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E-companion to “Nonsparse Learning with Latent Variables”
This e-companion consists of two parts. Section EC.1 lists the key lemmas and presents the

proofs for main results. Additional technical proofs for the lemmas are provided in Section EC.2.

EC.1. Proofs of main results

EC.1.1. Lemmas

The following lemmas are used in the proofs of main results.

LEMMA EC.1 (Consistency of spiked sample eigenvalues). Under Conditions 1 and 2, with
asymptotic probability one, the eigenvalues of the sample covariance matriz S satisfy that for any

I, 1 <I<m, uniformly over i€ J,
q*a@ —¢; as q — 0.

LEMMA EC.2. Denote by Xy and f‘o the submatrices of X and F consisting of columns in supp(8,)

and supp(7y,), respectively, and € = (F — f‘)'y +e. For the following two events

E={Iln" (X, F)"&||« < c/(l0gp)/n} and

So= {||n*1(xo,f?0)TEHoo < (logn)/n}

with constant cy > 2v/20, when the estimation error bound of F in Condition 3 holds and the

columns of X adopt a common scale of Ly-norm n'/?, we have
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P(ENE)>1-
which converges to one as n — oo.

EC.1.2. Proof of Theorem 1

Proof of part (a). In this part, we will focus on the convergence rates of the sample eigenvectors.

The key ingredient of this proof is to link the angle between the sample eigenvector and the
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space spanned by population eigenvectors with the sum of inner products between the sample and
population eigenvectors by the cos(+) function. In this way, it suffices to show that the sum of inner
products converges to one for subspace consistency, and at the same time, deriving the convergence

rates by induction. To ease readability, we will finish the proof in four steps.

Step 1: Analysis of the subspace consistency. We first show that for any ¢ € J;, 1 <[ <m,
the subspace consistency of the sample eigenvector U; is equivalent to
> k= (EC.1)
JEJ;
where pj; = u;!ﬁi is the inner product between the population eigenvector u; (the jth column of
U) and ; (the ith column of U).
Since U and U are obtained through eigen-decomposition, we know that lu;lls=1and |||l =1

for any 7 and j, 1 <14, j < ¢. Note that Zjejl(u]rﬁi)uj is the projection of u; on the space span{u, :

jeJi}. It gives

a, Y., (uTa;)u;
Angle(u;, spanf{u;: j € J;}) = arccos{ — e Tz 2 } =
[l - ZjeJl (uju;)uy2
D jen (0] u;)?

arccos { [Zje}l (u;‘(“ﬁi)Q]l/Q } = arccos { Z(u;"rﬁiﬁ} = arccos { ( prz) 1/2}.

JjEJ] JEJ;

Thus, Angle(u;, span{u; :j € J;}) — 0 is equivalent to Zjejl p3; — 1 as ¢ = oo for any i € J;,
1 <1< m. Moreover, the convergence rate of Zj e, p?i indeed provides the convergence rate of the
sample eigenvector U; to the corresponding space of population eigenvectors.

We will then prove the convergence rates by induction. Hereafter our analysis will be conditional

on the event &, which is defined in the proof of Lemma EC.1 for the consistency of the spiked

sample eigenvalues and enjoys asymptotic probability one.

Step 2: Convergence rates of sample eigenvectors with indices in J;. This step aims at

proving that uniformly over i € J;, the convergence rate of > jen p?i is given by

D 0= 1=0{(d_ kg™ + ki) K 'q" 1} =1-O0f{A(1)}, (EC.2)

Jj€J1 1=



e-companion to Zheng, Lv, and Lin: NSL ecd

where A(t) = (37,1 kig™ + kmy1) K 1q®t is defined in Theorem 1. It is also the first part of

induction. Let P = U”U = {p;; }1<: j<,- We have > i p3; =1 for any i since P is a unitary matrix.

To prove (EC.2), it suffices to show

Z p?iSO{A(l)}'

JEJU- U1
AT
Recall that Z = A"?U"W", S =n'W'W = UAU . Therefore, we get a connection between
Z and P that

n 22" =n ' ATVPUTWIWUA Y2 = ATVPPAPT A2,
For any j, 1 <j <gq, in view of the (j,j)th entry, the above equality gives
q ~
At Z Aiph =n""z] z;, (EC.3)
i=1

where z; is the jth column vector of Z". Tt implies for any i, 1 <i<g, /\j_lxip?i < nilijzj. Based

on this fact, we have

Z P < Z n_lz]sz)\j/Xi = Z Z z?tAj/(nXi), (EC.4)

JEJ2U- U1 JE€J2U--Udp 1 t=1 jeJoU---UJp 11

where z;; is the (j,¢)th entry of Z. Conditional on the event £, by Lemma EC.1, Conditions 1 and

2, we have

Yo D AN/ Y KN/
t=1 jeJoU--UJp 11 JE€J2U--Udp 1

m

= O{K'¢"C(Y_ kg™ + kuns1) /4" } = O{A(1)}. (EC.5)

=2

Since the convergences of XZ- are uniform over i € J; by Lemma EC.1, the above inequality holds

uniformly over i € J;. Inequalities (EC.4) and (EC.5) together entail ) O{A(1)}

2
JEJUUdm 1 Pii <

uniformly over i € J;, which implies the convergence rate in (EC.2) for the sample eigenvectors
with indices in J;. It shows that when s =1, the convergence rate coincides with our claim that

uniformly over i € J;, 1 <[ <s,

-1 -1

St =1-> [ ] (U +k)]Ofk A} — O{A®)}. (EC.6)

JET; t=1 i=t+1
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Note that we define Zf:a sy =0 and Hf:a sy =1if b < a for any positive sequence {s;}.

Step 3: Convergence rates of sample eigenvectors with indices in J,. Before formally
completing the proof by induction, we would like to derive the convergence rates of > e p?i
directly for i € J5 to get the basic idea of induction.

Since we already proved the convergence rate in (EC.2) uniformly over i € J; in Step 2, summing
over 1 € J; gives

DN Pz k(1= 0{A()}) =k — Ok A(1)}, (EC.7)

ieJy jeJ
Along with the fact that Y77 p? =1, we get

q

) ORED I D S) I D DD I D) B D DO

i€JoU Uy jEJ, i=1 jeJ; ieJy je; jeJy i=1 i€y jeN
—ki— Y > P <k — (ki —O{ki A(1)}) = O{k A(1)}. (EC.8)
ieJy jeJ

The above result is important as it also implies that uniformly over i € Js,

> P <0k A} (EC.9)

JjE€J1
For the sample eigenvector u; with index i € J,, in order to find a lower bound for Zj ey p?i, we

write it as
Yopi=1-=Y 10— > b (EC.10)
jEJo VISDA JEJ3U--Udpp i1

The upper bound of 3., p?; was provided in (EC.9). For the second term 3

2
j€J3U"'UJm+1 p]z?

similar to (EC.4) and (EC.5) in Step 2, by Lemma EC.1, Conditions 1 and 2, we have uniformly

over 1 € Js,

Y. L <O{K " i kg™ +kmi1) /q72} = O{A(2)}.

jEJgU'“UJm,_'.l =3

Plugging the above two bounds into (EC.10) gives

SO > 1- 0{l A1)} - O{A@)},

JE€J2
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which shows that the uniform convergence rate of the sample eigenvectors u; over i € .J,. Together
with the uniform convergence rate over i € J; established in Step 2, our claim in (EC.6) gives the

uniform convergence rates of the sample eigenvectors u; over i € J; U J.

Step 4: Convergence rates of sample eigenvectors with indices in J; to J,,. In this step,
we will complete the proof by induction. Specifically, we show that the claim in (EC.6) holds for
any fixed s, 3 < s <m, based on the induction assumption that the claim holds for s — 1.
By the induction assumption, we have uniformly over i € J;, 1 <l <s—1,
-1 -
dphz1-> H (1+k)]O{kA(t)} — O{A(1)}.
jed t=1

By a similar argument as in (EC.7) and (EC.8), it follows that

> > % <k i 1:[(1+ki)]0{ktA(t)}+O{A(l)}). (EC.11)

€Sy U Udipy1 JEJ; t=1 i=t+1
. . . . 2 . .
Similarly as in Step 3, for any ¢ € J;, to get the convergence rate of Zjer Pji, we write it as
2 2 2
E Pji = 1 - E P — E DPji-
J€Js Jje€J1U--UJs_1 J€Js41U-Udmya

We will first derive the convergence rate of ) When 1 <11 <s—1, we have

jeJlu---qu,lp?i-
1€J,C g U---Udpyr. In view of (EC.11), it gives that uniformly over ¢ € J,,
-1 -1
Srt<h(d]] H (14 k:)]O{k A(t)} + O{A(D)}).
jedy t=1 =t
Summing over [=1,...,5s—1, we get

s—1
PO RO
=1

JEJIU-UJg_1

~

[ 1:[ (1+k;)]O{k, A(t)} + O{A(D)}).

t

To simplify the above expression, exchanging the summation order with respect to [ and ¢ gives

s—1 1—1 -1 s—1
>oopi< k[ [T 1+ k)] OtkA®)} + Y 0Lk A}
JEJIUUJg_q =1 t=1 i=t+1 =1
s—2 s—1 -1

= ki T U +k)]O{kA®)} + iO{ktA ¢

t=11=t+1  i=t+1
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Then we combine the coefficients of k; A(t) to get

-1

Z p?iSiO{ktA(t)}(l—f- i ki H (1+k)]) + Z O{k,A(t)}.

JEJLU-UT,_y I=t+1  i=t+1 t=s—1
Since it is immediate to conclude by induction that

-1

s—1
> k[ ] O +E)] =1+ ks + ko (14 Eier) + -+

I=t+1 i=t+1

+hs1(14+kso)(14+Esg) - (14 Kig2) (1 + kyyr) = _Hl (1+k,),
we then have
~ UZUJ pji < i [ El(l + ki) O{k A(t)} + tZIO{ktA(t)}
:jz_; [ililu + k)] O{k:A(t)}.

On the other hand, similar to (EC.4) and (EC.5) in Step 2, we have uniformly over i € J,

Y. PE<OfA()}).

j€J5+lU"'UJm+1

Combining the above two bounds gives the convergence rate of > jed. p?i uniformly over i € J, as

210 T (4 k)0t AW) — OfA®)}

Together with the induction assumption that our claim in (EC.6) holds uniformly over i € J,
1<1<s—1, we know that the claim also holds uniformly over ¢ € J;, 1 <1 <'s. Therefore, by

induction, the results in part (a) of Theorem 1 hold uniformly over i € J;, 1 <[ <m.

Proof of part (b). In this part, we will show that when each group of spiked eigenvalues has
size one (that is, k; = 1 for any [, 1 <1 < m), the convergence rates of the angles between the
sample score vectors W1; and the population score vectors Wu;, 1 <:¢ < K, are at least as fast as
those of the angles between the corresponding sample and population eigenvectors established in

part (a) of Theorem 1. The key idea is to conduct delicate analysis on the cos(-) function of the
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angles between the sample score vectors and population score vectors, where some results about
the sample eigenvalues derived in the proof of Lemma EC.1 will be used.

When each group has size one, we have K =m and the convergence rates of u; (i € J;) to the space
span{u; : j € J;} become the convergence rates of u; to u;, 1 <i < K. Denote by 6,; = Angle(u;, u;)

and w;; = Angle(Wu;, Wu;). Then the results in part (a) give that uniformly over 1 <i < K,

cos®(0)=p; >1— i 2 TO{A() ) — O{A(0)}. (EC.12)

t=1
A~ A~A~T
Since S=n"'"W'W =UAU , u; would be the eigenvector of W’ W corresponding to the eigen-

value nxi with Ls-norm 1. It follows that

COS(Q} )_ (WHZ)TWﬁl N n/)\\zufﬁl N \/ n/)\\z Cos(gii)
Wy [W 2 || Wi | Wl

Squaring both sides above gives

B n\; cos? (0:)

cos®(wy;) = EC.13
)= W3 (BC13)

Therefore, it suffices to show |[Wu,|3 < ni.

T
For the term ||[Wu,||2, it follows from W' W =nUAU  that
A~ ~~T d ~ d ~
[Wu,||2 =u’ W "Wu; =nu/UAU u, =n Z A\j(ulu;)* = nz D3
j=1 j=1
By further making use of equality (EC.3), we have
q ~
IWwl3=n> A\p}, = Az 2,
j=1
where z; is the ith column vector of Z”. On the other hand, inequality (EC.33) in the proof of

Lemma EC.1 gives a lower bound for the sample eigenvalues Xi, 1 <i < K. Under the current

setting that each group has size one, it gives
X > o1(n " Nizizl ) = 1 (n" izl z;) = n PNzl z,,
where 1 () denotes the largest eigenvalue of a given matrix. It follows that

n/)\\z > Nz z; = |[Wu,[3.
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Therefore, in view of (EC.13), we get
cos®(wy;) > cos®(0y),

which means that the convergence rate of the sample score vector is at least as good as that of the

corresponding sample eigenvector. Then it follows from (EC.12) that uniformly over 1 <i< K,

cos? (i) = 1— 3 2 0(A(1)} - O1A()},

t=1

which completes the proof of part (b) of Theorem 1.

EC.1.3. Proof of Proposition 1

By Condition 4, the inequality ||n=*/2(X,F)d||2 > c||d]|2 holds for any & satisfying |||, < M with
significant probability 1—8,, ,. We now derive a similar result for (X, I'A“) by analyzing the estimation
errors of confounding factors F.

By the estimation error bound in Condition 3, we have for any 1 <j < K,

£ — fj||§ < ”fj||§ + ||fj||§ —2 fjfj =n+n —2|/£|2[/f; |2 cos(w;;)

c2logn
4K2p2 ’

=2n —2ncos(w;;) =2n{l — cos(w;;)} <

Since the above bound does not vary with the index j, it gives the uniform confounding factor

estimation error bound
L, < 2
lrgnjzg(ﬂfj £ill. < 2Kp\/10gn. (EC.14)
Now we proceed to prove the inequality for (X,f‘). First of all, it follows from Condition 4 and

the triangular inequality that

(X, Bl > 02X, Bl — [l (X, F)S —n /(X F)d],

> ¢8| —nI|(F = F)81 ]2 = ]|l — > max |[(£ )21,

1<5<K
where 4, is a subvector of § consisting of the last K components. Note that ||§;|; < VK|d:]> <

VK ||8||2. Further applying inequality (EC.14) yields

=~ C
In =X, F)8 2 > e8|, —n ™2 ﬁpvlogn VE||8]l2 > e[|,
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where ¢; is some positive constant no larger than ¢ — <2,/%282 Tt is clear that ¢; is smaller than

2p nkK °
but close to ¢ when n is relatively large. In view of the tail probabilities in Conditions 3 and 4, the

above inequality holds with probability at least 1 —6; — 5. Thus, we finish the proof of Proposition

1.

EC.1.4. Proof of Theorem 2

With Proposition 1, we will apply a similar idea as in Zheng et al. (2014) to prove the global
properties. The proof consists of two parts. The first part shows the model selection consistency
property with the range of A given in Theorem 2. Based on the first part, several oracle inequalities
will then be induced. We will first prove the properties when the columns of design matrix X
have a common scale of L,-norm n'/? as a benchmark, meaning that 3, =3 and L =1, and then

illustrate the results in general cases.

Part 1: Model selection consistency. This part contains two steps. In the first step, it will be

shown that when c;'¢cy1/(2s+ 1)(logp)/n < A < by, the number of nonzero elements in (BT,ﬁT)T
is no larger than s conditioning on the event & defined in Lemma EC.2. We prove this by using
the global optimality of (,/B\T,’AVT)T.
By the hard-thresholding property (Zheng et al. 2014, Lemma 1) and A < by, any nonzero com-
AT

ponent of the true regression coefficient vector (87 ,77)T or of the global minimizer (3 ,3")7 is

T AT
greater than A, which ensures ||p,{(3 ,’yT)T}Hl =\(B ;yT)THo/Q and Hp,\{(,@onYoT)T}Hl

= sA?/2. Thus, we get

" 57}

o 0854807} | = {18 A o — s} 2272

-
Denote by & = (,@T,QT)T —(BL,45)T. Direct calculation yields

3,377 T AT =27 I~ 2(X, F)d|° — n &7 (X, F)s

Q (B 7'7) _Q{(ﬂoa'Yo) }— Hn ( ) )HQ—TL E( s )

+{IB A o — s} 222, (EC.15)
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~

where € = (F — f‘)fy + &, the sum of the random error vector € and estimation errors (F —F)~.

On the other hand, conditional on event £ , we have

8" (X,F)d| < [n & (X, F)|]l0]: (EC.16)

eay/(ogp) /6]l < cov/Togp)/n]8]2]|6]l2-

IA

In addition, by Condition 6 and the definition of Sy, we obtain [|6]lo < [[(Bg,¥E) o +
~T ~

(B, 3")7|lo < M, where M is the robust spark of (X,F) with bound ¢; by Proposition 1. Thus,

we have

In=% (X, F)8]|2 > 1[4 (EC.17)
Plugging inequalities (EC.16) and (EC.17) into (EC.15) gives that
~T N _ 1
Q{(B".3")} - Q{8 A1)} =27 1613 — xv/Tlogp)/nl5]3 1611

+{IB" A o -5} 222, (EC.15)

~T

Thus, the global optimality of (8 ,5" )7 ensures that

_ logp, ., L ~T
2731163 — o/ L8l 181+ { 1B AT o — s} A2/2 < 0.

After completing the squares in the above inequality, we get

n n

cy [logp 112 c 2logp ~T __
el = 2222 s1] - (2) ER g+ {177 o - 5} 22 <.

172
Since [c1||5||2—g b%uang} >0, it gives

2
~T c lo
{18 Ao~ s} 2* < <c) E2)15. (EC.19)

n

T AT
We continue to bound the value of [|(3 ,3")T|lo by the above inequality. Let k= [|(3 ,3")T|o.

Then ||8]/o = ||(,/8\T,’7T)T — (B, A1) lo < k + 5. Thus, it follows from (EC.19) that

(k— )\ < <62) 2 k’gp(k +5).

&1



e-companion to Zheng, Lv, and Lin: NSL ecll

Organizing it in terms of k and s, we get

2 2
k </\2 - (Z) 1°§p> <s ()\2+ (Z) 105”) . (EC.20)

Since A > ¢ 'cay/(25 4 1)logp/n, we have A? — (¢;'¢2)?(25 4+ 1)1%2 > 0 and A\*cin — c3logp >

2c§ logp

2c2slogp. Thus we have < 1/s. Then it follows from inequality (EC.20) that

)\20%71—05 log p

)\2+ c2)2logp 2
kgs( (cl)ln)zs 1—1—% <s+1.
(= (2)2E2) Nechn — 3log)

c1 n

~T
Therefore, the number of nonzero elements in (3 ,5" )7 satisfies

~T
1Al <

The second step is based on the first step, where we will use proof by contradiction to show
~T
that supp((8L,7T)T) Csupp((B ,5")7) with the additional assumption A < bye; /+/2 in the the-

AT
orem. Suppose that supp((8¢,~v5)T) ¢ supp(B ,:)\/T)T, and we denote the number of missed true

coefficients as
~T
k= ‘Supp{(BoTﬂoT)T}\SUPP{(@ 7’7T)T}‘ =1

~T ST
Then we have |[(B ,3" ) |lo >s—k and [|8]o < (B ,3") T llo+ (BL, D)7 |l < 25 by the first step.

Combining these two results with inequality (EC.18) yields

3 ~T T -1 .2 1 2
Q{3 A )T}—Q{(ﬁo,“/oT)T}2<2 c1u6|r2—c2\/28§gp> |8l —ka?/2. (BC21)

~T
Note that for each j € supp((8L,7%)T) \ supp((8 ,3")7), we have |5,| > by with by the lowest

signal strength defined in Condition 6. Thus, ||8]|o > v/kbo, which together with Condition 6 entails

471|182 = 47V kb > 47" clbo > c20/(2510g p) /n.

Thus, it follows from (EC.21) that

Q{(B A} - QBT AT} = 47 G813 — kA2 2 47 kb — kA2 >0,
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where the last step is because of the additional assumption A < byc / V2. The above inequality con-
~T ~

tradicts with the global optimality of (3,5 ). Thus, we have supp((8%,~+1)T) c supp((BT, 7).

T T
Combining this with |[(3 ,9")7|lo < s from the first step, we know that supp{(8 ,5 )7} =

supp{(8y,74)"}.

Part 2: Prediction and estimation losses. In this part, we will bound the prediction and
estimation losses. The idea is to get the L,-estimation loss bound by the global optimality of
(BT,'?T)T, conditional on the event €N &, defined in Lemma EC.2. Then by similar techniques as
in the first part, we would derive bounds for the prediction and estimation losses.

Recall that X, fo are the submatrices of X and F consisting of columns in supp(3,) and

supp(y, ), respectively. Conditioning on £N&,, we have ||d|o < s by the model selection consistency

established before. Thus, applying the Cauchy-Schwarz inequality and the definition of & gives

8 (X, Fo)d| < [In 8" (Xo, Fo)l|ocl|8 ] (EC.22)
logn slogn
< ey 22208l < eay) 215,
n n

In views of (EC.15) and (EC.17), it follows from inequality (EC.22) and the model selection con-
. ST 1 T _
sistency property [|[(3 ,54" )"0 =s that
~T
Q{B A} - Q{8 )"}

~ ~ ~T
=27 |0 (X, F)Oll; —n T E (X E)S+ {I(B,77) o —s}A°/2

_ 1 EN _ slogn
> 2713813 —n & (X0, Fo)d = (27 eH0lla — ey | T ) ]

~T
Since (8 ,'/)\/T)T is the global optimizer of ), we have

slogn
2782 = eay ) o <0,

which gives the L, and L., estimation loss bounds as

1B A = (BL AT N2 = [18]l2 < 26722/ (s1ogn)/m,
1B AT = (BE AL N < 1B AT = (BE ALY 2 < 26722/ (s logn) /1.
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For L,-estimation losses with 1 < ¢ < 2, applying Holder’s inequality gives

~T 1 1.1
18”37 — (874D, = Zw )1 < ( ZW JE(Y1ma)as

3;7#0

,l
2

1 1
=||8]l[4]l 2¢; 2514/ (logn) /n.

AT
Next we prove the bound for oracle prediction loss. Since (3 ,ﬁT)T is the global minimizer, it

follows from (EC.15) and the model selection consistency property that

n 12X, B3 — (BE,AD) M

et 1/2 . - 1/2 .
<{on & X F)5} < {2 (X0, Fo) w0 } < 206t V/s(logn)

where the last step is because of the L, estimation loss bound proved before. Then for the oracle

prediction loss, together with (EC.34) in the proof of Lemma EC.2, it follows that

n V2, BB AT — (X, F) (B, ATl

< 2co¢7 "/ s(logn) /n+n"2|(F = F)v,ll2 < (2e2¢7 Vs + ¢2/2)1/(log n) /n.

Last we will derive our results for general cases when the Ly-norms of columns of X are not of

the common scale n'/2. Note that the penalized least squares in (3) can be rewritten as

Q{(B", AT} = (2n) Yy — XB. — Fy|2 + I { (BT, AT) " M,

where X is the matrix with the Lo-norm of each column rescaled to n'/2 and

B.=n""2(Bilx1ll2; -, Byllxpll2)”

is the corresponding coefficient vector defined in (3). By Conditions 5 and 6, the same argument

applies to derive the model selection consistency property and the bounds on oracle prediction and
AT

estimation losses for (3, ,’?T)T since the relationship between A and signal strength keeps the same

even if L # 1. Based on Condition 5, it is clear that the model selection consistency of B* implies



ecl4 e-companion to Zheng, Lv, and Lin: NSL

that of ,/é And the bound on prediction loss does not change since XB* = XB As for the bounds

of estimation losses on B, they can be deduced as

1B —Boll2 < 2¢%caL/(slogn)/n, B =Byl < 2¢i%c2Lsi~/(logn)/n,
18— Bolloo <118 — Bolla < 2L ey 2co/(slogn) /.

The tail probability for these results to hold is at most the sum of the tail probabilities in
Conditions 3-5 and Lemma EC.2. Thus, we know that these properties hold simultaneously with

probability at least

420 1_% 2\/503 _
7]9 8a —|— _—
cov/mlogp cav/mlogn

1—

which concludes the proof of Theorem 2.
EC.2. Additional technical details

The following lemma is needed in proving Lemma EC.1.

LEmMA EC.3 (Weyl’s inequality (Horn and Johnson 1990)). If A and B are m x m real

symmetric matrices, then for all k=1,...,m,
Pr(A) + om(B) wr(A) +¢1(B)
Prt1(A) + ©m-1(B) ¢r-1(A) +2(B)
om(A) +¢r(B) e1(A) + ¢ (B)

where @;(+) is the function that takes the ith largest eigenvalue of a given matrix.

EC.2.1. Proof of Lemma EC.1

The main idea of proving Lemma EC.1 is to use induction to show that the sample eigenvalues
divided by their corresponding orders of ¢ will be convergent in an event with asymptotic probability

one. To ease readability, the proof is divided into three steps.
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Step 1: Large probability event £. In this step, we will define an event £ and show that its
probability approaches one when ¢ increases to infinity. Our later discussion will be conditional on

this event. Denote a series of events by &£;;, 1 <j <gq, 1 <t <n, such that
En =12, <K ¢},

where z;; is the (j,t)th entry of Z. By Condition 2, the events &;; satisfy a uniform tail probability
bound P(E5,) =o(q~'n~"). Let £ =N}, NI_, £;; be the intersection of all events in the series. Then
the probability of event £ converges to one since

n q
P(E°)=P(Uj_, Ui, &) < ZZP(S;) =nq-o(g'n"') =0, as ¢ — cc.

t=1 j=1

Step 2: Convergence of eigenvalues with indices in J;. This is the first part of induction.
We will show that conditional on event £, uniformly over i € J;, q‘alxi —¢i, as ¢ — 0.
Denote by C the ¢ x ¢ diagonal matrix with the first K diagonal components equaling to c¢;,

1 <5 <K, and the rest diagonal components 1. We decompose Z,C and A into block matrices

according to the index sets Ji, Js, ..., J;,11 such that
7, c,O0.--- O AL O -~ O
Z, OC,--- O OA,--- O
Z= ,C= ,A= . (EC.23)
Zm+1 OO - Cm.+1 OO0 - Am+1

Then for the dual matrix Sp, we have

m+1
Sp=n"'Z'AZ=n""> Z]AZ. (EC.24)

=1

Divided by ¢“! on both sides of (EC.24) gives

¢ Sp=n"tg LT MZy AT Y L AT AT T D A D (EC.25)

=2
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We will show the sum of the last two terms above converges to the zero matrix in Frobenius norm,
where the Frobenius norm is defined as ||A||p = {tr(AA")}'/? for a given matrix A.

For any [, 1 <1 <m, let )\2(t and c(l) be the tth diagonal elements of A; and C;, respectively.
Conditional on event &, for any j and k, 1 < j, k <n, the absolute value of the (j, k)th element in
S ZINZ s

m K

m k
3OS A0 < ke 3OS A

=2 t=1 =2 t=1

where z(l and zt(,? are the (¢, 7)th and (¢, k)th elements in Z;, respectively. By Condition 1, uniformly

over 1 <lI<mand 1<t<k, )\El) = O(qalc ) Then it follows that

In~'q™r > ZI AZ|lp <ntgT (nK 1qazzv>
=2 =2 t=1

=O0{g K~ 161“22(1%(”} O{K~ 1q“2k Cq® /g™ }.

=2 t=1

Similarly we would get
In~q " Zy A1 Zonga|lF < K q%kmi1C /g™
Together with a@ < min{A, a,,, — 1} by Condition 2 and k,,.; < ¢, we have

In~'q “”ZZ AMZi+n7 g 2y Air Lo ||

1=2

< O{_ kg™ +kni)K'¢°C/qg™} =0, as g — oo. (EC.26)

=2

By a similar argument, under Condition 1, we have
Intq M ZT A Zy — T 2] C Zy || p = |In" 2T (g Ay — C1)Zy ||

k1
n~'nK 'q® Z(q*al)\gl) — N <k K¢ -0(g2) =0, as ¢— oo. (EC.27)

t=1

In view of (EC.25), it is immediate that

lg~*Sp —n""Z]C1Z || p < |In"'q L Ay Zy — " 2T CiZ ||

+n g Z ZlTAlZl + n_lq_meHlAmHZmH lF =0, as ¢ — oco. (EC.28)

=2
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Further applying (Horn and Johnson 1990, Corollary 6.3.8) gives as ¢ — oo,

max |¢;(¢"**Sp) — i(n'Z] C1Z,)| < ||g**Sp —n'Z] C1Z:||r — 0. (EC.29)

1<i<n

Note that n_lleClzl shares the same nonzero eigenvalues with its due matrix, that is,

n=1C)*Z,Z" C}"? of dimensionality k. It follows from (EC.29) that

max (g~ *'Sp) — ¢;(n~'C/*Z,Z{ C}/*)| - 0. (EC.30)

i€Jqy

Moreover, by part (b) of Condition 2, we have

3

nax li(n 1 C/*2, 2] CY%) — ,(Cy)| < [|CY2(n 7120 2] — 1, ) CY | — 0. (EC.31)
Therefore, (EC.30) and (EC.31) together yield that uniformly over i € .J;,

¢ N =¢i(q"'Sp) = @i(C1) =i,
as ¢ — 0o. This completes the proof of Step 2.

Step 3: Convergence of eigenvalues with indices in J,,...,J,,. As the second part of induc-
tion, for any fixed ¢, 2 <t <m, we will show q‘"‘t/)\\i — ¢; for any ¢ € J;, as ¢ — co. The basic idea
in this step is to use Weyl’s inequality (Lemma EC.3) to get both a lower bound and an upper
bound of q*“ixi, and show that they converge to the same limit.
We derive the upper bound first. Divided by ¢** on both sides of (EC.24) gives
t—1 m+1
¢ Sp=n""q" Y ZINZi+nT gD L AT

1=1 I=t

Applying Weyl’s inequality, we get

t—1 m+1

pi(a™""Sp) <@y yi-1y, D ZINZi/ng™) + o, sy (nq 0 Y ZTAZ)
=1 =t

l

m+1

=@ g1y, (07N Y L M), (EC.32)
=t
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where the first term is indeed zero since n=1q=* Zt ! ZTAlZl has a rank no more than Zf: k. It
gives an upper bound of ¢;(¢~**Sp). By the same argument as (EC.28) in Step 2, under Conditions

1 and 2, we have
m—+1

In"tq=> " Zf MiZy — V2] CZy| | p — 0, as q— o.

1=t
Similar to (EC.29), it implies the upper bound of ¢;(¢~*Sp) in (EC.32) converges to the same
limit as Pisitly, (n‘lzg‘FCtZt) uniformly over i € J; as ¢ — oo.
On the other hand, by Weyl’s inequality, we also have
m—+1

i(g"*Sp) > pi(n”" —atZz MZ)+ea(nq Y ZIAZ)

=1 I=t+1
t

>pi(n g™ ZZZTAZZZ),
=1

m—+1

T .
1—t11 Ly AiZy are non-negative. In fact,

where the second term vanishes since the eigenvalues of 3
— m+1 T P . oLe
Ygm Yt Zy AyZy would converge to a zero matrix in Frobenius norm under Conditions 1

and 2, similarly as in (EC.26). For the term ¢,(n='q= 3",_, Z{ AyZ;), we use Weyl’s inequality

once more to get

P (0T Y 2 AT
=1

t
<o Y ZTNZ) + oy (T T AZ).

=1
Note that the term on the left hand side is indeed zero since the inside matrix has a rank no more

than Y, k. Tt follows that

n”! *“fzz MZ) >~y st (07 g L Ay

1 —aypT —aygT
:@kt7(17i+zf:1kl)+1(n 'q 'Z, MZy) = -yt 1k( lq ‘2, AVZ,),

where we make use of the fact that ¢;(A) =—p,_;11(—A) for any n x n real symmetric matrix A,

and any 1 <i<n.



e-companion to Zheng, Lv, and Lin: NSL ecl9

Therefore, we get a lower bound Pyl (n~'q~*Z AZ,) for v;(¢~**Sp). In terms of sample

eigenvalues, the above argument shows that for any /):z-, 1€J, 1<t <m,

~

Ai=i(Sp) > ¢, si-1y, (n'ZI AZ,), (EC.33)

which is useful in proving the convergence properties of the sample score vectors.
Now we show that the two bounds converge to the same limit. Similar to (EC.27), as ¢ — oo, we

have

|lntq~Z] AvZy —n 'Z] CZy||r — 0,

which gives

-1 —« T — T
rfg]i( Pioyi=ly (n~lqZ, AVZy) — Pistly (n™'Z, Ctzt)l — 0.

It shows that the lower bound of ¢;(¢”**Sp) converges to the same limit as the term
Pyl (n='Z] C,Z,) uniformly over i € J;, so does the upper bound in (EC.32). It follows that
=1

wi(¢g~**Sp) would also converge to the same limit as Pisi-T, (n—lthCtZt) uniformly over i € J,.

That is, as ¢ — o0,

o 1T
sl o)~y (0”2 €2 0

By a similar argument as in (EC.30) and (EC.31), we then have
pi(q~"'Sp) = Pi_yt-l 1 (Ce) =ci,

uniformly over ¢ € J;, as ¢ — 0o. Along with the first step of induction in Step 2, we finish the

proof of Lemma EC.1.

EC.2.2. Proof of Lemma EC.2

To prove the probability bound in Lemma EC.2, we will apply Bonferroni’s inequality and Gaus-

~

sian tail probability bound. Since € = (F — F)~ + &, some important bounds are needed before
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continuation. First, the inequality ||7||; < Kp follows immediately from the fact ||7v|/. < p. More-
over, based on the estimation error bound of F in Condition 3, we know that inequality (EC.14)

holds. These two inequalities yield

B =Byl < - e [ Bl < Kp- 52 Vo = 5 logm. (EC.34)

1<j<K

which gives

~ ~ 1 1
n Tkl (F—F)y| <n 2(F - Byl < 24/ 2o < 24/ 22, (EC.35)
n n

Similarly we have n*1|ij(F —F)y| <2 ey/(logn)/n.

Now we proceed to prove the probability bounds of the two events. Recall that both f; and /f\'j
have been rescaled to have L,-norm n'/? and € ~ N (0, 0°I,,) (Section 2). Given x; and ?j, it follows
that n~'x]e ~ N(0,0%/n) and n_l?st ~ N(0,0?/n) for any 7 and j. By Bonferroni’s inequality,

the tail probability of & satisfies

P(E%) < ZP:P <|n_1XiTE| > g/ (logp)/n) + ZK:P <|n_1?jT’é| > ¢y (logp)/n) .

By inequality (EC.35) and Gaussian tail probability bound, for the first term on the right hand

side above, we have

~p (xE logp\ _ - p [ [xlel logp 1 rp §
O B S N
620 62
<ZP |x/el s| c2 llogp Z 1 28t7gp - 220 pl_ﬁ?,
— n 2 cm/log \/277 cov/mlogp

For the second term, similarly we have

K 2

~T 2V/20 K )

P( s 1 ><7 T 802,
> P(InT el > ey/Torn)/n) < o

=1

As K is no larger than p, the two bounds above give

(12
P& < ﬂpl—&%.
cav/mlogp
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By a similar argument, the bound on P(&§) can be derived as

~ 2\/§as _
P(&) L ————=n 82,
(&) < con/mlogn

Thus, for the intersection event N c‘j’o, we have

4/20 b 2205  _ 3

802 —|— n 8(727

CQ\/?TIngp cav/mlogn

P{(EN&)} < P(E) + P(&;) <

which converges to zero as n — oo for ¢, > 2v/20. This completes the proof of Lemma EC.2.



