.
Without exogenous randomness, RF and single tree are identical.

Under Equal Coefficient Configuration (I) in Figure 8, on the other hand, random tie-
breaking may happen when splitting informative features, causing Type II exogenous ran-
domness and multiple trees in the forest. Figure 8(d) shows an intriguing pattern in the
cross-tree correlation:

i) when [ < 5, the cross-tree correlation is strictly less than 1;
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ii) at [ = 5, each informative feature has been split exactly once and thus there is no
Type II exogenous randomness, resulting in identical tree and forest performance;

iii) for [ > 5 but I < 10, each of the s = 5 informative features is split exactly one
more time, leading to a second round of reduction in correlation caused by Type II
exogenous randomness.

Additionally, we observe the interesting phenomenon of quasi-periodic fluctuations in Fig-
ures 8(d) and (e). Each time when trees grow from depth ks + 1 to depth (k + 1)s for
k = 0,1,..., each informative feature is split exactly once. As k increases, the impu-
rity decrement in each quasi-period gradually diminishes, resulting in slower and slower
decreases each period in squared bias in Figure 8(a). However, the variance becomes in-
creasingly larger as [ increases, because the leading term 2!/n in variance keeps growing as
l increase. This explains the substantial rise in both variance and MSE when [ is large, as
shown in Figures 8(c) and (f).
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Figure 8: Performance measures (a)—(f) for tree and forest in the continuous case under
configuration (I) as [ varies. We fix v = 1. Red: tree; blue: forest.

Next, we consider binary features, where each feature is split at most once along each tree
branch and informative features are always split before uninformative ones when coexisting.
The Unequal Configuration (II) results are presented in Figure 9, which can be explained
theoretically using our findings in Section 4.1.1. In detail,

(i) When depth [ < s = 5, since the coefficients are distinct (no Type II randomness),
the performances of random forests and a single tree are identical. The bias quickly
reaches 0 as tree depth grows to s = 5.

(i) When depth [ > s + 1, the binary CART process begins to split non-informative
features, which causes Type Il randomness and a significant variance reduction. Since
d — s is large, it is generally hard for I; and I} to share any split on non-informative
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features (see Figure 9(e)). This leads to a sharp decline in cross-tree correlation
d . /

92— mintliy Dy 3=t g 9=(=5) for | > 5 as shown in Figure 9(d) and the significantly

slow growth in variance and MSE in Figures 9(c) and (f).
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Figure 9: Performance measures (a)—(f) for tree and forest in the binary case under config-

uration (II) as tree depth [ varies when v = 1. Red: tree; blue: forest.

Figure 10 presents Equal Coefficient Configuration (I) with discrete features. The only
difference from Figure 9 setting is that there exists Type II exogenous randomness among
informative features, which explains the bias and variance reduction of RF compared to
tree before depth reaches 5.

It is worth emphasizing that the binary feature example above reveals a notable phe-
nomenon that the existence of many non-informative features can be a blessing to random
forests’ success, because of their contribution to reduced cross-tree correlations by limiting
the number of shared splits. To further illustrate the “blessing of dimensionality”, we fix
the feature subsampling rate v and gradually increase the number of noise features (i.e.,
the ambient dimensionality d). The simulations are conducted under two types of feature
distributions and two configurations, configuration (I) with a fixed v = 0.33 and config-
uration (II) with 4 = 0.6, respectively. As shown in Figures 11-14, both the variance
component and the overall MSE decrease steadily with d, whereas the squared bias fluctu-
ates only slightly. This demonstrates that adding non-informative features can effectively
optimize the performance of MSE via variance reduction—the essence of the “blessing of
dimensionality.”

We acknowledge that the blessing of high dimensionality is, to some extent, because of
the population CART partitioning rule. For the sample CART partitioning rule, the effect
of noise variables and high dimensionality can be more complicated because of the finite-
sample estimation error involved. However, the phenomenon of non-informative features
enhancing model performance has been observed in various statistical settings. Specifically,
Mentch and Zhou (2022) identified this effect under the augmented bagging (AugBagg)
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Figure 10: Performance measures (a)—(f) for tree and forest in the binary case under con-
figuration (I) as [ varies. We fix v = 1. Red: tree; blue: forest.
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learning framework, and Kobak et al. (2020) found similar benefits in the context of ridge
regression. These findings highlight the potential generality of this phenomenon across
different learning methods and underscore its value for further investigation, particularly
for RF with sample CART partitioning rule.
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Appendix B. Local MSE Bounds for Ensemble Estimators

Let ji(x; Z, P"(©)) be either fipart Or fens as in (2) and (5) in Section 2. For each given
xo € X%, the local mean squared error (LMSE) is defined as

MSE(fi; z0) = Ez.e [(1(z0) — fi(mo; Z, P"()))?] . (B.1)

In this section, we aim to study the non-asymptotic expansion of the local MSE for ensemble
estimators.
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Figure 14: Performance measures (a)—(f) for tree and forest in the continuous case under
configuration (II) as d varies. We fix [ = 7 and v = 0.6. Red: tree; blue: forest.

Let us define two kernel functions around the target point x as

K, (P, Py o) = Ex (1 — Ex (4l Pao)) (1t — Ex (4l Ply))| Py 1 Pl
IP’X(PmO N Pa'so)

Px (Pag)Px (Phy)’ (B.2)
Px (P, N Pa’vo)

Px (Pag)Px (Phy)’

X

K,2(P,P';@o) = Ex (07| Py N Py,)

respectively, where P and P’ are elements in Py. In particular, when P = P’, denote by

Varx (M’P aco)
Qu(P;xo) = Ku(P, Piwo) = —————,
Ex (0| Pay)

Px (P mo)
These functions capture the interaction pattern of partitioning estimators generated by P

and P’ locally around the target point &g, and they also exhibit a similar Cauchy—Schwarz
property as the global cross-partition covariance functions.

(B.3)
QU2(P; mo) = KJQ(P,P; :B()) =

Proposition B.1 Let P and P’ be two components in P§ (defined in Assumption 4). Then
it holds that

Ku(Pv Pl?‘BO) < \/QM(P§ $O)QM(PI;$O)»

(B.4)
K 2(P,P;x0) < /Qu2(P;20)Qu2 (P x).

For the first result, the equality holds if and only if Py, are Pa’co are indistinguishable, or u
is constant on Py, U Py . For the second result, the equality holds if and only if Py, are
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Pg/CU are indistinguishable. Consequently, Assumption 4(3) ensures that the second result in
(B.4) is a strict inequality, and that when p is a non-constant function, the first result in
(B.4) is a strict inequality.

The proof of Proposition B.1 above is provided later in Section B.3.

Theorem B.2 (Local MSE bounds) Assume that for any fized target point xo € X,
the random cell Py (©) containing the target point satisfies

1

swp ke [ansz(@))

] < 00. (B.5)

Then under Assumptions 1-4, the local MSE of the ensemble estimator satisfies

% (1(zo) — Ee (Ex (1l Ph,(9))))

squared bias of ensemble

+ £ o [(u(w0) ~ Ex (1| P}, (0)))]

MSE(ﬁens; .’13()) =

squared bias of a single partition

51 (B.6)
+ 2R er [Ku(P"(0), P"(6);o) + K2 (P"(0), P"(6);o)]
cross-partition covariance
1

+ 5-Ee [Qu(P"(©);20) + Qo2 (P™(O); @0)] +Rens(1; o),

TV
single-partition variance

in which © and ©' are mutually independent and the remainder R ens(iu; o) satisfies

Rens(1; ®0) < (Iltlloo + 0%[loc)? x {Ee((l—Px(PZO(G)))”)

B—lE@@,( Px (P2,(©) N P (6))) )
B 200 \ B (PR, (0)Fx (Phy (@)1 + (n — Px (PR (6)))
B — 1

T e ((1 - 1>PX<P20<@>>>3/2>

_l’_

1 1
B <an<on<@>><1 (- 1>Px<on<@>>> }

with the constant in < independent of xo, u, o2, P"(0), and n. In particular, the local
MSE of a single partitioning estimator fipqr is the special case of B =1 in (B.6).

The proof of Theorem B.2 above is provided in Section B.2 later.
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B.1 Technical Preparation

This section is devoted to providing an expansion of the local MSE, based on which our
main results are built. In what follows, denote by Ex|e e/(1) = E(u(X;0,0)|0,0") the
conditional expectation of function u(X; ©, ©) given the exogenous factors (0, ©'). In other
words, given the remaining two ©’s, we integrate with respect to X. Similarly, E.|x ¢ e/ (")
is the conditional expectation with respect to € given (X,0,0’). To simplify the notation,
we omit the superscript n in P"™ throughout the proof whenever there is no confusion.

We consider the local version decomposition of MSE as in (7)

MSE(fiens; o) = Ez.0,.5 [(1(20) — Fiens(20; Z, P(01:5))”]
=Eo,., [(1(m0)) — Ezjo,., [fiens(0; Z, P(©1.5))])?]
Bias?(a0) (B.7)
+Eo,.5 [VarZ|®1;B [fiens(xo; Z, P(GI:B))H )
Var(ao)

where fiens(xo; P"(0)) = Ez[liens(xo; Z, P"(0©))] with the expectation taken with respect
to the training sample Z.

For further investigation of the structure of the local MSE in (B.7), let us introduce the
following notation

fi(xo; ©) = Ez|e(Lpart(T0; Z, P(0))), (B.8)
Vi(o; ©) 1= Varz|g[iipart(To; Z, P(O))], (B.9)
Va(z0; ©,0) = Covze,er [Tipart (z0; Z, P(O)), fipart (x0; Z, P(0"))]. (B.10)

The meanings of these quantities are given below. The notation fi(xg; ©) stands for a func-
tion of the exogenous factor © by integrating over the training data of a single partitioning
estimator. The function Vj(xo;©) refers to the conditional variance of the partitioning
estimator given the partition P(©) and thus is also a function of ©. The bivariate function
Va(xg; ©,©’) represents the conditional covariance of two partitioning estimators when the
corresponding partitions P(©) and P(0©') are fixed.

On the one hand, for the conditional expectation part, it holds that

B B
- 1 ~ 1 ~
Ez|6,.5 (Hens(20; Z, P(©1:8))) = & > Ezie, (fipart(w0; Z, P(6)))) = 5 > hilxo; ©),
b=1 b=1
in which the right-hand side (RHS) is a sum of independent and identically distributed

(i.i.d.) random variables. Hence, the conditional expectation part in (B.7) reduces to

E@LB [(N(mﬂ) - EZlG)l;B(ﬁens(mO; Z; P(elB))))Q]

1 & ;
=Ee,.5 (H(mo) B > iilwo; ®b)>
b=1

1

=—F¢ {(M(CUQ) - /NL(CU(J; @))2} +

5 Eo,o {(1(x0) — fi(0; ©)) (1u(o) — fix0; ©')) }
1 B

== Bo {(u(wo) — fi(z0;0))°} + 2L ((o) — Eoli(o; )]

B-1
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Observe that f(xo; ©) and fi(xo; ©') are independent and identically distributed. We im-
mediately see that

Bias®(xo) =Ee, , [(1(zo) — Ez|0,.5 (Hens(x0; Z, P(@LB))))Q]
:%E@ {(u(zo) — fi(z0; ©))*} + %(M(wo) — Eo|fi(x0; ©)))* (B.11)
= (o) ~ Eelfi(wo; ©)))” +  Vare(ji(as; ©)).

On the other hand, for the conditional variance part, we have

B
~ 1 ~
VarZ|@1:B (Mens(wO); Z, P<@113))) = ? Z VarZ|®b [Mpart(z(ﬁ Z, P(@b))]

b=1
1 ~ ~
+ B2 Z Covzie,.e, [Fipart (03 Z, P(Oy)), Lipart (€03 Z, P(O )]
b£b!
1< 1

= ; > Vi(wo; ©5) + 5 > Va(@o; O, O ).

b=1 b£b'
Since ©1,...,0p are ii.d. copies of the exogenous decision factors, both {Vi(xo;Op)}

and {Va(xo; Op, O )} are collections of identically distributed variables, and as such, the
conditional variance term in (B.7) can be simplified as

Var(zo) =Ee,.5 [VarZ|61;B (Hens(x0; Z, P(O1.8)))]
1 B-1 ) (B.12)
— L EolVi(z: ©) + B o [Valw:0.0').

B.2 Proof of Theorem B.2
According to (B.7), (B.11), and (B.12), it holds that

MSE (s ) = (1(z0) — B ([i(w05 ©))2 + I Varo([i(zo; ©))

Bias?(x)
B (B.13)
+

1
Ee.e (Va(x0; ©,0")) + e (Vi(zo: ©)),

Var(zo)

in which fi(xo; ©), Vi(zo; ©), and Va(xo; ©,0") are defined as in (B.8), (B.9), and (B.10),
respectively. The proof of Theorem B.2 primarily involves deriving the asymptotic expan-
sions for these three quantities. We omit the superscript n from P™ whenever there is no
ambiguity.

B.2.1 AsymMPTOTIC EXPANSION OF [i(x0;©) IN (B.8)

This section is devoted to showing the connection of ji(xo; ©) in (B.14) and Ex [u| P4, (©)],
the conditional expectation of the ground truth p over the target cell P, (O).
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In view of the definitions in (2) and (B.8), we have

ﬁ(mo; @) = Ez‘e[ﬁ_\part(wm Za P(G))]

1 n
=Eze W;YJ{Xi € P2, (0)}

—Eze Nl(@) D (uX0) + )X € Pan(O))
—Eze Nl(@) ;MXZ-)I{XZ» € P,y (0))

Y

since E[e| X] = 0. Recall that the cell P, (©) is independent of observations {X;}, and
hence, Ng, (©) = Y1 | I{X; € P4,(0)} follows a binomial distribution B(n, p(xq; ©)) with
p(x0;0) = Px|o(X € Pg,(0)) when the partition is given. Thus, it holds that

Ezio | 3 g7 2 MK € Pry(0))
o =1
“Ezo |3 (F D HX)I(X, € Pmo<@>}> 1{Ne(6) = k}]
: nk:l 1—11 .
=3 (k> Ezie (k ZM(Xi)> H{X 1k € Pey(0); X (kr1)n ¢ Pwo(@)}]
k=1 i=1
=Ex[p|Pz,(0)] Z <Z p(x0; @)k(l — p(xo; )" k

In conclusion, we now find that
fi(o; ©) = Ex (1| Py (0)) (1 — (1 = p(o; ©))") (B.14)

with p(zo; ©) = Pxje(X € Pz, (0)).
Back to (B.13), it follows immediately from (B.14) that
(u(20) — Ee(fi(@0;©)))* = (1(x0) — Eo(Ex (1| Pz, (0))))?
+ l30Ee((1 — plwo; ©)))),
Vare (i(wo; ©)) = Vare (Ex (1 P, (9))))
+ |12 0(Ee((1 — p(wo; ©))™)),

which gives the asymptotic expansion for terms in the squared bias part.

(B.15)

B.2.2 AsyMPTOTIC EXPANSION OF VARIANCE Vi(xp;©) IN (B.9)

In this section, we focus on the nonasymptotic expansion of Vi (xg; ©) by deriving its leading
term and the order of remainders in (B.18) and (B.19).
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Recall that

Vi(zo; ©) = Varz|g (Hpart(To; Z, P(0)))

= Ezjo[(Hipart (2o Z,P(0))?] - (i(z0; ©))2, (B.16)

in which the expansion of (xo;©) has been derived in the last section. Hence, it suffices
to focus on the first squared term.
Since E[e| X] = 0 and noises €1, ..., &, are mutually independent, we can deduce that

EZ|@[(_ﬁpart(:co; Z,P(0))’]

n 2
:EZ|G) (m Z(M(Xl) + 5i)I{Xi S Pmo(@)}> ]

L =1

=Ezje | § N, (02 Z i) te)(u(X;) +e)I{ X, X € Pmo(@)}]
- ’] 1

=Eze | § N, () Z P+ ) I{X € Pqgy(0)}

+Eze % S XA )X X € Pay(O)}

=Eze Noo (02 Z(M(Xz)Q + 0 X)) I{Xi € Pgy(©)}

1
+Ezio | v—= O X)X H)I{Xi, X; € Pyy(0)}
N (©) 1<i#j<n

=:My + M>.

Applying a similar technique as in the proof of (B.14), we immediately find that the
first term satisfies

]\71(@)2 Z(/‘(XZ)Q +0%( X)) [{X; € Pyy(0)}
Zo i=1

X (i)
_ 2, 2 Lin .ok — .Q))k
~x i + 2*|Pay(©)] 3 1 () (050 (1 - plei)

1

k
k=

I{Ney (©) > 1}
Ne, (©) ] ’

My =Egzpe

k
<k;12 > (u(Xi)? + UQ(Xz')> H{X 1.k € Pay(0); X (1) & Pao(0)}

=1

3

—Ex[i? + 0*| Pz, (6)Ez |
where p(xo; ©) = Px|o(X € Pg,(0)) and N, (©) ~ B(n, p(xo; ©)) given O.
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Meanwhile, for the second term, we can also show that

_ (n) MEZ\@ [/L(X1)M(X2)I{X1:k S Pwo(@);X(k-i-l):n ¢ on(@)}]
k=1

~(ExlulPay @)Y 1 () Jplans )1 - plawi@)
k=1

-Nmo@—lmeO@_l
:(EX[:UJ|P:ABO(@)])2EZ\9 _( ( ) Nio§@) ( )> }:|
=(Ex 11| P, (0)])*(1 = (1 = p(0; ©))")

—(Ex[u| Py (©))*Ezj0 -I{Nﬁi%)z 1}}

Substituting the results above into (B.16), we can obtain that

Vi(0; ©) = {Varx [ Pe,(©)] + Ex[0?| Pay (0)]} Eze {I{Nﬁw(%f 1}}

+ (Ex [ Pay (©)])* (1 — (1 — p(a0;©))™) (1 — p(m0; ©))"
To further expand Vj(xo; ©), we need to deal with term

I{Nzy(©) > 1}
o

(B.17)

Eze [

The lemma below provides a sharp approximation of this inverse moment of a binomial
variable, and its proof is contained in Section D.1.

Lemma B.3 Assume that N ~ B(n,p) with p > 0. Then we have

'E{MNZI}}‘%\“@@M’

in which C is a positive constant independent of n and p.

Combining the discussion above and the definition in (B.3), we conclude that
V. P, (0 Ex 02| Py, (©
_ Verx(plPay(©) + Ex[0?1Pa(©)]  p oo
np(wo; ©) (B.18)
1 1
= ﬁQ#(P(@); xo) + EQUQ(P((“)); xo) + Ry, (x0; 0),

Vi(xo; ©)

where the remainder satisfies

Rv1(@0;0) S (llle + 0% [ls0)

’ <(1+ (n - 11)P(~’B0;@))2 +( —p<woa®))") (1 +

1 ) (B.19)

np(xo; ©)
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with the positive constant in < independent of u, 02, P, ©, and n.

Back to (B.13), we can immediately deduce that

Eo (Vi(20;0)) =~ Ee {Qu(P(0); 20) + Qs (P(O); 20)}

1
np(ao; ©)(1 + (n — 1)p(x0; 9))> (B-20)

T (o + 10%1100)? % o(m:@ (
+Eo((1 — p(xo; @))n)> .

B.2.3 AsyMPTOTIC EXPANSION OF COVARIANCE Va(xo;©,©’) IN (B.10)

Recall that Va(x,0,©’) is a covariance function and thus possesses the decomposition

Va(x0; ©,0") = Cov i e [lipart (z0; Z, P(O)

s Iipart (205 Z, P(©'
! A ) ,Mpat(wo (©9)] (B.21)
:EZ|®,9’[Npart($0§Z>P(®))Npart($0§Z>P(@)

)] — 1i(zo; ©)fi(x0; ©').

Since we have already derived in (B.14) the nonasymptotic expansion of f(xg;©) in the
second term above for the product of expectations, it suffices to focus on the first term for
the expectation of products. To this end, observe that

Ez|6,0 [Hpart (€03 Z, P(O))fipart(xo; Z, P(©"))]

208 N (B) Ny (6)

Y YiViI{X; € Pyy(0), X € Py (')}

ij=1

_ 1 vy /
00 | N (61 Nay (@) 2 11 X1 € Pen(©)0 P (@)

L i=1

1
Na (0)Ne, (©')

Y YViI{X; € Py (0),X; € Pyy(0)}

1<i#j<n

+Ez0,0/

To further elucidate the structure of the equations, we introduce some additional no-
tation for simplicity. Without ambiguity, let us denote P, (0) and Ng,(©) by P and N,
respectively, and likewise, Pg,(0’) and Ng,(©’) by P’ and N’, respectively. Next, define
Py=PnP,P =P\ P and Py=P \P. For j=0,1,2, let N; = Y7 I{X; € P;} be
the number of observations in cell P;. Clearly, given © and ©’, it holds that N; ~ B(n, p;),
where p; = Px|g /(X € Fj) for j = 0,1,2. Moreover, we notice that N = Ny + N1 and
N’ = Ny + Ns.
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The first term in Y;?’s can be further simplified as

S
Eze.er NN,ZYfI{XiePO}
=1
A
=Ezje.0 |y 2 (X)* +eD)I{X; € Po}
i=1
A
=Ezoer | 7 21X’ + o (X)I{X; € Py} (B.22)
L =1
. 1 )
=E ! X))+ X)X, eP,
200" | [Ny 7 )Ny 1 ) 2 WX + M XNIX € Po)

Ny }
(No + N1)(No + N2)

=Ex[1* + 0| R|Ez|0.0r [

The second term in the cross-product Y;Y;’s can be further decomposed according to
the different configurations of the two distinct observations X; and X; across the disjoint
parts Py, P;, and P,

Ezie.0 NN, Y VY;I{X;€ P, X; P}

i#]

=Ez00 NN, > X )u(X)I{X; € P, X, € P}
i#]

:EZ|@,®/ NN,ZIU/ I{XZ,X GPO}
i#]

+Ez0.0 NN, > X)X HI{X; € Ry, X € P}
G ]

+Ezj0.0 NN, > (XXX € P, X; € Ry}
i#J i

+EZ|@7®/ NN/ZM I{X EPlyX 6P2}
i#j i

=11+ 1 —l—]g + 14,
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in which

1
I =Ezee NN E (X)) (X 5)I{ X5, X ; € Po}
i#]

= (Ex[ulP])*Ez0,0 [ No(No — 1) ] ;

(No + N1)(No + Na)

1
Iy =Ezeee NN’ ZM(Xi)M(Xj)I{Xi € Ry, X; € P}
i#j

— Ex | Po)) Ex [u P2 Ezjo o [

NoN, ]
(No+ N1)(No+ N2) |’

1
Is=Eze.0 | N7 > X)X )I{X; € P, X; € R}
i#]

— Exi P)Ex 1P Ezjo o [

N1Ny ]
(No+ N1)(No+ N2) |’

1
S9N > X )u(X)I{X; € P, X; € P}
i

— ExliP)Ex 1P Ezo o [

Iy =Egzee

N1N, :|
(No + N1)(No + No) |

Combining the decompositions above, we can deduce that

Ez|6,0 [fpart(®0; Z, P(O))fipart (x0; Z, P(6'))]

Ny
=(Ex (02| Py) + V: B0))Ezeer
(Ex (0% Py) + Varx (u|Py))Ez|e,0 [(NO+N1)(NO+N2)}
No Ny (B.23)
+Ez00 | ( Ex(ulPy)~—~ +Ex(ulP)
Z|©,0 < X(,Uf| 0)N0+N1 X(:u‘| 1)N0+N1>

NO N2
x| E Py)—+E P)——— .
(Exuir) g oy + ExG 2)N0+N2>]

Consequently, an application of (B.14), (B.21), and (B.23) leads to the covariance formula
Va(20; ©,0") =Covze e [fipart(T0: Z, P(O)), fipart (20; Z, P(O))]
No ]
(No + N1)(No + N2)

=(Ex (0*|Py) + Varx (1| Po))Ezje e [

+Ez0,0/

No N
(Bl 3 + Exlul P ) (B.21)

Ny + No No + Na
—(Ex (u|P)(Ex (ulP) (1 (1 -p)") (1= 1 -p)"),

‘ (EXW())NO + EX<M|P2>N2) ]
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where p = Pxg(X € P) and p’ = Px /(X € P').

Lemma B.4 Assume that we have an i.i.d. sample Z = {X;}1<i<n from a population
X in X Let P and P’ be two non-empty cells in X with non-empty intersection Py =
PNP #@. Denote by N = > | I{X; € P} with p=P(X € P), and similarly, N’ and
p' for P'. In addition, define Py = P\ P’ and P, = P'\ P. Let N; =% ! | I{X; € P}}
and p; =P(X € Pj). Then when pg > 0, it holds that

(1)

No Po
E = B.25
[NN’] npp’ ( )
where the remainder satisfies

Do 1 1
Ry < +
21”npp’<1+(n—1)p 1+(n—1)p’>

with the constant C' in < independent of cells P, P', and the population distribution
of X.

(2) For any real numbers o, 3, and vy, we have

E[(a+ﬁ >< vN,ﬂ
() )
Ha= 8- (22) (1) + R

where the remainder Rog satisfies

1 1
Ry < max{|al, |8], |y[}? {npp {1+(n_1)p+ 1+(n—1)p’}

1 1
* (1+ (n—1)p)3/2 + (1+ (n—1)p)3/2

+(1—-p)"+(1 —p’)"}-

The proof of Lemma B.4 above is provided in Section D.2. Substituting (B.25) and
(B.26) into (B.24), by setting o = Ex (p|Fy), 8 = Ex(u|P1), and v = Ex (u|Ps) we can
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deduce that
Do
npp’
+ (Ex (ulPo) — Ex (u| 1)) (Ex (1| Po) — Ex (1] P2))

Va(20;0,0") = (Ex (0?|Py) + Varx (u|Py))

pip2 po
pp’ npp’
2 2 Po 1 1
o o O
+(HMH —|—||O' H ) X <npp/ {1+(n_1)p+ 1+(n_1)p/}
1 + 1
(I4+(m—=1)p)32 A+ (n—1)p)32

+(1-p" -1 —p’)”>-

+

Note that

Ex ((n—Ex (ulP))(n — Ex (ulP)| )

~Varx (u[Fy) + (Ex (ulFy) ~ Ex (uP) Ex (ulP) ~ Ex(ulP)) 2

and

Ex (1) = Ex (ulP)" +Ex (ul )"
Po P2
Ex (u|P') = EX(Mlpo)g + EX(M!P2)g-
We can then obtain the decomposition formula
Ex ((n —Ex (u|P)) (1 — Ex (u|P'))| Po)
= Varx (u|Fo)
p1p2

+ (Ex (u[Po) — Ex (u[P1))(Ex (u[Po) — Ex (u[P2)) P

which along with (B.2) entails that

Po Po
Vae0s ©,6) = Ex (0% Po) 2% + Ex (1 — Ex (ulP) (e ~ Ex (ulP)|Po) -2
- (lulloo + 0 l0)?0 | 20 S
Hlloe =\ mpp \ 1+ (n=1)p 1+ (n—1)p
1 1

* (1+(n—1)p)3/2 + (14 (n—1)p)3/2 +(1=-p)"+ (1= p’)”)

= L {Ku(P(©), P(6))i00) + K,2(P(0), P(©)): 20))

n

2 2 Po 1 1
+ (il + 10l )? x O(W o=t ety )

a(-pr+( —p'>">.

1 1
AT -0 (Ut (-1
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Finally, by integrating with respect to the exogenous factors © and ©’; we can conclude
that

Eo0(V3(20;0,6)) = ~Eo0{ Ku(P(6), P(6)); z0)
+ K,2(P(6), P(6);0) }

+ (lello + 10°]l0)

Fo.or
XO( O <np(wo;@)p(
1

e ((1 + (n = D)p(ao; @))3/2>

+ Eo((1 — p(zo; @))n)>

p<x0; @7 @/)
x0; ©')(1 + (n — 1)p(xo; ©))

) (B.28)

with p(x0;0,0") = Px (Pg,(0) N Py, (0)).
The bound in (B.6) can be derived directly by a combination of (B.13), (B.15), (B.20),
and (B.28). This completes the proof of Theorem B.2.

B.3 Proof of Proposition B.1

Observe that for each P; € P, it holds that uplp, = Ex(u|P;)Ip,, and similarly, for each
P' € P', it holds that puprIps = Ex(u|P])Ipr. Thus it follows that
J J

(b= pp) P,y = (1 — Ex (1l Puo))Ipy,, (1 —pp)ip, = (1 —Ex(ulPry))Ip, -

Meanwhile, by the Cauchy—Schwarz inequality, we have

Ex ((1—pp)(n— pp)Ip, Ipy, ) < \/]EX((M — pp)*Ip, JEx (1 — ppr)*Ipy ).

By the definition of the signal-induced local cross-partition covariance function in (B.2),
it holds that

Ex((u—pp)(p—pp)Ipynpy ) Ex((w—pp)(p—pp)lp, Ipy )

K, (P, Pxo) = P x (Pao)Px (Py,) - Px (Pgy)Px (Py,) -
< Ex (= pp)?|Pag)Ex (1 — p1p1)?| Py

= \/QM(P§ iUO)Qu(P/§330)-

The equality above holds if and only if (1 — up)lp,, = (1 — pp)l Py, almost surely under
Px. We next discuss the sufficient and necessary condition for obtaining such equality.

On the one hand, since Px (Pg, N Py ) > 0, by Assumption 4 we immediately see that
Ex (14| Pzy) = Ex (1| Py,) because p — pp and p — pps are identical on Py, N Py . On the
other hand, the equation also implies that p — E(u|Py,) = 0 on Py, \Py, and Py \Pg,.
When Py, and P, are indistinguishable, x must be a constant on Py, U Py,.
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We now move on to the second part of the proof. Note that by the Cauchy—Schwarz
inequality,

EX (J2IPw0 Ipéo ) = \/EX (O-QIP:BO )EX (0—2IPC/”0 )

Then it follows from the definition of the model-error-induced local cross-partition covari-
ance function in (B.2) that
Ex(UQIpw P! ) Ex(0'2fpm IP’ )
K,» (P7 Pl; :120) = oo w/o = . w?
Px (P )Px(Pp,)  Px(Pao)Px(Py,)

< EX(02’P$0)EX(02|P1B0)
o Px (Pwo)PX(Palzo)

=V Qy2(P;20)Q,2(P; x0).

The equality above holds if and only if o21 Poy = o2l P, almost surely under Px, which is

equivalent to the indistinguishability of P, and Pa’}o. This concludes the proof of Proposi-
tion B.1.

Appendix C. Proofs of Proposition 3, Theorems 4, 5, 8, and 15, and
Corollaries 11 and 19

This section contains the detailed proofs of theorems in the main body. The proofs are
presented in the following order: Proposition 3 first and then Theorems 4 and 5, next
Theorem 8 with Corollary 11, and finally Theorem 15 with Corollary 19.

C.1 Proof of Proposition 3

According to the definitions of ®, and ®,2, it is straightforward to verify that K, and K2
are generated by these two feature mappings, respectively. In what follows, we provide an
alternative way to prove the triangle inequality for K, and K2, by which the condition for
equality can be derived easily.

Let us recall that

Px (P; N Pj)?

Bax (= Ex (ul ) = Ex (Wl PP O Py g~y
i J
/ Px (PN P))
“Ex (1= Bx (ulP) (0 = Ex (1 P)) e 5~y
[P)Ex (1 = Ex (ulP)))?| P))

Px (PN P}).

= Bx((n = Ex (u|P2))?
Px (P;)Px (F})

Meanwhile, it holds that
Qu(P)=>_ Var(u|P) = Y E((n—Ex(ulP))*|P)

P,eP P,eP

— )2 P.
Bl Y E((n iiggfz)) P)rixrepy
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where X’ is an independent copy of X.
Then it follows that

E —-E P))?|P)E —-E P!
map’)g\/ x (= Ex (u|P) ipipigg) XWIEDPIE) (5o )
e ( ExlleExUIPIPIR) 1
PeP !
E E P!
X(Z x((u Px(gw) DP) px e py }
Plep! J
2
<JEX/{ > Ex<<u—£x(g)a>>2pi>l{x,epi} }
PeP !
2
E — Ex(u|P)?|Q'
JEX{ v [ BT o }
PP’ J

<\ Qu(P)Qu(P’),

which proves the triangle inequality for the kernel function K,. The equality above holds if
and only if for any P; € P, Pj € P' with B,NP} # &, (n—Ex (u|P;))Ip, = (M—ExOL’PJ/»))IP]{.
According to the discussion in Section B.3, we know that this holds if and only if p is constant
on P; U P]’- or P; and P]{ are indistinguishable.

We next show the triangle inequality for the kernel function K,2. Since Px (PN P}) <
min{Px (P;),Px(P})}, it holds that

Px (P; N P))?
-3 | X Exlinn g
P;eP x( PieP! x(P})
1 2
<) Px(P) > Exlo Ipapr]
P;eP P’.eP’
Ex (o I
=Y S x( P = Y Ex[0?|P] = Qu2(P).
P,eP P,eP

Similarly, we also have K,2(P,P') < Q,2(P') and thus K,2(P,P') < \/Qy2(P)Qy2(P").
The equality above holds if and only if
Px(PiﬂP]{) Px(PZ'ﬂP]{)
Px(P) —  Px(P)

=1

for any P; and PJ’ , which entails that P and P’ are indistinguishable. This completes the
proof of Proposition 3.
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C.2 Proof of Theorem 4

The global MSE can be derived by integrating the local MSE with respect to the test data
X"’ independent of the training data Z, that is,

MSE(fiens) = Ex/[MSE(fiens; X,)]

Still, we omit the superscript n from P™ with no ambiguity. Recall that given a partition
P, the corresponding partitioning estimator fipar(-; Z, P) is defined by

_ 1
Mpart(ﬁco;Z, P) = WZY’I{X’ € Pp,}-
0/ i=1

However, this representation is inconvenient in analyzing the global MSE since the target
point and the cell in partition are mixed up in Py, so it is not easy to separate the test
data and the exogenous factors to exchange the order of integration. Instead, we prefer to
work with an alternative representation

ﬂpart(mo;zyp) = Z <]V(11D>ZY;I{Xz € Pl}> I{mo € Pl} (029)
PeP Yoi=1

Clearly, the form in (C.29) above is more convenient in exchanging the order of integration
since the information of the target point @ is separated by an indicator function I{xy € Py}.

C.2.1 TERMS IN THE SQUARED BIAS PART

Let us first deal with the two terms in the squared bias part. Observe that

Ex(u|Pa(©))) = Y Ex(ulP)I{zo € P} = pp(o)(xo)-
P,cP(0O)

Hence, we can show that
Exrol(1(X') — Ex (u|Px:(0)))’] = Ex ol(1 — tpo))’]
and

Ex/ [Vare (Ex (ulPx/(0)))] = Exs [Vare (1p@e)(X"))] -

C.2.2 TERMS IN THE VARIANCE PART

Next, we focus on the two terms in the variance part. Since the local cross-partition
covariance function is related to cells Py, and P, , we need to change to another form of
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the representation of these functions. The new representation is given by

Ku(PPizn) = 3 {Bx (0 Ex(uP)) (- Ex (PP )
P,eP,

/ /
PieP

Px(P; N P))

X WI{.’BO € P ﬂpl}}

K,2(P,Pizo) = > Ex(o®|P; nP’)ﬂl{m € PN Pj}.
" PieP, X! Px (P;)Px (P/) °
PerP’

In particular, when P = P’, the representations for the Q-functions are given by
1
Qu(Pszo) = ) Ex ((n—Ex(ulP))? ) gy Hzo € B},
PEP Px (Pi)

1
Qaz P CE() E EX z I{ZBO € P ﬁPl}
Pep Px(P:)

Substituting X’ into the expression above and taking the expectation, we can deduce
that

Ex o0 {Ku(P(©),P(©); X")}

—Exo0q . {Ex (1 = Ex (| Py)) (1 — Ex (ul P))|P; 0 )
PieP,PerP'

Px (PN P))

—IPX(P)PX(P’)I{X/ €PN P’}}}

=Eo,or > {Ex (0 = Ex (ulP)) (1 — Ex (1| P))|P; N F;)
P,eP,PieP’
Px (PN P)) ,
“ExPbxey Pﬂ’}}
=Eeo {Ku(P(©),P(0))}.

Applying a similar technique, we can also obtain that

Ex’ o0 {K.2(P(©), P(0); X')} =Eee { K,2(P(0), P(0))},
Ex o {Qu(P(0); X')} = Eo e {Qu(P(0))},
Ex’0{Q02(P(0); X')} =Eee {Q,2(P(0))}.

Finally, the remainders can be derived similarly by combining an alternative represen-
tation separating X’ from the cell of partitions and the exchange of integrations. We omit
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the details to save space here and provide the final results

Rens (1) S (1tlloo + llo? | 00)? x {Ee Y. (1—Px(P))"Px(P)
P,eP(O)

B-1 1 1
+ Eo | —
500, 2 Vi e

1 1
+Ee | ~ > 1+ (n—1)Px(P) }

P;eP(©)

Recall that (1 —z)" < e ® and e %z < H% hold for all z € [0,00). The first term on the
right-hand side above satisfies

1 :
Eo | D> (1-Px(P)"Px(P)|SEe |- > e "*nPx(p)

n
P,eP(0) P,cP(©)

1 1
SEe |= >

In view of this observation, we see that when B > 2, the second term above leads the
remainder and it follows that

1 1
Rens(t) S ([1elloo + ||02||oo + 1)2 xEeg | =
n PZ-EZP(@) \/1 + (n - 1)Px(PZ)

In particular, when B = 1, the second term in R.,s vanishes and thus we can obtain that

1
n—1)Px(FP;)

1
Ryare S (e +l10%loo 17 x Bo | - 3
n 1+ (
P,eP(©)

This concludes the proof of Theorem 4.

C.3 Proof of Theorem 5

According to the dominated convergence theorem, conditions (14) and nPx (P]') — 400
imply that all the remainder terms in (15) tend to zero as n — oo. Hence, the weak
consistency holds if and only if the leading terms tend to zero.

It is clear that condition Ex o[(p — ,LLPTL(@))Q] — 0 in (21) entails the convergence of
the second term of the squared bias parts in the first line of (15) with B = 1. Similarly,
condition Ex (1 —Ee(1pn(e)))*] = 0 in (22) together with B — oo entails the convergence
of the first term of the squared bias parts in the first line of (15). Thus, it remains to
consider the convergence for the variance parts.
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Observe that ;1 and o2 are upper bounded so that we have
Ku(P,P') < |pl3K (P, P'),  Kp2(P.P') < [0®]| K (P, P').
Meanwhile, since o2 is lower bounded by 08, it holds that
K,2(P,P) > K (P, P).
It then follows that

75Ee[Q(P(0))] < Eo[Qu(P(9)) + Q2 (P(V))]
< (lullZs + llo* ) Ee[Q(P(O))],

since both @), and Q2 are nonnegative. In light of Q(P(©)) = |P(0)|, we can immediately
conclude that the variance part in the third line of (15) converges to zero if and only if
condition n~'Eg[|P™(©)|] — 0 in (21) holds.
If in addition Eg o/ [K,(P(©), P(©"))] > 0, we also have
05Ee,e/[K (P(0), P())] < Ee e/ [Ku(P(©), P(9')) + K,2(P(0), P(&))]
< ([ullz + llo*[lo0)Eo,0 K (P(8), P(O))].

The equivalence of the convergence of the variance part for the ensemble estimator in (15)
and condition n~'Eg ¢/ [Cov(P"(0), P"(0'))] — 0 (22) immediately follows. Hence, it
suffices to show that Eg o/ [K,(P(0), P(0"))] > 0.

For any § € D", denote by P(0) = {P? : r = 1,..., Ry}. From the definition of the
global cross-partition covariance function in (8), it holds that

; B By B (11— 1p(o) (1 = o) IpeTpor ) Px(PE 0 PY)
W(P( =22, Px (P)Bx(PY)

r=1 s=1

Let us define random vectors

H r = gy 0 I

r

a(X;0) =

Ipo(X !
B(X;0) = (II;X((PL) ’I“Zl,...,Rg) .

Further, we introduce the matrix-valued bivariate functions
A(0,0)) = Ex (a(X;e)a(X; 9’)T)

(Ex ((u — ppo)) (1 — MP(H’))IPTQQP§’>

VPx (P))Px (PY)
B(0,0) = Ex (B(X:0)8(X;0)")

:< Px (PN PY)
VPx (POPx (PY)

:rl,...,Rg;sl,...jRg/),

7‘:1,...,Rg;s:1,...,]%91)7
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where A(0,0') = A(0',0)" and B(6,0') = B(¢',0)". Then we see that
KM<P(9)7 P(el)) = tr(A(Ha HI)B(Hlv 0))7
Let Y be an independent copy of X. By defining h(X,Y;0) = a(X;0)"B(Y;0), we
can deduce that
KM(P<6)7 P(el)) = tr(A(97 HI)B(glv 0))
—Exy {tr (a(X:0)a(X:0) B(Y:0)8(Y;0)") }
=Exy {(a(X;0)B(Y;0)(a(X;0)TB(Y:0)}
=Exy {h(X,Y;&)h(X,Y; 9’)} :
By Assumption 4, we see that h(X,Y;0) is a ternary measurable function. Denote by
H(X,Y) =Eo[h(X,Y;0)]. An application of Fubini’s theorem yields that
Eoo[K.(P(©),P(©)] =Exy {Eo(h(X,Y;0))Ee (h(X,Y;0"))}
=Exy {H(X,Y)*} >0,

which verifies the non-negativeness of Eg o/ [K,(P(0), P(©'))]. This completes the proof
of Theorem 5.

C.4 Proof of Theorem 8

For a given target point g, the terminal node tg, = t(xo; I;) containing x( can be uniquely
determined by xg and a binary CART process, where the process is completely independent
of xyg. The independence of the binary CART process and x( enables us to exchange the
order of integration with respect to the binary CART process and the test data X' replacing
(.

C.4.1 DERIVATION OF THE LocAaL MSE ForMULA

We first determine the local MSE for the related random forests estimator firr according
to our general Theorem B.2. We begin with the squared bias terms in (B.6). Observe that
in (B.6), we have

(1(z0) — Eo (Ex (1l Py (0))))”
= (1(mo) — Eo (Ex (1| Pz, (0)))) (11(z0) — Eer (Ex (11| P, (6')))) (C.30)
=Ee.er [(1(z0) — Ex (1| P2, (0))) (1(zo) — Ex (1| P2, (61))]

where the exogenous factors © and ©' are mutually independent. Replacing P(©) and
P(©’) by two independent bi-partitions with the population CART driven by two indepen-
dent binary CART processes I; and I], we see that the squared bias part in the local MSE
formula is given by

The squared bias of tree ensemble
=Ej,.1 [(n(z0) — Ex (uft(zo; 1)) (1(z0) — Ex (1|t (03 17)))] -
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Recall that for points in t(xo; [;), coordinates x; with I;; = 1 are identical to x¢;, and
the rest can take values 0 or 1. Hence, it holds that

Ex(ult(@o; 1) = > wlxo)+ Y. BEX;)

<)< I1;=1 1<) <s,11;=0
_ . Bi
= § (zoj) + E 35
J1<<s Iy =1 1<j<5 T =0

and consequently,

e - Ex(ultCoo 1) = Y 5y (- 3 )

j1<j<s,11;=0
It then follows that

The squared bias of tree ensemble

=E;,n Z Bj (960;' - ;) | Z B <5U0j’ — ;)

71<j<s,11;=0 G <8I =0
Similarly, for one single tree, we can show that

The squared bias of a single tree =Ej, [(1u(z0) — Ex (u; t(x0; 11)))?]

=E, Z B3 <x0j - ;)

G1<5<s,11=0

2

We next deal with the cross-partition covariance and the single-partition variance terms
in (B.2). Note that a coordinate in the intersection of two terminal nodes is split as long
as it is split by either [; or I;. Given I; and I], we have

Px (t(o; 1) N t(ao; 1)) = 2~ So=1 max{lip I},
Px (t(xo; 1)) = 2~ Zi=1 10| P (t(ao; 1])) = 27 So=1 1,
and thus,

Px (t(zo; I;) N t(xo; 1)) _ o>t Iy —max{ Iy I} o¥ 0 min{ly, 1]}
Px (t(zo; [;))Px (t(xo: 1))

Since the model error has constant variance, in light of (B.2), for two independent bi-
partitions P and P’ driven by two independent binary CART processes [; and I, the kernel
function K2 is given by

oy Px(t(xo; ;) Nt(xo; I7)) 0322;?:1111111{11]-,1;].}‘

KUQ(P, Pl;w()) = 0y ]}DX(t(mO’Il))PX(t(ajO’IZ’)) =
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Thus, it holds that

N
OPX (t(aio, Il))

Let us proceed with analyzing the kernel function K,. Recall the decomposition formula
(B.27) that the coefficient in (B.2) satisfies

Qy2(P;xpo) = = 00223 1

Ex [(1 — Ex (plt(zo; 1)) (1 — Ex (ult(zo; 7)) [t (20; 1) N t(2o; 17)]
= Varx (plt(zo; ) N t(zo; 1)) + <EX (ult(zo; 1) N t(o; I7))
— Ex (lt(zo; 1) ) (Ex (ult(@os 1) 0 t(o: 1)) — Ex (ult(o: 1) ).
Observe that
Var x (ult(zo; I) N t(zo; I])) = i > By = iiﬁ?f{max{fzm’j} =0}
1< <s,I;=I];=0 j=1
and

(Ex (ult(zo; 1) N t(wo; I})) — Ex (u[t(zo; 11)))
< (Ex (ult(zo; I) Nt(x0; 17)) — Ex (plt(zo; I))))

1 1
= E Bj | woj — 3 E 5'/ oy — 5
j:lgjgs,ll'jf[lj=1 §:1<y'<s, Iy — I/ =

Hence, for two independent bi-partitions P and P’ driven by [; and I}, we can deduce
that

K, (P, P';x0) = Ex (1 — Ex (ult(xo; 1)) (1 — Ex (|t (xo; 7)) [t(0; 1) N t(zo; I})]
IP) (t(iB(),Il) (:D )
" Px (t(zo; 1)) Px (t(xo; I}))

= Varx (u|t(xo; I;) N t(xo; I}))

Px (t(xo; 1) Nt(xo; I]))
Px (t(xo; 11))Px (t(xo0; 1))
+ (Ex (plt(zo; ) N t(xo; ) — Ex (u|t(zo; 1))

x (Ex (plt(zo; 1) Nt(zo: 17)) — Ex (ult(zo; 1))

Px (t(xo; ;) N t(xo; I))
Px (t(zo; [;))Px (t(xo; 1))

Ly d_ min{l;;,I/.
- ZZBJZI{maX{Ilj»Il/j}ZO} 92 j—1 min{ly;. 07}
=1

XEIRIR) [

j:lgjgs,ll’j—lljzl j’:lgj’gs,llj/—fl’j,zl

d .
X 22;‘:1 mm{lljvll/j} .
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Meanwhile, we also have

Varx (ult(zo; 1)) = % > o B= %Zﬁf[{]lj = 0.
j=1

Ji1<j<s,I;1;=0

Thus, from (B.3) it holds that
1o d
Qu(Piao) = Varx (uft(zo; 1)) /Px (t(zo: 1)) = | 7 > BH{I; =0} | 2= T
j=1

Substituting the equations derived above into (B.2) and (B.6), we can finally obtain
that

MSE(IL/ZRF; mo)
1

B-1 1
=—En 1 B (2 - $0j> > Bjr (2 - 900;'/)

B L . )
J:1<5<s,1;;=0 ]’:lgj’gs,ll’j,zo
2
1 1
+ EEI[ Z 5]‘ <2 — 1‘0]')
J:1<j<s,I1;=0
B-1 1o 4 min{l;, 1,
T g L o* + 1 > B H{max{L;, Ij;} = 0} | 22— vt fis}
! =
B-1 1
AVESSACN ey
% Z Bir | o — 1 9325y min{L;.I};}
J J 2

J<g Ss Dy —1 =1
l g > 1N pope S2j—1 dis
+m I ‘70+125J { ljZO} 24uj= +RRF(-'130)7
j=1
in which the remainder satisfies
! 2!
Rer(xg) < (1 —-279"+ )
rr(®0) 5 S i F =Dz

C.4.2 DERIVATION OF (24) AND (25)
To further derive the global MSE, we replace g in MSE(figp; o) with a random vector
X' independent of I; and I]. Notice that

{j:1<j<sLjj—Iyj=13n{j :1<j <s,Ijy— L =1} = 2.
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Due to the component independence of X', it holds that
! 1 , 1
EX/UZJZ Z Bj XO] - 5 Z B]/ XOj’ - 5 — O
J1<j<s, I}, —I;=1 JS s Dy —1] =1

Hence, the fifth term in the local MSE formula will vanish after replacing @y with X’ and
integrating out. Further, we have that

1 1
Exin.1 >, b (2 - Xéj) > By (2 - X(l)j’)

Ji1<j<s,I;;=0 FIBES R

= > B2Var(X}) = % > I{max{I;, Ij;} = 0}.
j=1

JASGEs,01=1,=0

Consequently, by exchanging the order of integration with respect to X’ and binary
CART processes in the local MSE formula, we can deduce that

- B—1_|< 1 :
MSE(iirp) = @E 25]2(1 - maX{Ilsz/j}) + @E 25]2'(1 — 1jj)
j=1 j=1
d : /
B—1 1S 92 j—1 min{ly;. 07}
+TE a§+125?(1—max{llj,ll’j}) -
j=1
d
1 1< 22j=1 1y
+5E | o8+ 7D B0 —1y) | ———| +Rrr,
j=1

where the bound of the remainder after integration remains the same, that is,

2l

Repr < (1—27Hn .
RE S ( ) +n(1+(n—1)2—l)1/2

C.4.3 DERIVATION OF CONVERGENCE RATE IN (26)

In what follows, we will study the converge rate for the squared bias part in (25). Let us
first observe that the variance part in (24) satisfies

d .
22;‘:1 mln{lljvlz,j}

B-1 1o
— E||o2+= Zﬁff{max{flj, I;} =0}
B 4 = n
5 1 S ) 22?:1 I

N 1
B

1< 2!

2 2

J

=
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Meanwhile, denote by N; = > %_; I{I;; = 0} the number of informative variables not being

split by time [. It is easy to see that the squared bias part in (24) satisfies

— hd S 2
% > BIE[I{max{I};, Ij;} = 0}] + ﬁ > BE[I{I; = 0]} < (max iﬂ) E[N].
J=1 j=1

1<j<s

Hence, it suffices to analyze the convergence rate for E[N;].
Note that the process { Ny }o<i<; is a homogenous absorbing Markov chain on the state
space E ={0,1,...,s} with transition probability matrix

0 1 s—1 s
0 1
1 l—-q1 @
Q = (¢j) ;
s—1 qs—1
5 1—qs gs

in which

S N S

represents the probability that the next split is on non-informative variables, given that
there are i informative variables that have not been split yet. It then follows that

E(Ni1[ Ny =1i) =igi + (1 = 1)(1 —¢;) =i — (1 — ).

Recall that function W, 4(x) in (27) is decreasing as x increases and its derivative satisfies

[yd] -1 1
Wé,d(x) = —W,a(z) Z d—j—z | (C.32)
k=0

According to Taylor’s theorem, for each 0 < i < s there exists some 6 € (0,1) such that

L g = Wa(0) = Wi (i) = 1V, (01
[vd]—1 1
- ZW(GZ) E
k=0
) d . 3
> ’LW%d(S)[FZ—I = ZW%d(s)’yZ.

From such observation, it follows that

. . 3
E(Nen [Ny =4) < i1 = 29Woa(s)),
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and as such, since Ny = s we have

3 +1
E(N;) < (1 - ZwW ,d(s)> S.
Combining the results above, we can finally obtain that

maX{MSE(//L\RF), MSE(ﬁtree)}

ﬂ2 3 I+1 1 S
< ot} _Z 24 = 2
<(am ) (- bwo) e (i3

which completes the proof.

3|2

C.4.4 DERIVATION OF THE CROSS-TREE COVARIANCE FORMULA IN REMARK 10
In view of the definition in (17), the variance function of the partition generated by a single
binary CART process is the total number of terminal nodes. Notice that at depth I, we

d
have a total of Z;-lzl Ij; splits, which means that the total number of nodes is 22 5=11;
Hence, it holds that

E[Q(P)] = E[2%5-1 1),

To derive the formula for function K (P, P'), we first make some general claims. For any
partitions P and P’, given a target point xq let us define

Px (P, N P,
Px (P )Px (Pp,)’

which is identical to the local function (B.2) with ¢ = 1. According to the definition in
(16), it is clear that

K(P,P';@y) = (C.33)

K(P,P')=Ex/ [K(P,P;X")], (C.34)
where X’ is an independent copy of X. Indeed, from (C.33) it follows that

(PN P’)

Px
K(P, P I PNP
) pze:pPZ, N ~)
eP

Replacing xp with X’ and then integrating with respect to it, we can deduce that

Px (PN P))

E /KP,P/;X' E IX’EPOP/—

x [K( )] =Ex PZGPP/ZI{ S Ex (PP (P)
epr

Px(PNP)
=L 2 EmEayt X € ROP)

Px(Pz N PJ/)2

Px (PP (P) L)
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For any nodes, say, P; and PJ' from P and P’ with non-empty intersection, there exist
certain ¢ and two independent binary CART processes I; and I} such that P; = t(xo; I;)
and PJ’ = t(xo; I]). Note that a coordinate in the intersection of two nodes is split as long
as it is split by either [; or I]. Given I; and I}, it holds that

Px (t(xo; 1) Nt(xo; 1})) =2~ g maxtly 1}

and
Px (t(wo; ) = 27 ST, P (b(wos ) = 27 S5 1,
Consequently, for the ratio we have
Px(t(wo; Il))Px(t(wo; Il,))
_ 22;?:1 min{llj,ll’j}’

which is constant for any xy. Hence, by (C.34) we can obtain that
K(P,P') = Exs [K(P, P/ X')] = 2%5= minl 1)

Therefore, the final conclusion follows by integrating with respect to I; and I;. This com-
pletes the proof of Theorem 8.

C.5 Proof of Corollary 11
In light of the definition of the binary CART process (I;):>0, it holds that

ILi=5L 1+ A4, Ip=0,

where A; € {e1,...,eq} selects one previously unsplit coordinate e; per step
if _q,;=1,
0% if ;11 =0and j=1,
1 _
P(Ar =¢j | Ii-1) ~ 7 if I, 11 =0and j #1,

#{k £ 11: I_1, =0}
#{k: I_1, =0}

After [ steps, we have I; ; € {0,1} and Z;l:l I ; =1 (assuming 1 <1 < d). Let us write

if It_171 =1 and It_17j =0.

S={j:L;=1}, S :={j: Il”j =1}

for two independent copies (two trees). Denote by K =[S N .S’|.
In (24), we can find that the leading terms for the squared bias part are

El-1In]=PIp=0)=(1- ,y)l’
E[1 — max{I;1, I};}] = P(I;; = I}; = 0)
=P(l; = 0)* = (1-7)%,
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and the leading terms for the variance part are

E[2Xi=1 ] = 9!,
E[2i— min{l I} — glo#lil=1i;=1})
= E[21°7%] = E[27],
in which the quantity p; 4(7) in (30) is equal to E[25]. The interaction terms in the variance
part will be handled later after we derive the explicit expression of p; q(7).
To analyze term E[25], it follows from the identity

o = T+ 1{jesnsh) =) H{rcsSns'}
j€ld] TC(d]
and the independence of S and S’ that
E2K] = Y (P(T C 9))*.
TCld]

Note that only subsets T' with |T'| <[ will be shown in the summation since |S| = |S’| = I.
Next, we group by ¢t = |T'| and whether 1 € T" or not to derive the expansion of p; 4(7v). In
fact, if 1 € T and 1 < |T'| =t <, it holds that

d—t

(i=2)

d—1

(i)

by conditioning on including 1 and then choosing the remaining [ — 1 uniformly from d — 1
coordinates. If 1 ¢ T and 0 < |T| =t <, we split by whether 1 € §

(510 ("4
- T (=P
(-1) ()
Counting the number of T" with/without 1 yields that

pra(y) = E[2€] = i (f: i) (Plgcg))f

t=1 -1

! d—1—t d—1—t\ \ 2
d—1 _1_ _
() (B - )
=0 (1) 1)
= A1gP} + 2B P (1 — Py) + Cra(l — P)?,

Ayg = 2tll (?:D (((g:gf

P(TCS)=P -

P(TCS)=P

where

g B
Cu=3 () <((d7;))> |
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Fix integers d > 2 and [ > 1. Recall the following binomial identities

(d—1>:<d—1>r (i) _a-n (50
r L (A T B

(C.35)

Denote by A, := (651:11)12}!. Then we can easily deduce that

-1 -1 = 2
l l
Al,d = 22Ara Bl,d = Z <l—7") Ar, Cl,d = Z < > AT. (0.36)
r=0

r=0 r=0 L—r

Hence, combining (C.35) and (C.36), we can obtain equation (30).
Back to the MSE formula (24), we notice that the interaction terms in the variance part

E|(1—mm)2=="] = 1 - )2,

E [(1 — max{l;y, I}; }) 255=1 mi“{fuvfz’j}} — E[I{1 ¢ SN 8§12K]
1—P1)*Crq
. ,
SERF](1 )
are negligible compared to the corresponding leading terms, where the last inequality above

holds since Cj 4 < 2A4; 4. Consequently, by substituting all the calculations above into (24),
we immediately find

MSE(ine) S © = SB[~ max{Tu, 1)) + 75 BTEN — Iu]
BE la%E[zz?_l r:m{hj%}] + ;rf%i + R

= P60 A 4 B0 )

B]; LB, ;oéfj + Rigp,

where

l2l 2[ 3/2 .
Rep SA—7)'=+ (= 1—279"
w2+ (2) +a-2
This completes the proof of (29).

It remains to study the convergence rate of p;4(y) and make comparison with 2l as

l,d — oo with [/d — 0. We recall that for any fixed ¢ <, it holds that

(717D -1, (41 (1) d—1 1 -
eI = Tl G L T

Let us write a = (I—1)/(d—1) and P = 1 — (1 — v)! with fixed v € (0,1). Since
1—P = (1—~)— 0 exponentially in /, by some standard calculations using the three
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identities above, we can find the formula in (30)

A1\ (-1 ~
() = 2P} +o((L+a”)1).
PLay 1;( t )((d—l))

For the main sum on the right-hand side above, it follows from the uniform ratio ap-
proximation that

(L=De _ (14e) | |<Cﬁ 0<t<l-1)
(d—l)t_a €t), gt = d >t > )

with C" an uniform constant independent of d, [ and ¢, and thus

() () - B ()
= (1+a*)* (1 +0(1)).

l

t

Il
o

Combining P; — 1 with the result above, we can finally conclude that

pra(y) =2 (1 +a*)* 1 (L +o(1))

as [/d — 0. Therefore, since log p; 4(7) ~ (d — 1)log(1 + a?) ~ 1?/d, we have that

pra _ exp (I*/d)
? ~ T — 07

which proves the final conclusion of Corollary 11.

C.6 Proof of Theorem 15
C.6.1 DERIVATION OF THE LocAL MSE ForMULA

We first calculate the local MSE for the related random forests estimator figp according to
our general Theorem B.2. Let x¢g = (zo1, ... ,xod)T € [o, 1]d be the target point. The proof
here follows similar lines as in Section C.4, where we first address the squared bias part and
then the variance part.

On the one hand, let us recall the representation (C.30) of the squared bias part for the
tree ensemble. Then for two independent bipartitions driven by two independent uniform
CART processes J; and J], the squared bias part in the local MSE formula can be written
as

The squared bias of tree ensemble
=E;, g [(u(z0) — Ex (ult(zo; /1)) (1u(20) — Ex (ult(zo: 17)))] -

Given a realization of a uniform CART process J;, in light of the discussion related to (33),
the terminal node containing xg is given by

d

K(xoi, Ji;) — 1 K(xoi, Jii)

t(x07 Jl) = H < 2J1i ’ 2J1i ’
i—1
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where K (z9,m) = [202™]. In addition, it holds that
Ex (u[t(zo, J1)) Zﬁz (20, Jui),

where M (x0;, Ji;) = (2K (z0i, Jii) — 1)/275+1. Then we can show that

The squared bias of tree ensemble

=K,z [(Z Bi (xoi — M (zoi, Jli))) (Z Bir (woir — M (wow, J[y)))] :
=1 =1

Similarly, it also holds that
s 2
The squared bias of one single tree = E, (Z Bi (zoi — M (04, Jh-)))
On the other hand, observe that for two terminal nodes t(zo; J;) and t(xo; J;) in P and

P’ the edge length of their intersection is 2~ ™@{i/ii} for any ¢ = 1,...,p. It follows that

Px (t(zo; Jy) N t(ao; Jf)) = 2~ Zima max{i i}
Px (t(zo; J1)) = Px (t(o; J})) = 277,

and thus,

Px (t(@o; ) Nt(@0i L)) _ o522 mmin{s, )
Px (t(xo; [1))Px (t(xo: 1))

For the kernel function K 2(; x¢) in (B.2), since the model error has a constant variance,
we have that

5 Px(t(zo; J;) Nt(xo; J])) _ p2o8h min{iJl)

Koa (P Phi0) = 00 s )P (b0 )

where P and P’ are two independent bi-partitions driven by two independent binary CART
processes J; and J]. Thus, when P = P’, we have

b2t
OPx (t(zo, /1))

As for function K,(;xo), we recall the decomposition formula (B.27) and can see that
the coefficient in (B.2) satisfies

Qo (P 20) = — o3 — ool

Ex [(1—Ex (ult(zo; 1)) (1 — Ex (ult(zo; J)))) [t(z0; Ji) N t(20; J])]
=Varx (u|t(az0; Jl) N t(l’o; Jll))
+(Ex (ult(zo; J) Nt(zo; ) — Ex(n

Ex (p[t(xo; J1)))
X (Ex (ult(zo; Ji) N t(wo; J})) — Ex (u

|
[t (03 J))))-
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Notice that

1< —2max{Jj;,J]
Varx (u|t(zo; J;) Nt(zo; J])) = o 2@22 2max{Jii,J}; }
=1

and
(Ex (p|t(o; Ji) N t(xo; J])) — Ex (ult(o; 1))
x (Ex (ult(zo; Ji) N t(xo; J))) — Ex (ult(zo; J)))

_ Z Bi (M (s, Jj;) — M (203, Ji;))

i1<i<s,J), > Ji

X > By (M (woyr, Jur) — M (oir, Jjyr))
VA< <8 dyy > T

Hence, for two independent bi-partitions P and P’ driven by J; and J], we can deduce
that
K, (P, P'yw0) = Ex [(1— Ex (ult(zo; 1)) (1 — Ex (plt(zo; J)))) [t (o3 Ji) N t(xo; Jj)]

" Px (t(xo; J;) N t(xo; J;))
Px (t(xo; [1))Px (t(xo: J)))
= Var (e ) 0 s ) o

+ (Ex (ult(zo; J1) Nt(xo; J))) — Ex (plt(zo; Ji)))
< Exe ulems J) 1 s )~ Bx (s ) ¢ e v T

S
— (112 ZB?QQmaX{JZi7J{i}> 22?:1 min{Jli,J[i}
=1

- Z Bi (M (xoi, Jj;) — M (04, Jis))

i1<i<s, ], > Jyi

d .
« Z By (M(m()i/, Jiir) — M (o5, ‘]l/i’)) w 92 imy min{Jy;, J;}
i1<i/<s, ;1> J}.,

Meanwhile, since

1< o,
VarX(iu““:(mO?Jl)) = EZﬁ?Q 2lea
=1

it follows from (B.3) that

Qu(Pi@0) = Varx (ft(o: 1)) /Bx (6(z0; 1)) = (112 Zﬁfz““) 2.
=1
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Substituting the equations derived above into (B.2) and (B.6), we can finally obtain
that

MSE(firr; o) = B Ej.0 [(Z Bi (xoi — M (woi, Jli))) (Z Bir (woir — M (xos, Jz’w)))]
) =1
+ EJZ (Z Bi (x0i — M (zoi, Jli)))

B -1 2 1 oo omax (g} | oS min{ )
+ Bn EJlaJl/ (00 + 12;@,2 e 22vi=
B-1 ,
+ 5, L S B (M(zoi, Jis) — M(woi, i)
1:1<4i<s,J], > Jy
« Z By (M(in’qui/) _ M(ﬂfOi”Jl/i')) Xy min{Jzi,Jl'i}]

1</ <s,J}; > J],

1 1 < o
T B (08 TP ””) 2| + R (@),
i=1
in which the remainder satisfies
2[

R 1-27 .
rF(20) S ( P n(1+ (n—1)2-1)1/2
C.6.2 DERIVATION OF (34) AND (35)

We now proceed with examining the global MSE formula. Observe that the uniform CART
process is independent of xg. Then by replacing xg; with a uniform random variable X;, it
holds that

2914
2k —1 k—1 k
s (M (X 00) = X0 = Exps, | X (Gt =) /{5 < % < g )
k=1

& g (21 21\
- Z 2J“+1 To9du+l ) T
k

271 2
k—1
EXAJM[( (Xz,le) - 1 EX | Jui Z <2Jlr‘r1 - ) I{ o T1i < Xj < 2«111}
k=

! 2
11 LI ig—ﬂjz
27 3 \ 27u+1 12 '

2715
k=1

In addition, we have that

{’i: 1§’i§S,Jli<Jli}ﬂ{i/: 1§iI§S,Jli/ >Jli’}:®'
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Thanks to the component independence of X', we can show that

Ex17,,01 [ oo B (M(X], ) — M(X], i)

:1<i<s,J],>J1;

X > Bir (M(Xs, Jur) — M(XGy, Tyy)) ] =0

VA< <s, 0> ),

Meanwhile, it follows that

EX’\J[,JZ’ [(Zﬁl X M Xquz ) (Zﬁz 4 X’L 7le )))]

=1
s

1 2—2 max{J“,Jll}

T 12
=1

Summarizing the results derived above, we can deduce that

Z 622_2 max{Jl,,Jh}]

B-—
20—2J);
MSE(firr) = 12B 252 + 12B

1 Y 9l
+§ (00+ 2522 2h> n]
d 1 /
B—1 2 & 20 —2max{Jj;,J/; } 22 5= min{ i Jj }
tp E (“ﬁm;ﬁﬂ i .
1=
+ Rrr,

where the remainder is bounded by the same one as in the local version formula
2l

Rrrp < (1—27Hn .
re S ) +n(1+(n—1)2—1)1/2

C.6.3 DERIVATION OF THE CONVERGENCE RATE

To investigate the convergence rate, we first notice that the convergence rates of the vari-
ance parts in (34) and (35) are bounded in order 2!/n. Hence, it suffices to focus on the
convergence rate for the squared bias part, which is bounded by

2 S
ﬁi § : —2Jy;
(112%12>E[,12 ]
1=

Denote by H; =7, 272/l We see that H; is non-increasing and satisfies

S
H — Hpq = Z (2727t — 272+14) T{the (I + 1)th split is on 4}
=1

= zzQinl’iI{the (I + 1)th split is on ¢}.
i=1
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(the (I 4 1)th split is on 4|.J;) for 1 <i < s. It holds that

_ 3
Hl+1|Jl 22 21 <1 — *PJZ( )>

We next aim to show that
s s
jmin Pi(i) 27 (1= 3) -+ <1 - d—ﬁcﬂ+1> = Wyals), (C.37)

where the RHS above is independent of J;, and W(s) is the same as defined in the last
subsection. To this end, denote by n;; = #{1 < j < s : 5]22—2Jz,j = (22724} and
#{1<j<s: 652*2“7173' < 32272/}, Tt follows from the definition that

Let us define Py, (i) =P

d—s+my ;+ng; d—s+ny ;
(™)~ ™)

Py (1) = —
R (r3a1)

_ L s — | ST T
N d d—[~d] +1

nyq
Y AU B R LR I
d d— [~d] +1
With an application of (C.32) and Taylor’s theorem, it holds that for 0 < z < y < s, there
exists a 6 € (0,1) such that
Wy a(x) =W, aly) = W, 4(x 4 0y)(z — y)

’—'Yd“fl 1 ’V'}’d—‘
= (y — > Ll |
(y — z)Wa(z + 0y) ,;:0 e — (y = 2)Woa(s)—,

Substituting x = s —my; —ny; and y = s — my; into the inequality above, we have

. 1
Py, (i) = E(ny,d(s —my; —ny;) — Weyal(s —ng;))
d
> W,.4(s) hdw > YW, a(s).

As such, it follows that
B(t) < (1= 5Wate) ) Bl < < (1= 209 s

Combining the results above, we can finally obtain that

max{MSE(uirr), MSE (Litree) }
B3 I+1 s, 12| 2
< <max —= | (1=W(s))" s+ Uo+12jzzlﬁj e

1<5<s 12

which completes the proof.
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C.6.4 DERIVATION OF THE CROSS-TREE COVARIANCE FORMULA IN REMARK 18

The derivation of the formula in Remark 18 is generally similar to that in Remark 10.
Thus, we only emphasize the differences and omit repeated details here. In view of (17),

d
since there are 2?21 Ij; splits at depth [, the size of terminal nodes is 225=1115 and hence
Q(P) =251,
Meanwhile, for two terminal nodes t(xo; J;) and t(zo;J]) in P and P’, the edge length
of their intersection is 2~ ™{/1i:/ii} for each i = 1,...,p. Then we can deduce that

K (P, P's z0) = Px (t(zo; J;) Nt(xo; J))) _ oSy St —max{ i, T}
Px (t(xo; J1))Px (t(xo; J)))
— X, min{Jy;, Jj;}

which remains constant for any xy. Therefore, it follows from (C.34) that
K(P,P') = Ex [K(P, P'; X')] = 25 mintuJi,
which yields the final conclusion. This concludes the proof of Theorem 15.

C.7 Proof of Corollary 19

From the definition of the uniform CART process, we see that for the special setting of
s = 1, the evolution pattern of J; is given by

t
Jp=Ji1 + A :ZA57 Jo=10 GRd,
s=1

where (Ag)s>1 is a sequence of i.i.d. random vectors taking values over the set of unit
coordinates {e;} with

vy for j =1,
P(As = ej) ~ {1_7

= otherwise.

Hence, we have that i) the coordinate process J;; ~ B(l,7), a binomial random variable;
and ii) the whole process J; is multinomial distributed, say M (n,p(v)), where

P(’Y):(%df sy )

Let us go back to the MSE bound in (34). For terms related to a single tree, the squared
bias and the leading term of the variance part become

l
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respectively. Meanwhile, for the tree ensemble, we will show that the squared bias and the
leading term of the variance part satisfy

, l
]E[zmeax{Jll,Jll}] — (1 . %)2 E <2Z’y> ’ (ng)
E [22?:1 min{Jljle/j}} — 2lGl,d(7)7 (C40)

in which F; and G4 are as given in the corollary. Moreover, using a similar argument as in
the discussion on the leading terms, accompanied by the Cauchy—Schwartz inequality, we
can show lthat the interaction terms in the variance part are minor and have an order of
(1- ‘%)l% + (1 — 275", Consequently, combining (C.38)(C.40) with (34), we can derive
the target MSE bound (37).

The rest of the proof is outlined as follows. We first prove equations (C.39) and (C.40),
and provide upper bounds for the rate functions Fj(q) and Gj4(y). Next, we investigate
the monotonicity of product (1 —~/2)%F(v/(2 — ~)) in 7, which reflects how the squared
bias for the tree ensemble decreases as v varies. Finally, we focus on G 4(y) and study its
monotonicity in dimensionality d and -y, respectively.

Proof of equation (C.39). Recall that J;; and Jj; are independent binomial random

variables. Using the identity max{z,y} = z—;ry + L;y', we can deduce that
/ 21 /
E[272mexndhl] — (1 - %) Eq[27n=hl], (C.41)

where probability measure Q is defined via a transform
dQ 9—(Ju+Jj;) ' ) 7\ 2
i e e S (1-3)"

In addition, we surprisingly find that under probability measure Q, i) J;; and Jj; are still
independent of each other, and ii) they follow the binomial distribution B(l, ¢(y)) with

g(y) = ——. (C.42)

In fact, the first conclusion follows from

Q(Jn=m ‘]lll — m/) _ E[Q_(J11+J{1)]{Jll =m, Jlll _ m/H

E[2-/n]E[277n]
_ B I{Jn = m}| B2 I{J), = m'}]
E[2~n] E[2-71]

= Q(Ju = m)Q(J}, = m),
while the second equality above holds since

—-Jn =m -m
Q(Jn =m) = ER ]E[I2{:]‘§lll] : - (12_ %)IP(JH =m)

(G-
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Recall that the Fourier coefficient of a Poisson kernel satisfies

/ ¢, (0)do = Il ke Z.

—Tr

It then follows by taking r = 1/2 that

Eg [Q—UH—J{J} — /_7r Eg [eiH(Ju—Jh)}ul/Q(g)dg
Eg [eieJ“}

/7T
—

-/ 11— a) + e[ s a(6) 6,

2
N1/2(9)d9

where the last equality above holds due to the fact that the characteristic function of a
binomial random variable Jj; ~qg B(l,¢()) is given by

Eq [6“””] = ((1 —q(y)) + (J(V)ei@)l :

Combining the results above, we can complete the proofs of equation (38) and the fact that
21:|

Upper bound for Fj(q). In what follows, we will provide an upper bound for term Fj(q)
for each g € (0,1). Observe that

, 21 .
B[z 2metni) = (1= 1Y By [0 00) + 0o

12
(1—q)+qe| =1-2¢(1—¢q)(1—cos) =:1—c(1— cosb),

where ¢ :=2¢(1 — q) € (0, %] when ¢ € (0,1). Using the elementary inequalities
—x 2 2
1l—xz<e™™, 1—(:0592—29
0
that are valid for all # > 0 and all # € [—7, 7|, we can show that

(1—c(1— cos@))l <exp(—Lc(l —cosh)) < exp( - %692)

Hence, with the aid of the fact that P, , has a positive upper bound || Py j5||oc over [—, 7],

we have that
[P j2lle (™ 2¢, 9 1Pyollee [
< /2T = < 2T [ T
File) = —5 /_WeXp( ol )de— 2 2’

which verifies the conclusion that Fj(q) = O(F%) for any ¢ € (0,1).

69



MEI, FAN, AND Lv

Proof of equation (C.40). Recall that E?:l Ji; = 2?21 Ji; = | and min{z,y} =
ztv  2=ul Then it holds that

2
E [22]’:1 min{‘]l]'7‘]l/j}i| ) [2% S s S T Y |JU—J{]~\]
C.43
= QIE[2_%HJ1—J{H1}7 ( )
where || - ||; denotes the 1-norm of vectors in RY. Next, using the identity of the Poisson
kernel and the characteristic function for a multinomial distribution M(l, p)
!
[ {0, } = ij )
we can deduce that
1 /
E{Q‘EHJZ_JZW] =E /[ . =0y 10y 5(0a)do; - - - dbg
:/{ Jd E[ GJZ” PyaOr - by 5(0a)dd - -~ dba
; 21
= /[ y > opieli| pya0i- -y, 5 (0a)dbs - dby
d A7~
=Ep, ., sod[ > pjei } = Gra(p)-
j=1
Thus, substituting p; =y and po = -+ =pg = (1 —7)/(d — 1) into élyd(p), we can derive

the representation of Gy 4(v)in (39).
Upper bounds for Gj4(7). Let us define

Then it follows that

2

d
Aa(1,0) = | 7™ + (1 =) Ze‘gﬂ = Jyei® + (1-7)$
Jj=

29(1-=19) 7 g
_ A2 2 2
=7+ (=)’ + = z;ose—el

Using |S] < 1 and cos(+) < 1, we can show that

d
1
Ad(7,0) <1 —cyo— > (1= cos(6; — 61)),

j=2
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where ¢y :=2y(1 — ) € (0,1/2] for v € (0,1). Since 1 —z < e~ %, it holds that

d
Ay(7,0)! < exp { e, (ﬁ > (1= cos(t; — 01))) } (C.44)

j=2
For all |z| < 27, we have that

1—cosx > 3p( )2, p(z) :=min{|z|, 27 — |z| } € [0, 7].

Let ¢; :=0©; —©1 € [-27,27] for j = 2,...,d. Then from (C.44), it follows that

2¢, 1
! y
Aa(v,0) < exp{ - ?rzp ©;) }
Note that P1/f( ) < ||P /\[Hoo We can deduce that

Gra(y) = E[A4(v, ©)"]

H f”oo 2c l d
Y [ el S0}
—T, T =2
17, gllcond d 2, ¢ 2
—mm| \ j=g/l=m7

For each fixed 6, let us set ¢; = 0; — 61 € [—2m,27]. Then it holds that

2cy / ' 2 '
/[_M] exp{ -2 g 1p(9] 1) } db;
2¢y
- exp — 6;)? t o,
/[—w—01,7r—91} { 2 d ( ]) } ’

2¢y 4
< exp{ R }d%.

Since each u € [—m, 7] has at most two preimages under this folding and ffg e—rr(9)? do <

2 ffﬂ e~ du for any k > 0, an application of Fubini’s theorem leads to

d
2¢c 4 _
H/_M] exp{ gd_lp(ej—el)Q}dej < 24 1/[_7”r]d1 exp{—mZu?}duam dug,

Jj=2

2
where xk = c” df 7- Hence, we have that

2¢cy / 9
Gra(y) < Co(d,r)/ - exp{ = Z%} dps - - dipg,

[_ﬂ—’ﬂ-
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where Cy(d, r) = (|| P, /\[Hoo/(27r)) - (2m) - 2471
Further, bounding the cube by R?~! gives that

d—1

/ 0T gy < / e—allvl® gy — (E)T gy
[—m,m]d—1 ~ JRd-1 « ’ w2 d—1

Therefore, we can obtain that

Gra(v) < Co(d,r) <7T(d_1)>dgl = Cy(d,r) (Wg(d_l))d;l it

« 2¢cy

In short, for each fixed d > 2 and v € (0, 1), we have G} 4(v) = O(Z_(d_l)/z) as { — oo.

Monotonicity of M;(vy) = (1 —~v/2)? F;(v) in 7. We now aim to show that M;(7y) locally
decreases in «y for sufficiently large /. In addition, we have

20D < M) < (- )

To see this, let us write
K(q,0) = (1 — () +a(v)e”|* =1 - 2q(1 — q)(1 — cos) > 0
Then it holds that F(q) = Ey[K(q,¢)!] and F/(q) = [Ey[K (q,¢)""'9,K(g,v)], where
0,K (q,0) = —2(1 — 2¢)(1 — cosb).

It is clear that F}(¢) = 0 has a unique zero at gy = 1/2. Moreover, if 0 < ¢ < 1/2, we
have F/(¢q) < 0 and thus F(q) decreases; if 1/2 < ¢ < 1, we have F/(¢) > 0 and thus Fj(q)
increases. Hence, it follows that

F(1/2) < Fi(y) < F(1) = F(0) = 1

By the Beta integral formula and Stirling’s formula, we can deduce that
B 1 +cosy\lp o (Y
11/ =By | (=57 ) | = Bofeos® (5)

— /2 21
=4 </0 cos (u)du) (1+0(1))

—or (l(+ 1/)2) ~ 2 /ml V2.

Hence, for any 0 < v; < 72 <1, we have that

Mi(v2) _ (1—72/2>2’Fz(72) < (1—72/2)21 1
M(n) L—m/2/ F(n) ~ \1=-m/2/ F(1/2)
_ VL 1= yp/2
=ayrlizp) <!
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for sufficiently large [, which proves the assertion.

Monotonicity of G; () in dimensionality d. We now prove that Gjq41(7) < Gra(7)
for each fixed v € (0,1) and fixed I € N. Recall that

Glyd( ) E‘Plv -Pd ’Yeupl + 1 - — 1 Z eup] ?
where ¢1,...,¢q are i.i.d. random variables with distribution I3 (the Poisson kernel
measure).
Lemma C.5 (Averaging decreases convex expectations) LetYi,Ys, ... bei.i.d. ran-

dom vectors and Y , = % > 1 Yi. Then for any convex g : C — R, we have

Elg(Ym+1)] < E[g(Ym)], m=>1

Proof. For each 1 =1,...,m + 1, let us define the leave-one-out mean
1
=—> %
J#
Then it holds that
o 1 m—+1 )
1 = ——— > Y
m+1

i=1
By the convexity of function g, we have

1 m+1 (i) 1 m+1 ( )
Yimi1) =g | —— § vy ) < § 9.
9( +1) g <m 1 £ > = 1 9( )

=1

Taking expectations and using the fact that all Y(_i) share the same distribution as Y,,,

we can obtain that

m+1

E[g(ym+1 E[g(?m)]

In addition, if g is strictly convex and the distribution of Y;’s are non-degenerate, the
inequality above becomes a strict one. This completes the proof of Lemma C.5.
We now apply Lemma C.5 above to Y} := e€'%#+1 and convex function

ga(w) :=|a+ (1 —y)w|? with a = ~e¥!
Since S, = Y, we can obtain that

E[ga(5m+1) | 901] < E[ga(sm) | 501}-

Taking expectation with respect to ¢ yields the monotonicity of G} 4 in dimensionality d.
Since I3 is non-degenerate (e.g., the Poisson kernel) and [ > 1, the inequality above is
in fact a strict one.
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Monotonicity of G;4(v) in . We finally aim to show that Gj4(7) exhibits a U-shaped
curve and attains its unique minimum at v* = 1/d. Let

Ad_lz{pERd:pjzo and ijzl}
J

be the collection of probability measures on {1, ..., d}. Recall that function él’d c AT SR
is defined as
2l]

We assert that (Nil,d is in fact symmetric and convez on the probability simplex. Indeed, for
each fixed 8 = (01, ...,0y), the map

C?l,d(p) = Esm,...,cpd [

d
E :pjew
J=1

2l

d
P [ e
=1

is the composition of a linear map in p and the convex function z +— |z|* on C ~ R?
(with 21 > 2). Hence, such map is convex in p. The integration is taken with respect to a
nonnegative product measure that is symmetric in the coordinates, and thus we establish
the assertion.

Next, we exploit the concept of the Schur convexity in Marshall et al. (2011)[Chp 3] to
show that Gy 4(p) attains its minimum at p = (1/d,---,1/d). Recall that G; 4 is symmetric
and convex, by Proposition C. 2 of Marshall et al. (2011)[Chp 3], él,d(p) is Schur-convex;
that is, if p > ¢ (majorization and see Marshall et al. (2011)[Chp 1. A.1] for its definition),
we have C~¥l7d(p) > él,d(Q)- Since the uniform distribution v = (1/d,...,1/d) is majorized
by each p € A1 the Schur-convexity yields that

Gra(p) > Gra(u).

Consequently, the unique global minimizer of él’d(p) on the simplex is the uniform distri-
bution.

Observe that G 4(v) = éhd(p('y)) with the affine transform

p) = (7555 ), vell
~—_——

Because él,d is convex on the simplex, the restriction v — G} 4(7) is also convex on [0, 1].
By symmetry, the unique minimizer along this path is where all coordinates are equal, i.e.,
v* = 1/d. Therefore, we see that G 4(v) is a U-shaped curve: it decreases on [0,1/d] and
increases on [1/d, 1], and has a unique minimum at v* = 1/d. This completes the proof of
Corollary 19.
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Appendix D. Some Key Lemmas and Their Proofs

In this section, we provide a list of lemmas on the asymptotic inverse moments involving
sample counts over subsets, which are used in the proof of our main theorems. The proofs
of these lemmas are detailed in the later subsections.

In the first lemma, we derive the upper bound for inverse moments involving a multi-
nomial distribution.

Lemma D.6 Let (Ni,...,Ni) ~ M(n,(p1,...,pK)). Then for any a;; >1,i=1,..., K,
7=1,....,my, it holds that

ﬁﬁ(]\[ _|_a”> <ﬁﬁ <npz+aw>

1=17=1 i=1j=1

The next lemma provides the higher-order expansion of the expected inverse power of
a binomial random variable.

Lemma D.7 Let N ~ B(n,p) and r be a positive integer. Then for any constant a > 1, it
holds that

T R T
- (a+ N)" (a+np)" ™~ (a+np)rtt

Further, we have

1 ] _ 1 r(r+ )np(1 —p) 'R
( ;

E
[(a—l—N)’" a+np)" 2(a + np)rt+2

in which the remainder satisfies

1
Ry S ——m—.
1 (4 + np)rt3

Further, we consider the higher-order expansion of expected products of inverse powers
for a binomial random variable.

Lemma D.8 Let N ~ B(n,p), and r and s be two nonnegative integers with r,s > 1. Then
for any constants a,b > 1, it holds that

! 1
0=k [(a+N)r(b+N)S ~ (a+np)r(b+np)*
. 1

< + .
~ (a+np) L (b+np)*  (a+np)(b+ np)stt

Further, we have

1 ] _ 1 r(r+1)np(1 — p)
(a+ N)'(b+ N)s (a+np)"(b+np)*  2(a+np) +2(b+ np)s
s(s+ 1)np(1 —p) rsnp(l — p)

R
2(a+np)"(b+np)s+2 (a4 np)"tH(b+ np)st! + s
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in which the remainder satisfies

Rs < ! + !
(a+np) t3/2(b+np)*  (a+np)"(b+np)3/2
1 1

+ (a+np)T+1(b+np)s+l/2 + (a+np)r+1/2(b+np)s+l'

The next lemma gives the expansion of inverse moments of the product of sample counts
without overlapping.

Lemma D.9 Let Ay and Ay be two disjoint, non-empty subset with positive probability
p1 = Px (A1) and ps = Px(As). Denote by N; = > "' | I{X; € P;} fori=1,2. Then for
any constants a,b > 1, it holds that

1 _ 1 np1(1 —p1)
(a+ N1)(b+ No) (a+np1)(b+np2)  (a+np1)3(b+ nps)
np2(1 — p2) np1p2

— + Re,
(a+np1)(b+mnp2)3  (a+np1)?(b+ nps)? 0

in which the remainder satisfies

Re S . + !
(a+np1)32(b+npa)  (a+np1)(b+ nps)d/2
1 1

+ + .
(a+np1)2(b+np2)3/2  (a+ np1)3/2(b+ nps)?

In particular, we have

1 1
0=k (a+N1)(b+N2)] ~ (atnp)(0+np2)

_ 1 1 1
(a+np1)(b+np2) \a+npr b+ nps

Combining Lemmas D.7-D.9, we finally derive the expansion of inverse moments of the
product of sample counts with overlapping.

Lemma D.10 Let P and P’ be two subsets in X% with a non-empty intersection Py =
PN P # @& having positive probability po = P(X € Fy). Define p = P(X € A) and
p' = P(X € A). For a given sample {X;}i<i<n, denote by N = >" | I{X,; € P} and
N’ " I{X,; € P'} the sample counts of P and P’, respectively. Then for any constant
a > 1, it holds that

@+ N)a+ N |~ (@t np)(atnp) (” a—i-?fp) ( * a1+—£;)

n(po — pp’)
— R
(a +np)?(a+ np')? + A
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where the remainder satisfies
1 1

(at mp)2(atng) | (atnp)(atny)?
1 1

+ (a +np)2(a + np')3/2 + (a+np)3/2(a+np' )2

R S

In particular, we have
19 N S I S R
(a+N)a+N)] (a+np)(a+np) ™ (a+np)at+np) \a+np b+ np

The results displayed in Lemmas D.6-D.10 above are inspired by those in Lemmas 3

and 7 of Klusowski and Tian (2024), and extend the scope of these findings by providing

a more refined and comprehensive nonasymptotic framework. Specifically, we address the

higher-order inverse moments for binomial distributions and also cover the cases related to

the multinomial distributions.

D.1 Proof of Lemma B.3

Assume that N = > | I;, where {I;} is a sequence of i.i.d. Bernoulli random variables
with a success probability p. To examine the asymptotic expansion of the inverse moment
of N, we adopt the leave-one-out technique with the following observation

ST T ) o ERAE)

in which Ny = >, I; ~ B((n — 1), p) and is independent of I;. Hence, it holds that

E{I{Jvam}:”@{mf?w}%@{wlw}‘

With an application of Lemma D.7 with r = 2, we can obtain that

1 1 1
0<E - < ,
= {U+N4P} A+ (m—Dp) > 1+ (m—1)p)
Consequently, we have that

I{N > 1} B np np
OSE{ N } (1+(n—1)p)25(1+(n—1)2ﬂ)3‘

Then it immediately follows that

I{N > 1} 1 np 1 np
‘E{ N }_np ~ (14 (n—1)p)? e (I+(n—1)p)?
_ np L 20-p) (1-p)?
(I+Mm-1p3 (A+m-1)p? np(l+(n—1)p)?

() Trmoe

which concludes the proof of Lemma B.3.
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D.2 Proof of Lemma B.4
PROOF OF CONCLUSION (1)

Let us first focus on justifying bound (B.25) of Lemma B.4. Denote by

n n
Ny=Y I{X;eP} and N, =) I{X;€P'}.
=2 1=2

Then it holds that
I{X,ePnP} I{X,ePnP}

NN’ (1+N_1)(1+N",)’

Recall that Ng = > | I{X; € PN P’'}. We exploit the leave-one-out technique to
deduce that

o] = 2 [ e [ )

= npoE [(1 n Nl)l(l - N’l)} ’

where the last step above is because X is independent of N_; and N’ .
An application of Lemma D.10 with a = 1 leads to

. [(G+N1)1(G+N’1)] - {a+ (n1 Dp (1 i a+1(n_p1)p)}

, (D.45)
X 1 1+ 1=p + R
a+(n—1)p a+(n—1)p “’
in which the remainder satisfies
1 1
Ri1 S 3 N T vk
(I+m-p*Q+n-1p) @QA+n-1p) 1+ @M-1)p)
Observe that
1 1 (1 —p)?
1+(n—1)p{ 1+(n—1)p} np  np(l+(n—1)p)? (D-46)

Then the leading term in (D.45) becomes

{a+(nl—1)p <1+a+1<nf1)p>}{a+(;_1)p <1+a+1(nf1)p>}

B {nlp - np(1(+1 (_np—)Ql)p)Q} {nlp’ N np(l(i (npi)zl)p’)z}

in which the remainder Rio satisfies

1 1 1
Ri2 S n2pp’ ((1 +(n— 1)]?)2 + (1+(n— 1)]7/)2) .
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Combining the expressions above, we can obtain that

" [NJ'VH — okt [(1 TG +N'_1>}

= po, +npo(R11 + Ri2),
npp
where the remainder is controlled by
Po 1 1
Ro1 = npg(R11 + Ri2) < + ) .
21 = npo(R11 + Riz) oy (1 T h—Dp 1+ (m-1)p

PROOF OF CONCLUSION (2)

It is easy to see that

N No N No

The left-hand side (LHS) in (B.26) can be decomposed as

(o33 (%)
(o050 2)) (s (- )z

~(a-#)(a-E| 1]

+(a— 9 | 2] + 8- e | 12]

N/
+ByP(N > 1,N' > 1)
=J1+Jo+ J3+ Js.

Observe that
P(N>1,N' >1)=1-Pmin{N,N'} =0)>1—(1-p)" — (1 -p)"
We immediately see that
Jy:=ByP(N >1,N" > 1) = By + Ro3 (D.47)

with Res < [B||7[((1 —p)" + (1 —p)").
Next, for term Jo we can apply the leave-one-out technique to show that

(3] -2 [ e ]

An application of Lemma D.7 with » = 1 and @ = 1 results in

1 1 1—p
o _ 1+——2 V4R,
{1+N_1} 1+(n—1)p< 1+(n—1)p> 2
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where the remainder satisfies Roy < 1/(1 + (n — 1)p)®/2. Notice that

1 <1+ 1-p >:1_ (1—p)

1+ (n—1)p 14+ (n—1)p np  np(l+ (n—1)p)?’

It holds that

N,
E |:0:| = Po + Ro; with Ros S Po
p

p(1+ (n—1)p)¥/?

N

Similarly, by replacing N and p with N’ and p’, respectively, the same assertion still
holds. Consequently, we have that

N N
Bt Jy =l = 9| 2] + dla - e | 3]
Po Po (D.48)
=v(a—B)— + Bla—v)= + Ras,
p p
where the remainder term satisfies
Rog < max{lal. 8], 1) et
s < max{|a .
26~ T O = Dp)2 T (1t (n— )32
For term .J;, we still adopt the leave-one-out technique and deduce that
N2 = I{X;,X; € PNP}
= E =
e[ o) = SB[

" [I{X;ePnP} I{X;, X; € PNP'}

_ZE{ NN/ }Jr Z E{ NN
1=1 1<i#j<n

E ! ] +n(n—1) QE[ ! }

=N —
P T+ N+ N P @+ Ny @+ Now)

=:J11 + J12,

in which N_y =3"" . I{X; € P} and N', =>"" , I{X, € P'}.
According to the discussion in conclusion (1), it holds that
Ji1 = Po + Ry1 with Rgy < Po ! + ! > . (D.49)
npp/ “npp \1+(n—-1)p 14+ ((n—-1)p

Meanwhile, note that

1 1—p _ 1 B (1-—p)?
2+<n—2>p{“2+<n—2>p}‘1+<n—1>p A+ (-2 + = 2p2
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Then we can show that

A i e el

:{ 1 ~ (1-p)° }
Il+(n—-1p 1A+ (@n-1)p)2+(n—2)p)?

1 (1—p)?
. { 1+(n-1)p (1+(n—1p)2+ (n—2)p)> }
1
At - DpU D) T

where the remainder Ro7 satisfies

1 1 1
Br S T+ - D) ((1 Iy gy P DA ey g 1>pf>2> '

Applying Lemma D.10, we can obtain that

! 1
R o2 ] B 2 T e T
(n —1)(po — pp')
e Pt (m_2p)E T

To further simplify the leading terms, let us observe that

1 1 _ n(p' +p—pp')
14+ m=p)(1+m-1p) nn—ppy n(n—1)pp' L+ @n—1)p)(l+ (n—1)p)
B (1-p(1-p)
n(n—1pp'(1+ (n—1)p)(1 + (n —1)p’)’
1 1 1—p 1—p
1+ n—-Dp)(1+m—-1)p) n?pp n’pp/(1+(n—-1p) n?pp(1+(n—1)p)
(1-p)(1-p)

n?pp'(1+ (n = 1)p)(1 + (n = 1)p')’

Combining the above results together, it follows that

1 1 ' +p—pp' R
= - 28
(I+n-=1p)(L+(n—-1)p) nn-1p n?(n-1)(pp)?
where the remainder satisfies
+p —pp 1 1
T (e ——
n?(n—1)pp')? 1+ (n—-1)p 1+ (n—-1)p

1
T Dy (Lt (= Dp)(A + (n = 1)p))’
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Moreover, it holds that

1 1 92—
2+ —-2p)2+(n—-2)p) (n—1)2%pp" (n—1)%pp'(2+ (n—2)p)
2—p
(n—1)%pp/(2+ (n — 2)p)
n 2-p)2-p)
(n—=1)2pp'(2+ (n—2)p)(2+ (n—2)p')’
1 1 2(1 — p')
2+ (n—2p)2+ (n—2)p) npp n’pp 2+ (n—2)p)
2(1-p)

“n2pp/(2+ (n—2)p)
. 41 -p)(1 —p')
n2pp/ (24 (n —2)p)(2 + (n — 2)p')

A combination of the results above gives

(n = 1)(po — pp') I el
2+ (m—2p)22+ (-2 n2(n—-Epr)?2

where the remainder satisfies

po — pp’ 1 1
Rog < .
2 20— 1) (pp) )2 (2 T n—2p 2+ (n- 2>p'>

In summary, we now have

E 1 _ 1 po—p—p Rt R 4 R
(2+ N_2)(2+ N',) n(n—Dpp  n2(n —1)(pp’)? 27 28 29
and thus,
1 Py, pipo—p—p)
=n(n —1)piE _ P rWPo—p—p) D50
Ji2 = n(n — 1)pg {(2+N2)(2+N2)] o + n(pp)? + Ra10, ( )

where the remainder satisfies

Ro10 = n(n — 1)pj(Ror + Rag + Rag)

<p3(p+p’—po){ 1 N 1 }
~ o n(pp')? I+(n—=1p 1+ (n—-1p

P
pp/(1+ (n—1)p)(1+ (n—1)p')

_l’_

< Do 1 n 1 .
“npp |1+ (n—1)p 14+ (n-—-1)p
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Then substituting (D.49) and (D.50) into the expression, we can conclude that

Ng :p2+p3(po—p )
NN’ pp’

+ —_
= ( o(p p po)> + Ro1 + Raio (D.51)

= , 1p2 + Ra1 + Raxo,
npp

J = + -+ Ra1 + Ra10

npp/

where the remainder satisfies

1
R21+R210N {1+n1 1+(n1)p’}'

Finally, combining bounds (D.47), (D.48), and (D.51), we can deduce that

EZKCJJVVOM )( L ]]?)]

~a= 8- {8+ (P 2 a8+ + R

(a4 ) (4022 0 A=) (2] (20) + P
p p p p pp npp

where the remainder satisfies

1 1
Rao < max{|al,|S], |7‘} {npp {1+(n—1)p+ l—i—(n—l)p,}

1 1
* (1+ (n—1)p)3/2 + (1+ (n—1)p)3/2

+(1-p)"+Q —p’)"}-

This completes the proof of Lemma B.4.

D.3 Proof of Lemma D.6
For each i =1,..., K, since N; ~ B(n,p;), by Lemma 3 in Cattaneo et al. (2024) we have

K K

m; m;

1 1
E - < _
]1;[1 N; + a;; ~ ]1;[1 np; + a;j

It then follows from the Holder inequality that

K m; K K K K m;
S| () [ =T (T ) ¢ <TG,

which proves the conclusion. This concludes the proof of Lemma D.6.
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D.4 Proof of Lemma D.7

Let us define an auxiliary function J(z) = 1/(a + x)". The derivatives of function J are
given by

e = D
(a+ z)r+1 (a+z)r+2

By resorting to Taylor’s theorem, we have that

r(r+1)(r+2)

J'(x) = — (a+2)+8

J/”(:B) _

1
J(N) = J(np) + (N = np).J'(np) + 5 (N = np)*J" (np)
1
+ g (N =np)*J"(ON + (1 = O)np),
where 6 is an unknown random parameter in (0,1). Observe that —J" is a positive convex
function. Hence, it holds that
r(r+1)(r+2) r(r+1)(r+2)

< Ry:=-J"(ON + (1 — <
0< Ry JY(ON + (1 —=0)np) < (@1 Ny (@ T np) 3

Further, we can show that

Ry:= EE\ N —np)>J" (0N + (1 — f)np)|

< VEN —mp)f] x rr+1)(r+2) rr+1Dr+2))>

N =np) (a+ N)r+3 * (a+np)”3>
< 1

(a+np)r+3 = (a+np)r+3i2’

The final assertion follows by taking the expectation with respect to N on both sides of the
Taylor expansion, which completes the proof of Lemma D.7.

(1+ np)3 x

D.5 Proof of Lemma D.8

We define an auxiliary function

1
F(x) = .
@) = oy ray
Note that the derivatives of function F'(z) are given by
F/ — r - S
(@) (a+z) 1 (b+x)* (a+x)(b+ x)stl’
F(z) = r(r+1) s(s+1)
(a+x)+2(b+2)%  (a+2)"(b+x)5+2
2rs
+ ;
(a+ )"+ (b+ x)s+!
F(2) = — rir+1)(r+2) 3sr(r+1)
(@a+z)Bh+a)  (ata)2(b+a) Tl
s(s+1)(s+2) 3rs(s+1)

(a+z)(b+z)+3  (a+2) 1 (b+ x)5+2
= —(F"(x) + I (2) + F§'(z) + F{'(z)).
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Exploiting Talyor’s theorem, we can expand function F(NN) around np and obtain that
1
F(N) = F(np) + (N = np)F'(np) + 5 (N — np)*F"(np) + Rs,

in which the remainder R5 depends on an unknown random parameter 6 = 6(N,np) € (0,1)
and satisfies

Rs = 5 (N —mp)* F"(ON + (1~ 6)np)

1
= LV ) (Y Y4 F 4 FON + (1 0)mp)
=: R51 + Rs2 + R53 + Rsa.

Hence, it suffices to establish #-independent bounds for these four terms above.

Notice that F}”(x) can be written as a product of two positive and convex functions
r(r+1)(r+2)/(a+z)"*3 and 1/(b+x)*. Due to the convexity and positivity, it holds that

1 < 1 n 1

(a+ 60N+ (1 —0)np)™3 — (a+ N)+3  (a+ np)™+3’
1 1 1
< +
(b+6ON+(1—0)np)s — (b+N)s  (b+np)*

and thus,
F"(ON + (1 — 0)np)

1 1 1 !
<r(r+1)(r+2) <(a—|—N)7"+3 + (a+np)r+3) ((b—l—N)S + (b+np)s> )

the RHS of which is independent of 6.
It then follows from the Cauchy—Schwartz inequality that

E|Rs:1| S E ‘(N — np)? <(a+ ]1\7)T+3 * (a+ip)r+3> ((b +1N)s MG +1np)s>‘

S VE[(N —np)] x

~

<<a N im’%)Q <<b ReT +1np>s>2]
1 1

S VTTmP -

(a+np)+3(b+np)*  (a+np) t3/2(b+ np)s

Thanks to the similarity in structures, we can obtain that

1
(a + np) (b + np)st3/2

1
Biftsal = B S ~ np)*FY/ (6N + (1~ )| €

We next focus on term in F3”’. Observe that I3’ can also be decomposed into a product
of convex and positive functions r(r + 1)/(a + )" 72 and 3s/(b + x)°. Then we have that

FY'(ON + (1 — 0)np)

1 1 1 1
< 3ar(r+1) ((a TN e np)7"+2> ((b TN B np)8+1> |
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the RHS of which is independent of §. An application of the Cauchy—Schwartz inequality
yields that

1 1 1 1
E <E|(N = np)?
szl < ‘< ") <<a+ Nyt <a+np>r+2) <<b+ Ny T <b+np>s+1>‘

S VE[(N —np)] x

~

((a N :WH)Q <<b N T ;p>s+1>2]

1
S V(1 +np)? x

(a4 np)+2(b + np)s+!
1

(a + np)T+1(b+ np)8+1/2'

It follows from the similarity in structures that

1
(a + np)rJrl/Z(b + np)s+1 ’

1
Bl Rsa| = E | (N = np) F{/(ON + (1 - 6)np)| S

Therefore, combining the results above, we can obtain that

1 1
_l’_
a+np) t32(b+np)*  (a+np) (b+np)t3/2
+ ! + !
(a+ np)tL(b+np)st1/2 " (a+ np) T1/2(b+ np)stl’
The final assertion follows by integrating out N in the Taylor expansion, which concludes
the proof of Lemma D.8.

E[Rs| < (

D.6 Proof of Lemma D.9

Let us define the auxiliary function as

1
H(z,y) = —+—.
@9 = oty
It is easy to verify that the derivatives of H with respect to x and y are given by
H,(z,v) ! Hy(z,y) .
o(Ty) = ——o——, T,Y) =5
VT v a2ty Y T T a0y
2 2
Hy, ) = T N3/ L\ H ) T 0LV (b3
@9 = Pty w@Y) = bR
1

Hx y =H A = ’

y(z,9) vz (T, ) (a+2)2(b+y)?

6 6
Hyzo(2,y) = ———77 7> H T T L (bt A
R e L U K A s | e
2

Ha:a: y = Hx z\ Ly =H zx\L, = - ;

y(T,y) vz (Z,Y) yoz (T, Y) (a+z)3(b+y)?

2

Hyyo(2,y) = Hyzy(z,y) = Hpyy(z,y) = _(a+3:)2(b+y)3'
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Applying Taylor’s theorem, we can expand function H(Ny, Na) around (ngqi,ngs) as

H(Ny, N2) = H(ngi,ng2)
+ (N1 — nq1)Hz(ng1, ng2) + (N2 — ngz) Hy(ng1, ngs)

—_

1
+ ~(N1 — nq1)?Hyz(ng1, ng2) + 5 (V2 — nga)?*Hyy(nq1, nga)

+ (N1 — ngq1) (N2 — ng2) Hyy(ng1, ng2) + R,

[\

where the remainder Rg is expressed as

R := Re1 + Re2 + Re3 + Reu
1
= ~(Ny — nq1)*Hyze (ON1 4 (1 — 0)ng1, 0Ny + (1 — 0)ngo)

6
1 .
+ 6<N2 — nqg)sHyyy(GNl + (1 —0)ng1,0N2 + (1 — 0)nga)
1
+ 5(]\71 —nq1)?(Na — nga) Hyzy (ON1 + (1 — 0)ngr, ON2 + (1 — 0)nga)
1
+ §(N1 —nq1) (N2 — ng2)?Hyya (ON1 + (1 — 0)ng1, 0N + (1 — 0)ngs)

with an unknown random parameter 8 = 60(Ny, N2, nq1,ng2) € (0,1). In what follows, we
will establish #-independent bounds for the four remainder terms above.

To bound the first term Rg; involving H,,., a useful observation is that H.,,, =
—F(z)G(y) is separable, where

F(z) = (a+1x)4 and G(y) = b—i—ly

are univariate positive convex functions. The convexity and positivity of the functions entail
that for any 6 € (0, 1),

F(bxy 4 (1 = 0)x2)G(0y1 + (1 = 0ya)) < (F(21) + F(x2)) (G(y1) + G(y2)) 5

in which the RHS is independent of 6. As a result, it holds that

E’R61‘§E‘(N1—nql)3< 1 + 1 )( 1 1 >'

+
(a—l—N1)4 (a+nq1)4 b+N2 b—i-’rZQQ

<E(N—n)6E< L + L )2<1 + ! )2
~ ! a (a+Np)*  (a+ng)* b+ No b+ ngo

< o (s ) G )

+
a+N1)®  (a+ng)d (b+ N2)2 * (b+ ngo)?

On the one hand, we have that
E(N; —nq1)® < (ngp +1)3.
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On the other hand, it follows from Lemma D.6 that

" {<a+N1>81<b+N2>2} = \/E ((aﬁ\mw) § <<b+1N2>4>

< 1
~ (a+nq1)8(b+ ng2)?

and thus

E{<< {Nl)g " (Hiqu)g) ((b +1N2>2 " <b+1zq2>2)}

< .
~(a+nq)3(+ ng)?

Combining the results above leads to

(ngy + 1)3/2 1

E|Rg1| < < '
Bt < (a+ng1)*(b+ng2) ~ (a+nqg)%2(b+ ng)

Similarly, for term Rge we can obtain that

(TLQQ + 1)3/2 , 1

E|Rgo| < C' )
ol < O )t = € (et ng) b+ nga)2

Next, we proceed with bounding term Rgs. Similar to the arguments for term Rg,
notice that —Hpy(x,y) = F'(2)G'(y) can be separated into the product of two univariate
positive convex functions, where

1 reN 1
@rap MO G

Then for any 6 € (0, 1), we can establish a #-independent bound for
F'(0xy + (1 = 0)22)G' (Oyr + (1 = Oy2)) < (F' (1) + F'(22)) (G'(31) + G'(32)) -

F'(z) =

As a result, applying Holder’s inequality repeatedly, we can deduce that

1 1 1 1
Elfte| < E ‘(Nl — ) (N2 = ) <<a+ AL <a+nq1>3) (<b+N2>2 * <b+nqz>2)‘
< VE(N; — ng1)*(Ny — ngo)?

: E{<(a +1N1)3 * (a +ZQ1)3>2 ((b +1N2)2 " (b+;QQ)2)2}

N \/(E(Nl — ng1)8)?? (E(Ny — ngs)6)?

" E{<(a +1N1)3 " +1nq1)3>2 (<b+1N2>2 ’ (b+}1q2)2>2}

< (nql + 1)<nq2 + 1)1/2 < 1
~ (a+nq)3(b+ng)? ™ (a+ng)?(b+ ng)3/?
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Similarly, we can also obtain that

1

E|Rea| < .

Consequently, we see that remainder Rg satisfies that

1 1
E|Rg| < +
[Rsl 5 (a+nq)%2(b+ng) (a+nq)(b+ng)d/?
1 1

+ + .
(a+nq)2(b+ng)3?  (a+nq)32(b+ ng)?

Therefore, we can conclude by integrating out IV in the leading terms of the Taylor expan-
sion, which completes the proof of Lemma D.9.

D.7 Proof of Lemma D.10

Denote by P; = P\Py and P, = P'\P;. The sample counts for subsets Py, P;, and P,
are denoted as Ng, Ni, and Na, respectively. It is clear that N; ~ B(n,p;), where the
success probability p; = P(X € F;) for ¢ = 0,1,2. In addition, it holds that (Ngy, N1, N3) ~
M(n, (po, p1,p2))-

A simple observation is that N = Ny + N; and N’ = Ny + No. Let us first consider
the conditional expectation of the target inverse moment given Ny = ng. Recall that
(N1, N2)|Nog = ng ~ M(n/, (p,ph)), in which

b1

/ b2
, Py = . D.52
il (D.52)

1—po

!/ /
n =n-—no, plz

With an application of Lemma D.9, we can deduce that

1

(a +ng + Nl)(a +ng + Ng)
1

(a+mno +n'p})(a+no +n'py)
N n'pi (1 —ph)

(a+no +n'py)*(a+no + n'py) (D.53)
N n'ph(1 — p3)

(a +mno +n'p})(a+ng + n'py)?

nlp/p/

- (a+mno+ n’p’l)QEaQ—i- no + n'p2)? + Ba(no)

=L (no) + L72(no) + L73(n0) + L74(n0) + R7(n0),

|No =no

in which remainder R; satisfies

1 1
Rz(no) < T
(no) 2 (a +no +n'p))>/2(a+mno +1'py)  (a+mno+n'ph)(a+ng +n'py)>/?
1 1

+ + .
(a+mno +n'py)%(a+ng+n'ph)32  (a+ng+n'p))32%(a+ no + n'ph)?
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To further integrate with respect to Ny, we need to separate ng from n’ in the present
expressions. Notice that ng + n'p| = np| + no(1 — p}), no + n'ph = nph + no(1 — pj). In
addition, we have that

a+np +npo(l—ph) =a+ (p1 +po(1 —po—p1)) =a+n(p1 +po) =a+np

n
1 —po
and a + nph, + npo(1 — phy) = a + np’. Since Ny ~ B(n,py), an application of Lemma D.8
with r = s = 1 yields that

1 npo(1 — po)(1 — py)?
(a+np)(a+np)  (a+np)(atnp)
npo(1 = po)(1 =p5)* . npo(1 = po)(1 = p1)(1 = pb)
(a +np))(a+ np')? (a +np)*(a+np)?

where remainder Wy, satisfies

E[L71(No)] =

(D.54)

+ Wn,

1 1

(a +np)5/2(a + np') + (a + np)(a + np')5/2
1

+ + .
(a+np)2(a+np )32 (a+np)32(a+ np)?
Meanwhile, by invoking Lemma D.6, we see that remainder R; satisfies
1 1

(a +np)5/2(a + np') + (a + np)(a + np')5/2
1 1

+ (a +np)2(a + np')3/2 + (a +np)3/2(a+np')?

Wo S

E[R7(No)| S

Observe that

!,/ / / / /
n'p) _ npy — nop npi — nopy

a+no+n'p) a a+np) +no(1 —p}) N a+npy +no(1 —p))
np N a -+ np}

- a+np) +no(l—py) 1-p) ( _a+np’1+no(1—p’1)>

1 ( np} + ap ,)
- )_pl

1—p) \a+np] +no(1—p]
and similarly,
npy 1 npy + apy .,
a+no+n'py  1—ph \a+npy+ne(l—ph) )

Then it follows that
n'pi(1—ph)

L72(no) =
72(no) (a4 np| +no(1 —p}))3(a + nphy + no(1 — ph))
_ np| + ap}
a+npy +no(1—ph)

- p’1> (a +np) +no(1 = p}))*(a+ npy + no(1 — ph))
)
(a4 np) +no(1 = p))%(a + nph + no(1 — ph))
npy + ap)
(a+np} +no(1 — p}))3(a+ nph + no(1 — py))
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Applying Lemma D.8 with r = 2,s = 1 and r = 3,s = 1, respectively, we can deduce
that

/
Y4
E[L79(Ng)| = —
2N = = o1 = P)2(a + oy T 701 = )
N np + aph
(a +np) +no(1 —p1))*(a+nph +no(l - ph)) (D.55)
o P N np + aph LW
(a+np)2(a+np) (a+np)3(a+np) &
__md-p)
(a+ np)3(a+np) ™
where remainder Wro satisfies
1 1
Wiog < - + .
“ (atnpPlatnp) " (a+np)(atnp)?
Similarly, we can also establish that
/
P2
E[L73(Ng)| = —
7Nl = = o1 = P))a T 28 + (1 = )2
N npl + apl
(a+npy +no(1 —ph))(a+nph +no(1l — py))? (D.56)
o P np + aph LW
(a+np)la+np)?  (a+np)(a+np)3 &
_ mal=p)
(a+ np)(a+ np')3 ’
where remainder W3 satisfies
1 1
Wiog < =+ .
P atnp)(atnpy " (a+np)(at np)?
Moreover, it holds that
n/p/ p/
L74(ng) = — 172
(0 = T + ot = 7)) + vy + no(1 = 7)?
_ Pl npy + ap} o,
=4 \a+np) +ne(1—p)) e
1 1 0 V4
1
X .
(a+npy +no(1 —ph))(a+ nphy +no(1 — pjh))?
Hence, we have that
/ / /
Dy np; + apj /
E|L74(Np)| = — — + W
[ 74( 0)] 1_p/1 ( a+np pl) (a+np)(a+np/)2 74 D57
npip2 (D.57)

=— W
A—po)(atmp2atnp)? 7"
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where remainder W, satisfies

1 1
+ .
(a+np)*(a+np')?  (a+np)(atnp)?

Wes S

Substituting (D.54)—(D.57) into (D.53), we can obtain that
1 _ 1 npo(1 — po) (1 — pi)?
(a+N)(a+N)]  (a+np)lat+np)  (a+np)*(a+np)
npi(1—p) npo(1 — po)(1 — ph)* npy(1 —p)

(a+np)P(a+ny)  (a+np))(a+np)® = (a+np)(a+np)?
. npo(1 —po)(L —p)(L —p5)  npipy(l —po) \ R
(a +mnp)?(a+np')? (a+np)?(a+ np')? ’

where remainder R; satisfies

Rr S ! + !
(a+np)52(a+np)  (a+np)(a+ np)>/?

1 1
a2 @t )Rt

Some simple calculations lead to

npo(1 — po)(1 — ph)? npy (1 - p)
(a+np)*(a+np)  (a+np)d(a+np)
= il = 7) (po(1 = p) +p1)
(1~ po)(a+np)*(a+np) *° '
_ np(l—p)
(a+np)3(a+np)
1—p 3 a(l —p)
(a+np)?(a+np) (a+np)i(a+np)’
npo(1 — po)(1 — ph)* npy(1—p) _ np'(1—p)
(a+np))(a+np)? = (a+np)lat+np)? (a+np)(a+np)?
_ 1—p B a(l —p')
(a+np)(a+np)?  (a+np)(a+np)®
npo(l —po)(L —p1)(L —p5)  npipy(1 —po)
(a+np)?(a+ np')? (a +np)?(a+ np')?
_ n(1 —po)
(a +np)?(a+np')
=T e a0 P ) )
n(po — po(p +p') + popp’ — (p — po) (p" — po))
(1 —po)(a+ np)2(a + np')?
n(po — pp')
(a+np)2(a+np)?

5 (po(1 —p1)(1 — p3) — pips)
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Therefore, substituting the simplified expressions above into the asymptotic expansion of
the inverse moment, we can obtain that

1 B 1 n 1-p
(a+N)(a+N)|  (a+np)a+np)  (a+np)?(a+np)
1—yp n(po — pp') =~

+ R,
(a+mnp)la+np)2  (a+mnp)(a+np)? 7

where remainder §’7 has the same bound as §7. The final conclusion follows from a further
step of simplification, which concludes the proof of Lemma D.10.
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