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We investigate the robustness of the model-X knockoffs framework with
respect to the misspecified or estimated feature distribution. We achieve such
a goal by theoretically studying the feature selection performance of a practi-
cally implemented knockoffs algorithm, which we name as the approximate
knockofts (ARK) procedure, under the measures of the false discovery rate
(FDR) and k-familywise error rate (k-FWER). The approximate knockoffs
procedure differs from the model-X knockoffs procedure only in that the
former uses the misspecified or estimated feature distribution. A key tech-
nique in our theoretical analyses is to couple the approximate knockoffs pro-
cedure with the model-X knockoffs procedure so that random variables in
these two procedures can be close in realizations. We prove that if such cou-
pled model-X knockoffs procedure exists, the approximate knockoffs proce-
dure can achieve the asymptotic FDR or k-FWER control at the target level.
We showcase three specific constructions of such coupled model-X knock-
off variables, verifying their existence and justifying the robustness of the
model-X knockoffs framework. Additionally, we formally connect our con-
cept of knockoff variable coupling to a type of Wasserstein distance.

1. Introduction. The knockoffs inference framework (Barber and Candes, 2015; Candes
et al., 2018; Barber and Candes, 2019) is a powerful innovative tool for feature selection with
controlled error rates. In particular, the model-X knockoffs (Candes et al., 2018) achieves the
false discovery rate (FDR) control at a predetermined level in finite samples without requir-
ing any specific model assumptions on how the response depends on the features, making it
an attractive option for feature selection in a wide range of statistical applications. The funda-
mental idea of the knockoffs procedure is to construct knockoff variables that are exchange-
able in distribution with the original features but are independent of the response conditional
on the original variables. These knockoff variables serve as a control group for the origi-
nal features, allowing researchers to identify relevant original features for the response. The
model-X knockoffs inference has gained increasing popularity since its inception and there
have been flourishing developments and extensions of the knockoffs framework and spirits,
such as the k-familywise error rate (k-FWER) control with knockoffs (Janson and Su, 2016),
power analysis for knockoffs procedure (Fan et al., 2020a; Spector and Janson, 2022; Wang
and Janson, 2022; Weinstein et al., 2020; Fan et al., 2020b), derandomized knockoffs (Ren,
Wei and Candes, 2021; Ren and Barber, 2022), knockoffs inference for time series data (Chi
et al., 2023), kernel knockoffs procedure (Dai, Lyu and Li, 2022), and FDR control by data
splitting or creating mirror variables (Li and Maathuis, 2021; Dai et al., 2022; Cao, Sun and
Yao, 2021; Guo et al., 2022).

A key assumption in the model-X knockoffs inference is that the joint distribution of
features is known. However, such information is almost never available in practice. There
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has been overwhleming empirical evidence that the model-X knockofts framework is robust
to misspecified or estimated feature distributions (Candes et al., 2018; Sesia, Sabatti and
Candes, 2019; Jordon, Yoon and van der Schaar, 2018; Lu et al., 2018; Zhu et al., 2021;
Romano, Sesia and Candes, 2020). Yet, the theoretical characterization of its robustness is
still largely missing. A notable exception is the recent work of Barber, Candes and Sam-
worth (2020), where it was formally and elegantly shown that the knockoffs data matrix
collecting the knockoff variables can be generated from a distribution, which we name as the
working distribution for the ease of presentation, that is different from the true underlying
feature distribution, and that the resulting FDR inflation can be measured by the empirical
Kullback-Leibler (KL) divergence between the true conditional distribution X ;| X_; and the
working conditional distribution. Here, X; € R stands for the jth feature, X _; € RP~! stands
for the feature vector with the jth feature removed, and p is the feature dimensionality. Two
important assumptions in their analyses for ensuring the asymptotic FDR control are 1) the
working distribution should be learned independently from the training data used for feature
selection and 2) the empirical KL divergence between the two knockoffs data matrices (of
diverging dimensionalities) generated from the working and true distributions, respectively,
needs to vanish as the sample size increases. Although their results are general and apply
to arbitrary dependence structure of the response on features, these two assumptions do not
always describe the practical implementation. Our results in the current paper are free of the
two assumptions discussed above.

To put more content into our statements above, especially the one about assumption 2), let
us consider the scenario where the true feature matrix has independent and identically dis-
tributed (i.i.d.) entries from the ¢-distribution with v degrees of freedom, but we misspecify it
and use the Gaussian distribution as a working distribution to generate the knockoff variable
matrix X € R"*?, where n is the sample size. It can be calculated that the empirical KL di-
vergence between X and the model-X knockoff variable matrix X € R”Xp defined in Barber,
Candes and Samworth (2020) has mean and variance both at order Thus, only when

v(v + p)’
— 0), the FDR inflation as derived therein

v%2 > nmin(n,p) (which is equivalent to V(y ﬂ)

can vanish asymptotically. In contrast, our theory shows that as long as % > s*(log p)4+4/ v
for some v € (0,1) with s < n'/2 a sparsity parameter, the knockoffs procedure based on the
working distribution can achieve the asymptotic FDR control. More details for our results and
model assumptions are summarized formally in Section 4.1. We provide additional compar-
isons of our results with those of Barber, Candes and Samworth (2020) in various parts of the
paper where more specifics can be discussed. We emphasize and acknowledge that Barber,
Candes and Samworth (2020) established general robustness results without specific model
assumptions, while some of our results rely on certain specific model assumptions. The main
point we advocate here is that a different notion of closeness than the KL divergence can be
advantageous in studying the robustness of the model-X knockoffs. We also formally connect
our concept of closeness to a type of Wasserstein distance. We provide detailed comparison
with some other existing work in the literature in Section 6.

The major goal of our paper is to establish a general theory on the robustness of the model-
X knockoffs framework for the FDR and k-FWER control. We approach the problem by
studying the performance of the approximate knockoffs (ARK) procedure, an algorithm that
is most popularly implemented in practice when applying the knockoffs framework. The
ARK procedure differs from the model-X knockoffs in that the former generates the knock-
off feature matrix from a working distribution that can be misspecified or learned from the
same training data for feature selection. By showing that the ARK procedure achieves the
asymptotic FDR and k-FWER control as sample size increases, we can verify the robustness
of the model-X knockoffs. An important idea in our technical analyses is coupling, where we
pair the ARK procedure with the model-X knockoffs procedure in such a way that random
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variables in these two paired procedures are close in realizations with high probability. Here-
after, we will refer to the model-X knockoffs as the perfect knockoffs procedure to emphasize
its difference from the approximate knockoffs procedure. It is important to emphasize that we
require the realizations of random variables in the paired procedures to be close, instead of
the corresponding distributions being close. This is a major distinction from the assumption
in Barber, Candes and Samworth (2020). Our new notion of closeness allows us to justify
the robustness of the model-X knockoffs in some broader contexts not covered by studies in
the existing literature. We also emphasize that although our conditions are imposed on the
perfect knockoff variables, we do not need to know or construct them in implementation; the
existence of such variables is sufficient for our theoretical robustness analyses.

We present our theory by first laying out general conditions on the existence of the cou-
pled perfect knockoff statistics and their closeness to the approximate knockoff statistics in
Section 2, and then provide examples justifying these conditions in Sections 3 and 4. More
specifically, our theory has three layers, related to different stages in applying the knock-
offs inference procedure. Our preliminary theory in Section 2 directly makes assumptions
on the quality of the approximate knockoff statistics (cf. (3)) by requiring the existence and
closeness of their coupled perfect knockoff statistics. Then under some regularity conditions
imposed on the distribution of these perfect knockoff statistics, we prove that the FDR and
k-FWER are controlled asymptotically using the approximate knockoff statistics. This lays
the theoretical foundation for our subsequent analyses in Sections 3 and 4.

The second layer of our theory, presented in Section 3, delves deeper and replaces the
coupling condition imposed on the knockoff statistics in Section 2 with a coupling condition
on the approximate knockoff variables generated from some mispecified or estimated feature
distribution. Similar in nature to the coupling condition in Section 2, this new condition as-
sumes that there exist perfect knockoff variables that can be coupled with approximate knock-
off variables so that their realizations are close to each other with high probability. Since
knockoff statistics are known functions of knockoff variables, such alternative condition in-
tuitively and naturally leads to the verification of the coupling condition on knockoff statistics
in Section 2. Indeed, we showcase using two commonly analyzed knockoff statistics, namely
the marginal correlation statistics and the regression coefficient difference (RCD) statistics,
that the coupling condition on knockoff variables can guarantee the coupling condition on
knockoff statistics. We also verify that for each of these two constructions of knockoff statis-
tics, the other regularity conditions in our preliminary theory in Section 2 also hold, ensuring
the asymptotic FDR and k-FWER control. Notably, our theory also reveals that, the marginal
correlation is of “low accuracy,” and needs more stringent conditions than RCD to achieve
asymptotic FDR control. This message is consistent with Niu et al. (2024) when studying the
conditional randomization test using the model-X framework.

The last layer of our theory is presented in Section 4 and showcases three specific construc-
tions of the coupled perfect knockoff variables. By imposing conditions on the misspecified
or estimated feature distribution, we construct explicitly the coupled perfect knockoff vari-
ables and prove that the coupling conditions in the first and second layers of our general
theory are satisfied. This gives us a complete theory with conditions imposed on the work-
ing distribution for generating knockoff variables and verifies the robustness of the model-X
knockoffs inference procedure. Our theory allows high dimensionality of features and allows
in-sample estimation of the feature distribution.

The rest of the paper is organized as follows. Section 2 first introduces the approximate
knockoffs procedure and then presents the general conditions and theory for the asymptotic
FDR control. We also introduce the coupling idea, a key technique in our theoretical analyses.
We illustrate our general theory using two commonly used constructions of knockoff statistics
in Section 3. Section 4 further provides three specific constructions of the coupled perfect



4

knockoff variables. We present companion theory for robust k-FWER control in Section 5.
We provide detailed discussions on some most related works in Section 6, and present some
simulation examples in Section 7. We conclude our paper by summarizing the key results and
discussing some future research directions in Section 8. All the proofs and technical details
are provided in the Supplementary Material.

To facilitate the technical presentation, let us introduce some notation that will be used
throughout the paper. We use a,, < b, or a,, = o(b,,) to represent a,,/b, — 0, a, > b, to
represent a,, /b, — oo, and a,, < by, or a, = O(by,) to represent a, < Cb, for an absolute
constant C' > 0. Let a A b and a V b be the minimal and maximal values of a and b, re-
spectively. For a vector x € RP, denote by ||x||1, ||x||2, and ||x||o the ¢;-norm, ¢2-norm, and
£p-norm, respectively. For 1 < j <p, x; is the jth component of x and x_; is a subvector of
x with the jth component removed. For a matrix M € R"*?, denote by M ; the (3, j)th entry
of M, M; the jth column of M, and My, 4, a submatrix of M consisting of (M; j)ica, jcA,
for sets Ay C {1,---,n} and Ay C {1,---,p}. Let |[M||max and ||M]|2 be the maximum
norm and spectral norm of a matrix M, respectively. For 1 < j < p, —j represents the set
{1,---,p} \ {4}, and denote by |.A| the cardinality of set .4. For a positive definite matrix 3,
let Ain () and Apax (X) be the smallest and largest eigenvalues of X, respectively.

2. Preliminary results on robust knockoffs inference via coupling.

2.1. Model setup and model-X knockoffs framework. Assume that we have n i.i.d. ob-
servations {(x;,v;)}", from the population (X,Y), where X = (X1,---,X,)T is the p-
dimensional feature vector and Y € R is a scalar response. Here, the feature dimensionality
p can diverge with the sample size n. Adopting the matrix notation, the n i.i.d. observations
can be written as the data matrix X = (X; ;) € R"*P collecting the values of all the features
and vector y = (y1,---,yn)? € R" collecting the values of the response. A feature X j is
defined as null (or irrelevant) if and only if it is independent of the response conditional on
all the remaining features; thatis, Y LI X;|X_;, where X_ is a subvector of X with the jth
component removed. Denote by Ho = {1 < j < p: Xj is a null feature} the set of null fea-
tures and H1 = H that of nonnull (or relevant) features. To ensure the model identifiability
and interpretability, we follow Candes et al. (2018) and assume that H; exists and is unique.
Further assume that the subset of relevant features is sparse such that py = |H1| = o(n A p),
where | A| stands for the cardinality of a given set. The goal is to select as many relevant
features as possible while controlling some error rate measure at the prespecified target level.

A commonly used measure for evaluating the feature selection performance is FDR (Ben-
jamini and Hochberg, 1995), where for an outcome S of some feature selection procedure,
the FDR is defined as

(1) FDR = E[FDP] with FDP = |5 N H,|/|S].

The model-X knockoffs framework provides a flexible way for controlling the FDR at
some prespecified target level in finite samples (Candes et al., 2018), allowing arbitrary di-
mensionality of X and arbitrary dependence between response Y and feature vector X. A
key step of the model-X knockoffs inference (Candes et al., 2018) is to generate the model-X
knockoff variables X = (X1, -- ,)Z'p)T such that X L Y| X and

() (X,X)Swap(s) 4 (X,)Z) for each subset S C {1,--- ,p},

where (X, X )swap(s) 1S obtained by swapping the components X; and X ;jin (X, X ) for each
jeSs.

The construction of the model-X knockoff variables, which we will refer to as the perfect
knockoff variables in future presentation, requires the exact knowledge of the distribution
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of feature vector X. For example, Algorithm 1 in Candes et al. (2018) provided a general
approach to generating the perfect knockoff variables when such information is available.
However, the exact knowledge of feature distribution is usually unavailable in real applica-
tions. Thus, in practical implementation, the problem becomes identifying the relevant subset
‘H1 with the approximate knockoff variables generated from a feature distribution that can be
different from the true underlying one; we name the practical procedure as the approximate
knockoffs and formally present it in the next section for completeness. As stated in the In-
troduction, we study the robustness of the model-X knockoffs procedure by investigating the
feature selection performance of the approximate knockoffs procedure.

2.2. Approximate knockoffs and a roadmap of our analysis. In practice, the approximate
knockoffs inference procedure below is implemented popularly for controlling the FDR.

1) Generating approximate knockoff variables. Since the true underlying feature distribution
F(+) is generally unavailable, we generate the knockoff variables from some user-specified
feature distribution F(-), which can depend on the sample (X, y), using the same algo-
rithm proposed for generating the perfect knockoff variables (e.g., Algorithm 1 in Candes
et al. (2018)). Denote by X = (X; j) € R™*? the resulting approximate knockoff variable
matrix. N

2) Constructing approximate knockoff statistics. Pretend that X were perfect knockoff vari-
able matrix and follow the same procedure as in Candes et al. (2018) to calculate the
knockoff statistics /Wj with j =1,--- ,p. Specifically, we first compute the feature impor-
tance statistics

(Zlf” 7Zp7217"' 72p)T :t((xai)7Y)7

where ¢(-) is a measurable function of input (X, X),y), and Zj and 2j measure the impor-
tance of the jth feature and its approximate knockoff counterpart relative to the response,

respectively. Then the approximate knockoff statistic /1/17]- for the jth feature is defined as
) Wi = fi(Zj: Zj),

where f;(-,-) is an antisymmetric function satistying f;(z,y) = —f;(y,x). See Barber
and Candes (2015) for examples and characterizations on the valid construction of knock-
off statistics.

3) Selecting relevant features. Calculate a data-driven threshold 7" for the knockoff statistics
{/Wj }§:1 and select the set of important features as 5= {1<j<p: /Wj > T'}. Denoting

W = {]Wl [, ]Wp|}, the threshold for FDR control is defined as
- W, < —

#{J/\WJ < —t} < q}

#{Wj > t} V1

where ¢ € (0, 1) is the prespecified level for the FDR.

(4) T:min{teVAv:

It is seen that the only difference of the algorithm above from the perfect knockoffs pro-
cedure (Candes et al., 2018) is how the knockoff variable matrix X is generated. The perfect
knockoffs procedure based on the true feature distribution F'(-) has been shown to control
the FDR at the target level (Candes et al., 2018). For the approximate knockoffs inference,
however, it is reasonable to expect some inflation in the FDR control, andAthe inflation level
depends on the qualities of both the approximate knockoff variable matrix X and the resulting
knockoff statistics {/WJ }5-':1. A desired property is that as the approximate knockoff statistics
“approach” the perfect knockoff statistics, the level of inflation also vanishes. One contri-
bution of our paper is to formally introduce a notion of closeness measuring the qualities
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of the approximate knockoff statistics {WJ }é’:l and knockoff variable matrix X. As will be
discussed in Section 3.4, our closeness measure is closely related to a type of Wasserstein
distance.

We provide a roadmap of our technical analyses. Our theory has three layers, correspond-
ing reversely to the steps in the approximate knockoffs procedure described above. To put it
into more content, note that the set of selected features S is defined directly as a function of
the approximate knockoff statistics {/W] }§=1- Hence, given {/I/I?j }?Zl, feature selection can
be conducted without the knowledge of X or the feature distribution F(-). For this reason, our
layer 1 analysis concerns the quality of {Wj }§:1 for achieving the asymptotic FDR control;
see Section 2.3 for a characterization on qualified knockoff statistics. The second layer of our
analysis studies the quality of X and is built on the first layer. We characterize what kind of X
can lead to qualified knockoff statistics {W] }§:1 satisfying the conditions established in our
layer 1 analysis; see Section 3 for such analysis in our layer 2. Our layer 3 analysis is built
on the first two layers and goes all the way to the root of the knockoffs inference; we pro-
vide specific examples and conditions on F (+) for ensuring that X satisfies conditions in our
layer 2 analysis. The key idea empowering our theoretical investigation is variable coupling
behind the approximate knockoffs (ARK) procedure; we formally introduce such idea in the
next subsection for laying out preliminary results for our subsequent in-depth analysis.

2.3. Layer 1 analysis: knockoff statistics coupling. An important observation is that
the perfect knockoff variables in the model-X knockoffs framework are not unique. Con-
sequently, the knockoff statistics are not unique either. Indeed, even with the same algorithm
(e.g., Algorithm 1 in Candes et al. (2018)), the knockoff variables generated from different
runs of the algorithm are only identically distributed. Our coupling idea is deeply rooted on
such observation. Let us introduce some additional notation to facilitate our formal presenta-
tion of the general theory. Following the model-X knockoffs framework, for a realization of
the perfect knockoff variable matrix X generated from the true feature distribution F'(-), we
let

(7%, 72;57217... Z) T =t((X,X),y)

and define the perfect knockoff statistics W; = fj(Z;, Zj) for 1 < j < p, where functions

t(-) and f;(-) are identical to the ones in the approximate knockoffs procedure in Section 2.2.
We now establish preliminary theory on the asymptotic FDR control for the approximate

knockoffs inference procedure, with regularity conditions imposed on the /Wj values.

CONDITION 1 (Coupling accuracy). There exist perfect knockoff statistics {/V[\?] }§:1 such
that for some sequence b, — 0,

(5) P( max |W; — W;| >b,) — 0.

1<5<p

Conditions on the convergence rate b,, for ensuring the asymptotic FDR control will be
specified in the subsequent assumptions. Condition 1 above couples each realization of the

approximate knockoff statistics {ﬁ/\] };?:1 with a realization of the perfect knockoff statistics
{W; }?Zl, and they need to be sufficiently close to each other with high probability. Note that
the existence of such {W; }§:1 is required only for the theory, whereas the implementation
uses only {Wj }§=1- We will provide examples in later sections verifying the existence of
such coupled {W; }§=1- The two conditions below are on the quality of the perfect knockoff

statistics {WJ };):1 and the signal strength in the data as measured by Wj’s.



ARK 7

CONDITION 2 (Average concentration of W;). There exist deterministic quantities
{wj}igzl such that p~* ?:1 P(|W; — w;| > 8,) = o(p™'), where 6, — 0 is a sequence
satisfying 6, > by,

CONDITION 3 (Signal strength). Let <7, = {j € H1 : w; > 55,}. It holds that a,, =
|2y, | = 00 and wj > =6, for j € .

As discussed in Barber and Candes (2015) and Candes et al. (2018), a desired property of
the knockoff statistics is to have a large and positive value for W if j € H1, and a small and
symmetric around zero value for W; if j € Ho. Conditions 2 and 3 together formalize this
property. Condition 2 requires that each perfect knockoff statistic W; is concentrated around
some population parameter w; with rate ,, in an average probability sense. By design, W;’s
and w;’s are feature importance measures, and Conditions 2 and 3 characterize the desired
properties they need to possess. Note that there is no requirement that each individual w;
with j € H; is positive and large; we only need that there exist enough number (i.e., a,,) of
w;’s with j € H that are positive and large enough. Implicitly, a,, — oo requires that the
number of relevant features |#;| diverges with sample size as well. The condition d,, > b,
requi/rss that the coupling accuracy b,, should not exceed the order of concentration error so

that W;’s are as good as W;’s for estimating the population quantities w;’s.
Define po = |Ho| and G(t) =p; " > jen, P(Wj > t). By Candes et al. (2018), the perfect
knockoff statistics Wj with j € Hg are symmetrically distributed around zero. It follows that

Git)=p' S JeHo P(Wj < —t). We need to impose the technical conditions below on the
distribution of the perfect knockoff statistics for our robustness analysis.

CONDITION 4 (Weak dependence among nulls). For some constants 0 < v < 1, 0 <
c1 <1, C1 >0, and a positive sequence m,, = o(ay,), it holds that

(6) Var( > 1w > t)) < CimypoG(t) + o((logp) /7 [poG(t)]?)
JE€EH

; —1/cqan
uniformly over t € (0, G~ (=4%)].

CONDITION 5 (Distribution of W}). Assume that G(t) is a continuous function. For the
same constants vy and ¢y as in Condition 4, it holds that as n — oo,

G(t —bn) — G(t+by)

@) log p 1/ sup -0
(logz) te(0, G (40en ) G(t)
and
) 'y P(Wj < —G_l(%) +bn) 0.
JEH

Condition 4 ensures that the random variable } 5, ]l(Wj > t) has a standard deviation
negligible compared to its mean, and thus can concentrate around its mean ) JEHo P(W; >
t). Condition 1 together with (7) in Condition 5 can guarantee that > JeHo L(w; >
t) ~ > jen, L(W; > 1) in probability, via an applicati(iri of Markov’s inequzﬂty. Com-
bining these two results we can prove that >, 5 L(W; > 1) ~ > ,p 1(W; > t) ~
> jen, P(Wj >t) and similarly } .5 1(W; < —t) = 3,4 P(W; < —t) uniformly over
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0<t< G_l(%) with asymptotic probability one. In view of the definition of 7" in (4),
assumption (8) ensures that the numerator in the ratio in (4) is mainly contributed by null
features, which together with Conditions 1-4 proves that threshold 7" falls into the range
(0, Gil(%)] with asymptotic probability one; See Lemma 4. Thus, > .4, 1(W; > T) ~

D icHo ]1(/V[7j < —T') with asymptotic probability one by the symmetry of {W;};c2,. Con-
sequently, the FDR of the approximate knockoffs procedure is asymptotically the same as
that of the perfect knockoffs procedure, where the latter has been proved to be controlled at
the target level. This ensures that the FDR of the approximate knockoffs procedure can be
controlled asymptotically, as formally stated in Theorem 1 below.

Condition 4 above can be easily satisfied if Wj’s with j € Ho are independent of each
other. At the presence of dependence, it imposes an assumption on the strength of corre-
lation among the indicator functions H(Wj > t) with j € Ho. The ratio W
in Condition 5 above is closely related to the hazard rate function in survival analysis if
G(t) has a probability density function. Loosely speaking, assumption (7) is satisfied for
b, = o((logp)'/7) if the hazard rate function has enough smoothness and is more or less
bounded uniformly over the range ¢ € (0, G~* (%)}; it imposes an important condition on

coupling accuracy b,,. Assumption (8) is satisfied if 1) only a fast vanishing fraction of Wj’s

for important features take negative values with nonvanishing probabilities, or 2) Wj’s for
important features all take positive values with high probability.

We are now ready to present our first general theorem on the FDR control for the approx-
imate knockoffs inference procedure.

THEOREM 1. Under Conditions 1-5, we have

)] limsup FDR < gq.

n—oo

3. Layer 2 analysis: knockoff variables coupling.

3.1. Characterization of approximate knockoff variables. Section 2 establishes prelim-
inary theoretical results on the asymptotic FDR control for the approximate knockoffs in-
ference. The key assumption is Condition 1. Since the knockoff statistics are intermediate
results calculated from the knockoff variables, it is important to provide a characterization
on the quality of the approximate knockoff variable matrix X that can guarantee Condition 1.
The assumption below is imposed for such a purpose.

CONDITION 6.  For X constructed from the approximate knockoffs procedure, there exists
a perfect knockoff data matrix X and an asymptotically vanishing sequence A, such that

(10) P(IX = XJ12 > An) >0,

where Hi — )~(||172 = maxi<;<p n_l/QHﬁj — )N(j

2, and ﬁj and )N(j are the jth columns of
the approximate and perfect knockoff variable matrices X and X, respectively.

Condition 6 above couples each approximate knockoff variable )A(j with a perfect knockoff
variable X;. Similar to Condition 1, we need the realizations instead of the distributions of X;
and X to be close, which is a major distinction from the assumption in Barber, Candes and

Samworth (2020). Such distinction allows X to be constructed using sample (X,y) without
data splitting under relaxed estimation accuracy assumptions, as will be illustrated in the next
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two subsections. Later in Section 4, we will provide extensive analysis on the coupling order
A,, using some specific examples of feature distributions.

We next show that the closeness between X and X can lead to the closeness between W;’s

and Wj’s as required by Condition 1. Since different construction of the knockoff statistics
depends on the feature matrix differently, we showcase the theory using two constructions of
the knockoff statistics: the marginal correlation knockoff statistics and the regression coeffi-
cient difference (RCD) knockoff statistics.

For clarity, we include Table 1 to summarize the sets of assumptions on the model set-
ting, feature distribution, the knockoff statistics, and the corresponding rates for the coupling
accuracy in our layer 2 analysis.

TABLE 1
Summary of key conditions and results for asymptotic FDR control in Layer 2 analysis.

Model settin Nonparametric model Linear model

£ (14) in Section 3.2 y = X3 + € in Section 3.3
Feature distribution x4anN (0,3) sub-Gaussian
Sparsity assumption Condition 9 on £ 1 and & Spar.se B; Sparse precision

matrix for covariates; Condition 11

Knockoff statistics Marginal correlation RCD with debiased Lasso
W, coupling accuracy | An Ansy/(logp)/n

Ap, requirement
for FDR control

An\/ﬁ(logp)l/}"l/’y -0 Ans(logp)l"'l/'y —0

3.2. Marginal correlation knockoff statistics. Marginal correlation is a commonly ana-
lyzed measure on variable importance for feature screening due to its simplicity. Given X and
X satisfying Condition 6, the approximate knockoff statistics based on the marginal correla-
tion difference are defined as

a1 Wi = (Vallyll2) " (X7y| = 1X; y]) for1<j<p,
and the coupled perfect knockoff statistics are given by

— _ NT i
(12) W = (Vallyll2) " (IX7y| = 1X; y]) for 1 <j<p.

— - N T
Observe that W; — W; = (v/n|lyll2) ' (IX; y| — |X; y|) and thus under Condition 6, we have
that with asymptotic probability one,

(13) max [W; — W;| < A,.

1<j<p

This result is summarized formally in Lemma 5 in Section A.2 of the Supplementary Mate-
rial.
We consider the flexible nonparametric regression model

(14) Y = f(Xu,) +e,
where f is some unknown regression function, Xy, = (X;) ey, contains all the relevant
features for response Y, and ¢ is the model error satisfying ¢ 1l X and E(¢) = 0. Assume

that feature vector X = (X1, , X,)T LN (0,3) with X the positive definite covariance

matrix. Moreover, let the distribution of the perfect knockoff variables X = ()~( [TRRE ,)?p)T
satisfy that

. N S S
(15) (X7X):(X17”'7Xp7X17”‘7Xp)NN 07 (E—T’Ip > p> )
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where r > 0 is a constant such that the above covariance matrix is positive definite. Here,
we consider the equicorrelated construction (Candes et al., 2018) for simpler presentation
and the diagonal matrix I, can be replaced with a general version diag(ry,--- ,7p) With
possibly distinct diagonal entries {r; }1;:1. Note that the Gaussian distribution assumption is
imposed mainly to verify the general Conditions 4 and 5. If one assumes directly these two
conditions, the Gaussian distribution assumption can be removed.

Furthermore, we make the additional technical assumptions below on the generative model
(14) to verify the conditions in our layer 1 analysis presented in Section 2.

CONDITION 7. Y is a sub-Gaussian random variable with sub-Gaussian norm ||Y||y,.
CONDITION 8. Define o, = {j € Hy : (EY2)"Y2(|E(X;Y)| — |E(X;Y)])| > 55,}
with

(16) 6, =Cxy/n~1logp,

168V2(| X 1oy 1Y 15+, 8V 2] |1V 112,
{ GW‘(‘IE;!)UE/L' oz ‘?E)g',! s, } It holds that a,, := |<t,,| — 0o and

where C'x y := max
’ 1<5<p

Cx y is a positive constant that is independent of p and n.

Denote by (X71); the jth column of matrix =1, 3, ; the (i, j)th entry of matrix 3, and
34, ; a vector given by (2; )i, - Recall the definition G(t) = p;’ D jen, P(Wj >t) =

Po" Y jen, P(W; < —1).

CONDITION 9. For some sequence my, = o(ay,), matrices X~ and X are sparse in
the sense thgt maxi<j<p |[[(Z71)ll0 < my and > ieny L(Zw,,; # 0) < my. In addition,
C1 <r <mini<j<p X;; <maxi<j<p 2jj < C for some constants C1 > 0 and Cy > 0.

CONDITION 10. It holds that [H1| ™' Y ey, P(W; < —t) < G(t) forall t € (0,C3/%52)
with C5 > 0 some large constant.

Under Conditions 7-10, we can verify that Conditions 2—5 are satisfied. This together with
Condition 6 and our general theorem on the FDR control (cf. Theorem 1) leads to the theorem
below.

THEOREM 2. Assume that Conditions 610 are satisfied. In addition, assume that for
some constant 0 < y <1, (logp)l/'ymn/an — 0 and the coupling accuracy A,, in Condition
6 satisfies \/nA, (log p)l/ 2+1/% 5 0. Then for the approximate knockoffs inference based on
the marginal correlation, we have

limsup FDR <gq.

n—oo

Let us make a few remarks on the conditions and result presented in Theorem 2 above.
Condition 8 verifies the signal strength assumption in Condition 3 in the specific context
of model (14) and marginal correlation knockoff statistics. We show in Lemma 6 in Sec-
tion A.2 of the Supplementary Material that Condition 2 holds with §,, = O(y/n~1logp).
Since we assume Gaussian feature distribution in this section, the dependence among the in-
dicator functions as required by Condition 4 is determined by covariance matrix 3. Hence,
Condition 9 is imposed to justify the validity of Condition 4. It is worth mentioning that
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the sparse dependence structure assumed in Condition 9 can be replaced with a general as-
sumption that the conditional distribution Xy, | X7, has sparse pairwise dependency and the
sequence {h;(t; Xy, ) := E(H(Wj > 1)| X%, ) }jen, has sparse pairwise correlation for each
given t > (. Condition 10 is a technical assumption that is intuitive and requires that on
average, the probability of a relevant feature having a negative valued Wj is smaller than
the corresponding probability of an irrelevant feature. Such condition is compatible with our
requirement that relevant features should have positive and larger magnitude for Wj.

Note that in this example, w; = E/ij and the concentration rate ¢, as in Condition 2
is 8, ~ v/(logp)/n. The assumption /nA,,(logp)'/2t1/7 — 0 in Theorem 2 requires that
A, K n_l/Q(logp)_lm_l/“f, and hence, A, < §,. In view of (13), the requirement of
A, < 6, indeed restricts that the quality of Wj’s, as measured by A,, in the current ex-
ample, is of an order smaller than ¢,,. This also suggests that an independent sample of size
N > n may be needed to learn the covariate distribution for constructmg the approximate
knockoff variables in order to achieve the desired accuracy of maxi<;<, \W W | <A, K

1/2(10gp) 1/2— 1/7'

It is worth mentioning that the bound obtained in (13) may be improved under additional
model assumptions. For instance, if additionally the covariates {X; } ., are independent,

then under Condition 6 we can show that max;<;<) \W W | < CAL/n~llogp (see
Lemma 20 in Section B.16 of the Supplementary Material for detalls) The improved result
is because of the elimination of spurious correlation between null and signal covariates. In
this case, the condition on A,, in Theorem 2 is relaxed to A, (logp)'t1/7 — 0.

The above discussions suggest that knockoff statistics based on marginal correlation are
of low quality in the sense that they are less robust to estimation error and model mis-
specification. Indeed, we will see in the next section that some other popularly used knockoff
statistics such as RCD can achieve asymptotic FDR control under much relaxed assumptions.

3.3. Regression coefficient difference with debiased Lasso. A popularly used construc-
tion of the knockoff statistics is RCD. We present our results under the following linear
regression model for simplification; the extension to the generalized linear model (GLM) can
be found in Section C of the Supplementary Material. We consider

y=XB+e,

where 3 = (8;)1<j<p € RP is the true regression coefficient vector, € i N(0,0%1,) is the
model error vector, and € 1L X. Assume that feature vector X = (X1,---,X,)? has mean
0, € R? and covariance matrix ¥ € RP*P. Denote by 3%"¢ = (BT,Og)T € R? the aug-
mented true parameter vector.

Let ﬂ (ﬂ])1§]§2p € R? be the deblased Lasso estimator (Zhang and Zhang (2014))

based on the augmented design matrix XM= X, X], where X is the approximate knockoff
variable matrix. Assume that Condition 6 is satisfied and X is the coupled perfect knockoffs
variable matrix. Similarly, define X := [X,X]. Then 3 can be coupled with the debiased

Lasso estimator denoted as ﬁ (ﬁj)1<3<2p € R? based on X' ©. Then the RCD knockoff
statistics can be defined as

(17) W; = 18;] = 1Bl

(18) and W, = 55| — |Bj4ypl

for the approximate and perfect knockoffs procedures, respectively, for 1 < j < p.
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We provide the explicit definition of the debiased Lasso estimator to assist future presen-
tation. For 1 < 5 < 2p, the debiased Lasso estimator is a one-step bias correction from some

L . ~init ~ni .
initial estimator 3 = (5}"*)1<;<2p € R? and is defined as

~T Saug-init
~ ~ . zZ;(y—X
(19) Bj = /Bé‘mt + J ( Toaug ) )
z; X,
where Ej is the score vector defined as
~  gaug S~

Saug

with 7 ; := arg miny, { (2n) ||)A(?ug —X"b[I3+Aj[bl[1 } and {); }]2-21 the nonnegative reg-
ularization parameters. We construct the initial estimator as

b[j3 + Allbll: |

~init Saug

@1) gt = argmin{(Qn)_IHY—X
b

with A = C'\/n~1log(2p) the regularization parameter and C' > 0 some constant.
Analogously, the coupled debiased Lasso estimator 3 can be defined componentwisely as

ZT (y _ iaugéinit)

(22) =gt 4 for 1 <j <2p,
z; X]-
where
@) B = (i< = argmin{ 20) "y - X"BJ3 + Aol |
and
@4 7;=X;" - XU, with 7, := argmin {5 = X3 + bl }.

It is important to emphasize that the same regularization parameters A and \;’s in defining
,@ should be used as in defining B in (22) so that their constructions differ only by the used
feature matrix; this plays a key role in applying our coupling technique. Indeed, we prove
in Lemma 11 in Section A.3 of the Supplementary Material that the coupling technique to-
gether with Condition 6 and some other regularity conditions ensures that with asymptotic
probability one,

(25) max |Ej - Ej\ < Apsyvnllogp.

1<j<2p

The above result guarantees that Wj’s and Wj’s are also uniformly close over 1 < j <p
with maxi<;<p |WJ - W]\ < Apsy/n~togp. As long as sA,, — 0, this upper bound has
a smaller order than the concentration rate 9,, of /I/I7j (cf. Condition 2), because here §,, ~
/n~1tlogp as shown in our Lemma 12 in Section A.3. As commented after Theorem 2,

the assumption that the coupling rate of maxi<;<, ]AWJJ — /W]| is of a smaller order than
the concentration rate d,, plays a key role in establishing our theory on the asymptotic FDR
control.

We next introduce some additional notation and formally present the regularity conditions
specific to this section. Observe that by symmetry, the augmented feature vector with the
perfect knockoff variables has covariance matrix

. [ % =-D
(26) > _<2—D > )
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where D is a diagonal matrix such that matrix 4 is positive definite. Let Q4 = (X4)~!
and 7y, = (v, )i With v, = —Qfl/ﬂﬁj. It has been shown in Peng et al. (2009) that the
residuals

__ yaug _ yaug_
ej=X; X257

~ A

: Q4, .
satisfy that Cov(e;, X**) = 0, Var(e;) = l/ﬂfj, and Cov(ej,e;) = aran For1<j<

~ ~ ~init
2p, denote by S; = supp(y;) Usupp(7,;) Usupp(¥;). Let J = supp(8**¢) Usupp(8 ) U
supp(Blmt) and s := [|3%"8]|o = || B|lo = o(n). We make the technical assumptions below.

CONDITION 11. a) For some constant Cy > 0, P(|J| < Cys) — 1.
b) For some sequence my, < s, it holds that maxi<j<ap ||Q34||0 < my, and P(maxi<j<ap |S;| <
Csmy,) — 1 with some constant Cy > 0.
¢) maxi<j<2p |72 < Cp and C7 < Amin (1) < Mnax (24) < Cg with some positive con-
stants Cg, C7, and Cs.

CONDITION 12 (Restrictive eigenvalues). Assume that with probability 1 — o(1),

ST XMETX ™S
min 5 > K1
1]l <Cos nl|o3

aug

27)

for some large enough constant Cy > 0 and a constant k1 > 0.

CONDITION 13.  The features X;’s and errors e;’s are sub-Gaussian with sub-Gaussian
norms || Xy, < ¢ and ||e;||y, < ¢ for some constant ¢ > 0.

CONDITION 14. Let <, = {j € H1 : |B;j] > /n~'logp} and it holds that a, =
|7 | — o0

We are now ready to state our results on the FDR control for the approximate knockofts
inference based on the debiased Lasso coefficients.

m3/2s(logp)*/>+1/2

THEOREM 3. Assume that Conditions 6 and 10-14 hold, m., /a,, — 0, and i

A, s(log )+ = 0 for some constant 0 < y < 1. Then we have
limsup FDR < gq.

n—oo

Similarly as discussed in the last section, Condition 11 is used to verify the weak de-
pendence assumption in Condition 4. Condition 6 and the two regularity Conditions 12-13
are imposed for verifying the coupling accuracy Condition 1. Condition 14 contributes to
verifying the general signal strength requirement in Condition 3.

3.4. Connection of Condition 6 with Wasserstein distance. 'We detour slightly and dis-
cuss the connection of Condition 6 with a type of Wasserstein distance and state a conjecture
of ours; it is safe to skip this section and proceed to Section 4 for knockoff variable coupling.

First recall that the knockoff variable matrix is generated in a rowwise fashion independent
of each other. Given a row x of the original data matrix X, denote by jix the estimated or
misspecified conditional distribution for generating the corresponding row in the approximate
knockoff variable matrix X, and denote by jix its oracle counterpart based on the true feature
distribution. Conditional on the original data matrix X, let u™ = jix, X fx, X -+- X jix, and
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wt = px, X px, X --- X ix, , where x; is the ith row of the original data matrix X. Define the
conditional (1,2)-Wasserstein distance between " and " as

(28) Wi o(a", 1 IX)ZHGF%gme(VeC(x) vee(X))4 [

I

where I'(12", i"*) is the set consisting of all couplings of 1" and p", || - ||1,2 is the matrix
(1,2)-norm as defined in Condition 6, and vec(X) stands for vectorization of X by rows,
similarly for vec(X).

PROPOSITION 1. Assume that there exists a deterministic sequence c, — 0 and a cou-
pling n* € (", u™) such that

(29) Px (W o(u", n"X) > ¢,) — 0,

(30) [||X X||12/X] < Cx Wy o (", 5" [X),

E(vec(X) vec X)

where C'x > 1 depends only on X with well-defined expectation Ex [Cx] < oo, and Px and
Ex are probability and expectation taken with respect to X, respectively. Then as n — oo,
Condition 6 is satisfied with A, chosen such that Ex[Cx]c, A, — 0.

It is seen that assumption (29) and the existence of n* in Proposition 1 provide sufficient
conditions ensuring Condition 6. We next verify the existence of 7" in a special scenario.

In Section 4.2, we present a concrete construction for coupling of the approximate and per-
fect knockoff variable matrices under Gaussian distribution, given by (37) and (38), respec-
tively. The lemma below is based on such constructions. The proof of Lemma 1 is postponed
to Section B.1 of the Supplementary Material.

LEMMA 1 (Gaussian Coupling). Consider Gaussian knockoffs in Section 4.2. Let n* be
the conditional coupling measure used for generating (37) and (38). Define D := (2rI, —

r2)Y2 and D := (2r1, — r2Q)'/2, where Q, Q, and r are the same as defined in Section

~ ~ ~ ~T
4.2.ALet D; and D; be the jth columns of D and D, respectively. If ||Dj||2|[Djll2 — D; D; <
C|Dj — Dj||3 for all j =1,--- ,p with a constant C € (0,1/2), then (30) is satisfied with
Cx =151+ vV2n=1)(r2 V1)

~ ~T ~

The condition ||Dj||2|[D;[|2 — D; D; < C|D; — D; |2 can be satisfied if the covariates are

close to independent, i.e., €2 close to diagonal. In particular, when {2 and Q are both diagonal,
~T ~ ~

it holds that D; D; — [[D;2|/Dj[2 =0 < [D; — D;||2. We conjecture that for more general

Q and ﬁ, the coupling measure used for generating (37) and (38) could still satisfy (30).
Proving the existence of 7" in the general scenario is highly challenging and left for future
research.

4. Layer 3 analysis: construction of coupled knockoff variables. In this section, we
present three specific constructions for the coupled perfect knockoff variables and verify that
they satisfy Condition 6 with the desired convergence rate.

4.1. Knockoffs for multivariate t-distribution. In this example, we will construct knock-
offs for multivariate ¢-distributed features by leveraging only information of the first two mo-
ments; the knowledge of the ¢-distribution will not be utilized in the approximate knockoffs
construction. Assume that the underlying true feature distribution for X = (Xy,---, X,)7 is
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the multivariate centered ¢-distribution ¢, (0, Q2~!) with unknown parameters v and 1. We
construct the approximate knockoff variables from the Gaussian distribution with the attempt
to match the first two moments of feature vector X. It is seen that the working distribution F
is misspecified. It has been a common practice to use the multivariate Gaussian distribution
to construct knockoff variables in practice; see, e.g., Candes et al. (2018); Bai et al. (2021).
Assume that there is an effective estimator © for the precision matrix ® := [Cov(X)] ™! =
”7_29 constructed using data matrix X. We construct the approximate knockoffs variable

matrix X from the misspecified Gaussian distribution as
31) X =X(I, — @) + Z(2rL, — r?0)'/2,

where r is a constant such that 21, — 20 is positive definite, and Z € R™*? is independent
of (X,y) and consists of i.i.d. standard Gaussian entries.

Before suggesting our coupled perfect knockoff variables, it is necessary to review some
properties of the multivariate ¢-distribution. Note that an alternative representation of the ith

row of X is x; = \/Zﬁ’ where v > 0 is the degrees of freedom, 7; 4 N(0,27Y), Q; 4 X2,
iV

and 7; LI Q;. Here, X2 is the chi-square distribution with v degrees of freedom. When v is
large, the distribution of x; is close to the Gaussian distribution N (0, (“>2€)~1). Using this
alternative representation, the design matrix X can be written as

1
n,
VQ/v
where 1) is the matrix with rows , and dia dia ,—— .
n {mitiey g(\/Q—) g(m \/QT/V)
We are ready to introduce our construction of the coupled perfect knockoff variable matrix

1
VQ/v
where Q, v, and €2 are identical to the ones in (32), and r and Z are identical to the ones in
(31). Thus, Z is independent of Q and 7. In view of (32), we can see that

(X, X) = diag( \/éi/y
1

\/@)(”7”)7

where (1,m) have i.i.d. rows that follow the Gaussian distribution N (0, 32"8) with

Q! Ql-rrI
aug __ p
So2 = <Q_1 —rl, Q7! > :

(32) X = diag(———=

(33) X = X(I, — r§2) + diag( VZ(2r T, — 2 )2,

)(Th n(I, —rQ) +Z(2rl, — 7«29)1/2)

:=diag(

Thus, this verifies that X forms a perfect knockoff variable matrix for X.
The proposition below verifies that the coupling assumption in Condition 6 holds.

PROPOSITION 2. Assume that C; < |Q7 | < C,, and 1(2r1y — r2Q) |y < C for

some constants Cy, > 0 and Cy > 0. Assume further that 2 and © are both sparse in the
sense that maxi<j<p(||Q;llo + ||®]H0) < pn almost surely with p,(n~"logp)'/? = 0 and

Pl 12 0, and that there exists a constant C > 0 such that
(35) P([|© - ©l|2 > Cp,(n~tlogp)t/?) — 0.

Thenasv > 9 andlogp = 0(n1*4/ V), we have that for some constant C > 0,

(36) IP’(H)A( — )?Hl,g < C’(pn(n_l 10gp)1/2 + V_1/2)> — 1.
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The assumed convergence rate of p,, (n_1 log p)l/ 2 for precision matrix estimation in (35)
has been verified in many existing works (e.g., Cai, Liu and Luo (2011), Fan, Liao and Liu
(2016), and Fan and Lv (2016)) under the sparsity assumption. Proposition 2 above indicates
that the knockoffs procedure can potentially achieve the asymptotic FDR control even when
the working distribution is misspecified but with the first two moments matched.

We next compare our results to those in Barber, Candes and Samworth (2020). For sim-

plicity, let us further assume that {2 = I,, and is known. Then X i t,(0,1,) and the con-

structed approximate knockoff variables X 4 N(O, VL_ZIP). We set r =1 in (31) and (33)
when constructing the approximate and perfect knockoff matrices, and hence the augmented
covariance matrix in (34) is given by 3%"8 = I5,. In such case, Proposition 2 guarantees that

IP’( max n_l/QHfzj —inQ < Cl/_l/2> — 1.
1<j<p

Z;
X2/
with Z; AN (0,1) and the denominator satisfies that for an absolute constant C' > 0 and
v>>log(np),

This implies that Condition 6 is satisfied with A,, = Cv~/2. Observe that X j=

P (12 /v~ 12 OV Togun) ) = O(up) ).

These indicate that the multivariate ¢-distribution is asymptotically close to the standard
Gaussian distribution when v > log(np). Thus, under Conditions 10-12 and 14 for the set-
ting of the linear model, if we construct the knockoff statistics as RCD based on the debiased
Lasso, we can prove similarly as Theorem 3 that
limsup FDR < ¢,
n—oo

3/2+1/~
n

when v1/2 > s(log p)'*1/7 and % — 0 for some 0 < 7 < 1.

Barber, Candes and Samworth (2020) also derived an upper bound on the FDR inflation.
Directly applying their result and calculating the KL divergence in their upper bound under
the specific model setting stated above, we can obtain the lemma below.

LEMMA 2. By applying Theorem 1 in Barber, Candeés and Samworth (2020), it requires
at least v* > nmin(n, p) for limsup,,_,.. FDR < q.

The intuition behind Lemma 2 above is that Theorem 1 in Barber, Candés and Samworth
(2020) requires the empirical KL divergence max <7, K L; converging to zero in probability,
where

— " [X2(v—2) v+p X2
KL;= o - log (14 ——4—
g ;[ 2 2 °g< T

~2 o2
(X v=2) VAP e (14 X,
2 2 U T UGB ) )

Here, X = (X, ;) € R™*? consists of i.i.d. rows sampled from ¢,(0, I,,), while X = ()A(”) €
R™ P consists of i.i.d. rows sampled from N (0, I,). As shown in the proof of Lemma 2 in

—

Section B.2 of the Supplementary Material, K'L; is a sum of i.i.d. random variables with
Cnp

2+p) and to ensure that

positive mean of order V(ffp). Hence, KL; is concentrated at
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TABLE 2
Summary of key conditions and results in Layer 3 analysis
Covariate distribution | ¢, (0, o1 N(O, Qfl) Nonparanormal
S ; - - - —
ource o . error in Mlsspe.c:lﬁed distribution Estimated © | Estimated
constructing X and estimated
Verified couplin, 1 1/2 ~1/2 1 1 (1 3
verifed pling pr(nVogp)L/2 4012 | py /182 Pn\/ ogp , , /pen(logn)
p>n? Yes Yes
Marginal correlation Out-sample estimation needed for general €2;
knockoff statistics In-sample estimation allowed for diagonal 2
RCD with

debiased Lasso In-sample estimation allowed for general €2 with sparsity

K L; —> 0, we need at least

V(V +p) — 0, or equivalently, ? > nmin(n, p). Such condition

is stronger than our requirement /2 > s(log p)1+1/ 7 derived from the coupling technique
when s = o(y/n) and p > n.

4.2. Gaussian knockoffs. We now study the commonly used example of Gaussian
knockoffs with the correctly specified distribution family. Assume that feature vector X =
(X1, , Xp)T LN (0,9271) with unknown precision matrix €2, and we have an effective

estimate €2 that may be constructed using in-sample observations. A popularly used approx-
imate knockoff variable matrix is

(37) X = X(I, — rQ) + Z(2r I, — r*Q)/?,
where r > 0 is some constant such that 271, — r2Q) is positive definite, and Z = (Z; ;) € R"*?

is independent of (X, y) withi.i.d. entries Z; ; LN (0,1). Note that the approximate knockoff
variable matrix in (37) uses the correctly specified distribution family for X (i.e., the Gaussian
distribution).

We couple X with the perfect knockoff variable matrix

(38) X =X(I, — rQ) + Z(2rI, — r’Q)"/2,

where importantly, Z and r are identical to those used in constructing X. We present the
result below regarding the accuracy of the approximate knockoff variables.

PROPOSITION 3.  Assume that C; < ||Q 71|y < Cy and ||(2rL, — r2Q) 7|2 < C,, for
some constants C,, > 0 and Cy > 0. Assume further that precision matrix §¥ and its estimator
Q are both sparse in the sense that maxi<j<p || (€2;]lo + HQ llo) < pn almost surely with
pn(n~Tlogp)'/? — 0, and that there exists a constant C' > 0 such that

(39) P([|Q — Q2 > Cpn(nlogp)/?) — 0.
Then we have that for some constant C' > (),

(40) P(|[X = X[|1.2 < Cpn(n 'logp)'/?) — 1.

Proposition 3 above implies that Condition 6 is satisfied with coupling accuracy A, =
Cpn(n~'logp)/?, where p, represents the sparsity level of £ and its estimator. We dis-
cuss the implication on FDR control utilizing the previously studied two knockoff statistics,
namely the marginal correlation and RCD statistics, by applying Theorems 2-3, and then
compare with the relevant results in Barber, Candes and Samworth (2020).

First consider the linear model and the RCD knockoff statistics based on the debi-
ased Lasso. It follows from Theorem 3 that under Conditions 10-12 and 14, we have
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limsup,,_, ., FDR < ¢ provided that sp, (logp)*/?>T1/7 = o(y/n) for some 0 < v < 1. Our
technical analyses do not require data splitting or an independent pretraining sample. In com-
parison, the results in Barber, Candés and Samworth (2020) require an independent unlabeled
pretraining data set with sample size N to estimate the unknown precision matrix. Specific to
the model setting considered in this section, their results indicate that lim sup,,_,.. FDR < ¢
when N > np, (logp)?. This again shows the advantage of our coupling technique in the
robustness analyses.

Next we move to the marginal correlation statistics. In view of (40), (13), and Theo-
rem 2, it is seen that in-sample estimation generally cannot meet the required condition
of \/nA,(logp)'/2t1/7 — 0 in Theorem 2, and hence there is no guarantee of asymp-
totic FDR control even using our coupling idea. This message is consistent with Niu et al.
(2024), where the model-X framework for conditional independence test is investigated; see
Section 6 for more detailed discussion. In the special case of independent features as dis-
cussed at the end of Section 3.2, in-sample estimation can achieve asymptotic FDR control
if (log p)'*1/7 max; |3]72 - 03-72\ = 0p(1), where GJZ and 0]2 are estimated and true variance
for the jth feature, respectively.

We next compare with the relevant results in Barber, Candes and Samworth (2020) for
marginal correlation statistics. It is discussed in their Section 3.2.1 that the KL divergence in
their FDR inflation upper bound can be replaced with some E; defined on summary statistics,
such as

~T PN

P((XTy,X;y) = (a, b)IX—jaX—wY))
~T = ’

P(XTy,Xy) = (b,a)X_;,X_,y)

and that their FDR inflation upper bound remains to hold. An independent pretraining sam-
ple is required for generating their X;’s. Note that £; above depends on the “closeness”

@) By =E;(X1y,X,y), with Ej(a,b) = log (

of ﬁjy to X?y. For the FDR inflation in their upper bound to asymptotically vanish,
it is required that max; |E;| = op(1). It is unclear how max;|E;| = 0,(1) can be trans-
lated into the explicit bound on the estimation accuracy of {2 when the covariate depen-
dence is most general. In the simpler case of independent covariates, the condition re-
duces to max; |E;| = Op((logp) maxi<;<p |3;2 - a;2|). Comparing to our condition of
(log p)'*1/7 max; \8]-_2 - aj_2| = 0,(1) discussed above, the additional term of (logp)/7 is
the price we pay for in-sample estimation.

4.3. Nonparanormal knockoffs. We further investigate a much more general distribu-

tion family, that is, the Gaussian copula distributions. Assume that X = (X1, -- ,Xp)T has

marginal distributions X < Fj(-) and satisfies that (B! (Fy (X)), - Lo Y(F,(X,))T L

N(0,27h), where the dlagonal entries of 27! are all one. Further assume that we have effec-
tive estimators F for F; and Q for 2. Define V = (V; j) € R™*P with V; =9 (F (Xij))
and V = (V ;) € R™*P with V” =& 1(Fj(X;;)). Let U= (Us,5) € R™*P be given by

(42) U=V, —rQ)+Z(2rI, — *Q)"/?,

where r > 0 is some constant such that 271, — rgﬁ is positive definite, and Z = (Z; ;) € R"*?

is independent of (X,y) with i.i.d. entries Z; ; LN (0,1). We construct the approximate
knockoff variable matrix as X = (X; j) € R™*P with

(43) Xi;=F 1 (®(U; ).

It is seen that this example also uses the correctly specified distribution family for X, i.e., the
Gaussian copula.
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We suggest to construct the coupled perfect knockoff variable matrix as X = (fi”) with
(44) X;; =F; 1 (®(Uiy)),
where ﬁl j represents the (i, j)th entry of matrix
(45) U=V(I, — Q)+ Z(2rI, — r?Q)"/?

with Z and r identical in values to the ones used in (42). The proposition below characterizes
the coupling rate between X and X.

PROPOSITION 4. Assume that (39) is satisfied and both €} and Q are sparse in the
sense that max1<<,(||Ql0+1/2l0) < pn with pp, = o(n/(logn)3) almost surely. Assume
further that for 1 < j < p, the distribution estimators satisfy % < F jlx) <1-— % for each
x € supp(X;), supp(X;) C [—b,b] for some constant b > 0, and there exists a constant

M > 0 such that

(46) P( max sup |E N @) — F N 2)| > (Mn! logn)1/2> -0,
1<J<Pze[2Mn—1logn,1—2Mn—"logn]

(47)
Fy(z)]
Fj(x)]

P( s o e
1—J—Pxe(F;1(2Mn711ogn),F;1(1—2Mnfllogn)) j(@)]

> (Mn 'log n)1/2>

<.

— 0,

Fl(z) - F!
(48) P(lrilax sup |_1] ) — F, (Zgl — > M) — 0.
<i<Paye(o) | —yl+ (n (logn)|z — y[)1/2 +n~logn

Then we have

o~ 1 1 3
(49) P<||X—X|]1,2<C<pn\/ ogp+\/ppn(ogn) )) 1
n n

REMARK 1. When estimators {F\j}gzl are the empirical distribution functions and p =
o(n), it can be shown that (46), (47), and (48) can be satisfied when the density function f X,
is uniformly bounded on the support.

See, e.g., Liu, Lafferty and Wasserman (2009); Liu et al. (2012) for the estimation of
nonparanormal distributions, and we opt not to discuss it here due to the space constraint.
We also remark that the bounded support assumption of supp(X;) C [—b,b] is to simplify
the technical proofs and may be removed by applying the truncation technique and letting b
slowly diverge with n. Since such technical relaxation is not the main focus of the current
paper, we choose not to explore it here.

5. Robust knockoffs for k-FWER control. Model-X knockoffs framework has also
been explored for the purpose of k-FWER control (Lehmann and Romano, 2005), where the
goal is to control

(50) k-FWER = P(|S N Ho| > k)
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below a prespecified target level ¢ € (0 1). Given the approximate knockoff statistics

{W W 1, the set of selected features is S = {1<j<p: W > Ty}, where the threshold
is defined as

(51) Tv:sup{tEW:#{j:—Wth}:v}

with v the largest integer such that

[e.e] .
(52) 2=+ <Z+“._ 1) <q
2 :

When the true feature distribution is known, Janson and Su (2016) showed that the perfect
knockoffs inference procedure provides precise finite-sample control on the k-FWER. We
now establish the companion theory for the approximate knockoffs inference procedure.

Denote by V= |§ N Ho| the number of false discoveries. Similar to the FDR analysis, we
assume that the number of relevant features || — oo as n — oo. Further, we consider the
scenario where £ diverges very slowly with n. Our layer 1 theory will again build on the key
Condition 1 that there exist coupled perfect knockoff statistics that are sufficiently close to the
approximate knockoff statistics. However, different from the FDR study where Conditions 2—
5 are needed, we assume instead the two technical conditions below and their interpretations
are similar to Conditions 4-5. Recall the definition that G(t) = py ' 3" ieHo P(Wj > t) and

po = |Hol.

CONDITION 15 (Weak dependence). For constants 0 <y < 1 and C > 0, and a positive
sequence m,, = o(k), it holds that

(53) Var ( Z ]l(ﬁ//j > t)) < CmppoG(t) + o((log k)*l/V[poG(t)F)
Jj€Ho
uniformly over t € (Gil(%), Gil(%)).

CONDITION 16.  Assume that G(t) is a continuous function. It holds that as n — oo,
Gt —by) —G(t+by)

(54) sup —0
te(G-1(2),6-1(%)) G)
and
» 3k
(55) Y <W< en (Qp))—m

JE€EH

Now we are ready to present our general theorem on the .-FWER control for the approx-
imate knockofts procedure.

THEOREM 4.  Assume that Conditions 1, 15, and 16 are satisfied, k — oo, and m,, [k — 0
as n — oo. Then for each € > 0, we have

(56) lim sup P(?Zk(l—i—e)) <gq
n—oo
The main idea for proving Theorem 4 is to compare the approximate knockoff statistics
{W; }?Zl with their coupled perfect counterparts {W; }i-’:l and show that the approximate
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threshold 7, satisfies |1, — ﬁ,| < by, as long as maxi<j<p |/V[7] — WJ| < b, where ﬁ, is
the corresponding threshold from the perfect knockoff statistics. Moreover, we can show
that for each ¢ > 0, with high probability it holds that Ty; s, 41 < Ty — 2bn < Tysns, for
some integer M, < ke. Therefore, the probability of the approximate knockoffs inference
procedure making at least k false discoveries can be related to that of the k-FWER control
with the perfect knockoff statistics, which establishes the desired result in Theorem 4.

Similar to the layer 2 FDR analysis in Section 3, we showcase the general theory using
two constructions of the knockoff statistics: the marginal correlation and the RCD knockoff
statistics, under the coupling accuracy assumption in Condition 6.

With the marginal correlation knockoff statistics, under the same model setting of Section
3.2, the following result on the k-FWER control can be established.

THEOREM 5. Assume the same model setting (14) as in Section 3.2 and the marginal
correlation knockoff statistics (11). Further, assume that Conditions 6, 9, and 10 are satisfied,
k — 00, my/k — 0, and Ap+/nlogp — 0. Then for each £ > 0, we have

limsup P(V > k(1 +¢)) <q.

n—oo

Analogously, with the RCD knockoff statistics, under the same setting of Section 3.3, we
have the parallel theorem for the k-FWER control below.

THEOREM 6. Assume the same linear model setting as in Section 3.3 and the RCD
knockoff statistics (17). Further, assume that Conditions 6, 10, and 11-13 are satisfied,

k — oo, my/k — 0, and mi‘ps(logp\);f(logk)l/v + Apslogp — 0 for some constant 0 < v < 1.

n
Then for each € > 0, we have

(57) limsup P(V > k(1 +¢)) <q.

n—oo

6. Connection with literature. We now provide more detailed comparison with three
additional existing works Fan et al. (2020a); Fan et al. (2020b); Niu et al. (2024).

Fan et al. (2020b) investigated the power and robustness of knockoffs inference in the
linear model setting where the features follow a latent factor model with parametric idiosyn-
cratic noise. In-sample estimation is allowed for constructing their approximate knockoff
variables. Condition 4 therein for robustness analysis is essentially a preliminary form of our
knockoff variable coupling condition under their parametric model assumption, and Con-
dition 6 therein is loosely comparable to the proved results in our Theorem 1; these two
conditions are model specific and directly assumed therein without theoretical justification.
Fan et al. (2020a) provided theoretical guarantee for the asymptotic FDR control for the ap-
proximate knockoffs procedure under an assumption that the FDR function is Lipschitz with
respect to feature covariance matrix when the feature distribution is jointly Gaussian. In their
paper, the feature distribution and model sparsity are learned by balanced sample splitting,
and the dependence of response Y on covariates in X can be nonlinear and arbitrary. Their
Lipschitz assumption on FDR function is comparable to the proved results in our Theorem 1.

Niu et al. (2024) studied the robustness of the conditional randomization test (CRT) and
demonstrated that, when the feature distribution is learned in sample, type-I error control
cannot be attained for arbitrary test statistics. In their Section 3, a test statistic that is closely
related to the marginal correlation test was investigated and it was shown that its type-I error
can be arbitrarily inflated when in-sample feature distribution is learned. This message is
similar to ours in the sense that marginal correlation statistics have low accuracy (see Section
3.2). Niu et al. (2024) also established an interesting double-robustness phenomenon: errors
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in fitting the distribution of the features can be compensated for by using a test statistic that
more accurately captures the distribution of the response given the features. Since for FDR or
k-FWER control, there is only one source of error caused by estimated/misspecified covariate
distribution, the double-robustness may not be a relevant property in our study.

Comparing to these existing works, a major innovation of our paper is the introduction of a
new closeness measure for evaluating the qualities of the approximate knockoff variables and
knockoff statistics. This new measure is closely related to the (1, 2)-Wasserstein distance. The
coupling idea for knockoffs robustness analysis and the (1,2)-Wasserstein distance are both
new to the literature; they equip us with a much more powerful tool for better understanding
the practical robustness of the model-X framework. Indeed, as revealed in our analysis, the
robustness of model-X procedure goes beyond the scenarios already revealed in the literature.
The connection to the (1,2)-Wasserstein distance also suggests that the robustness of model-
X can be a general phenomenon beyond the covariate distribution examples provided in our
current paper.

There exist some other less related works in the literature that contribute to relaxing the
assumption of fully known feature distribution in the model-X knockoffs framework. For
instance, Huang and Janson (2020) relaxed such assumption via assuming the existence of
sufficient statistic for the model and proposing an alternative conditional exchangeability for
knockoffs given the sufficient statistic.

7. Simulation studies. In this section, we examine the finite-sample performance of the
approximate knockoffs inference using the approximate or misspecified feature distribution
through some simulation examples.

7.1. Approximate feature distribution. Our first simulation example considers Gaussian

feature vector X < N (0,9271), where the precision matrix = (w;;) € RP*? is unknown
and sparse with entries w;; = 0.2/ for |i — j| < 10 and w;; = 0 for |i — j| > 10. We ap-
ply the James—Stein-type shrinkage estimator for the covariance matrix (as in the R Package
‘knockoff’) and examine the FDR control of the approximate knockoffs inference procedure
with estimated covariance matrix. In-sample estimation is used for learning the feature co-
variance matrix. We consider two settings: the linear regression model and logistic regression
model.

. . d
SETTING 1. Assume thatY = X 3 + ¢, where ¢ is a random error with € ~ N(0,1). Let
the coefficient B € RP be sparse with 50 nonzero components, where the nonzero locations
are randomly selected and each nonzero coefficient is randomly generated from {£3}.

SETTING 2. Assume that the response Y depends on X through a logistic regression
model. Let the regression coefficient 3 € RP be sparse with 30 nonzero components, where the
nonzero locations are randomly selected and each nonzero coefficient is randomly generated
from {£3}.

We consider the construction of knockoff statistics using the debiased Lasso regression
coefficient difference. We set p = 400 and n € {150,250, 350, 500}. From the numerical re-
sults in Table 3, it is seen that for a few settings of sample size, the FDR is marginally inflated
above the target level ¢ = 0.2 due to the estimated feature distribution and Monte Carlo error.
Overall, the approximate knockoffs inference procedure demonstrates robust FDR control
across various values of sample size n, which verifies our theoretical analysis that the knock-
off statistics based on the debiased Lasso regression coefficient difference can guarantee the
asymptotic FDR control with in-sample learned feature distribution.



ARK 23

TABLE 3
FDR control for the approximate knockoffs procedure using estimated feature distribution under Settings 1 and
2, with a targeted FDR level ¢ = 0.2. Results are based on 100 replications.

Setting 1 Setting 2
n 150 250 350 500 n 150 250 350 500
FDR | 0.186 0.211 0.203 0.189 || FDR | 0.142 0.205 0.207 0.205

7.2. Misspecified feature distribution. In the second simulation example, we consider
a feature vector X € RP generated from a multivariate ¢-distribution ¢,(0,3) with covari-
ance matrix X = (0;;) € RP*P and ¢;; = 0.5/, To examine the effect of misspecified fea-
ture distribution, we generate knockoff variables using the misspecified Gaussian distribution
N(0, ;%5X) with matched first two moments and explore the FDR control of approximate
knockoffs inference procedure as the number of degrees of freedom v changes. We fix the
sample size as n = 300 and the dimensionality as p = 400. Again the linear model in Set-
ting 1 and logistic model in Setting 2 are considered. We investigate the FDR control using
knockoff statistics constructed from the debiased Lasso coefficient difference.

The number of degrees of freedom v determines the closeness between the approximate
and coupled perfect knockoff procedures, as demonstrated in layer 3 analysis in Section 4.1.
We examine the behavior of the approximate knockoffs procedure for v € {5,10,20,50}. It
is observed from Table 4 that the approximate knockoffs procedure can have slightly inflated
FDR for a small value of v = 5, while achieving desired FDR control almost always for larger
values of v = 10, 20, and 50. This again verifies our theoretical analysis.

TABLE 4
FDR control for the approximate knockoffs procedure using misspecified feature distribution under Settings 1
and 2, with a targeted FDR level ¢ = 0.2. Results are based on 100 replications.

Setting 1 Setting 2
v 5 10 20 50 v 5 10 20 50
FDR | 0238 0.190 0206 0.195 || FDR | 0.175 0.162 0.186 0.169

8. Discussions. We have investigated in this paper the robustness of the model-X knock-
offs framework introduced in Candes et al. (2018) by characterizing the feature selection
performance of the approximate knockoffs (ARK) procedure, a popularly implemented ver-
sion of the model-X knockoffs framework in practice. The approximate knockoffs procedure
differs from the model-X knockoffs procedure in that it uses the misspecified or estimated
feature distribution to generate the knockoff variables without the use of sample splitting. We
have proved formally that the approximate knockoffs procedure can achieve the asymptotic
FDR and k-FWER control as the sample size diverges in the high-dimensional setting. A
key idea empowering our technical analysis is coupling, where we pair statistics in the ap-
proximate knockoffs procedure with those in the model-X knockoffs procedure so that they
are close in realizations with high probability. The knockoff variable coupling has been in-
vestigated under some specific distribution assumptions in the current work. An interesting
future study is to investigate the coupling idea under a broader class of or even general feature
distributions.
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SUPPLEMENTARY MATERIAL

Supplement to “ARK: Robust Knockoffs Inference with Coupling”
The Supplementary Material Fan, Gao and Lv (2024) contains all the proofs and technical
details, and an extension of the analysis in Section 3.3 to the setting of the generalized linear
model.
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Supplement to “ARK: Robust Knockoffs Inference with Coupling”
Yingying Fan, Lan Gao and Jinchi Lv

This Supplementary Material contains the proofs of Theorems 1-6, Propositions 1-4, and
some key technical lemmas. All the notation is the same as defined in the main body of the
paper. Section A presents the Proofs of Theorems 1-6 and Propositions 1-4. We provide
the proofs of the key lemmas and additional technical details in Section B. In Section C,
we extend the analysis in Section 3.3 for knockoff statistics constructed with the regression
coefficient difference to the setting of the generalized linear model (GLM). Throughout the
Supplement, C' stands for some positive constant whose value may change from line to line.

APPENDIX A: PROOFS OF THEOREMS 1-6 AND PROPOSITIONS 14

A.l. Proof of Theorem 1. It has been shown in Candes et al. (2018) that the model-X
knockoffs inference procedure achieves the exact FDR control when the perfect knockoff

statistics are employed. Note that the approximate knockoff statistics {WW;} are expected

to provide a reliable approximation to the perfect knockoft statistics {I¥;}, as assumed in
Condition 1. The main idea of the proof is to establish the FDR control for the approximate
knockoffs inference procedure through a comparison of the approximate knockoff statistics
and a certain realization of the perfect knockoff statistics. The two lemmas below provide a
sketch of the proof and can be established under Conditions 1-5.

LEMMA 3. Assume that Conditions 1, 4, and 5 are satisfied. When a,, — oo and
My /a, — 0, we have that for some constant 0 < ¢ < 1,

> jens LW, > 1)

(A.1) sup € = L 1] =0,(1),
te(0,6-1(2122m)] | 2 jent, PWi 21)
S ien, LOW; < 1)

(A.2) sup J€Ho 2 I — 1| =0,(1).
e (0,G-1(212em)] | 2jen, B(Wj < —1)

LEMMA 4. Under Conditions 1-5, we have that for some constant 0 < ¢; < 1, P(T <
G’l(—clgf”" ) — 1.

We present the proofs of Lemmas 3 and 4 in Sections B.3 and B.4, respectively. Now we
are ready to prove Theorem 1. Let us define two events By = {T' < Gil(%)} and

( Yien, LW 21) 1’ y ’ZjeHo 1(W;<—t) 1’) _ 6}
Zje?—to P(Wj >t) W a

for € > 0. Lemmas 3 and 4 above have shown that P(Bf) — 0 and P(B5 ) — 0 for each
€ > 0. In addition, it holds naturally that 0 < FDP < 1. Then it follows that

ZjEHo H(W] 2 T)
1V P 1(W; >T)

By e = { sup
te(0,G-1 (A1)

FDR < E( : 1(81)1(82,6)> +P(BY) +P(B5,)

(A.3)

_ E( Zje?{o H(Wj > T)

VS 1,5 T) 1%’1)11(82,6)) o),



2

In view of the definition of threshold 7" in (4), we can deduce that
Zje?—to IL(VVJ‘ >T)

1V Y2 (W, >T)

D jer, WW; 2 T) ‘ Djer, LW; <=T)

Dien, VW <=T) 1v 3P 1(W; >T)
. ZjE’Ho :[]'(WJ Z T)

Furthermore, it is easy to see that on event 31 N Ba ., we have

Zje?—[o ]l(Wj > T) Zje?—[o ]l(Wj > t)

- 1(B1)1(Ba,)

(A4) = -1(B1)1(Ba,)

- 1(B1)L(Ba).

— < sup =
Sier, LW; < =T) ™ te0.6-1(222)] Y epy, LW < —1)
1+e Zje?—[o P(W; >1)
< sup —
L= €re(o,c-1(20m)) 37 qy, P(W; < 1)
_l+e
C1—€

where the last equation above is obtained by the symmetry of the perfect knockoff statistics
{W;}jen, that P(W; > t) =P(W; < —t). Therefore, we can obtain that for any ¢ > 0,

1
(A.5) FDR<gq- 1—“ +o(1),
€

which yields the desired result (9). This completes the proof of Theorem 1.

A.2. Proof of Theorem 2. The main idea of the proof is to directly apply Theorem 1 by
verifying Conditions 1-5 involved. We will show in the lemmas below that Conditions 1-5
are satisfied for the marginal correlation knockoff statistics under Conditions 6—10 and the
setting of nonparametric regression model (14) with normal features. Proofs of Lemmas 5-8
are presented in Sections B.5-B.8.

LEMMA 5. Assume that Condition 6 is satisfied. Then we have that

(A6) p( max [ — W > An) 0.

Lemma 5 above shows that Colldition 1 is satisfied with sequences b, := A,,. Define
w; = (EY?)"V2(|E(X,;Y)| — |E(X,Y)|) for 1 < j < p. Note that w; = 0 for j € H since

(X, Xn,) 4 (X, X, ) for j € Ho by the exchangeability between X; and X ;. Recall from
the definition in (16) that

s Jloep {mﬂuxmuyuwz vmrwjlllY\i}
"V o0 o1gis (EY2)1/2 EY? '

We have the concentration inequality below for Wj under the sub-Gaussian assumption in
Condition 7.
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LEMMA 6. Assume that Condition 7 is satisfied. When logp = o(n), we have that

n(EYz)Q}'

p
e -1
(A7) ZP(\Wj—wj|26n)§6p +pexp{— e

Lemma 6 above indicates that Condition 2 related to the concentration rate of W is sat-
isfied with d,, defined in (16) and that A,, < é,, where A,, is the approximation accuracy
of the approximate knockoff statistics obtained in Lemma 5. In addition, from the definition
of wj, under Condition 8 we have that the general Condition 3 on the signal strength is also
satisfied. Next we will turn to the verification of Conditions 4-5.

LEMMA 7. Assume that Condition 9 is satisfied. Then we have that for each t > 0,

Var (Y eq, 1(W; > 1))
poG(t)

(A.8) <2m,,.

LEMMA 8.  Assume that Conditions 9 and 10 are satisfied. Then when (log p)'/Ym, /a,, —
0 and /nA, (logp)'/?t1/7 — 0 for some constant 0 < ~y < 1, we have that

Gt—A,) —Gt+Ay)

(A.9) (logp)l/”’ sup —0
te(0, G (210en )] G(t)
and
(A.10) 'y P(Wj <G 18l An> )
JEH p
as n — oo.

Lemma 7 above shows that Condition 4 is satisfied, while Lemma 8 above implies that
Condition 5 is satisfied. Finally, the conclusion of Theorem 2 can be obtained by directly
applying the general Theorem 1. This completes the proof of Theorem 2.

A.3. Proof of Theorem 3. The main idea of the proof is to directly apply Theorem 1
by verifying Conditions 1-5 for the knockoff statistics constructed from the debiased Lasso
coefficients. A key observation is that the debiased Lasso coefficients are asymptotically
normal. Denote by

~T aug
7j = llzjll2/2; X;
The debiased Lasso coefficient can be written as
~T

aug ( aug ﬁlnlt)

\/_~
LV St
z; X,

AID  Va(B; - B") =

Observe that ”~ H ~ N(0,0?), \/n1j = Op(1), and the remainder term in (A.11) above is of

order op,(1). Thus, the debiased Lasso estimator is asymptotically normal in the sense that
7 1(B; — B"%) 5 N(0,0).
Our proof will build mainly on such intuition. Throughout the proof below, constant C' may

take different values from line to line.

. . ~init -
We first present two lemmas below about the consistency of Lasso estimators 3 and 7.
We omit the proofs of Lemmas 9 and 10 here to avoid redundancy since they are well-known
results for the consistency of Lasso estimators in the literature.



LEMMA 9. Under Conditions 11-13, we have that with probability 1 — o(p_?’),

~init lo
(A.12) 18™ — B8 ||, < Csy/ pr,

~init slo
(A13) 1B™ — B, < 0y Z5F,
~aug ,~init
(A.14) IX™(8™ — B*) ||, < C/slogp.

LEMMA 10. Under Conditions 11-13, we have that with probability 1 — o(p*3),

~ logp
A.l Al <
(A.15) lg}fgp!m Vil = Cmny [ ==,
- my logp
A.16 < Cy/
(A.16) @%p\lw Yjll2 < —

(A.17) max Hf(il;gﬁ] =;)ll2 < Cv/mylogp.

1<5<2p

.. nl . .o -3
In addition, when =282 — O we have that with probability 1 — o(p™*),

N

(A.18) |V/nr; — (Be2)"V/? < ¢y | 2 28P
n
e N

(A.19) 2% — Cov(e,en)| < 0y =25E,

The four lemmas below outline the proof for verifying the general Conditions 1-5. Proofs
of Lemma 11-14 are provided in Sections B.9-B.12, respectively.

LEMMA 11. Assume that Conditions 6 and 11—13 are satisfied. Then as A,s*/? — 0 and

Slo% — 0, we have that

] B> )
(A.20) P(l%%pmj Bl > CApsy/ - > —0

Lemma 11 above indicates that Condition 1 is satisfied with sequences b,, := C'A, 54/ logp

n
Let us define w; = |5;].

LEMMA 12. Assume that Conditions 11-13 are satisfied. Then as s w — 0, we
have that for some C > 0, Z§:1 ]P’(\Wj —wj| > Cy/n~1logp) — 0.

Lemma 12 above shows that Condition 2 related to the concentration rate of Wj is satisfied
with 6, = C'y/n~1logp. In addition, it holds that b,, < C'\/n~1log p due to the assumption
A, s — 0 in Theorem 3. In addition, in light of the definition of w;, under Condition 14 we
have that the general Condition 3 on the signal strength is also satisfied. We next turn to the
verification of Conditions 4-5.
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LEMMA 13.  Assume that Conditions 1113 are satisfied. Then as mgl/zs(lo\g/g)wzﬂ/w — 0,
we have that Var . N‘>t < Vi(t) + Va(2), where for some 0 < v <1 and 0 <
h hat V. JEHo L(W; Vi \% h 0 1land 0

Cl<1,

Vi(t)

(A.21) logp) /7 sup — 50
R L SN e

and

(A.22) sup Va(?) < my,.

te(0,G— (21 ) PG (E) ™

LEMMA 14. Assume that Conditions 6, 10, and 11 —13 are satisfied. Then when
1/2 3/2+41/~
w2510y ) g A, s(logp) /7 — 0, we have that

un
(A.23) (logp)*/7 sup Gt =bn) = G(t+bn) —0
te(0, G (2120 )] G(t)
and
(A.24) 'y P(Wj < -G (ELny bn) )
JEH p
as n — oQ.

Lemma 13 above shows that Condition 4 is satisfied, whereas Lemma 14 implies that
Condition 5 is satisfied. Finally, the conclusion of Theorem 3 can be derived by directly
applying the general Theorem 1. This completes the proof of Theorem 3.

A.4. Proof of Theorem 4. We first define the corresponding threshold T, for the perfect
knockoff statistics {W; }:;:1 in the model-X knockoffs inference for the k-FWER control as

T, :sup{tEVN\/: #{j: —Wj >t} =v},

where v is defined as in (52) and W = {|W1], - ,\Wpl}. As sketched in Lemmas 15-17
below, the main idea of the proof is to show that the threshold 7, based on the approx-

imate knockoff statistics and the threshold Tv based on the perfect knockoff statistics are
sufficiently close under Condition 1 such that for any € > 0, the number of W;’s that lie be-

tween T, and T, is at most ve with asymptotic probability one, where v satisfies v/k — 1 as
k — oo. Specifically, let M, be the integer such that

(A.25) Tont, > Ty — 26y > Tynr, 41-

Then we can establish a bound for M,, as shown in Lemma 17 below. We first present the
three lemmas below that provide an outline of the proof. The proofs of Lemmas 15-17 are
provided in Sections B.13-B.15, respectively.

LEMMA 15. Under Condition 1, we have that

(A.26) P(|T, — T,,| > by) — 0.
LEMMA 16. Assume that k — oo. Then we have that
(A.27) L1+ 0.

k



LEMMA 17. Under all the conditions of Theorem 4, we have that for each € > 0,
(A.28) P(M, <wve)— 1.

We are now ready to prove Theorem 4. It follows straightforwardly from Lemma 15 that

P(V > k(1 +2¢)) = IP’( S 1W; >T) > k(1 + 25))
J€Ho

gIP( > 1(W; > T, — 2by,) > k(1 +25))

IN

IP’( S© LW 2 Toiar,) 2 k(1 + 25))
JE€EHO

(S 1T > Topar,) > k(1 +2¢) )
Jj€Ho

<P( Y 1-W;=2T) = k(1 +2¢) - M, ),
Jj€Ho
where the second last step above is because of the symmetry of WN/j’s with j € Ho and the
last step above is due to

STUW = Torn,) = Y U-W; > T,) < M,
J€EHo J€EHo

by the definitions of ﬁ, and M,,.

Moreover, Lemma 17 above shows that M, < ve with asymptotic probability one and
Lemma 16 above proves that v/k = 1 + o(1). Then it holds that 2k > M,, with asymptotic
probability one. Hence, combining the above results and by the union bound, we can deduce
that

P(V > k(1 +2¢)) < IP( SN 1-W;>T,) > k) +o(1)=q+o(1).
Jj€Ho
Consequently, it follows that for each € > 0,

limsup P(V > k(1 + 2¢)) < q.

n—0o0

This concludes the proof of Theorem 4.

A.5. Proof of Theorem 5. The proof of Theorem 5 is analogous to that of Theorem 2 in
Section A.2. We omit the detailed proof here to avoid redundancy.

A.6. Proof of Theorem 6. The proof of Theorem 6 is similar to that of Theorem 3 in
Section A.3. Hence we omit the detailed proof here to avoid redundancy.

A.7. Proof of Proposition 1. Let X and X be matrices generated from the conditional

coupling measure n* given X. By Chebyshev’s inequality, we have

E*[|X — X]|1,2/X]
A,

P(IX = Xl > An) = Ex[P*(IX - Xll12 > A,/X)] < Ex |

§Ex[CX}CnA;1 — 0.
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A.8. Proof of Proposition 2. From the definitions in (31) and (33), we see that

(A.29) X — X =rXA + ZB + diag(1 —

1 1
- . 1-——)ZC
V Ql/V V Qn/V)

where A =Q — ©, B = (2rI, — r20)Y2 — (2r1, — r2Q)'/2, and C = (211, — r202)/2. In
view of assumption (35) and the fact that © := [Cov(X)]~! = 20, it follows from the
triangle inequality that with probability 1 — o(1),

1© Q|2 <[© B2 +]© — Q=0 — B2+ 207} |2»

(A.30) o
< Cpny[—2F BP L ovLlort,

Now we deal with the three terms on the right-hand side of (A.29) above separately. First,
for the second term above, an application of similar arguments as for (A.52) gives that with
probability 1 — o(1),

1
(A31) max " |(2B); 3 < 3(BJ/2 < Cl® -2 < c(p” ogp +y*2).
<j< n

Regarding the first term on the right-hand side of (A.29) above, observe that

(X, X )d( Ni,5 il )

- VQilv Qifv"

where (7;1,- -+ ,Mip) AN (0,9271) and {Q;}"_, are independent and identically distributed
(i.i.d.) chi-square random variables with v degrees of freedom. It holds that for some large
constant C7 > 0,

1
P<||n—1XTX — O e > Cry ) 2P 4 y—1/2)
n

n
-1 0,551 v
— E(n;.mi)E(=
- Qz/y (77@,j77z,l) (Qz)

n

>0 /logp+y_1/2>
n

n
— v logp
Y g Oiamia - E(m,jm,z))‘ > >
i=1 (2

n

1ZE mam) (g E(éz))‘w 1/2)

Before showing the bounds for the two probabilities on the right-hand side of the expres-
sion above, we first present some basic results for chi-square random variables. Note that
from the property of the chi-square distribution, we have through some immediate calcula-
tions that

= IP’( max
1<5,0<p
(A.32)

<P max
1<45,1<p

+P| max
1§j,l§p

1/2 V2
(A.33) E(Q?) s T
V2 14
(A.34) Var(Q) (V_2)(V_4)_(V_2)2:o(y71),
2 V4 V2 2 B
(A.35) Var(QQ):(y—2)(y74)(y76)(u78)_<(y72)(y74)> =0(™).
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2

Thus, noting that E( ) + v Y2 = m +v71/2 <3 and E(Vé) — 2> 9/3
when v > 9, an apphcatlon of the Markov inequality leads to

P<n1i”2 > 3) —HP’(nliVQ < 2/3>
i—1 Q7 ~ i1 Q7 ~
o ol LGl L
i=1 7

2

QQ) O(n~1) —o.

n~! Var <

In addition, noting that e~ %/2 <1 and Stirling’s formula for the gamma function I'(z) =
V2 /z(z/e)®(1+ O(x~1)) for z > 0, we have through applying the density function of the
chi-square distribution that for each constant C' > 0,

n Clyy /152 pv/2-1—a/2
P zs < r_° 4
(mx Q= 1ogp> —”/o 2/P0(vf2)
2n(C~ 1y leeryr/2
- ( 2\/ =L)
(A.37) v2/2T (v /2)

,Sn(cleogp)”/“ — v

n Var /v(v/2e)v/?

v/2

logp \v/4 1
2,2
<C e 4/1,) \/m—m

when log p = o(n'~*/").
Now we are ready to deal with the two probabilities on the right-hand side of (A.32) above.
Let us define two events 2; = {maxi<i<p Ql < Cy,/ } for a small constant Cy > 0

log
and 25 = {2/3 <n Y7, Q2 < 3}. It follows from (A.36) and (A.37) that P(Z§) — 0
and P(25) — 0. For the first probability in (A.32) above, since n; jn;; is a sub-exponential
random variable and (); 1L 7; ;7;;, we can obtain by applying the concentration inequality
for the weighted sum of sub-exponential random variables (cf. Corollary 4.2 in Zhang and

Chen (2021)) that when C'; is large enough and C5 is small enough,

- logp
<11<Iﬁ}<<p Zl (MijMi1 — (m,jm,z))‘ > - )
logp
(A.38) < P(@%p 2 (M3, M50 — (m,jm,z))' >\ —= . 1N %)
+P(27) + P(25)

< 2p? exp{—3logp} + o(1) = 0.
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Regarding the second probability in (A.32), since max;<;i<p [E(n; j7:,)| < maxi<j<p E(nfj) <
maxi<; Sp(ﬂ_l) j.i < Cy, an application of the Markov inequality and (A.34) yields that

<lg}é}}<(p ZE Ni 57,1 ( ]E(ng))‘ > l/_1/2>

(A.39) < -1 Z (a s Q )‘ > Culyl/2>

<C?vn~! Var(QL) =0(mn™ Y =o.

%

By plugging (A.38) and (A.39) into (A.32), we can show that with probability 1 — o(1),

0" (n'XTX - ©@71)g| [logp 10
max é Cpn — +v )
5:18]l0<pn 16112 ( n )

which along with the fact @~ ||y = 25 || Q1| < -45C,, entails that as p, = o(v/n/(logp))
and p, = O(\ﬁ)’
§TXTX6

(A.40) max ———0 < C
3:[|6llo<pn T'LH(S”%

for some constant C' > 0. Using (A.30) and the sparsity assumption that maxi<j<p ||€2;/o +
|12, ]l0 < pn, an application of similar arguments as for (A.49) gives that with probability
1—o(1),

—1 12— IATXTXA . < 112

[nax n [XAjllz=n"A;X"XA; < ng&gpllAgllz

(A41) 2]
—Cll® -3 <c(2EE 172,

n

We now proceed with examining the third term on the right-hand side of (A.29) above.

Observe that ZC; L N(0,||C;||31,) and maxi<;<p ||C;ll2 < ||C||2 < 2r. Hence, it holds for
some large constant C3 > 0 that

—1|l 4:
P < 121;2{})7@ Hdlag(l

ot o e st
Y Qn/u)ZCJHFC?’” )

— -1 - 1 2 1272 -1

(A.42) —P(lrggpn > (1— Qi/V> ICI°Z; > Csv )

i=1

(R0 g 2w ).

where {Z;}!" ;| are i.i.d. standard normal random variables that are independent of C and

{Qi}iy

Similar to the calculations in (A.34) and (A.35), we can deduce that

E{(l—@)zzﬂ ZE(Zz‘Q)EK QZ/V }

-1-a( ) relghy)

OINES) v
N@Z T

—1-
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and
4
E [(1 S ) Z;‘]
VQi/v
(A.44) . s
- 3<1 AT | 6w-2) VRAPT(S) | v? >
I'(3) v (%) v=2)(v-4))
By applying the asymptotic series of the gamma function
['(x+1/2) 1 9
i St St/ 1— —
I'(z) \/E( 8x +Ol@ ))’

we can obtain through some direct calculations that

(A.45) E[(l— ! )223] —O(v7)) and E[(l—

Vg a7 0w

Combining (A.42) and (A.45) and applying the Markov inequality, we have that for some
large enough constant Cs > 0,

1 1
U R
\/Ql/V \/Qn/V
1

<o S0 ) 7o )
> Cs(v1) /4% — O(v‘1)>

< Cv~2*n~! Var ((1 _ 1 )QZE)

< cy—2n—1E<((1 - \/57)4214))

= O(nil) — 0.

Therefore, a combination of (A.29), (A.31), (A.41), and (A.46) yields the desired conclusion
in (36). This concludes the proof of Proposition 2.

diag(1 —

P| max n_l‘
1<j<p

)chHz > Cgl/_1>

(A.46)

A.9. Proof of Proposition 3. It follows from (37) and (38) that
(A.47) X - X=rXA +7ZB,

where A=Q — Q and B = (2rl, — 7,2@)1/2 — (2rI, — r?Q)/2. By the Gaussianity of X,
we see that X; X; is a sub-exponential random variable and thus for 0 < u < C,

P(|n_1X;‘»FXZ ~E(X;X;)| > u) < 2exp{—Cnu?®}.

Then we can obtain that

1<j<p,1<I<p n

1
IP’( max  |n 'X;X; - B(X;X))| > C ng):o(l).

Consequently, with probability 1 — o(1) it holds that

T(—1w¥Tw _ O-1
R X Q1)s| SCpn\/@,
5:/16]lo <pn 10115 n
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which combined with the assumption that | Q2712 < C,, leads to

TxT _
(A.48) IX X0t Coni/ 1ngZp <C

max
s:ll5llo<p. m[|0]|3

for some constant C' > 0. Since |Ajllo=1](£2— ﬁ)jHo < Cpy, because of the sparsity of €
and €2, it follows from (A.48) that with probability 1 — o(1),

—1 2 —1 2 ~ 2
[nax n [(XA);llz = pax n XAz < g?ngIIAjlb

_ ANO — Q)12 < O Oll2
(A.49) [ax C|(2 — )]l < max C[lQ2 - Qlf2

< Pnlogp

— n 9y

where we have used the accuracy assumption in (39).
Next we proceed with analyzing the term ZB. Observe that given B, Z has i.i.d. standard
normal components and is independent of B, and hence

d
ZBj‘Bj ~ N(O, ”B]H%In)

It holds that ZB;|B; 4 (Z1]|Bjll2; - -+, Zn||Bj|2) with {Z;}}_ i.i.d. standard normal random
variables. Then we can deduce that

P(max n~"[[(ZB),|3 > 3([BI13/2[B)
<j<p
o —1 2 2
=P(maxn™"|12B;]3 > 3(/B|13/2[B)
n
=P max 0" " 7283 > 3|BJ3/2[B)
=1

(A.50) 1=j<p

n
<®(n '3 22|BI > 2/BJ3[B)
=1

n
_ ]P(n_l SN z2> 3/2) < e84 0
=1

as n — 0o, where we have used the fact that maxi<j<, ||B;|l2 <||B||2 and the concentration
inequality for chi-square random variables that for 0 <t < 1,

n
P(‘n_l ZZE — 1‘ > t) < 2e /8,
i=1
Now we aim to bound ||B||2. For two square matrices A and B, it holds that
||A1/2 o Bl/2H2 — HAl/Z(B _ A)Bfl + (AS/Z o B3/2)Ble2
< ||AY*(B - A)B~ |2 +3 Al IBIY?HIA = B2 B~
<AV )B™ |2 4+ 3max{[[Ally", | B[y} [[21B7 [l2-
Applying the above inequality to B leads to
Bll2 < l12rL, = QI | @ — Qo - 12rL, € !
(ASD) 4 3max{||2rT, — QY2 |2rL, — r2Q)15%} - 12| — Q|5 - |21, — r2Q "
<C|92 -9
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Thus, from (A.50) and assumption (39), we can obtain that with probability 1 — o(1),
~ 2,
(A52) max 0! (ZB); 3 < 3|B|3/2 < €| — Q[ < cL225E,
1<j<p n

Note that
X5 — Xjll2 < || XAj|[2 + |ZBj 2.

Therefore, in view of (A.49) and (A.52) we can show that for some constant C' > 0,

= ~ I
(A53) P(n‘l/QIXj—lebscpn\/ °§p> 1.

This completes the proof of Proposition 3.

A.10. Proof of Proposition 4. In light of the definitions of X and )~(, we can obtain
through the triangle inequality that

—-1/2 X — X
n g]asXpII J ]H2

@]

i,j))]2> -

1/2

—1/2 10, ) _ -1
(A.54) < paxn <Z;[Fj (@(Uy)) — F((

+ 02 (3 [ 0(,) - £ 00,

1<j<p

We claim that

2 3
1 St 12 < A Prlogp | ppa(logn)
e Z )= E @) 2 O(REE+ FREEE)
(A.55)
— 0,
(A.56)
1 RS 2 _ 2Mp(logn)?
<fgf§pn Z ) = F;(2(Uiy))] z2— —— =0,

which together with (A.54) yield the desired conclusion of Proposition 4. It remains to estab-
lish (A.55) and (A.56). We will begin with the proof of (A.55).
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Proof of (A.55). From assumption (48) and the observation that 1‘;# < M, it holds
that for some large constant C' > 0,

(A.57)
(s ot S (7 (0(015)) - B (00" 2 0P80 2enllozny )

1<j<p n n

< P( max n” ') [|<1>(ﬁi,j) — ®(U; ;))? + (logn)?n~2

1<5<p 1

n~! (logn)|®(T; ;) — @(ﬁi,m] > c(p% logp Pﬂn(logn)3>)

n n
Pl
*Mf?f‘?pmf&%l T —yl+ (0 e i ;73)|x_y,()ﬂ+n_llogn>M)
<#( 2[00 P
g @(0,) — (0| 2 € (P18 208y )

=P +0(1).
We next bound term P; above. Using the fact that |®(z) — ®(y)| < \/%L/L‘ — y| and the
basic inequality >°7_, |a,| < /(31 an?)'/?, we have that

P < P( max (n~!|0; = Uj 3+ (logn)n =0, - Tj |2

1<5<p
(A.58) 2 | 5
> C(pn 0gp , ppa(logn) ))
n n
It suffices to consider the bound of max;<;<pn ||fJ INJJ- 2. With the aid of the triangle
inequality and the definitions of U and U, it follows that
(A.59)
0. — U2 < N NV — O .12
max n~{|Uj = Uglly < 3 max n=7[(V = V) (I, — Q)3

+3 max n”Y|Z[(2r L, — r2Q)Y? — (2rL, — r?Q) Y| 2.
1<j<p
We will investigate the three terms in the upper bound above separately. Regarding the third
term above, under the assumption in (39) it has been shown in (A.52) that with probability
1—o(1),
~ 21
(A.60) max n Y| Z[(2rL, — r2Q)Y2 — (2rL, — r2Q) /2|3 < ¢ L8P
1<j<p n

As for the second term in the upper bound in (A.59), noting that the rows of V are i.i.d.
and follow the Gaussian distribution N (0,271), an application of similar arguments as for
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(A.49) gives that with probability 1 — o(1),

1
(A.61) max n~!|V(€; — Q))|2 < Cpnsgp.

1<j<p

For the first term in the upper bound in (A.59) above, noting that ||, — rQ) ill < pn+1by
the sparsity assumption that ||€2;|| < p,,, we have that

V-V)(I, - rQ);|3 < IV, V)TV, =V
e [nax "I (I — rQ);l5 < J‘ﬁaﬁlHn (Vi =V5) (Vs =V)l2

x max ||(I, —’I”Q) |13.
1<5<p

For the second term in the bound above, from the triangle inequality and inequality
|A;]]2 < [|A||2 for each matrix A, it is easy to see that

max ||(Z, — r€);ll2 < |1, = 7|z < 1T, = rQlz + 7| Q — Q2.

1<j<p
Thus it follows from assumption (39) that for a constant C' > 0, with probability 1 — o(1) we
have

(A.63) max. (L, — Q)2 < C.

Regarding the first term on the right-hand side of (A.62) above, using the definitions of V and
V, and inequality ||A||2 < d||A||max for each square matrix A € R%*?, we can deduce that

- V —V V —V
le}"lﬂga;iﬂlln "V =V (Vs = V)2

< (pn+ DIV =V)T(V = V) |lmax

A.64
A < (pn+1) max n” Zw” Vil

= (pn+1) max ™" Z B (F5(X,)) — (55 (X))

Denote by H; ,, = [F';l(QMn_l logn), F;l(l — 2Mn~1logn)] with constant M as given
in assumption (47). We can write that

1<j<p

max nt Z |<I)_1(1/5j(Xi,j)) - (I)_l(Fj (Xi,j))‘Q

n
ASS) = lglfgpn_l D O1BTHE; (X y)) — 07 (F (X)) P 1(Xij € Hjp)

+ lfgjagpn*l 1@ (Fj (X)) — @7 (F(Xi ) P1(Xe; ¢ Hin)

= F + Es.
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Let us first consider term E5 above. Observe that

-1
B ™ 3 B0 4
(A.66)
-1
3 K i)

For the first term in the bound above, notice that

!‘I’ H(E: (ng))\ —O(VIOgn)

due to the assumption that 5~ < Fj(x) < 5- for each = € supp(X;). Then it follows
from the union bound, the Markov 1nequa11ty, and the definition of Hj,, that
1 p(logn)?
Pt Y10 (OGP ¢ ) = P

p n 3

_ p(logn)

gzlp<n 1logn;]l(Xm ¢ Hi,) > " )
1= 1=

(A.67) n

P
—— N'PX;,; ¢ H;,)

3 ) B(Xij ¢ Hyy
pllogn)? &

IA

pn 1
=———-4Mn "1
pllogn)2 =" B
=4M(logn)™t —0.
As for the second term in the upper bound in (A.66) above, an application of the Markov
inequality and the fact that F;(X; ;) follows the standard uniform distribution gives that

0] n3
(maxn 12@ (X;)*1 <xu¢Hm>(“‘”)

1<5<p n

lognSZE(@ Fy(Xi )L ¢ i)

(QAIIDgn)

2 OTERE) g
n) / e 2y

(A.68) - (logn)3 Vor
om o 1 2Mlogn , ,
< ulPe™" 2 du
(logn)3|®—1 (2208 )|/ VQW’ |
n _1,2Mlogn 3 _1,2Mlogn
‘C<1ogn>3|q>—1<—2M1°g“>| [T )

< C(logn)~! =0,

. 1/ M1
where in the last step above, we have useZd the facts that |®~1(==52)| < C'y/logn,
[ude " 2du = —(u® + 2)e™*"/2, and e~ /2/®(2z) = O(|z|) for 2 < —2. Combining
(A.66), (A.67), and (A.68) yields that with probability 1 — o(1),
p(logn)?®

B

(A.69) Ey <
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Next we proceed with studying term E;. First, note that when |®~1(y)| > 2, it holds that
1 1
@27 W) = mram <C -
¢'(@71(y) T (AL —y)e ()

due to the fact that ®'(z)/(1 — ®(x)) > Cx for z > 2 and ¥ (x) /P (z) > C|z| for z < —2.
When &1 (y)| < 2, it is easy to see that

, 1
y)] :Wﬁa

Thus, combining the previous two results shows that for y € R,
c < C
AL=y)ety] ~ (YA 1-y)

[~

(A.70) ()] <

Let us define an interval

5j(;p):[Fj(x)_\/M[Fj(x)/\(1n—Fj(x))]logn’Fj(x)_i_\/M[Fj(x)A(lrl—Fj(x))]logn ‘

Observe that under assumption (47), we have that

_1,Mlogn - _
< 1 1 / (X M1 — F(X
amy <P CRES( s 07 0) X0 By

. ]l(Xi’j - Hj,n) > J)> —|—0(1)

When X; j € H; ,, it holds that F;j(X; ;) € 2Mn~'logn,1 — 2Mn~'logn] and hence

Y Mlogn
’7 - 1’ <y < 1/V2.
yesXo ) 1 (Xij) nf;(X; ;)

sup

Similarly, we have that

1—y
sup )7 — 1‘ <1/V2.
yes X, ) 11— F(Xij)

The above two bounds combined with (A.70) yields that for X; ; € Hj ,,

sp @< sp — O < ¢
yes; (X ;) e, X ) YN (1-y) ~ Fj(Xij) A1 —-F;(Xiy))




ARK 17

In view of the above bound, (A.71), and the fact that F;(X; ;) follows the standard uniform
distribution, we can deduce that

(=P

Mlogn C
<P| max n~! E 11X - e H.
a (1§j§P ( n ) =1 F}(XZ’]) A (1 — FJ<XZ,3)) ( ©J ],n)

- n

> Llog n)3> +0o(1)

1
E(FJ(XZJ) A (]- - F‘j(XZ,J))

(A.72) < —

" p(logn)? ¢

CM <
1(X;; € Hjn))

1

CM /1—2Mnllogn 1
= ———du

B (logn)2 2Mn—"'logn u A (1 - u)

A combination of (A.64), (A.65), (A.69), and (A.72) shows that with probability 1 — o(1),

o~ ~ ~ ~ Cppy(logn)?
(A.73) max  |[n " (Vs = V)T (V= V)| < Cppn(logn)®
J:|J|<pn+1 n

which together with (A.59)—(A.63) entails that with probability 1 — o(1),

)

p2logp . Pea(log n)3>
n n

(A74) n! max [[0; - Uyl < o
1<<p

and

o~ 1 1 3

(A75)  (logn)n~3/? max |U; — Ujl2 < C(logn)n™* (pn 98P pen(logn) )
1<5<p n n

Plugging (A.74) into (A.58), it follows that

(A.76) P —0.

Therefore, substituting (A.76) into (A.77) derives the desired result (A.55). It remains to
establish (A.56).
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Proof of (A.56). Let us define I,, = [2Mn~logn,1 — 2Mn~'logn]. It holds that

= ogn 2
(1@%” IZ )~ F @0, > 2Hpoen) )
= Y [ @0 ~ 000 10(T) € 1)
1=1
(A7) > Mp<k>gn>2>
#8300~ 17 @0 18(Ei) ¢ 1)

n

> Mp(log n)2 > .
For the first term on the right-hand side of (A.77) above, under assumption (46) we have that

( max n~ ' Z ) = FH(@(U;))]*1(@(Us) € L)

1<5<p

Mp(logn)?
(A.78) - n )

S]P(Mlogn Mp(logn)? >+0(1)

n n
=0+o0(1) —0.
Regarding the second term on the right-hand side of (A.77) above, observe that \Fj_l (®(U;, )| <
b and \ﬁjfl(@(ﬁi,j)ﬂ < b by the assumption supp(X;) € [—b,b]. In addition, @(ﬁu) fol-

lows the standard uniform distribution and thus P(@(ﬁm) ¢ I,) = 4Mn~'logn. Then we
can deduce that

(it S (F@(0)) - £ (0(0,)))° 10T ¢ )

(A.79) < JP’( max n! En: L@ (Uiy) ¢ ) Mp(loW)

1<5<p
4nb? ~
—— - pP(®(U; ; ¢ I,
_Mp(logn)2 p ( ( ,j¢ ))
_16p?
~ logn

Finally, combining (A.77)-(A.79) leads to the desired result (A.56). This concludes the proof
of Proposition 4.

— 0.
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APPENDIX B: PROOFS OF SOME KEY LEMMAS

B.1. Proof of Lemma 1. We claim the following upper bound for E[[|X — iH%Q\X] as
presented in (A.80) and lower bound for Wy (2", 1) as shown in (A.81)

(A80)  E[|X—X|2,X] <2(1+V2n-1)(r2 V1) max (n”'ATXTXA; + |[B;]13),
’ <j<p

(A.81)
~n ~n _ -~ 2
Wi2(B" A") 2 max (n 2ATXTXA; + ((2r — r?Q;)"% — (2r — r2Q;5)?) )

where A=Q -~ Qand B=D — D, and A; and B; stand for the jth columns of A and B,
respectively. Their proofs are postponed to the end of the proof. In what follows, we will use
subscript j to denote the jth column of a generic matrix.

Next we will show that the upper bound in (A.80) can be bounded from above by the lower
bound in (A.81) up to a multiplicative constant. Define the eigen-decompositions 2r1, —

r2Q = PTAP and 2r1, —r2Q = PTAP, where A and A are diagonal matrices with positive
eigenvalues, and P and P are the corresponding eigenvector matrices. By definition, we have

D = PTAY2P and D = PTAY/2P. For the second term in the upper bound in (A.80), it holds
that

IB;|5 = ID; — Dyl
e = PR, + PIAR, 2B RPPTAIE,
= (2r =12 j) + (2 — 179 ;) — 2D, D;.

Moreover, the second term in the lower bound presented in (A.81) can be written as

((2r — 2 )"% = (2r - r?;;)/?)°

~ AN A 2

= (PTAP)'/? — (PTAP))'/?
(A.83) (5 " P AR o

= (2r = r*Qy5) + (2r — r*Q;5) — 2(P] AP, P/ APy

= (2r — Q) + (2r — r*Q; ;) — 2||D; 2| D;])2.

~ ~T ~
Therefore, under the assumption that [[D;{2[/Dj|2 — D; D; < C[|D; — D; |2 for a constant
C < 1/2, we have

IBS[13 < ((2r —r26;,)"/2 — (2r — 292, )"/2)* + 2C B, 13
and hence
1 ~ 2
HB]H% S m((QT — Tzﬂj,j>l/2 _ (27’ — 7’29‘]-7‘].)1/2) .
This combined with (A.80) and (A.81) proves the desired result in the lemma

(A.84) E[IX - X[} ,/X] < (1+vV2n 1) (2 v )Wy (A", ™).

2
1-2C

It remains to prove (A.80) and (A.81). We first prove (A.80). Recall our construction of
coupling in (37) and (38) that

X = X(I, — rQ) + ZD,

X = X(I, — rQ) + ZD,
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where Z = (Z; ;) € R"*P is independent of (X,y) and consists of i.i.d. standard normal

(Zi
4

entries Z; ; ~ N (0,1). It immediately follows that

X - X=-—rXA +ZB.
Therefore, we have

E[IX - X ,/X] = E[ max n~|X; - X; 3]
<j<p

—E[ max n'||rXA; —i—ZBJH%‘X}
1<5<p

(A.85) <2E[ max (r*n ' ATXTXA; +n "B Z7ZB;) |X]
1<j<p

<2 max (r’n 'ATX"XA; + [|B;]|3)
1<5<p

—1pT T 2
28 In ™72 28, — I8, ]}

where the second last inequality follows from the Cauchy—Schwarz inequality. To deal with
the second term E [maxlgjgp In~'B]Z"ZB; — ||B,]3] ‘X} in the above upper bound, a key

observation is that ZB; L (ZlHBng, e ,ZLHBng), where {Z;} are i.i.d. standard normal
random variables and are independent of all other variables. Hence, it can be obtained that

(A.86)

1RTyT 12 _ -1 72 _
E[lgl%yn B/Z"ZB, HBJHzHX} - [max IB; 2| n ‘ Z 721 Hx]

N 1212%2{1, IB; |5 E Hn_l Z(Zz B 1)’]
=1
= 112;2( ”BJ||2 < H -1 i(’ZVZQ B 1)‘2}>1/2
i=1

2
— /2 e 813

where we have used the fact that E[(Z — 1)?] = 2. Combining (A.85) and (A.86) yields the
desired result (A.80).
Now we proceed to prove the lower bound in (A.81). Note that by Jensen’s inequality,

~n ~n\ __ : -11¥. _¥.lI2
Wia (", )_Wer%%f,gn)E(vec&),vec(i))%(@%” 1% Xﬂ”2)

> i (X = X113,
7'yel“%rﬁlf,ﬁn)lrgjagxpE(VeC(X)vveC(X))N'Y(n 1X; —X13)

Observe that given X, we have X 4 1/ and X 4 1/ , where 7 v;' is the Gaussian distribution

N( (I, — rﬂ)j, (2r—r Qj j)In) and U7 is the Gauss1an distribution N (X(I, —rQ);, (2r —

r2Q; ) 1) leen X, let I'(V7, v7) be the set of all couplings of 77" and U". Note that if

(vee(X), vec(X)) K ~ for some v € T'(i", i), then it must hold that (Xj, Xj) K ~; for some
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v € F(ﬁ?, ﬁ”). Therefore, we can obtain that

W2,(a",a") > inf  max inf E_ X — X112
20 )_'yef(ﬁ"ﬂ")1§J’Spvjel“(af79;/) (Xj,Xj)iw( I1X; ]HQ)
= i -1I%. _ X112
(ASD) B 1232'2(1)% 61“1(%5 v E(ij X)) (n X5 —X; H2)
= yuax 0 WAL ),

where W3 (7 Vi vj v is the squared 2-Wasserstein distance between U7 v and V7. By the well-

known result for the 2-Wasserstein distance for Gaussian measures (leens and Shortt
(1984)), we have

(A88)  n IWA(DP, ) = n XA |3+ ((2r — 120 2 — (2r — 20y ) Y2)
Plugging (A.88) into (A.87) derives (A.81). This completes the proof of Lemma 1.

B.2. Proof of Lemma 2. Let g;(-|x_;) be the conditional density function of X ;| X_; =
x_; for X = (X1, -+, Xp)7T & t,(0,1,) and h'(-]x_j) the conditional density function of
Xj’)?—j =X for 5(\' = ()?1,- ©e ,XP)T fgl/ N(
Candes and Samworth (2020), we define

X VB (X X
(A.89) KLJ _Zl g( 9;(Xi41Xi,—)h ( i.51%i5) >7
( ZJ‘Xl J)g]( i,j|Xz‘,—j)
where X = (X; ;) € R"*? consists of i.i.d. rows sampled from ¢,(0,I,) and X = ()A(”) €

R™ P consists of i.i.d. rows sampled from N (0, I,,). Note that Theorem 1 in Barber, Candes
and Samworth (2020) states that

I,,). Following the definition in Barber,

’1/2

(A.90) FDR < mln{qe —HP’<maXKL > s)}
> j€Ho
We claim that if V(fﬁp) > C' for some constant C' > (, there exists some positive constant «
such that
(A.91) P(ﬁj > C/4> > a

Then it holds that for 0 < e < C'/4,

IP’( max KL >5) > a,
1<j<p

and thus we cannot obtain the desired asymptotic FDR control limsup,, ., FDR < ¢ via
applying Theorem 1 in Barber, Candes and Samworth (2020). By contradiction, to allow
IP’(maX1<]<p KL > 5) — 0, we must have that V(V+p) — 0, which is equivalent to V2>
nmin(n,p). Hence, Lemma 2 is proved. Now it remains to establish (A.91).

Proof of (A.91). Note that Ding (2016) showed that the conditional density g;(x;|x_;) of the
multivariate ¢-distribution satisfies that

X2\~
95 (X j1Xi, ) o (1 + = )

v+ [1Xi 5113
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It is easy to see that the conditional density /(X ;|X; —;) of the standard normal distribution
satisfies that

h;i (X 51X, —5) o exp{—X?,j(V —2)/2v}.

Plugging the two expressions above into (A.89) yields that

— " [XZ(v—=2) v+4p X2,
KLj= = - log (14 —<4—
’ ; [ 2v 2 ° ( U

~2 o2
(X (v =2) vt e (1 X
20 2 U T vEx R )

Applying the basic inequality that |log(1 + z) — (z — 22/2)| < 23 for each 2 > 0, we can
obtain that

(A.92) KL; =Ry, + Ry +O(Rs,),
where
(A.93)
o2
R _zn:[ XZ;(v+p) <V+\Xi,—j|!§ v—2 1) Xm‘(’/—Q)(l v+p
L= . 1) = _
T 20+ X —53) v+p v 2v v+ {16,113
(A.94)
o4
RQ:i”ﬂ?( Xij B X3, )
T N\ IXel3)? (X152 )
(A.95)
56
Rs.:iy—i_p( Xi,j + X?,j >
T 2 N+ X137 (v IXal3)°

. =7 o d
We now calculate the mean and variance of K L; separately. Observe that /“>2X; ; ~

_ d
N(0,1), (p—1) 1HX2}—J‘H% ~Fp10, X AL \/ l,_,_”;(tijngxi:j’ and

v4+p—1 d
7)(,\,15 _
\Vv+IX 37

as shown in Ding (2016). Using the properties of the multivariate ¢-distribution and F'-
distribution, some straightforward calculations show that

(A.96) ’ ”27;_3 v=2)vtp) v v +p—1)
o 2
=iy +ow ™)
‘ _ 3n(v+p) 1 B v+2
non E(Rz;) = — {(I/+p—3)(V+p—5) I/(I/—i-p—l)(y—i-p—i-l)]
—o(—"

)

)}
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and

(A.98) E(Rs;) < Cn(v+p)~2.
Combining (A.96)—(A.98) yields that when v and p are large,

A. E(KLj)=—% ) P,
(A99) W)= 06 PO )2 000 )

Next we analyze the variance of K L ;. Notice that

Var(KL;) =E((KL; —EI?I)2)

) (v Xl v-2 )
<C : . -1
Z {[ V+HX —y”)( v+p v

=2
_Xyv=2 0 vip )
(A.100) 7 v TX T
n ~4
+ CZE[(VJFP)Q < X;; B X3, )T
2E 6\ B v KB
< Cnp 7
~v(v+p)

where in the last step above, we have used the facts that

X4 (V +p)
E<<u+ X102 ) =G

X, .2 — 2
E|:(V+H 1, ]HQ.V 2_1> :|_2p_|_0(1/2)7
V+Dp 14 V(V+p)

EK1— vEp >2]:(2p Lo,

v+ X553 v(v+p)

In view of the results on the mean and variance of I/(Ij shown in (A.98) and (A.99) above,

we see that if V(Zi > ( for some constant C' > 0,
D)
np
E KL — >C/2.
(KLj) 2 2v(v + p) /

Therefore, we can obtain through the one-sided Markov inequality that for a small constant
a > 0 (noting that E(I/(E]) > 204/ Var(I/(Ej) if o is small),
P(KL; >C/4) >P(KL; >E(KL;)/2)

> P(ﬁj >E(KL;) — a\/Var(I/(Ij))

(A.101) o1 Var(KL;)
~ Var(KL;)+a?Var(KL;)

a2

"o
which establishes (A.91). This completes the proof of Lemma 2.
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B.3. Proof of Lemma 3. Recall that G(t) = p; ' > ieH, P(Wj >t) and G(t) is a de-
creasing, continuous function. The main idea of the proof is to divide the continuous interval
(0, G_l(%)] into a diverging number of smaller intervals with end points {ti}i"zo such
thattg >¢t1 > > 178 and

|G (t:)/G(tiv1) = 1] =0

uniformly for 0 <4 <[, as [, — oo. Then the supreme over the continuous interval
(0, G_l(%)] can be reduced to the supreme over the set of discrete points {ti}?; o and
hence, we can apply the union bound to establish the desired result. Similar arguments have
also been used in Liu (2013), Cai and Liu (2016), and Guo et al. (2022). We detail only the
proof of (A.1) here since (A.2) can be shown in a similar fashion.

We start with defining a sequence 0 < zp < 23 <--- < 2, =1 and

t; = Gil(zi),

, 2= A0 4 h”;ﬂ ,and I, = [log((p — c1qay) /hn)]*/? with 0 < v < 1 and
sequence h,, — oo satisfying that h,,/a,, — 0. As long as my,/a, = o(1), we can choose

where zg = 844

(an/my )"

for some 7 € (0, 1). Then an application of similar technical analysis as in Guo et al. (2022)
shows that as a,, — 0o,

(A.IOZ) sup ’G(tz)/G<tl+1) — 1‘ — 0.

0<i<i,

hp =

For t € (0, G(=L**)], there exists some 0 <7 < I, — 1 such that t € [t;11,1;]. It follows from
the monotonicity of P(Wj >t) and ]1(Wj > t) that

(W >t W, >t
Z]EHO ( ]—) ‘<max{‘zﬂ€%o ( +1) 1

I

poG(t) i)
et 1}

-1
PoG(tit1)

The two terms within the brackets on the right-hand side of the expression above can be
bounded similarly and we will provide only the details on how to bound the first term for
simplicity.

With the aid of the fact that |zy — 1| < |z — 1||y — 1| + |z — 1| + |y — 1| for all z,y € R,
we can deduce that

D jery, YWi > tiva) ‘ ‘Z]ea (W; > tis1) 1 sup |GG _ ‘
poG(ti) poG(tiy1) o<i<t, | G(tit1)
W >t; .
‘ZJEH +1) 1‘ © s Gti) 1'

poG(tiy1) o<i<t, | G(tiy1)
Siers, LW; > tiga) ' G(t;) ‘
—1|-(1+o0(1))+ su -1,

‘ poG(tit1) ( ) ogign G(tiy1)
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where the last step above is because of (A.102) and the o(1) term is uniformly over all i.
Combining the above two results and applying (A.102) again lead to

‘ Z]E’Ho W > t) 1‘
poG(t)
(A.103) {‘Z]e’l—t W >tit1)
< max
pOG z+1)
x (1+0(1)) +o(1).

Thus, to prove the desired result, it is sufficient to show that

> e (W >t;)
’ 7;0G) —1‘20,,(1).

We now proceed with establishing (A.104). Let us define an event
— W — W, < .
Bs {g%Xp (Wi — Wj| <bn}

]GZOGW)N” 1'}

(A.104) D, = sup
0<i<l,

From Condition 1, it holds that P(B5) — 0. Note that for any two events A and B, we have
that P(A) <P(AN B) + P(B¢). Repeatedly using such inequality, the union bound, and the
property that P(35) — 0, we can deduce that for each € > 0,

LY AL(W; > t;) — P(W; > t;)}
P(Dy, >¢€) < ZP(‘ 8 jpoG(fi) ’

> 6,63) +P(BS)

{1(W; > t;) — (Wizti)}’

D jets
<ZP(‘ Ry >¢/2)

L(W; > t;) — 1(W; >
poG (1)

(A.105) +ZP(‘Z]€H ) ‘ > 6/2,83) +o(1)

B 17> 1) P2 )
2p2G2(L;)

1=0

+§n: 23 e, P(ti— by < W, <t;+by,)
— epoG (1)

where the last step above is due to the Markov inequality and the fact that \H(W\j >t;) —
ﬂ(WZ > tz)’ < ]].(tl —b, < Wj <t;+ bn) on event 3.

We next bound the first two terms on the very right-hand side of (A.105) above. For the
first term, under Condition 4 for the weak dependence between {WW;}, we have that

a AE[{ > i, [l (W‘ > ;) — P(W; > tz‘)]}2]
2pgG2(ti)

+o(1),

i=0

< Ci mnpoG(t:) + o((logp) ™/ [poG(t:)]?)

A.106
(A-100 2GRt

=0
ln

1
=Ce’my, Z G + CefQO(Zn(logp)fl/V).
i=0 !
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Moreover, it holds that
In

1 "1 e 1
Z -1 Z
(A.107) pGlt) 0 Za o Zi:(] c1qay + hne!

<Ch, ",

where the last inequality above is related to the proof of Theorem 3 in Guo et al. (2022).
In light of the definition of h,, and the assumption of m,, /a,, — 0, we have that

M/ = (M Jan) ™" = 0.
Therefore, combining (A.106)—(A.107) and the fact that
In = [log((p — c1qan) /hn)]"7 < (logp) '/

shows that the first term for the bound in (A.105) tends to zero as n — co. Moreover, since
I, < (log p)l/ 7, the second term on the very right-hand side of (A.105) above is bounded by

2 G(t —bn) — G(t+by)
“(logp)"/”  sup ,
€ te(0,G— (21200 ] G(t)

which converges to zero as n — oo under Condition 5. Finally, we can obtain that for each
€>0,

(A.108) P(D,, > €) — 0,

which establishes the desired result in (A.1). This concludes the proof of Lemma 3.

B.4. Proof of Lemma 4. We will show that with asymptotic probability one, it holds
that for some 0 < ¢ < 1,

P P
(A109) 143 TU(W; < —GTHE) gan <y 1(W; 2 G,
j=1

j=1
Then from the definition of T', we can obtain the desired result of the lemma. We aim to
establish (A.109). The main idea of the proof is to prove that the population counterpart of
(A.109) holds. Then with an application of Lemma 3 to both left- and right-hand sides of
(A.109), we can connect it to the population counterpart and thus prove that (A.109) holds
with asymptotic probability one.
First, it follows from the union bound and the fact that P(A) < P(AN B) + P(B¢) for any
two events A and B that under Conditions 1-3,

P(Wj < 39y, for some j € 7,)

< ]P’(/Wj < 30y, for some j € <7, max \Wj — Wj\ < by) + P( max \Wj — Wj\ > by)
1<j<p 1<j<p

< ]P’(W] < 36y, + by, for some j € o7,) + ]P’(lrgazc |W] - W]| >by)
<i<p

< )" P(Wj — wj < 30, + by — wj) +o(1)
JjEA,

< )" P(W; —wj| > 6n) +o(1)
JjEA,

p
<D P(IW; —wy| > 6) + o(1) = 0.
j=1



ARK 27

Then we have
P(Njeo AW, >30,}) — 1

and thus with asymptotic probability one,

(A.110) Z]l (W, > 36,) > an,
7j=1

where a,, = |.<;,|.
In addition, since w; > —d,, for 1 < j < p by assumption, we can deduce that

NE

p
> P(W; < —36,) <> P(W; < —36,, max |[W; — W;| < by)
= 1<j<p

.
Il
R

+ P( max ]W W]>b)
1<5<p

P(W; < =36, + bn) + o(1)

M@

<

(A.111) -

<.
I

<N P(Wj —w; < =36, + by —w;) +o(1)

M=

1

<.
I

p
<Y P(IW; — wj| > 6,) + o(1) =0,

J=1

which yields Z§:1 P(Wj < —30,) — 0. Using similar arguments as for (A.111), it holds
that

p
> P(W; < —36,) —0.

j=1
Then we can obtain that
G(36,) 1ZIPW< —36,) <p51219>w< —36,)
j€Ho Jj=1
=o(py ).

Since a,, — 00, po/p — 1, and G(t) is a nonincreasing, continuous function, it follows that
G(36,) < <4 and thus

Gfl(clqan) < 3571,
p

for some constant 0 < c; < 1 when n is sufficiently large. This together with (A.110) entails
that with asymptotic probability one,

p

> oUW 2 67 () > a,

=1 P

This completes the proof of the second inequality in (A.109).
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It remains to establish the first inequality in (A.109). From the definition of G(¢) and
Lemma 3, it holds that

c1q9an _ = —1,€140n
iyt ST PO, < —a (2
p j€Ho p

= (L +op(1) - ppt D 1(W; <~ (F8my),
JjE€EHo p

(A.112)

Then for some constant cy satisfying 0 < ¢; < ¢ < 1, we can obtain that with asymptotic
probability one,

(A113) 1+ Z ]]_(/W] < _Gfl(clqan)) Clqanpo(
j€Ho p P

IN

14 0p(1)) < coqan,

where we have used the assumption of py/p — 1. Further, under (8) in Condition 5, an appli-
cation of the union bound yields that

(A.114)
Fn _1,€1qay,
P( > W <-G 1) > 1 —Cg)qan>
i p
JEH
T _1,C€1q0, P
SP(; L(W; < -G ’ ) +bn) > (1 - c2)qan, 1??§p|wj—wj|<bn)
JEH
+o(1)
1 w —1,€1490n
S T oo 2 B(Wi < =G (= =) +bn 1
_(1*02)qanz <WJ< G=,)+ >+0( ) =0,
JEH
which together with (A.113) implies that
p
(A.115) 1—|—Z]l(Wj<_G—l(Cli#))§qan
j=1

with asymptotic probability one. This proves the first inequality in (A.109), which completes
the proof of Lemma 4.

B.5. Proof of Lemma 5. Recall that the perfect and approximate knockoff statistics
based on the marginal correlation are defined as

— _ ST = _ ST
W; = (Vallyll2) " (X7 y| = X yl) and W; = (Vallyll2) ™ (X7 ¥l - X; y),
respectively. By the triangle inequality, it is easy to see that

W — Wl < (X —X)7Tyl.
1I£ga§Xp|W] WJ|_IY£§1SXP(\/EH3’H2) (X5 —X;)"yl

Then an application of the Cauchy—Schwarz inequality gives that

W — Wl < -1 X — Xl
1 s = Wil < (/0 s 1R =)

Thus, the conclusion of Lemma 5 can be derived under Condition 6. This completes the proof
of Lemma 5.
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B.6. Proof of Lemma 6. From the definitions of Wj and w; and the triangle inequality,
it holds that

P(|W; — wj| > 6,)

< (0 yIB)2 OXTy] = K ¥ - (BCGY)] - B YD 2 6./2)

P[0 I 2 - YRy - [BE Y] 2 8,/2)

=P+ P

We will aim to show that for §,, — 0,

(A.116) P1§4exp{— L }+eXP{_n(EY2)2}

2561117, 1V 117, 8EY*
and

né2(EY?)? n(EY?)?
1 et
(A B ST T A S

. /1o 16V2)1 X, [lyo 1Y [lws , 8V2lwslIY]Z o
Then setting d,, = 1/ =22 max { I0%2 2 \/ 2 L a combination of the
g On noes (EY?)1/2 Ty ? )

above results leads to the desired conclusion of this lemma.
We proceed with proving (A.116). Since [|ly||3 = >"" ; ¥? is the sum of i.i.d. random vari-
ables, an application of Bernstein’s inequality yields that

3 n(EY?)?
(A.118) P(n "Iyl <E[Y?]/2) < exp —éEyz}
It follows from the triangle inequality and (A.118) that
B o " Sn EY?2 1/2
P < (|7 X0y K]y - (BCGY) - (B 1D| = 28 )

+P(n'2(yll2) " > V2(B[Y?)) )

< PCL‘ S X, E(X;Y)]| 2 (W>
i=1
UNSS% 0 BT In(EY?)1/2
+P<n‘;[xmyl E(XJY)]’Z 42 )
+eXp{—ngIE;;24)2}

We next bound the first two terms on the right-hand side of the expression above. Un-
der Condition 7, we see that X; jy; and X; jy; are both sub-exponential random variables,
with sub-exponential norms || Xy, ||Y ||, and [|X; ||, ||Y||4,. respectively. Then we can
obtain through applying Bernstein’s inequality for sub-exponential random variables (see,
e.g., Corollary 2.8.3 in Vershynin (2018)) that when 4,, = o(1),

5n(EY2)1/2>< { nd2EY? }
OB )T ) <9exp{ —
4v2 256,17, IY112,

P(i‘ Zn:[xi,jyz‘ —E(X;Y)]| >
i=1
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and

1o < Sn(EY2)1/2 nd2EY?
]P’(‘ [Xi,~yi—E(X-Y)]‘27 <2exp{ - n .
nl 2 j 2 U ol v, )

Thus, combining the above three inequalities establishes (A.1 16).~
As for term P», noting that w; = (EY2)~V/2(|E(X;Y)| — |[E(X;Y)]|) and
[n"lyll3 — EY?|
n=1/2||y[l2(EY2)1/2((EY2)1/2 +n=1/2|y|l2)”

| Iy I3) Y2 — (BY?) 72| =

we can deduce that
[t y[l3 — EY?| >
P, =P( |w; >6,/2
= by ey T 2
[t ly[l3 — EY?|
> 0n/2
n=12||y]l2(EY2)1/2
5, EY?
2v/2|wj]
The very last term above can be bounded by applying (A.118).
Again we can see that under Condition 7, yf is a sub-exponential random variable with

sub-exponential norm HY||12/)2 With the aid of Bernstein’s inequality for sub-exponential ran-
dom variables (Corollary 2.8.3 in Vershynin (2018)), we can obtain that for d,, = o(1),

1w 5, EY? nd2(EY?)?
P( - 2 _E(Y? >"><2 S
(J;{y ( )]’ = 22wl ) exp{ 64|wj|2||Y|fp2}

Therefore, the bound for term P, in (A.117) can be shown. This concludes the proof of
Lemma 6.

(A.119) §P<wj|

=P<n1||yu% _EY?> ) T+ P(n~yl2 <EY?/2).

B.7. Proof of Lemma 7. The main idea of the proof is to apply the law of total variance
and decompose the total into two terms by conditioning on (X, ,€), where X3;, = (X;) jen,
and € = (g1, -+ ,e,) . Specifically, it holds that

(A.120)
2
Var ( S 1w zw) :E{EK S AWzt - > P(W; zt\Xal,e)> Xal,e]}
JEH, JEH, J€Ho
N N 2
+E{( > PW; > tXy,,e) — Y P(W, Zt)) }
JEHO JEH,
=V + V.

We will bound terms V; and V5 above separately.
Let us begin with the first term ;. We can expand the square and obtain that

vn=> 3 E{E[(ﬂ(ﬁj > t) — P(W; Zt|XH175)>

jEHo LeH
(A.121) JETto fC T

X <11(v74 >t) —P(W, > t|XH1,e)> 'x%,s} }
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Observe that conditional on (Xy, , &), it follows from model (14) that y is deterministic. In
addition, V/[z depends only on X; and f{j besides y. Thus, we need only to consider the
conditional distribution of (Xj,ij,xk,ikn(x%,s). We will aim to show that each Wj
depends on at most m,, random variables in {Wk :k € Ho}. Indeed, it suffices to show that
conditional on (X7, , &), the number of (X, X},)’s that are dependent on (X, )Z]) is at most
my,. Since the rows of (X, i) are i.i.d. and are independent of €, we need only to consider the
distribution of a single row; that is, (X, )Z']-, X, X)) | (X, €) 4 (X, )~(j, X, X)) | X,

In view of the multinormal distribution in (15), it follows that the conditional distribution
(X, X, Xk, X )| Xy, is still normal. We can obtain from the conditional distribution that

X\ (X
Cov ~]> , <~ ) X,
{ ( (Xj X s
I DYIVEED VIV vt TRV HYEED YRV Devbtip At
Sk = 2 S 20 Sk Sk — S S 0, Sk )

In particular, (X}, X ;) and (X}, X};) are independent conditional on Xy, if and only if
ik — 25325 20, Sk = 0.
Thus, to count the number of dependent pairs of (X}, X ;) and (X, X i) for j, k € Ho, we

need only to count the number of nonzero (3;; — 34, 2;& 24, 21, k)’s- Without loss of
generality, let us assume that X = (X3, X,) and

5 <2H1,H1 2%,%) .
Dt Hy Lo, Ho
Using the formula for the block matrix inverse, it holds that
s-1_ (E D (2 e
(DR PR YIVASTAESD STTREVID Sy D S TRETA

where
==}, +3! = (= - DI > )7ie »t
11 = &9, 31, Ha,Ha = Ha,Ho\=Ho, Ho HoHa =4, H, < Ha Ho Ho Ha =4, Hyo

-1 _ -1 -1 -1
(2 )12 - _2H1,H1 2H17H0 (EHO,HO - 2H07H1 EHI,HI 27{17%0) )

and (X71)g; = (Z71)%,. In addition, Condition 9 assumes that max <<, || (1) ;{lo < mn,
which indicates that

-1
max (B0, 0 = Btto, 1, Xy, 34, Xt Ho)jll0 < iy

since it is a submatrix of ¥~!. Hence, we can obtain that for a given j € Hyo,
-1
Z 1 (Ej,k — 2]‘77.[12%1’%1 Eﬂl,k = 0> < mpy.
ket

Consequently, we see that conditional on (Xy,,€), the number of k € Hy such that
(Xk, Xk) is dependent on (X, X;) is at most m,. For j € Ho, let us define

N(j) :={k € Ho: Wi L W;|(Xp,,€)}.
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Then it holds that | N(j)| < m,,. From (A.121) and the fact that the indicator function takes
values between 0 and 1, we can deduce that

e L

LW, > t) - (Wth)‘Xyl,s

JEHo LEN(H)
-3 ¥ E{E[P(Wj2t|XH1,€)P(WZZt‘XHNE)]}
JE€EHo LEN(5)
(A.122) 23D E{E[ W, > 1) (mzt)‘xﬂl,s}}
JE€EHo LEN(H)
< B[, 20 )

=mp Y P(W; > t) = mupoG(2).
J€Ho

We next proceed with showing the bound for term V5. We can expand V5 as
= > > B{(POW; 2 t/Xn, ) — B(W; 2 1))
(A 123) JEH LEH,
X (P(Wg > Xy, €) — P(W; > t)> }
The key idea of the proof is to examine the conditional distribution P(Wj > t|X5,,€) and

show that given j € o, the number of dependent P(W, > t|X4,,€) is at most m,,. Since
(X, X) is multinormal, it holds that

_ d 2] HlEHl H XHI )
X5, X)|(Xp,,6) LN B  Coveond )
( ] J)‘( H ) ( (2]77'[1 Eﬂl,HlXHl ‘
where

oy oyl oy 1
CoV g = i — i, Eﬂljfl X, My —r— i, ?7{1 ’leHly]
D TR TID VD TRFIND SR D SEVD Yy i > TR

Since the rows of the augmented data matrix (X,)Ai) are i.i.d. and y is deterministic given
(X4, ,€), we can obtain that

) Hir €
vallyllz” vallyll2

(T B 1. X5 _
N<(\/ﬁ||3’||2) ! <2j 2%1 Hlle )an 1COVcond>-

Hi,Ha Y

(A.124)

Note that when 34, ; = 0, the conditional distribution above does not depend on (X7, , €)
and hence any term involving such j € Hg in the expansion of V5 will disappear. Denote by

Ndep: {.7 €Ho: E’Hl,j 7&0}



ARK 33

It follows from Condition 9 that | Nge,| < m,. Then we have that

n=> Y E{(IP)(WN/J-ZHX%,E)—P(WN/J-2t)>

JEHoLENep

x <P(Wz > X, €) — P(W; > t>>}
(A.125)

IN

P Wj > t‘XHl,E)P(WZ > t‘XH17€)}

PP
> > E{E

IN

P(W; = tXn,,€) | < mapoGlD)

jE€Ho LEN .,
Therefore, substituting (A.122) and (A.125) into (A.120) yields (A.8). This completes the
proof of Lemma 7.

B.8. Proof of Lemma 8. Proof of (A.9). In the proof of Lemma 7 in Section B.7 (cf.
(A.124)), we have shown that

~T
XTy X. , )

(A.126) (Jy,ﬂyﬂ(X%,e)f‘iN (“J>,0?(1p3> ,
Iyll2” Iyll2 14 pj 1

where

i = Iy ll2 5,25 2, X500V,

07 =% — Ty 5, gy pj=1-r1/03,
and 7 is as given in (15). Recall the definition Ng., = {j € Ho : 3, j # 0} in the proof of
Lemma 7. It holds that | Ngcp| < my, in view of Condition 9. Furthermore, note that

G(t) = crqan/p

for t € (0, G_l(%)]. Let us define

(A.127) R.=  sup > jerormg, Pl —An <Wj <t4A,)
tE(O,G*l(%)} ZjE’HonN;Ep P(WJ > t)

Then we can write
G(t—Ap) —G(t+Ay,)

sup

te(0, G (212t )] G(t)
(A.128) _ sup D jeHonNa, Pt = An SWj <t 4 Ay) R
te(0, G (2120 )] poG(t)
< mnp -
c1qanpo

From the assumptions that (logp)'/Ym,, /a,, — 0 and py/p — 1, we have that

yL/y P
€19anpo

(logp — 0.
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It remains to establish (logp)'/7R,, — 0. A key observation is that when j € Ho N N gep» it
follows that the conditional distribution

~T
Xy X 2 w2
(A.129) (Jy,ﬂ>'(x%,s) 4N <0>,<222m 2]2,%2 7“) 7
Iyll2” [lyll2 0 G X

which does not depend on (X4, , €). Then we see that the distribution of Wj does not depend
on (Xy,, &) and satisfies that

(A.130) P(V/aW; > t) = P(|Z1] — | Zs| > 1),
where (Z1,Z5)" is a two-dimensional multinormal random variable with mean (0,0)7 and
covariance matrix
2 2
< i Fig 7“) _
g 2

For j € Ho N Ng,,, and ¢ > 0, the density function of \/ﬁ/l/lv/] is given by
V2 t t2
0= s o] {5
VW ey, C1,j 2c3

V2 t t2
+ e e { =3}
Ve e/1 7PN 27

where ¢y ; = 4 /42?} ; —2r and ¢z ; = v/2r. Based on the density function of V/nW; above
and the basic inequality that 1 — ®(z) < e=*"/2 for > 0, it is easy to see that

P(W; > t) = P(v/nW; > v/nt)

(A.131)

00 \f 2 0o \f _
(A.132) = /\/ﬁt ﬁij exp{ - 2%}j}dm+ /\/ﬁt ﬁij@<@i)dx
< (ov220) -0 2]

Then we can obtain that

G(t) < max <2+ 20&) {1 - @(ﬁ)}

JE€H, C1,j €25

Setting t = G _1(%) in the inequality above yields that

_1,C190 logp
G () = o(y[2EE)
D n

when C; < r < E?J < (9 with some absolute constants C'y > 0 and C > 0 for each j € Hy.

We will bound the ratio in R,, by considering two ranges of ¢ € (0,4n /2 max;cy, 1, V
coj) and t € [4n"' 2 maxjeqy, c1,; V c2j, G (c1qa,/p)] separately. When ¢ falls into the
first range, in view of (A.131) the denominator G(t) in the ratio in R,, is of a constant order,
while the numerator is uniformly bounded from above by O(y/nA,,) over all ¢ in this range
because the density f Noig (t) is bounded from above by a constant.

We now consider the ratio in R,, in the second range of ¢ € [4n_1/ 2 max, ey, C1,j V
c2,5, G (c1gan/p)]. We will bound the numerator and denominator in (7) separately in
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this range. It follows from (A.131) and the mean value theorem that there exists some

€ € (Vnt —/nA,,/nt + /nA,) such that
P(v/nt — v/nly < VnWj < Vit + Vi)

ZQﬁAn{ v2 [141)(&)}“1’{_ g }

. ) 2
VTes,j €1, 2¢3

\[ 2
nguexp{_?gij}[l_@(c;)}}.

Moreover, since \/nt < \/ﬁG_l(%) = O(y/logp) and A,/nlogp — 0, we can obtain
through some direct calculations that

1—<1><Cf,)
sJ _1

1-@(@)

C1,j

< Cv/nt-/nA, =O0(An\/nlogp).

Similarly, it holds that

exp{_ 25?77'} 1
e { - ST}

Combining the above three inequalities yields that when A, y/nlogp — 0,

< Cvnt-/nA, =O0(An/nlogp).

P(t_AnSWj <t+An)
=P(v/nt — /nl, < /nW; < /nt +/ni,,)

(A.133) < CVnAL[l+O(VnA, logp)}{ v2 [1 - ‘D(@ﬂ eXp{ s }

\/7762,]' C1,5 Qng
2
b2 (V) e { - VL
Ve 2,5 2 ;

Next we need to deal with the denominator IP’(\/EVIN/} > t). Via integration by parts, we
can deduce that for ¢ € [4n~"/2max;jcy, 1 V c25, G~ (c1qan /)],

P(/nW; > /nt) = 2[1 - ‘1’(@)] {1 - ‘D<@>}

C1,j €25
_ n Vnt)?
(A.134) ZC{(\/ﬁt) 1[1_(1)(\6(;)} exp{ - (2c§i‘) }
2
+ (Vnt)™! [1 — @(g)} exp{ — (\Q/Ci;i) }}

> C(Vnt) ™ f i, (V)
where we have used the definition of the density in (A.131) and the fact that
1—®(x)>0.752" e /2

for 2 > 4, and C is some constant depending on c1,j and co ;.
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Combining (A.133) and (A.134) and using some direct calculations, we can obtain the
bound for the ratio in R,, in the second range

ZjeHmNgep P(t—Ap < Wj <t+Ap)

sup ——
(A135) t€[4n—1/2 max;ecn, c1,;Vee 5,G 1 (cigan /p)) ZjeHomN;w P(WJ > t)

< OVt - VG () = Ot log )

This together with the result for the first range proven previously leads to

(A.136) R, = O(v/nA,\/logp).
Finally, plugging (A.136) into (A.128) yields (A.9) because (logp)'/Ym,, /a, — 0 and
\/ﬁAn(logp)l/QH/“Y — 0.

Proof of (A.10). Recall from Condition 10 that
prt Y P(W; < —t) <G(t)
JEHA

fort € (0,C/n~1logp) with C' some large constant. Also, note that

— o(G—1 (19
Ap=o(G™( » )

since \/nA,, — 0 by assumption and G_l(%) = O(y/n~1logp) as shown in the proof of
(A.9). It follows from some direct calculations that

at S P(Wj < —G*l(%) + An>

JEH
(A.137) Sa;l(p—po)G<G71(%) —An)
p
c1g\p —p -
= SIPZI) - ) G
where ¢ is some number lying between G~'(%4%) and G~(“Z™) — A,.. From (A.131)

P
and f Noi7 (v/n&) < C with C' > 0 some constant, we can deduce that

G &) =D vy ' VS g, (Vi)

J€EHo

scfgm"wal Y Vaf g (Vi€)

JEHNNG,,

C n — n 17 n
< OV | ot (G4 3 ]P’(szG(clqa ))
po HoNN p

dep

_ ci1qa
+ Cpy t/nlogppo 1(; -

C/nmy,
S v
Po

where the second last step above is due to (A.134).
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Therefore, substituting the bound above into (A.137) gives that
i 3 B( <G (B0 1 )
JEHA p
< cap—po) | CAnvnmn(p —po)
- p anPo

N CApy/nlogpq(p —po)
p

— 0,

where we have used the assumption that py/p — 1, A,v/nlogp — 0, and m,, /a,, — 0. This
derives (A.10), which concludes the proof of Lemma 8.

B.9. Proof of Lemma 11. The main intuition of the proof is that when the approximate
augmented data matrix X is close to its perfect counterpart Xaug, the corresponding Lasso
estimators would be close as well. From the definitions of ﬁj in (22) and ,Bj in (19), it holds
that

max |§; — f;] < max |gin — it

1<5<2p 1<5<2p
(A 138) Saug-~init ~T Saug-sinit
L(y-X"8) zj(y-X"8")
R e
== Z; X Z; X;

We will aim to prove that for some large enough constant C,

(A.139) (Hﬂmlt 1n1tH2 <CAs / OTng> 1,
logp
—r=aug —Toaug <CAps " — 1.
Zj A Zj &

Then combining the two results above can establish the desired conclusion of Lemma 11. We
next proceed with proving (A.139) and (A.140).

] ( _ Xaugﬂlnlt) ( _Xauglglmt)

(A.140) IP( max
1<j<2p

Proof of (A.139). It follows from the Karush—Kuhn-Tucker (KKT) condition that

(A.141) nUXTETX (B gre) — XM e — G,
(A.142) n XTI (B - ge) = XM Te — AC,

Wherezz (517 752]7) andZ: (617' o 722]3) with

~ Sgn(gi_nit) if lg@it 7& 0’ ~ Sgn(ﬁmlt) if ﬁlnlt ?é 0
- { S [—1], 1] iff@é““ —p, M Y7 { €[-1,1] 1f51mt

Taking the difference between (A.141) and (A.142) above leads to
]TXaug(lféinlt _ ﬁlmt) (Pzaug]Tszaug [)/Zaug]TXaug) (Bimt _ Blnlt)

Saug

n~lX

init

R (5 — e

Saug

= —n_1<[X

}Tiaug

aug

_[f(

+nt (iaug - )A(aug)Ts —A(C - E)
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~init ~init

Furthermore, multiplying both sides of the equation above by (3 — 3 )7 yields that

_ aug 1n1t 1n1t
n X8 )3
~init ~init T augT aug Saug,Gaug ~init ~init
=B - BT (R - XMTR™M) (8 - BT
(A‘143) ~init  ~init Saug.poaug Saug aug\ ,~init
—n BT - BT (XXM - XXM (8 - g

init ~init init

~ ~ ~ T ~ini ~ ~ o~
(BT BT (XM -XM) e a@™ =BT - Q).
We claim that the last term on the right-hand side of the expression above satisfies that

~init ~init

s 5
B -8 )EK-¢=0.

To understand this, observe that when both Eji-nit and B\}nit are nonzero or zZero, it is easy to

see that

(g}mt Blmt) (C C] )

When either of Einit and B\mit is zero, without loss of generality let us assume that B}n“ =0
and ﬁlmt # 0. When ﬂ”“t 0 and Blmt > 0, it follows that C] <l= QJ and hence

(BF = B (G — G) = =B (G = §)) =

Similarly, we can show that

(BRit — Bt (¢ — () > 0

when E}mt =0 and Ej‘mt < 0. Thus, the last term on the right-hand side of (A.143) above
satisfies that

init ~init

-8B -8 )= <o
We next examine the three terms on the right-hand side of the earlier expression above sepa-

rately.
First, we observe that

Hn_l[iaug}Tiaug _ [iaug]T)/Zaug

max

Saug

<[

aug aug aug

TX "X

”max

SXU|| X=X
max

)2

ug _ /\aug)HQ

Under Condition 6 and the sub-Gaussian assumption for X, it can be shown that

Saug

< max [~ 12X; " max [ln " VA(X] ™ - X
J J

+max 2K o max (X
J J

(A 1 44) P (Hn—l [)’Zaug]Tiaug [Xaug]T)’Zaug

> CAn> =0
max

for some constant C' > 0. From the sparsity of B and B in Condition 11, we have that with
probability 1 — o(1), the first term on the right-hand side of (A.143) can be bounded as

_1 (Binit _ Binit)T <[)~(aug]Tiaug _ [Xaug]Tiaug> (Binit _ ,Binit)

n

(A.145)

1n1t 1n1t

< CAns||B 13-
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By the Cauchy—Schwarz inequality, we can bound the second term on the right-hand side of
(A.143) as

n- (I@lnlt _ Elnlt) ([ aug]TXaug [Xaug]TXaug) (,Binit B BaUg)

aug

~init ~init _
<8 =B || |n (K7X

Finally, with the aid of Condition 11 on sparsity and Condition 12 on the restrictive eigen-
1n1t 1n1t

values, the left-hand side of (A.143) can be lower bounded by ¢; ||3 |3. Combining
all the results above and applying the Cauchy—Schwarz inequality to the second and third
terms on the right-hand side of (A.143), we can deduce that as A, s — 0, the representation
in (A.143) entails that with probability 1 — o(1),

[Xaug]TXaug) (Binit B 5aug)H2-

1n1t /\lnlt aug.,poaug aug init

1B™ =B o S [t (KX - KM (B - g |
(A.146) T
—I-Jmax (X;ug—X:a]ug> EH =1 + 1.
| J|<Cs 2

We will bound the two terms /; and I above separately. It follows from (A.144), the
sparsity of 3 and 38, and Lemma 9 that with probability 1 — o(1),

(A.147) L < CARsY2|B™ = B8]y < CAL sy 1087
n

As for term I, conditional on (iaug, )A(aug) we have that for each 1 < 5 < 2p,

G WY (] e o )
2

Thus, it holds that

IP<12 > CoA, Slog”)

n

IN

oyau, Sau, T 2
]P’(s max (n*l/2 (Xj g—Xj g) 5) ZCQUQAiSIOgn>

1<<2p
2\Z\ > CUAm/logn> ,

where Z L N (0,0?) is independent of X" and X"
Moreover, Condition 6 implies that

_ ~aug Aaug
=P max n 1/2HXj —Xj
1<i<2p

max n 1/2||X aug

l2 < Ag
1<5<2p

with probability 1 — o(1). Then using the union bound, we can obtain that for some constant

c> \/i,
P<12 > CoA, Slog”) <p(17 > cm/logn)
n

=Xz = An)

(A.148)

+ P( max HX
1<5<2p
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Consequently, substituting (A.147) and (A.148) into (A.146) leads to (A.139). Further, ap-
plying (A.143) again with the bounds in (A.146), (A.147), (A.148), and (A.139) yields that

! 1n1 1n1 1
(A.149) < “1/2 X" (3™ — 8™ |y < CApsy/ °§p> Sl

Proof of (A.140). Let us first state three results (A.150), (A.151), and (A.152) below that will
be used repeatedly in our proof. With similar arguments as for (A.139) and (A.149) and the
union bound, we can deduce that under Conditions 11-13,

~ A /1
1<5<2p n

)2 < Cmi/2A )

(A.151) P<n I/Qm]aXHX f(7; -

where we have used % — 0 for showing (A.150). Observe that for 1 < j < 2p,

Saug

3 _ _ aug ~
2@ =2 2 < In (X5 = X5 ) o + I PXEF (7 = 95) 2
aug
illz
_ g  Gaug, ~
+|n 1/2(X—j =X = 5)lle-

Then it follows from the sparsity of S; = supp(7y;) U supp(7;) U supp(7;), the sub-
Gaussianity of X, and the bound in (A.150) that with probability 1 — o(p~1),

+ Hn_1/2( —X

max ||n""2(z; — Z;)|2

1<5<2p
1
(A.152) SC(An+Anm7ll/2+Anm}L/2 max ||v,]|2 +mnAn\/@)
1<5<2p n
< CAnm}/Z.

We are now ready to establish (A.140). In particular, we have the decomposition for the
main term in (A.140)

~T Saug-~init Saug-init
L EG-XTET) 7 (X8
1<5<2p ij j.“g iijj“g
~ caug-~init Saug-init ~aug~1n1t
A1) o e |BB)G-XTET) 12 (X8 B)
1<5<2p z?~?ug 1<5<2p NTXaUg
4 max /Z\T(yiiaugginit)< 1 ~1 ) — P+ Pyt P
1<j<2p| 7 ATxaug jTXj“g

We will investigate the three terms Py, P>, and P3 above separately. Let us first deal with
term P;. Note that

~init

. aug 1 >
(z; — ZJ)TX (B —pB™*) (2, -%)"e
. < X
(A154)  Pi< may X T, X
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Since ¢ L N (0,1I,) and is independent of design matrix X, it holds that conditional on
design matrix X,
= 5 \T > 72
Z—2Z) e (122
NTiaug ) T~aug]2 :

z; X; 2 X;
This together with the bounds in (A.152) and (A.186) leads to

P( max M >Cm 1/2A logp
1<j<2p| ZIX2"® AT

J

2p ~ ~
12; — 7|2 1/2 /10gp>
= g Pl 2 - |Z] > Cm /A ——
: ( Z X" 12 O

7j=1
(A.155)
2 — ;]2 1/2 logp

< P Z Apy | —— 1
Z ( Z] > Cmy/ = Apy - +o(1)
2p
<Y "P(|Z] > C\/logp) + o(1) = o(1),

j=1

where Z L N (0,0?) is independent of X" and Xaug, and C is some large constant that may
take different value at each appearance.

In addition, from (A.186), the Cauchy—Schwarz inequality, Lemma 9, and (A.152), we can
deduce that with probability 1 — o(1),

(A.156)
~ TS ~init ~aug 1n1t
(z=%)'X (B =pB™)| _ 125 — 2|2 X (B =B |2
15555 I8 =55 I8
<j<2p X SJ=4p ’Zj X, ‘

Substituting (A.155) and (A.156) into (A.154) yields that with probability 1 — o(1),

1
(A.157) Py < CAyml/2, ) 2082
n

We next turn to the bound for term P. It is easy to see that

~Tgoaug ~init  ~init ~T 'S Saug, init
P, < max ZjX (B -5 ) + max % (X X )B
T 1<<2p ZIxXe 1<j<2p ZIxe
J g J i

~ TAUg (5init  ~init

1 max (zj —2;)" X (:3 -p )
(A.158) 1<j<2p zJT j“g

~ ~ T/ Saug, ~init

+ max | %) (XM -X")83

1<5<2p X"

= Py1 + Pag + Poz + Pay.
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Regarding term P»y, in view of (A.139) and the definition of Z;, we have that with probability
1—-o(1),

~T aug ,~init ~init
b (c A A
< Ainit 7Ainit J J
Pos g, 107 I o, | e
J 7
Saug ~ aug ~init ~init
/lo (ej +X_; (v; —;))'X —j (57 -B; )
1<j<2p ET gug
(A.159) oo
aug ~ini ~ini
/logp X5 (B —B5)
1<]<2p ZIx"e
777
Saug ~ aug ~init ~init
P XZ) (v =X (B —B5)
1<5<2p X"

We will bound the last two terms on the very right-hand side of the expression above sepa-
rately.

Since for ¢ # j, n_IIE[e;‘-FiZm ] = 0 due to zero correlation between e; and X™'?,

and e;

and i?ug both have i.i.d. sub-Gaussian entries, we can show that for ¢ # j,

1
(A.160) ]p( max maxn~[e7X3| > O / ng> <Cp =0
1<5j<2p ¢#£j n

This combined with (A.186), the sparsity assumption that |.J| = [supp(8) U supp(8) U

supp(B)] < s, and the result in (A.139) yields that with probability 1 — o(1), the second
term on the very right-hand side of (A.159) above can be bounded as

aug ~init ~init
max X ('6_ B )
1<5<2p X"
_ ~init ~init
(A161) <Cn 1 max max He XJ/\{j}”Q H/BJ’\{j}_ﬁJ’\{]}HQ

1<5<2p J7:| J'[<s

/sl /1 1
<C slogp A,s ogp <CA,s ng’
n n n

where the last inequality above holds due to the assumption that 4/ Slzﬁ — 0. By the

Cauchy-Schwarz inequality, we can deduce that with probability 1 — o(1), the third term
on the very right-hand side of (A.159) above can be bounded as

Saug ~ aug ~init  ~init
e |X 5=, NEXT (B2 —B5)
1<j<2p P i
(A.162) 7N
Saug aug ~init 1n1t
<Cn7! max X7 (v =)z X557 (85 — B Il

1<5<2p
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An application of Lemma 10, (A.139), and the sub-Gaussian assumption of X; gives that
with probability 1 — o(1), the second term on the right-hand side above can be bounded as

—1/2 Xaug ~init _ 1n1t
max n X (B = B2

init ~init )

<n '2IX"H(BT - B
12155 — Bil

ll2
(A.163)

+ max n 1/QHXaug
1<j<2p
logp

o

Then plugging (A.163) into (A.162) yields that

<CAys

aug aug ,~~init ~init

(v; =X (B, —B)
T oaug

z; X;

<C /mnlogp /logpS As /log

where the last inequality above is due to the assumption that \/510% — 0 and m,, < s.

Hence, it follows from substituting (A.161) and (A.164) into (A.159) that with probability
1—o(1),

X
max
1<j<2p

(A.164)

1
(A.165) Py < CA, 51/ 282

We next proceed with considering term P9 introduced in (A.158). Observe that

XU KM 0, X - X
and 328 = (B7,07)T. Then it holds that
(iau aUg)Baug
From (A.186) and the Cauchy—Schwarz inequality, we can deduce that
,if(ia aug)IBaug ,iz" (X _ Xaug)(Binit _ ,Baug)
Py < = =
2= 12%}510 fojug * llénjzgép i;f ?ug
_ ~ Saug, s init
<On! max [+ [(X" - X" @™ - )

~ Saug ~ . ..
Moreoyer, we have zj =€ + X_; (v; —7;)- Since the components of e; are i.i.d. sub-
Gaussian random variables, it is easy to see that

P( max |n~ 2ej||2 >C)—=0
1<5<2p

for some large enough constant C' > 0. Further, it follows from the sub-Gaussianity of X
and the sparsity of «y; and 7 that

S12 KM ([l < Oml/2, 108D
max n X (= Yyl < COm -
Nl
< Cmy, —ng—>0.
n
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Thus, when m,, logp — 0 we have

(A.166) P(n~Y2 max |z, > C) —

1<5<2p
Similarly, based on Lemma 9 and the sparsity of Blmt and B%"#, it holds that with proba-
bility 1 — o(1),

aug aug, ,~init

n2XT X8 - B
< ) e
J/nﬁ]a}l}is(zn [ 5 By =B85 2
(A.167) 1 1
< Cs?A, - (\/@4- Aps ng)
n n
<CAps logp,
n

where the last inequality above holds due to A,,s'/? — 0. Consequently, combining the above

three inequalities shows that with probability 1 — o(1),

(A.168) Py < CApsy/ logp.
n

We now deal with term P»3 in (A.158). In view of the Cauchy—Schwarz inequality and
Anm%/Q — 0, (A.186), (A.152), and (A.149), we can obtain that with probability 1 — o(1),

”/i] - Ej HQ Saug ~init 1n1t
s, e X0 Al

(A.169) < CAmY2. Ay [logp
n

< CAysy[ 08P
n

As for term Psy, since (iaug - ﬁaug) B =0 it follows that with probability 1 — o(1),

Saug, ~init

@ -7)TX =X (B ™)

P24 = Imax

- ~Tgaug
1<5<2p i X
||/Z\ 2 ”2 Saug Saug, s init
< max 73T~agg X =XT)(B = Bl
1<5<2p X
(A.170)
1
< CAZmY2. A, sy /282
n
1
<CAps ng7
mn

where we have applied the bounds in (A.152), (A.167), and (A.186). Consequently, plugging
(A.165), (A.168), (A.169), and (A.170) into (A.158) yields that with probability 1 — o(1),

logp
ma

(A.171) Py < CAys
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Now we proceed with dealing with term Ps. Note that

~Tgaug  ~rgaug
A~ Saug~init ‘Zj Xj —Zj Xj ‘
(A.172) Py< max [z, (y—X B )|tttz -
t=r=2p 2 X5 ] |2 X5

From (A.152) and (A.166), we can see that with probability 1 — o(1),

max n~V2|[Z]l2 < max n~Y?|Zi]s + max n~/2
1<j<2p 1<5<2p 1<j<2p

<Cc+cmlPA, <.

12; — ;]2
(A.173)

It follows from (A.152), Condition 6, and the sub-Gaussian distribution of i?ug that with
probability 1 — o(1),

aug

7 | S CAnm}L/Za

aug Saug

(A.175) nzg (X5 =X )| < CA,.
Then with the aid of (A.186), we can show that with probability 1 — o(1),

(A.176)
min n ! \2T§?“g|
1<5<2p I

(A.174) n~| (@ —z;)TX

. 1 ~Toau

> min n 1|ijXj &
1<5<2p

>C —CmyA, —CA,

>

1y~ o~ \ToAug 1T U8 gaug
= s (716 )R -0 R X))

as m, A\, — 0.
As for the second component on the right-hand side of (A.172) above, combining the
results in (A.174), (A.175), and (A.176) gives that with probability 1 — o(1),

TSAUg T Aug
Z, X, —7,X;

Saug

Saug |
S X X

‘ ‘(ij _ij)TXj

| X X

(A177) 7 (X" - X))
T TR T
=i=2 [2; X5 [2; X5

<Cn Y (ml2A, 4+ A,).

ug Saug

Regarding the first component on the right-hand side in (A.172), from ()Aia -X 7)B=0
we can deduce that
15T gaug init 1T 1 ATSAUE , e SNt
Sy — < : : g _
max n [z (v =X U8 )< max a7 Zje| + max n” [z XON(BM -6

_1|~T ,/Saug  gaug, init
(X =X
- w

Since e L N (0,0%1,), it is easy to see that for the standard normal random variable Z,

- /1 . /1
P( max n_l‘zjrel >C ng) :IP’( max n t|Zl2- |Z] > C ng)
1<j<2p n 1<j<2p n

<P(|Z| > C+/logp) — 0.
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~init

Further, by Lemma 9, the sub-Gaussianity of X;, and the sparsity of 3*"¢ and 3
can obtain that with probability 1 — o(1),

aug 1n1t aug ,~init  ~init

_ ~init 1N 1A
n M X TE(EE - BT < X (BME - B[+ 2 X (BT =B
1 1
gC( /s 08P | A 0gp>
n n
<c slogp‘
n

s aug

Similarly, since (X )3 = 0, it holds that with probability 1 — o(1),

Saug

n 'zl (X

aug., ,~init

B — B

aug, ~init 1 ’

~X") =02 XX

< CA 51/2 . 81
— n
n

<C slogp.
n

Consequently, by m,, < s in Condition 11 we have that with probability 1 — o(1),

1 1
(A.178) Py < Cml2A, - 2282 < 05y B2,
n n

Finally, a combination of (A.153), (A.157), (A.171), and (A.178) establishes (A.140). This
completes the proof of Lemma 11.

B.10. Proof of Lemma 12. Using the definitions of Wj and w; and the triangle inequal-
ity, we see that

p
> P(JW; —wy| > Cy/n~"logp)
7j=1

(A.179) < (\F 185 = Bl = By — Bisol| = Cv/log)

M“@ TM@

{ (\flﬁy 5j’>0\/@/2>+P(\/ﬁ|§j+P_ﬂj+p|>C\/@/2>}

1

J

The main idea of the proof is to exploit the decomposition in (A.11) and the observation that
the main term therein follows the normal distribution. Let us start with bounding the error
term in (A.11). We claim that with probability 1 — o(p~1),

T8 3ini
Z \/ﬁij Xk ( Zug - ﬁknt)

1/2
(A.180) max o Cma”slogp
Jn

1<j<2p X8

~T
z; X;
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From the fact that 35\ = 0 for 1 < j < p and the bound in (A.180), since 7’”}/3%10” <
v/1log p we can deduce through the union bound that

zp:IP’(\/ﬁlgj — Bjl > C\/@ﬂ)
j=1

szi: (|Z d Vnr; = C\/log p/3)

12512
(AISI) D \/_NTXaug (/8 1n1t) 1/2
nz C 1
+ E Pl max E — Nal]fg > ZMn 3 o8P
o \1sisw |y ZJT j v

p ~T
<Zp('ij€' iy > 0V/Iogp/3) +o(1)

;]2

~ N(0,02). As Mulosp — (1) it

Recall the result (A.265) in Lemma 10 and that W ’ n

holds that for some large constant C' > 0,

Z <||7H iy 2 0Vog/3)

=1

| N

2 <szuz C/iogy)

= pexp{—C?logp/2} — 0.

Similarly, we can show that

P 7 e
(A.182) Z]}D( HAZ“J‘H)II V> C\/logp> 0.
jil ]+p 2

Plugging the two inequalities above into (A.179) leads to the desired result in Lemma 12. It
remains to establish (A.180).

Proof of (A.180). Observe that for k # 7,

U8~

nTZ X, =n X - X)X,

aug

(A.183)

aug aug

=nlef X+ (y; — ) T (X)X,

Since e; and )ZZug are uncorrelated, it follows from the sub-Gaussian assumption in Condition
13 that for some constant C' > 0,

In light of lemma 10 and the sub-Gaussian assumption on )~(j, we can deduce that with prob-
ability 1 — o(p~?),
aug,

_ - =~ _ aug
Iy — )T X TXE ] < I AT (v — ) 2 ln X,

(A.184)
<C [y, logp‘
n

aug aug
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Plugging the above two results into (A.183), when m,, logp = o(n) an application of the
union bound shows that with probability 1 — o(p~1),

1 1
max maxn 1\z Xaug| < C\/ o8P +C’\/mn o8P
1<5<p k#j n n

<y Mnlosp
n

Similarly, when 4/ 10% = o(1), we can show that there exists some constant C' > 0 such
that with probability 1 — o(p~1),

(A.185)

. _1~Tgaug
) 'X"° > 0.
(A.186) 1r§11]12pn ;X; " >C

Consequently, plugging (A.185), (A.186), and (A.259) into Lemma 9 yields that with proba-
bility 1 — o(p~1),

max
1<j<p

Y2ue 2ini
S iz, X, (B — B
~TSaug
oy z; X;

Saug
max1<]<pmaxk¢]\z Xk ‘ 1n1t

~T aug Hﬂaug ||1
ming <j<p [2; X;

(A.187) <Jn

1/2

logp Cmy/ “slogp
< Cyv/myl . =
= mplogp - s n \/ﬁ )

which establishes (A.180). This concludes the proof of Lemma 12.

B.11. Proof of Lemma 13. The intuition of the proof is that the sparsity of QA i
plies the weak dependence among the components of the knockoff statistic vector W=

(Wl, e ,W ), which entails the weak dependence among the indicator functions ]l(W >
t)’s. For 1 < j <p, let us define

Nj={l€MH: Q) #0}.

From the sparsity assumption on Q4 in Condition 11, we see that |Nj| <my forany 1 <j <
p. Then we can obtain through expanding the variance that

(A.188)
Var (D 1(W>0) =3 > < szt,%zt)—P(szt)P(let)>

Jj€Ho JEH lENSNH,
l#J’

£33 (POV; =6 Wiz t) - BV, = OR(W, > 1))
JE€Ho lEN,;U{5}

=Vi(t) + Va(h).
We will deal with terms V() and V5(t) above separately.
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Regarding the second term V5 (¢), it follows from |N; U {j}| < m,, + 1 that

Va(t) > jery 2ien;ufjy P(W; = 1)

sup < sup —
te(0,G-1(2222)] POG(T) ™ ye(o,G-1(21em ) > jer, P(W; > 1)

(4.189) S jena(ma + DB(W; > 1)

< sup - ——

te(0,G1(Be)] Y ey P(Wj 2 1)

<mp+ 1.

We claim that as mws(b\g/%)s/ﬂm — 0,
t

(A.190) (logp)l/7 sup ) — 0.

te(0,G-1(<22em ) [poG ()]?

Therefore, combining (A.188), (A.189), and (A.190) leads to the desired result of Lemma
13. It remains to establish (A.190).

Proof of (A.190). Let {77] 1 be a sequence of independent random variables with 7); having
density function given by

hj(t):\/gil—@(b 11t]exp{ /(207 )}
(A.191) \]f
+ \/7?21)] [1 — @(v;lt)} exp{ - t2/(2bj2»)},

where v; = \/Q(Ee? 11— corr(e],ej+p)) and b; = \/2 Ee ~1(1+ corr(ej, ejip)). For

1 <j <2p, letus define {; = \/n; -
lEN;ﬂﬂo,

IZ H . The essential step in the proof is to show that for

(’€]| |€J+p| &l — |fl+p‘) (77]»771)

We proceed with proving such result. Define 4,, = C W. We claim that for [ # j and
leN JC NHo,

P(W; >t, W, >1t)
(A.192)

n

<P(n; > v/nt — 6,)P(m > /nt — 6,) (1 + O( m”(logp)g» +0(p?),

P(W; > t, W, > t)

(A.193)
P(ny > Vit + 6,)P(m = v/t + 6,) <1 +o( W)) +0(p™"),

(A.194) P(W; > t) > P(n; > V/nt + ) (1 + 0( W)) +0(p™),
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(A.195) P(szt)ép(njz\/ﬁt—én)<l+0( W))w@—%.

The proofs for (A.192)-(A.195) above are analogous. Without loss of generality, we will
present only the proof of (A.192) and postpone it to the end of the proof for Lemma 13. In
view of (A.192)—(A.195) above and the definition of V;(¢) in (A.188), we can deduce that

(A.196)

=3 > (POV; =t Wiz )~ BV, = OR(W, > 1))
JEHolENENH,
I#j

<> Z{P(m > V/nt = 8,)P(m > \/ﬁt—én)(u-a( m”(bgp)?))

JEHo I#] "
—B(n; > Vit + 8,)B(n; > Vb + 6,) (1 +o( W)) } +0(p™)
= > P(Vnt =8, <y < Vit + 6,)P(m > v/t — 6,)

JEHo I#]
+ 3 S Py > vt — 6,)P(Vit — 8, < </t +6,,)
JEHo I#]

my,(logp)3 _
£ SRy > Vit 8,08 > Vit - 5,) -0/ MUy o)
JEHo I#]

=V (t) + Viz(t) + Vis(t) + O(p~ ).

Recall that poG(t) = iy, P(Wj > t). Then it follows from the definition of V1 (¢) and
(A.194) that

A197 Vii(t) Z]EHO > 12 P(V/nt — 0 < mj </t + 6,)P(my > /it — 6 ).
D OOF = [ By > i+ ) (14 O 1 02

We will consider two ranges ¢ € (0,4n~"/2 max;<;<p,(v; Vb;)) and t € [4n"1/2 maxi<j<p,(v; V
b;), G_l(%)] separately. For the first range ¢ € (0,4n'/2 max;<;<,(v; V b)), we can
see that \/nt is upper bounded by a constant. Since 0, = o(1) by the assumption that
mi2s(ogp) Ty () it follows that Vv/nt + 6, and /nt — §, are both of a constant

n

order. Hence, by the definition of the density function h;(-) of 7; shown in (A.191),
maxi<j<p h;(u) is bounded by a constant for u € [/nt — &, /nt + J,], and

C1 < min P(nj>\ft—|—5)< maX]P’( > /nt —6,) <Oy
<<

1<5<

for some positive constants C'; < Cs. Thus, it is easy to see that

sup 7‘/11(t)
1€(0,4n-1/2 max,.<; < (v;Vh,)) [POG(8)]?

P30n MAX1<j<p SUPye[ /it s, /it+s,] 1y (W) maxi<j<p P(n; > /it — dy)
pimini<j<p P(n; > v/t + 6,)]

(A.198) <C
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We proceed with considering the second range ¢ € [4n /2 max<j<,(v; Vb;), G7( aaee)).
An application of similar arguments as for (A.135) shows that

S sens POVt — 8, <1j < /it + 0,)
max sup
(A199) | STSPreln = 2 mai sy (v, v8,), G (4502 2 jen, Bl = v/t +6,)

< C\/ﬁG‘l(Clia") .

Moreover, it follows from plugging ¢t = G~! (%) into (A.195) and taking summation over
J € Ho that

C14anPo é Z ]P)('r]] 2 \/EG—I(Clqa ) _ &n) (1 + O( m ( ng) ))
(A.200) p jeHo p n

+0(p7?).

Then from the density function h;(t) for 1);, we can obtain through some direct calculations
that

(A.201) P(n; > t) = 2[1 — ®(v; '$)][1 — B (b; '1)].
Further, combining (A.200) and (A.201) yields that

1,010, log p
G () = 0720
Substituting this bound into (A.199) implies that

> jen, P(V/nt —dn <mj </nt + )
max sup

1<j<p t€[dn—1/2 maxi<j<,(v;Vb;)),G~1 (1L )] ZjE’HO ]P)(T]] > \/an + 577,)
(A.202) ’
1/ 3/2

mn 28(10gp)

)
Vn
. . . . .. 1/2 3/2
where in the last inequality above we have utilized the definition of §,,. Thus as % —

0, it holds that

<C

-1

Zje?—[o P(n; > v/nt — bn)
max sup

ISTSP teftn=t/2 mas ¢y (0,v0)). G (21222)] | 2, PO 2 v/t + On)
(A.203)

1/2 3/2
< Cmn S(logp)

—_— ﬁ
Since poG(t) > c1qanpo/p — oo for 0 <t < G_l(%), it follows from taking summa-
tion over j € Hg on both sides of (A.195) that as my/ > (log p)3/2/v/n — 0,
> Pl = vt —8,) = O (1L 0(p2) ) = o,
: p
Jj€Ho
which along with (A.203) implies that

> Bl > Vit +6,) > O(FE 4+ 0(p7?)) o
J€EHo

— 0.



52

Combining this with (A.202), we can further bound the ratio in (A.197) in the second range
of t € [4n~ 2 max;<j<p(vj V b;)), G_l(%)) as

sup Vll( )
te[dn—1/2 maxi<;<p(v;Vb;)),G~ ”a” [pUG( )]
= [ jen, BVt = dn <y < /it + 00" jen, PVt — 0n <1y < Vit +3)
: . TS By =t 1 0,)
[Zje’]—to P(n; > /nt + 5n)] jeMo t\j = n
3
" <1+O< my, (logp) +p_2>>
n
- Cm}/ZS(lOgP)?’/Q
- vn
Hence, we see from the above result and (A.198) that
1/2 3/2
(A.204) sup Vult) _ omns(ogp)
te(0,G-1 (<102 ) [PoG(1)]? Vn

In a similar manner, we can deduce that

2
(A.205) sup Via(?) < Cm / (Ing)3/2
te(0,G-1(21tzm)) [PoG()]* — vn
and
(A.206) sp ) _ o fmn(logp)?
te(0,G-1 (12 [PoG (H)]? n

Combining (A.196) and (A.204)—(A.206) yields (A.190) as mi/zs“"%)””l” 5 0. This com-
pletes the proof of (A.190). It remains to establish (A.192).

Proof of (A.192). Note that for j € Ho, it holds that 55"® = 37\} = 0 under the setting of the
linear model. Then it follows that

W] = |BJ‘ - |5j+p| |ﬁj aUlg| |ﬁj+p - B]aii .

=T

For 1 < j <2p, let us define &; = \/n7; - ﬁ In view of the expression in (A.11) and the

bound of the remainder term established in (A.180), an application of the total probability
inequality gives that

P(W; >, W, > 1) <P(I&] = |§4p] > vVt — n, 16| — [&1p] > Vit — 6)

X5, 5
(A.207) +P ( 1?;‘?;;) kz ,i?ijug > 0n,

=P(I&] = &4p = Vit — 6n, [&] = [14p] = Vit = 02) + O(p 7).
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It suffices to consider probability P(|&;| — |&j4p| =t — 0n, |G| — [G14p| =t — 65) for t €
(0,v/nG~! (“2%+)]. A useful observation is that

]P)(ygj‘ - |€j+p| >t —dp, ‘£l| - ‘§l+p| >t— 6n)

<P(I&5] = €549l = t = b, Jetl = €115l >t — 8,

(A.208) max{ &1, &+, 161, 16015l } < C/logp)
+ P(maX{Kj’a ‘5]4‘]"7 "51‘7 |‘£l+p’} > C\/@)
=P+ P

We will consider terms P; and P» above separately.
Let us first deal with term P». From the definition of §;, (A.265) in Lemma 10, and the

=T

Ze . .

T AN (0,1), we can obtain through the union bound that as % — 0 and for
5112

some large constant C' > 4(E6?)_1/ 2,

fact that

~T
Z.¢€
Bl Cviogp) < (|| 20162 logas)
112
+P(VnT; > 3(Eef) " /2)
=0(p~).
Hence, the inequality above implies that
(A.209) Py =0(p~?).

We next proceed with analyzing term P;. Given X", denote by fee,.,(x,y) the density

of (&i,&+p) and fe, ¢, 16, .¢,,,) (W, w|x,y) the conditional density of (&§;,&45)[(&j,E54p)-
Then probability P> can be written as

P<|§]’ - ‘§j+p‘ >t— 6717 ’§l| - |§l+p‘ >t— (Sn,

max{ &1, &5, €] [€04p] < c@)

(AZIO) /m||y2t5n f§:5j+p (.’I’,y)

|z|<Cv/logp
ly|<CV/logp

= EXaug

: /u—|w|>t—an Jergil(€5,600) (W w2, y) dudv da dy] -
|u|<C/Iogp
|lw|<C+/logp

Since e L N (0, I,,) and is independent of iaug, it is easy to see that for j # [, conditional on
X" we have

(& &)X L N (0, V),
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. . ViV .
where the covariance matrix is given by V = < 1 12) with

V21 Va2
e~
n7.2 nZ Zjip
j T~ = aug
V11 — . ‘Zj X HZ7+1>)(7‘+p|
nZ Zjp ’
TX Xaug nTj+p
‘Z HZJer J+P|
nZ Zl ni iprp
=Ty ~T =T v us
Vi = VI = | EXC X X X
nZ ZJ+p Zz+pZJ+p
—T<r2u8 ~T aul,> ~T wroug
|Z X H i+p J+P‘ |Zl+p l+szJ+PXj+p|
e~
2 TLZ Z1+p
nT,
1 por aug
Vo — z' X, ||z,+,X,+p|
’I'LZ Zl+p nT
=T~N28 =T aug [+
z X, 1z, X P

It follows from the conditional distribution of the multivariate normal distribution that
given x™

f§l7§l+P|(€j Ei+p) (u’ U’:U’ y)

= 1 - X
27T‘V22 — V21V1_1 V12’1/2
A211 1 _ 4 o
( ) exp{ b [(Z) — Vo Vi (Zj)] (Va2 — Vo1 Vi Vig) 7!

[(z)-vava ()]

For [ # j and | € N7, it holds that

A
E(ej,er) = ?NA =0.
£,
i — A A A .
Since Q =7, =97, =97, due to the symmetric structure of {2, we also have

E(ej, er4p) = E(ejtp, 1) = E(ejip, €14p) =0
for I # j and [ € N;. Then it follows from (A.266) in Lemma 10 that for [ # j and [ € N7,
with probability 1 — O(p~3)

1ZT21 <C [ M 108D logp —1~Tzl+p <C [ Mn lOED Ing
A~T ~ my logp n~17 ~T ~ mpy 108;19
n zj+pzl§C\/7, Zi iy <O\ ————

Similarly, for 1 < j < 2p we can show that with probability 1 — O(p~ 3),
(A.213) n'z X, >C.

Then from (A.212), (A.213), and the definition of V15, we can obtain that with probability
1-0(p~?),

1
(A214) V12l max < C/ mTogp

(A212)

aug
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We have shown in (A.214) that

m,, lo
memsq/ﬁfp

with probability 1 — O(p~?). Similarly, when Ee3Ee?, , — (E[eje;1,])* > C for some con-
stant C' > 0, it can be shown that |V31| > C and |Vaz| > C with probability 1 — O(p~2). Let
us define an event

X : HV12HmaX <y

~ 1
C= { e mnnogp’ [Vaa| > Ca, |V11]| > Oy,

uwmmgaAwmms%}

We have shown that P(C) > 1 — O(p~3). Then it is straightforward to see that conditional on
event C, we have

1 my,logp
( : 2m[Vag — V21V1_11V12|1/2 27T‘V22’_1/2 ( n )
and
1
(A.216) V32 — (Va2 = Va1 Vi1 Vi) 7 lmax < o 08P

In addition, given event C and the range that |z| < C'y/logp and |y| < C'v/logp, it holds that

<C %logp.
9 V. n

Further, given event C and that max{|ul, |w|,|z|, |y|} < C+/logp, it follows from (A.215)—
(A.217) that as T80 — (1),

() vt Q) vt [ (G) vt )
(0= )
1

Hence, substituting the bounds in (A.215) and (A.218) into (A.211) yields that as %gpﬁ =
o(1),

(A.217) valvl—f @)

(A.218)

3
<c my, (logp) _
n

f€z7fl+p|(fw§j+p) (u, w|z,y)

! 1 u\" o 1 (u mi (logp)?
(A219)  2m|Voy|l/? eXp{ 9 <w> Vo (w) } ' (1 + O( n )>

= ferer, (u,0) (1 + O( mn(logp)3>>’

n
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which entails that (&, §4p) is asymptotically independent of (&;,&;+,) for I # j and [ € N7.
By plugging (A.219) into (A.210), we can deduce that

(A.220) X P(’fl‘ - ’€l+p’ >t — 5n,max{|§l\7 ‘§l+p’} < C\/@Dzaug)}

X <1+O( m"(l;)gp)g» +P(C),

where P(C¢) = O(p~3).
We next show that given X, |&;] — |¢j1,| converges in distribution to 7;. Given X -,
we see that

(fjvfﬁ-p) N(0,V11).
Without ambiguity, let us denote by

2
g Pn01.n02
v 11 = ( Ln neLn ,n>

2
Pn01,n02n O2n

2 2 2 T

in =NT;, 03, = nTjﬂ,, and pn =2 24/ (|[Z}]2[[Zj45]2)-

for simpler notation, where o 5

We define an event

_ 2 2\—1 mylogp | o 2 \_1 my logp
e= {1t - @Y <0\ L o3, - (83,,) | < 0y LOED,
nl
and |p, — corr(ej, ejp)| < C”mogp}.
n

It follows from Lemma 10 that P(£) > 1 — O(p~3). Some straightforward calculations show
that for ¢ > 0, given X~ the density of €| — |&j+p| can be written as

fie 1t (1) = \/%/f [1 - @(a;}lt)] exp { — t2/(2a%n)}
(A.221) 1,n\/§
* Jraan [1—®(aght)] exp{ —2/(2a3,)},
where

01,n02,n01,n (]- _p%)

2
030~ Pn01n02n

a1, = \/01n+02n—2pn01n02n, ag g =

01 nUZ na3n (]- _pn)

02 n + PrnO1n02n

a3n—\/01n+02n+2,0n01n02n7 A4n =

Recall the notation

vj = \/2 Ee (1 — corr(ej,ej4p))

and

bj = \/2 Ee (14 corr(ej,ejip))-
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It holds that E(ejz) = (ij)_l = (QJAan,jer
event £, we have that

1 1
a1 /o7 — 1] < O\ T228P g by — 1) < 0| TR2RE
n n
my, 1o my lo
Jagn/b; = 11 < O/ T22BE g oy —1| < 0y 2EE

Thus, in view of the definition of h;(t) in (A.191) and (A.221), it follows that as |t| <

C+/logp,

)yl = E(e?ﬂ) due to the symmetry of Q4. On

Nies1-1651,1 () = hy(t) <1 + O( m’“(l‘:’gp)g)> .

n

With the aid of the above result, we can deduce that on event &,
Saug
P([&5] = 1&j4p] =t = dn, max{|&], [€j4p]} < C/logp|XTT)
Saug
<P(1&] = [&j1pl =t = 0ns 5] = 1€1p] < CV/logp|XTT)

/tcmhj(u)du> <1+0( W))

<(
(A.222) ~0,

:p(t_angmsc@)(HO( mn(logp)3)>

n

= [P(1; > t = 6,) — P(1; > C/logp)] (HO( mn(logp)g»

n

Moreover, in light of (A.201) it is easy to see that

P(n; > Cy/logp) =O(p~?)

for some large constant C', which together with (A.223) leads to

P(‘gﬂ - |£j+p| >1— 5n,max{|§j|, ‘£j+p‘} < C\/@Dzaug)
(logp)? i
SP(%‘Zt—(Sn)<1+O( m(nogp)>>+o(p 5)

Plugging (A.223) into (A.220) shows that

(A.223)

3
(A224) P1§]P’(’I7jZt—&n)P(mZt—én)<1+O< mnﬂzgp))) O,

Finally, combining (A.207), (A.208), (A.209), and (A.224) yields (A.192). Similarly, we can
also establish (A.193)—(A.195). This completes the proof of Lemma 13.

B.12. Proof of Lemma 14. Let us first prove (A.274). In the proof of Lemma 13 in
Section B.11, we have established the lower bound and upper bound for P(WW; > ¢) in

(A.194) and (A.195), respectively. Recall the definitions that §,, = C’% and b, =
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CA,s 98P For the numerator and denominator in (A.274), we can write that

n

Po(G(t—bn) = G(t+by)) = > [P(W; >t —by) —P(W; >t +b,)]

J€Ho
< 3 By = Vit — Vb, — 8,)(1+ 0(y "Ry
J€EHo
(A.225) — > P(n; = nt+ vnby +6,) (14 O( W(lzgp)g)) +0(p~?)
j€Ho
< Y P(Vnt = Vb, — 8 <1y < Vit + /by +65)
J€EHo

£ 3 By 2 Vit Vi, - 8)-0(y "0 o)

J€EHo
and
mp(logp)3 _
(A.226) poG(t) > Y P(n; >/t +6,)(1+0O( (ngp))) +0(p7%),
JEHo
respectively.

It follows from (A.225)—(A.226), similar arguments as for (A.204), and G~1(24%) =

P
O(4/"82) in the proof of Lemma 13 that as \/ﬁG_l(%)(\/ﬁbn +0,) — 0,

_ _ 3
sup GlE=bn) = GlEH0a) C\/logp(v/nby, + 6,) + C ma(logp)®
te(0,G—1 (20 )] G(t) n

c(mi/%aogp)?’/?
NG

+ Aps(logp) /7 — 0, the desired result (A.274)

IN

+ Anslogp).

m
Thus, we see that when n

holds.
We next proceed with establishing (A.275). In view of Condition 10, it holds that

pit Y P(W, < —t) <G(1)
JEHL

for t = O(y/n~1logp). Moreover, we have

1 0
by = CApsy| —2L = o(G—1(2L0ny)
n p

due to the assumption A,,s — 0 and G~* (25) = 0(y/ 10%). Then it follows that

a' ST P(W; < —G 1 (2L 1y,
2 p(W y )+ )

-1 _1,€1490n
(A227) <al(p— po)G<G (50 - bn)

= P g |G (6 <) - (671 (24) |
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For notational simplicity, let us define

clqan)
p

With the aid of the upper and lower bounds for ]P’(Wj > t) given in (A.194) and (A.195), we
can deduce that

G(tn —bn) — G(ty)

t, =G

<pt Y IP(??jZ\/ﬁtn—\/ﬁbn_‘sn)(lJrO( mn(logp)?’)>

n
J€EHo

IR \/ﬁtn+6n)<1+0( W)) +0(p?)

(A.228) =

:pal ZP(\/ﬁtn_\/ﬁbn_(snSn]S\/ﬁtn"i_én)

J€EHo

+ppt Y P(ny = /it — /by _5”)0( Wm(lzgit?)g) +Ow™).

Jj€Ho
An application of similar arguments as for (A.135) leads to

P(\/ﬁtn - \/ﬁbn - 571 < 75 < \/ﬁtn + 671)
P(le > \/ﬁtn + 5n)

(A.229) < C/nitn(V/1ibn + 8,)
1/2 3/2
my ~s(log p)
< - N =277
< C( NG + Aps logp>
and

B(nj > vty — /itby = 8.) 1' _ C(WWCW
P(1; > /ity + 0,) - Vn

It follows from the lower bound in (A.194) and G(t,) = G(G~1(24)) = S48 that as

. 1 3
mo, (nogp) 0,

(A.230) ‘ + A, slog p) .

(A.231) po" S By = vty +6,) < O o(p?)) < 0P,
JEHo p
Therefore, combining (A.228)—(A.231) shows that
1/2 3/2 3
my' “s(logp) ciqan myn(logp)3  c1qan
_ _ < I 2VEel) . .
Gt — bn) — Glty) < C( N + Anslogp) +C - :
+0(p~?)
1/2 3/2
my “s(logp) c1qay, _9
<o el Al .
_C( NG —|—Anslogp) +0(p™?)
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Finally, substituting the above bound into (A.227) yields that as M +A,s(logp) —
07

=Y P(Wj < -G 1AL +An)

JEH, p
. 1/2 3/2 _
< aalp po)+0(mn s(logp) _'_Anslogp)'Cl(J(p Po)
p vn p
P—DPo
0
+0( o )
— 0,

where we have used the assumption that py/p — 1. This establishes (A.275), which concludes
the proof of Lemma 14.

B.13. Proof of Lemma 15. The proof of this lemma relies on the definitions of 7;, and
Tv, with the intuition that T resembles the vth order statistic of — Wj, while T, resembles
the vth order statistic of W Intuitively, this means that if the distance between W and

W] is bounded by b,,, the distance between the corresponding order statistics should also be
bounded by b,,. We will formalize such argument next.
Let us define an event

— W —W.| <
v {11251%<p|W] W[ <bn}.

Condition 1 assumes that P(¢") — 1. Denote by

(A.232) S,={1<j<p:-W;>T,}
and
(A.233) Se={1<j<p:-W;>T,}.

Observe that |§U| =v and ]57)] = v by the definitions of T}, and T,. If jo € §v, on event ¢
we have that

(A.234) —Wj, = —Wj, + (W), = W;,) > T, — by,
which entails that > 7_, 1(—W; > T, —b,,) > v. Moreover, since T, satisfies P 1(—W,; >
T,) = v, it follows that
T, > T, —bn
by the monotonicity of the indicator function. Similarly, we can also show that
T, >T, —bn
on event %. Thus, (A.26) is derived. This concludes the proof of Lemma 15.

B.14. Proof of Lemma 16. Note that k is the number of failures before v successes
in a binomial process with success probability % The major intuition of the desired result
(A.27) is that by the law of large numbers, the number of failures and successes should
become asymptotically comparable as the number of trials tends to infinity. Let Dy, 1 be
a binomial random variable with distribution B(k 4+ v — 1, 2) and L, the negative binomial
random variable with distribution N B(v, ). Observe that (52) is equivalent to P(L, > k) <
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q. According to the relationship between the negative binomial distribution and binomial
distribution, we have that

P(L,>k)=1—P(L, <k —1)
(A.235) =1—P(Djrp1 >v)
= ]P)(Dk—i-v—l S v — 1)

By the central limit theorem, it holds that when k& + v — oo,

+o(1).

P(Dk+u—1§z)_1):q)< v—1—k )

vVk+v—1
Therefore, (52) implies that

v—1—k _
\/ﬁﬁ@ 1(q_0(1))'

In addition, since v is the largest integer such that (52) holds, we have that

]P)(Lv+]_ > k?) >q.

(A.236)

Using similar arguments as for (A.236), it follows that as k 4+ v — oo,

P@HJZM—Puamsw—é(;Hi)+dn
and hence
(A237) C=R S g1(g—o(1)),
Vk+v

which along with (A.236) leads to (A.27). This completes the proof of Lemma 16.

B.15. Proof of Lemma 17. The proof of this lemma consists of two steps. We will first
establish the tight bounds below for 7T;,. In the second step, noting that Ty, 4 a7, +1 < 1p, —2b, <

T+, by the definition of M, in (A.25), we will show that M, is bounded as long as b,, is
sufficiently small.

LEMMA 18. For 0 < e < 1/8, under Conditions 1, 15, and 16 we have that

(A.238) P(G—l(v(lp::g)) <T, <G—1(”(1pg€))) — 1.

LEMMA 19. Under Condition 16, we have that

2by, < G—l(M) _ G—l(”(l +3e)(1—¢)

DPo Po

).

Using similar arguments as in the proof of Lemma 18 below, we can show that under
Conditions 1, 15, and 16,

_ 14+3¢)(1+¢) ~ _1/(v(14+3¢))(1—¢)
a239) BG4 <T, <G! 1.
( ) ( ( % ) (1+3¢) ( o ))
Then it follows that
~ 1,01 +3¢)(1—¢ 1,v(1+e¢ ~
Typan < G Z0)) g lte)) 7

bo bo
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Additionally, applying Lemmas 18 and 19 together with the definition of ﬁ, gives that with
asymptotic probability one,

Tv+Mv 2 Tv - an

S o4e)y [aervdte), g v +3e)(1—¢)
26 Pbo ) ¢ Po )G Po )]
= G_l(v(l i 3;3(1 — 6)) > To1430)-

Therefore, we can obtain that
P(M, < 3ve) — 1

since 7T}, is decreasing with respect to v. This will conclude the proof of Lemma 17.
We will present the formal proofs of Lemmas 18 and 19 below.

Proof of Lemma 18. The main idea of the proof is to establish the convergence of the empirical
distribution of {W]} that 3 cq/ IL(W] >t) is close t0 D g ]P’(Wj > t). Using similar
arguments as in the proof of Lemma 3 in Section B.3, we can obtain that when m,, /k — 0
(which combined with Lemma 16 implies that m,, /v — 0),

(A.240) sup s, W5 < 71)

'Z — - 1' =o0p(1).
te(G-1(2).G-1(E) | D0 jep, P(W; < 1)

Since > ey, ]P’(Wj < —G_l(”(;i:ra)) =v(1+¢), we see from (A.240) that
P
—~ 1 o 1
I e SR L/ T
(A.241) = Po ieHo bo

=v(l4+¢e)(14+o0p(1)) >v
holds with asymptotic probability one. Hence, from the definition of T,, we have that

(A.242) IP’(TU > G—l(”(lerE))> S
0

We next prove the upper bound for 7. Note that Z?Zl H(Wj < —T,) = v. We will aim to
show that with asymptotic probability one,

(A.243) 7AW, < -T,) <ve/2.
JEH

Then with asymptotic probability one, it holds that
(A.244) AW, <-T,) > v(1—¢/2).

Jj€Ho
On the other hand, applying (A.240) and similar argument as for (A.241), we can obtain that
with asymptotic probability one,
v(l— en))

A245 1W; < -Gt
(A.245) > AW, < -

<v(l—¢e/2).
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Combining the above two results shows that with asymptotic probability one,

~ 1—
T, < G—l(u),
which completes the proof for the upper bound.
It remains to establish (A.243). Since py/p — 1 and v/k — 1 (cf. Lemma 16), we have
that

3k _1,v(l+¢)
< GH(—H
o) —
when n and p are sufficiently large and 0 < ¢ < 1/8. Then from (A.242), it holds that

Gt (%) < T, and hence with asymptotic probability one,

G

(A.246) SAW, <-T,)< > 1W< —G‘l(%)).

: : 2p

jE’H1 JEH]
Moreover, an application of the Markov inequality, Lemma 16, and (55) in Condition 16
yields that as n — oo,

IP’( Y 1W< —G—l(?;;)) > v5/2>

JEH,

2 —~ 3k
<= Y P(W<-GT'(50) ~o.
_%Z W;<=G7(3,)) =0
JEH
Therefore, (A.243) is derived in view of (A.246). This completes the proof of Lemma 18.

(A.247)

Proof of Lemma 19. Let us observe that

1+3¢)(1— 1
(A.248) vi+3e)(1=c) vllte) v g2
Po Po Po

By the assumptions that py/p — 1 and m,, /k — 0, and applying Lemma 16 and the observa-
tion above, it follows that when & and p are sufficiently large,
v(l+3e)(1—¢) wv(l+e) S ke

Po po  2p
Note that assumption (54) in Condition 16 entails that

(A.249)

(A.250) sip (Gt —by) — G+ bn)] = o).
te(G1(25),G-1(£)) p

Combining the above two results and Lemma 16, we can obtain that
v(l1+3e)(1—¢) wv(l+e)

(A.251) — > sup [G(t —by) — G(t+by)].
bo po tE(G1(35).G1(5)
Notice that
_ 14+3e)(1—¢) 1,3k, 4,k
G 1 'U( c G 1,90 ,G 10V
(e (07 (5) 6 ()
and
_ 1+¢) 3k, .k
a1ty o1 3Ry gk
(T (@ (5).07 ()

when £ and p are sufficiently large. Therefore, using proof by contradiction and the mono-
tonicity of function G(-), we can establish the desired result of Lemma 19. This concludes
the proof of Lemma 19.
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B.16. Lemma 20 and its proof. Following the definitions in Section 3.2, let us consider
the marginal correlation approximate knockoff statistics defined as W; = (v/nlly]|2) ™ (|X]Ty| —
~T —~
X y|) and the coupled perfect knockoff statistics given by W; = (v/n[|yll2)~( |X§»Fy] -
T
IX; y|) with 1 < j <p. When features X1,---, X, are independent, we can obtain the fol-

lowing sharper bound of order A, |/ %52

compared to the general bound A, in (13).

for the coupling accuracy of the knockoff statistics,

LEMMA 20. Assume that features { X ; }§:1 are independent and follow a Gaussian dis-

tribution X AN (0,0]2-). Let the approximate and coupled knockoff variable matrices be
defined as

X = Zdiag(d1,- - ,6,) and X =Zdiag(o1, - ,0,),

where Z = (Z;;) € R™*? has i.i.d. standard normal entries and is independent of (X,y), and
8j is the estimator of o, which can be learned in sample. Then under Condition 6, we have
that when log p = o(n),

1
(A.252) max |W; — W;| < 42,4 2L,
1<j<p n

Proof of Lemma 20. We first show that Condition 6 leads to P(maxi<j<p [0; — 0| < 2A,,) —
1. First note that P(min < j<, n~/2||Z;||2 > 1/2) — 1 since log p = o(n), due to the concen-
tration inequality for the sum of i.i.d x random variables. If max; <<, n~/2||X; — Xj |2 <
A, with probability approaching one, then we have A,, > max; <<, n~'/2|5; — a;|[|Z; |2 >

max;<j<p|0; — oj| miny<j<, n" V2| Z;]2 > 3 max;<;<p |0; — oj| with asymptotic proba-
bility one. This proves that Condition 6 leads to

P(lrgax loj —oj| <2A,) — 1.

Then we can deduce that

1
P(maX|W W\>4A,/°gp)
1<5<p n
logp
XN Ty| > )
<B( ax (Valyl) " (X; ~X))"y| > 48,/
logp
< - “HzTy| > )
< P( max [3; - o] max (Villyll2) " Z]y] 2 48,/

logp
—1|T
P(lrgfé(p]aj—(f]]>2A)+ E IP’( (Vnllyll2) M Z7y| > 24/ . )

1<5<p

/\

Observing that (\/ﬁ||y\|2)_1Z]Ty i N(0,n7') and maxi <<, |0; — 0| < 2A,, with asymp-
totic probability one, we have

P( max \W W | > 4A UIng)go(l)—i—p*l—)O.
1<5<p n

This completes the proof of Lemma 20.
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APPENDIX C: RCD WITH DEBIASED LASSO IN GLM

In this section, we extend the results in Section 3.3 to the setting of the generalized linear
model (GLM)

E[Y[X] =g~ (X"a?),
where o = (a?)lgjgp € RP is the true regression coefficient vector and g is the link

function. Assume that feature vector X = (X1,---,X,)? has zero mean. Define Xaug —
(X7, XT)T ¢ R? and X*8 = (X7, XT)T € R?%, where X and X are the perfect knock-
offs and the approximate knockoffs for X, respectively. Denote by 3° = ((a®)7, Og) cR%»
the augmented true parameter vector.

Consider the negative log-likelihood function p(y;a) : a — R defined as p(y;a) = —ya +
b(a), up to a constant independent of the unknown parameters, where b(-) is a known
strictly convex and twice continuously differentiable function. Define the loss function
pIB(Y.)Z'aUg) =p(Y; (Xaug>Tlg) Denote by pg := aﬁpﬁ and pg := aﬁaﬁTpﬁ the partial
derivatives. Note that pg = p(Y; (X28)T 3) Xue and pg=pY; (X2ue)T 3) Xaug( xaug)T

Let b = (b )i<j<2p be the debiased estimator for the GLM given in van de Geer et al.
(2014) based on the augmented design matrix XM= X, )A(] € R where X is the ap-
proximate knockoff variable matrix. Assume that Condition 6 is satisfied and X is the coupled
perfect knockoffs variable matrix. Similarly, define X" [X X] € R"™2_Then b can be
coupled with the debiased Lasso estimator denoted as b= (b )1< j<op € R2P based on X
The regression coefficient difference knockoff statistics can be defined as

(A.253) Wj = bj| = [bj4p| and Wi =1[bj[ = [bj1p, 1<j<p
for the approximate and the coupled perfect knockoffs procedures, respectively..

We provide the explicit definition of the debiased Lasso estimator to assist future pre-
sentation. For each 1 < j < 2p, the debiased Lasso estimator b = (b;)1<j<2p is a one-step

bias correction from the Lasso estimator 3 = (5;)1<j<2p € R?P. First, the Lasso estimator is
given by

(A.254) B:argmin{ ZP,@ (X5 ) + A8l }

BER2P

where )A(?ug is the ith row (observation) of the augmented design matrix X" To obtain the
debiased Lasso estimator, define

AAaug

n
2 — n*l Z p,@(yz, )/Zj’Ug) _ n71(§aug)TDX

where D = diag(j(y1; X1 B), - s P(Yn; f(iuga)) € R™ ™ is a diagonal matrix. Further, for
1 <5 < 2p, define

¥ = angmin(Ej,j — 2% v+ S v+ 2 (h)
»-YG 2p—1

where A and {); }3’; ; are the nonnegative regularization parameters. In addition, let

~

~2_ ¥ A
T =35 — X557
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Then the debiased Lasso estimator for GLM (van de Geer et al. (2014)) based on the approx-
imate augmented design matrix X is defined as

_ aUgA
. n 1p§(X -X;%;)
(A.255) b =5 —

J
. . Saugy . SAUs
where pg = (p(y1;X1.78), -+, p(yn; X,, " B)) €R™.
Analogously, the coupled debiased Lasso estimator 3 = (;)1<;<2p based on the perfect
augmented design matrix X" can be defined componentwisely as

Saug

~ n_lpg(x' -X57;)
(A.256) bj =B — =) )
7j
where pl@ = ( (yhX?ugB)v“' 7p(ynafij;lg//é)) eR",
(A.257) Bzargmin{ 12% (55X ) + MBI }

BeR2r

v = argmin(;; - 2%, 5y + YISy w20, T =2 85,
ﬂye 2p—1

and

~aug

n
_ .. Saug _1,oaug,
=n 12/)@(%;&-, )=n""(X"")"DX

In the above, D = diag(j (yl,X1 5), e ,ﬁ(yn;izlf,gé)) € R™ " is a diagonal matrix.

It is important to emphasize that the same regularization parameters A and \;’s in defining
b should be used as in defining bin (A.256) so that their constructions differ only by the used
design matrix; this plays a key role in applying our coupling technique.

Indeed, we prove in Lemma 21 that the coupling technique together with Condition 6 and
some other regularity conditions ensures that with asymptotic probability one,

logp s3/2

(A.258) max [b; — bj| < Aps logp
1<j<2p n n

The above result guarantees that Wj’s and Wj’s are also uniformly close over 1 < j <p
with max;<j<p |[W; — W;| < Ansy/(logp)/n + s*/2(logp)/n. As long as sA,, — 0 and
s3/2,/(logp)/n — 0, this upper bound has a smaller order than the concentration rate 4,
of Wj (cf. Condition 2), because here 6, ~ \/n~!logp as shown in our Lemma 22. As
commented after Theorem 2, the assumption that the coupling rate of max<;<, |/V[7] - W]|
is of a smaller order than the concentration rate J,, plays a key role in establishing our theory

on the asymptotic FDR control.
We next introduce some additional notation and formally present the regularity con-

ditions specific to this section. Let D = dlag( (yl,X1 ,6 )y e ,ﬁ(yn;f(?gﬁo)) € RW*n
be a diagonal matrix and U = D'/ 2X"" the weighted perfect design matrix. We define
> = 'EUTU = 0 E[(XT F)TDX ). Let @ = £ and ; = (7)1 with v, =
—$2;,/Q; ;. For 1 < j < 2p, denote by S; = supp(7;) U supp(7;) U supp(7,). Let
J = supp(8°) Usupp(B) Usupp(B) and s := [|B°[|o = [|a®||o = o(n). We make the techni-
cal assumptions below.
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CONDITION 17.  For a large constant r > 0, it holds with probability 1 — O(p™") that

~ 1
(A.259) 1B= 8"l < Csy | =22,

~ 1

(A.260) 1B - B2 < 0y 52,
n
(A.261) IX™(8 - 8%z < C/slogp.
CONDITION 18.  For a large constant r > 0, it holds with probability 1 — O(p™") that
~ logp
o~ <

(A.262)  nax 17, =l < C(s +my) .

~ (5 + mn) log p
A2 = < ~ /=
(A.263)  max 17; =l <C - :
(A264) Jmax [IXEF; = ;)ll2 < CV/(s +ma) logp,

. 1
(A.265) max |72 — Q7 <C wj

1<j<zp 10 n
_1,o3Ug  gaug. (7o ,Saug  gaug.. QjJ
| Dnax ‘n (X; " =X, DX 7 =X7) - Q,,; l‘
(A.266) o o
<c (s—i-mn)logp7
n

where m,, is the sparsity level of S defined in Condition 20.

Conditions 17 and 18 are well-known results about the the consistency of the GLM Lasso
estimator and hold under some regularity conditions (van de Geer et al. (2014)).

CONDITION 19 (Loss function). The derivatives p(y;a) := %p(y;a) and p(y;a) ==

E?—;p(y; a) exist for all (y,a), and for some 0-neighborhood with § > 0, p(y;a) is Lipschitz
such that

. _ ol
e sup sup |A(y;a) = ply;a)| _ Ch,

7 =
a€{XTa’} |g—ay|V|a'—ao| <8 yEY |CL —a |

where ) is the space in which the response variable Y lives. In addition, the derivatives are
bounded such that for constants K1, Ko > 0,

max sup|p(y;ao)| < K1, max sup|p(y;a)| < Ko, min  min|p(y;a)| > Ks.
aoe{XTao}yeglp(y 0)| <K aoe{XTaO}yeg\p(y )| < Ko aoe{XTao}yey\p(y )| = K3

CONDITION 20 (Sparsity). (i) For some constant Cs > 0, P(|J| < Css) — 1.
(ii) For some sequence m,, < s, it holds that maxi<j<ap || ||o < my, and P(maxi<j<ap |S;| <
Cemy,) — 1 with some constant Cg > 0.
(iii) maxi<;<ap H'yng < C7 and Cg < Apin () < Amax(2) < Cy with some positive con-
stants Cr, Cs, and Cy.
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CONDITION 21 (Compatibility). Assume that with probability 1 — o(1),

pgTu"ug

min  ————
18l0<Cos 1|83

for some large enough constant Cy > 0 and a small constant k1 > 0.

(A.267) > Ky

CONDITION 22 (boundedness). Assume that ||X||s = max; ; |X”\ < M for a constant
iaug M
—j ’Yj Hoo < .

Note that the boundedness assumption in Condition 22 is for technical simplicity; it can
be replaced with a less stringent sub-Gaussian condition and the results in Theorem 7 remain
to hold.

CONDITION 23 (Signal strength).  Let 7, = {j € Hy : |3]| > /n~tlogp} and it holds
that a,, := |, | — oo.

We are now ready to state our results on the FDR control for the approximate knockoffs
inference based on the debiased Lasso coefficients for GLM.

THEOREM 7. Assume that Conditions 6, 10, and 17-23 hold, my/a, — 0, and

W + A,s(logp) 'Y = 0 for some constant 0 < ~v < 1. Then we have

limsup FDR <gq.

n—o0

C.1. Proof of Theorem 7. The main idea of the proof is to directly apply Theorem 1 by
verifying Conditions 1-5 for the knockoff statistics constructed from the debiased Lasso coef-
ficients under the GLM. There are two key observations. The first one is that the Lasso estima-
tors based on the approximate knockoffs and the perfect coupling counterpart should be close
if the design matrices X" and X" are close to each other. The second key observation is
that the debiased Lasso coefficients are asymptotlcally normal (van de Geer et al. (2014)). Let

pﬂo :_( (yl;X1 /6 )7 o aP(ZUmX ﬁo)) ( (y17X1 BO) o ap(me ﬁO)) RnNIt
follows from the Taylorexpansmn thatp(yl,X ,60) (yl,X ,8) (yz,f) . (,60—5)

for some ¢ locating between XZ ,60 nd XL, ,6. By Condltlon 19, we can obtain that
(A.268) . gy o
‘p 27X /3 ) ( 27X /6) ( Z’X ,3) (ﬁ ﬁ)’ <O4[

aug

BB
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In view of (A.255), the debiased Lasso coefficient can be written as

A.269
-~ ~ 53R R
V(b — B9) = (B, - 87) — =
J
_1/2 A8 gAus~
p O(X X_;7)) 1
__ 2 +v/n(B; - 57)
J
_ aug ~ Saug Saug o _ = Saug Saug .
n2DXT(B - B)T(X; T -XT7Y;) | O VPRX -XTTY|
J J
_ Saug  aug. ~ = Saug..
nV2ph (X = X155;) o VPRIXGE - X
= — = =+ =2
J J
_ = aug Saug .
n 2B, — B_ )T (X)) TD(X; F - X1),)
+ 2 = :
Tj
where R = ([X?ug(ﬁ — EI)]Q, ,[X aug(,@O E)] ), and we have used the equality 7~'j2 =
saug aug~
zm 2] J'Yg (X )TD(X -X_ j)

By the property of GLM, we have E[p (yZ7 le_g,ﬁ'o)\f(aug] =0, and hence E[pgo (f(jug
~aug .

X_;4;)] = 0. In addition, it holds that

aug] _l(i;ug . Xal;g~

Saug ..

v )TD(X X—j ’Yj)

Saug aug~

Var[n 1/2/%0 (X; 7;)IX

~ 2

j .

Thus, as the remainders in (A.269) are asymptotically negligible, the debiased Lasso estima-
tor is asymptotically normal in the sense that

(A.270) V(b — 9) % N(0,1).

Our proof will build mainly on such intuition. Throughout the proof below, constant C' may
take different values from line to line.

The four lemmas below outline the proof for verifying the general Conditions 1-5. Proofs
of Lemma 21-24 are provided in Sections C.2-C.5, respectively.

LEMMA 21. Assume that Conditions 6 and 17-22 are satisfied. Then as A,s'/? — 0 and

S lo% — 0, we have that

~ o~ 1 3/2]
(A.271) IP< max |bj_bj|ZC<Ans\/@+s ogp)) o
1<5<2p n n

Lemma 21 above indicates that Condition 1 is satisfied with convergence rate b, :=
/
C(Ays 10% + %). Let us define w; = |57].

LEMMA 22. Assume that Conditions 17-22 are satisfied. Then as s°/2 10% — 0, we
have that for some C > 0, E?:l ]P’(|Wj —wj| > Cy/n~1tlogp) — 0.
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Lemma 22 above shows that Condition 2 related to the concentration rate of Wj is satisfied
with §,, = C'\/n~1log p. In addition, it holds that b,, < C'\/n~1log p due to the assumptions

Aps— 0 and s4/ k’% — 0 in Theorem 7. In addition, in light of the definition of w;, under
Condition 23 we have that the general Condition 3 on the signal strength is also satisfied. We
next turn to the verification of Conditions 4-5.

83/2(10g\5%3/2+1/w _ O,
we have that Var (ZjeHo H(Wj > t)) < Vi(t) + Va(t), where for some 0 <y <1 and 0 <
< 1,

LEMMA 23. Assume that Conditions 17-22 are satisfied. Then as

RAVE

(A.272) logp)'/7 sup -0
(logz) 1e(0,61(21en) [OG ()2

and

(A.273) sup Va(t) < M.

te(0,G-1 (212 )) PG (t)

, LEMMA 24. Assume that Conditions 6, 10, and 17-22 are satisfied. Then when
2 oep) Y () gpd Ayns(logp) /7 = 0, we have that

\/ﬁ
(A.274) (logp)Y?  sup G(t—bn) = G(t+ba)
1€ (0, G-1(S11en )] G(t)
and
a9 3 (T <6 () 14,) o
JEH p
as n — Q.

Lemma 23 above shows that Condition 4 is satisfied, whereas Lemma 24 implies that
Condition 5 is satisfied. Finally, the conclusion of Theorem 7 can be derived by directly
applying the general Theorem 1. This completes the proof of Theorem 7.

C.2. Proof of Lemma 21. The proof is analogous to that of Lemma 11. The main idea is
to apply the KKT condition to the GLM Lasso and then use Condition 6. From the definitions

of b in (A.255) and the coupled counterpart b in (A.256), we have that

max ]b —b | < max |BJ Bj|

1<j<2p 1<j<2p
A276 _ ug saug 1. Saug Saug .
( ) n 1PZ(X X—j ’Yj) n 1‘Pg(xj —X—j ’Yj)
+ max —5 — — .
1<5<2p 7; T
We will show that for some constant C' > 0, it holds that
P 1 3/2]
(A277) (18- Bl < 0 (B, P22+ T8 )y
n n
(A.278)
— saug _ . S;aug Saug .
< n lpg(x -X_;7;) n 1|PZ~;(X] -X_;"7;)
Pl max o~ — —
1<5<2p T T:
J J
1 3/2]
< C(Ans %8P | 8 ng)) S
n
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Then combining the two results above can establish the desired conclusion of Lemma 21. We
next proceed with proving (A.277) and (A.278).

Proof of (A.277). Recall the definitions of Lasso estimators B in (A.254) and B in (A.257).
It follows from the KKT condition that

(A.279) 1Zp (5 X B X + A =0,

~aug

(A.280) 1Zp yi; X =0,

where E = (Zh e 722}7) al’ldE: (617 tte 7C2p) with

= sgn(gj) if Bj #0, ~ sgn(Bj) if Bj #0,

G = oS and (;= R

E[—l,l] lf,BjZO, 6[—1,1] lf,BjZO.
Taking the difference between (A.279) and (A.279) above and multiplying both sides by
B — Blead to
0 S plys KB X (B - B) —n 1Zp (v X, 5B)(X05)(B - B)
i=1

=-M¢-QT(B-B) <0.
Further applying the Taylor expansion for function p and Condition 19 yields

aug

12 O) + s X BX;. (B - B)]X;. (B - 8")
(A.281) —nlz yisXi,. %) + plys Xi BYX (B - B°)]X (B - 8°)

<ot Y R4E - 80

=1

which can be equivalently written in the matrix form as
n*(B—B)T(i‘"‘“g—ia ) g +n71(B-B) (X™*)TDX (B - B)
LB -B)T[(XTHTDX T - (X TDX (B - B)
(A.282) +n’1(ﬂ—ﬁ)T[(Xa HTDX™ - (X (8- 8%

Saug aug

aug aug

)'DX
<om Y X B-8Y)
=1

(,@) U supp(B) U supp(8°)| < C's with probability ap-
proaching one. Thus, by a similar technique of proving (A.146), we can obtain from Condi-
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tions 20 and 21 that

I8 - 5H2N mmax, Hn X5 =X pge,
(A.283) +J]|ff,l|a<xcs”” [(X75)TDX™ — (X5*)'DX (B - 8%,

n
+ max nt (Naug(ﬁ ,80 2HX1'7]H2:: Ry + Ry + Rs.
J:|J|<C's i1

Observe that given (X, i), pge is a vector consisting of i.i.d bounded random variables with
zero mean and bounded variance. Following the same technique of proving (A.147) and
(A.148), we can obtain that

1
(A.284) IP’<R1 <CAn /2 Og") 1
n
and
1
(A.285) IP’<R2 < OA,s1] 282 ) S
n

Regarding R, it follows from Conditions 17 and 22 that with probability 1 — o(1),
A2 —1¢2ue 0 s3/2logp
(A.286) Rs < Cv/sMn ' X8 - B3 < Cv/sMn~ slogp<C’T

Combining (A.284)—(A.286) derives (A.277). Further, applying (A.282) again with the
bounds in (A.284)—(A.286) and (A.277) yields that

au 1 3/2]
(A.287) ( 2D (B - B2 < Ay EE 4 ng)) 1
n n
Therefore, it follows by Condition 19 that
an 1 3/2]
(A.288) P( 2 XM (B - B)||2 < c( OSP 4+ 3 nogp)) 1.

Proof of (A.278). Observe that & ; and 7y, can be equivalently written as

N ~1/2 1/2
(A.289) 7; = argmin [D7X;™ = DX 4+ Ay -
7€R2p 1

In addition, it can be obtained from Conditions 17, 19, 20, and 22 that with probability 1 —

o(1),

(v Xi.B) — pyi; X:.8°%)| < CXi.(B—B°)| <CMy/s

1 1
sng:CMs ﬂ—m.
n n
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Hence, under Conditions 6, 17, 19, 20, and 22, we have that with probability 1 — o(1),

_1/2HD1/2 aug_]:)l/2)(aug||
Sn_l/zH(f)l/ _f)l/) augH T _1/2HD ( _Xaug Hz
< CMn 2 IX™MB = X" Bl +n 2 IDVAXG" - X5
(A.290) 2 (D —D/2)X" X)),
< OMn™ (X = XT)(B - B2+ CMn VX (B - B)ll
+n 2D - X [+ 02D - D)X - X,

1 1
< Ansy/ °§p+An(1+s,/ in) <A,

Consequently, using similar argument as for (A.277) and (A.287), we can obtain that

1/2
(A.291) P(lgleg; 13; = Fjll2 < Cmy/2A >

-1/2 —1/2||¢2u8 < 1/2
(A.292) IP’<n max n IX_; (7 = ¥)ll2 < Cm,/=A >

Moreover, by similar arguments as for (A.152), (A.185), and (A.186), we can deduce that
with probability 1 — o(p~1),

(A.293) X" - XTPA, — (X5 - XTPA )l S Auml/?,
. A~ . _ oaug = ,cua Saug .
(A.294) lglj;gprf = min n XTDX; - X108 > ¢
and
. N 1
(A.295) max maxn”![(X, )IDX; T X' F;)|<C (ma + 5)logp.
1<j<p k#j n

Now we are ready to establish (A.278). Specifically, the main term in (A.278) can be
decomposed into the three terms below

Saug aug

“71(.1'75 - PB)T(XJ‘ —X_;7;)
max =
1<j<2p Tj
_1.T /o3ug Aaug,\ ~E'Lug Saug . 4
(A.296) + max | pp(X; X7 — (X - X7))
1<5<2p %;2
N r g (L) Cpens
g R XA 5 )| =D Bk

We will deal with the three terms I, Is, and I3 separately. First for [, it follows from
Condition 19 that

saugs sSauges aug  saug._
L UR™B-XTB)TDE X))
T 77
(A297) 71 Z (Xaugﬂ Xaugﬂ) ’ Xaug ~ |
+C max =1 = L RE = I + L.
1<5<2p Tj
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Regarding I19, in view of Conditions 18 and 22, and (A.294), we have

Syaug

n
12 < C max n_lz X B -X;. B)X; 5 —X; 2]

1<j<2p
aug -~ Saug > Saug
(A.298) +C pax n- Z;(X B-X;. B)X; (3 — )l
1

n 1 — au, oau,
< o (1 [ EE IR ) g R

Saug>

<CMnT X8 -XTEB3,

where we have applied the assumption that s logp — 0 and m, < s. In addition, noting

~

that ( e aug) B° = 0 by definition, we obtaln from (A.288) and Condition 17 that with
probaility 1 — o(1),
_ aug -~ - _ gaue aug
nHXTEB - XTEBIE < 0 IX(B - Bl + (X )(B -85

A2s%logp  s3(logp)? 5 slogp
(A.299) S—— t  F A
2.2 3 2
< Az s?logp n s (logp)
n n
which together with (A.298) yields

A2 21 3 1 2
(A.300) 112§C< nslogp | 5 (logp) )
n n
Now we proceed with examining /1. Observe that it admits the decomposition
1. ~ Saug, X, o aug~
n1(B-B) (X )TDX; " - X_7F))
I;; < max =
1<5<2p T;
15T ,aug  gaug, o< aug aug .o
'8 X -XT)DEX; T -X7))
+ max —
1<j<2p 7;
(A.301) 1,75 —~ T Saug T S.aug Saug
< max 18; — B;| + max ‘n (B =B-;)" (X_;)"DX; ™ =X_;7;)
~aug Saug, T Saug Saug ..
+ max 0 ‘,8 ~ XM TD(XE - X 7j)’
= I111 + T2 + I113.
As for I112, it follows from (A.277) and (A.295) that with probability 1-— 0(1)
_1 Saug aug~
Lo < 1%2251)]?]1&)(05” Hﬁ -~ JH I XJ\{J} X H2
1/2 B aug, S gaug  gaug

(A.302) <057 - B, D5 mexn XD - XT,)|

3/2 3/2
< Ing(Ans /logp+s logp>§AnS /logp+s logp’
n n n n n

where we have used the assumption that s lo% — 0.
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Saug

Regarding 7713, noting that (X -X )BO = 0, by a similar argument as for (A.168),

we have that with probability 1 — o(1),

aug Saug

< =~ ,Saug
Ins= max n” HB-p)T(X™ -X") DX - X7 'yj)
—1/2 _x"e 0 1/2 SAUS ~
(A.303) <n” 12X )(B - B2 max n” DX — X231

SAnsUloﬂ.
n

Combining (A.277), (A.301), (A.302), and (A.303), we can derive that with probability 1 —
o(1),

1 3/2]
(A.304) Iy SA,sy =222 98P
n n

which together with (A.297) and (A.300) gives that

1 3/2]
(A.305) ]P’(Il < C(Ans,/ Ofp 42 nogp)> 1.

Next we turn to Iz in (A.296). Applying the Taylor expansion and Condition 19, we can
obtain that

aug Aaug/\ caug ~aug~
IS max ok (5" - X5, - (X5 - X1F5,))|
aug Saug  saug Saug  saug.
+ 1%@;})‘ (5 ,30) X7) D(X X—j Yi— (Xj - X—j ’Yj))’
(A.306) -
aug Aaug - Saug saug
+ max n - Z (B=B)PXi) =X A — (KXo =X 57|
=11 + Iog + Io3.
Note that E[pgo|(X, X, X)] = 0 and with probability 1 — o(p~),
1. saug  saug . Saug  saug.o = o
Var(n™ oo (X; = X7, — (X —X2;9,) 1(X,X,X))
_g,oaug  gaug_ caug saug.. (T ,Saug Saug Saug saug.o
=n (Xj - X, - (X =X07))) D(Xj X159, - (X - X0)))

<Aus

_ Saug  aug o ~ Sa
(A?I + A2my, + AZmy,) S nilAimn.

A3

S
Sno

Since the components of pgo are all bounded by K; under Condition 19, we see that
cSaug Saug

n_lpgo (Xaug XaugA -(X; =X ﬁj)) is sub-Gaussian, which entails that with prob-
ability 1 — o(1),

(A.307) Iy < CApy/ @.

In the same manner of proving (A.156), we can show that with probability 1 — o(1),

1 1
(A.308) on S 282 A ml/2 < Apsy | 22
n n
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Regarding I3, it holds that with probability 1 — o(1),

_ aug aug,\ Saug Saug .
s <n X8 - BO)IBIX " - XI5 — (X5 = X5
(A.309) slogp logp
< Anm}/Q S Aps
n
A combination of (A.306)-(A.309) leads to
lo
(A.310) ]P’<12 < CAnsy/ gp) 1
n
Now we proceed to deal with I3 in (A.296). Note that
A311 I; < X" - X"y L’L?Z' =I5 -1
A3 D e nTop( T - X)) m, T = e

It can be seen that

131< max |n pﬁo(ﬁaug X5

Saug  gaug o ’
1<5<2p

. \T
X2+ max [n7 by — b)) (X = X59))].

By a similar argument as for (A.307), we can show that with probability 1 — o(1),

Saug Saug logp
X o -X_"7.
12}%}§p ‘n pI@O( —J ’7] ‘ ~

n

In addition, we have under Condition 19 that with probability 1 — o(1),
S = pa) (XS XS
max [n” by — ppe)" (X)X '7])\

aug

< may o (XA - 8%) DX X))

logp
< 1R (3 0 X aug,\ F
S max n X8 =82l Vilz s\ —,

Thus, we can obtain that with probability 1 — o(1),

slogp

(A.312) I31 <
n

As for I3, by definition it holds that

72 -7 =YX ) DX - X

aug,\ Saug Saug ..
i) — (X

)TD(X X—j 7j)’

_ Sa Saug = ,oaug saug o
<n !X - X TDX; " - XU
(A.313) . ang
+n7 (X HTD - D)X - X7
_ Saug Saug Saug .
+r (X HTDX T - XTTA, - (X - X0,
Furthermore, it can be shown that with probability 1 — o(1),
n (X =X TDX T - XTTR)|
_ aug aug,\
(A.314) S IXGE = X5l X5 - XEE Il

S An
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and
_ aug ~ o~ ,caug  gsaug .
nH(X; )T D -D)(X; " —X1;7,)]
_ aug -~ aug,\
1Z‘X B X BHXZ]HX,] - 7, jﬂy‘]’
=1
aug-> g> g ~
(A315) <n 1MZ]X B-X:EBIX - XA,
=1
_ aug - Sau, oaug ~
<n'MIXTEB - XTEB XS - XA o

3/2
< Aps /logp+ S logp’
n n

where we have applied the bound obtained in (A.299).
Moreover, we have that
_1 aug T+, SAUg Saug o S;aug Saug
| )'DX; T = X057, - (X = X05)))]
aug Saug .

_ aug gaug Saug =
(A316) n X 21X - X5 - (X5 - X55,) 2

S./ A’nmn/ 9
which together with (A.294), (A.313), (A.314), and (A.316) yields that with probability 1 —
o(1),
‘/\2 o “’2‘ 3/2 log
— < /2 57 108D
(A.317) I35 = 12132?;;; |~2A S Apm.y -

Combining (A.311), (A.312), and (A.317) leads to

logp 53/2

(A318) ]P’(Ig < C(Ans

TILng)> — 1.

Consequently, substituting (A.305), (A.310), and (A.318) into (A.296) gives the desired result
(A.278). This completes the proof of Lemma 21.

C.3. Proof of Lemma 22. The main idea of the proof is to bound the remainders in the
decomposition of \/n(b; — ﬁ?) as presented in (A.269) and use the fact that the main term is

sub-Gaussian. Note that by the triangle inequality and the fact that w; = 57| = 55| —155.,,
it holds that

P
ZP(’WJ —w;| > Cy/n~tlogp)
j=1

p
(A319) Z[ (Valb; — 391 > C/logp/2) + B(v/albyp — B, > C\/logp/2)]

2p

=S "P(Valb; — 89 > C\/logp/2).

j=1
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For the second remainder in (A.269), applying the bounds in (A.295), (A.294), and (A.259),
we have that with probability 1 — o(p~3),

— 2 aug ~aug
n 1/2(:69]' —,B_j)T(X )TD(X -X " ij)
max ~2
1<j<p 7;
,1/2 aug Tﬁ ia XaugN
< max n 1/22 (X, ") DY i J'Y])Wk feid
(A.320) L<jsp o 7
< 1/2 aug Tﬁ )fzaug aug~ 0
< max maxn™/2|(X,")TD(X] 3B - 8%
3/2

< s logp

vn
Regarding the first remainder in (A.269), applying (A.261), (A.264), (A.294), and the fact
that || X; —X_;v,|| < M for some M > 0, we can obtain that with probability 1 — o(p~?),

n*1/2R|X- Xaugﬁ ‘ _ aug slogp
s L<n 2IXM B -85 <

7; N

Further, observe that the main term n~"/ pgo ()Za-ug - )Niaug%/j) in (A.269) is sub-Gaussian

(A.321)

since H)Nij Xamg~]\|c,<J < M and ||pgo|lc < M for some constant M > 0. Moreover, it
holds that
_ . =~ aug _ Saug =~ Saug
Var(n™2pgo(X; = X)X =0 1X - XT0,) DX X)) < M

for some constant M > 0. Therefore, using similar arguments as in the proof of Lemma 12,
we can establish the desired result in Lemma 22.

C4. Proof of Lemma 23. We will apply the moderate deviation result (i.e., the rate of
convergence) for multivariate normal approximation (Saulis (1992)), and the remaining proof
can proceed by the same technique as used for proving Lemma 13. From the decomposition
for \/n(b; — B;’) outlined in (A. 269) and the bounds in (A.320) and (A.321), it is seen that

aug _

pEO (X X—J ’Yg)

the main term is §; := W and the two remainders in (A 269) are bounded
1 1 saug
by C= logp fogp with probablhty 1 —o(p™"). Denote by z; = X; -x™ '7] for 1 < j < 2p.
Observe that given X, (fj, Eiipy &1, Eap) T K N(0,V), where the covariance matrix V is
: ViiVig) .
iven by V= with
& Y <V21V22
7'Di, 7'Di,,, 2Dz, 7D,
= R
Vo= | - nT; ~n7'J’rJ+p A4 —V _ nTIT] Nm— T p
H Z?p}”p ZHPPZ”P ’ 2 2™ a+pDZl J+pDZl+P
nTJ'ZTJ'Q+P nTj+P J+p J+PTl+p
2Dz 7 Di.,
=4 =2
Voo — - n‘ri nT; Tl+p
22 ZZTDZHP J+DDZ’+P
Ty M

Let us define the event

. Q. 1
£ = { max ‘nilszzl — G ‘ <C i ng}.
1<5,1<2p Q8 n
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By Condition 18, we see that P(£) > 1 — o(p~3).

Let (Z1, Za, Z3, Z4)T i N(0,V). Given X" and event &, it follows from the rate of
convergence (i.e., the moderate deviation theorem) for multivariate normal approximate (e.g.
Theorem 1 in Saulis (1992)) that for any 1 < j # 1 < 2p,

]P)(é‘j-f-p > 075] - §j+p > t7§l+p > 07§l - €l+p > t)
P(Z2>0,21 —Zy>t,24,>0,25 — Zy > t)

(A.322) < 7

uniformly for ¢ € [0, C'y/Tog p] when logp = o(n'/?). Noting that P(|¢;]| — |&j4p| > t, 1 —
&4+p| > t) can be decomposed into 16 probabilities that are similar to the numerator in
(A.322), we can deduce that for any 1 < j #1[ < 2p,

P& = 1§j1pl > 1,16 — E14pl > 1)
P(|Z1| — | Zo| > t,]Z3] — | Za| > 1)

143
—1‘<C +

143
(A.323) ‘ - 1‘ <ot

=Y/
uniformly for ¢ € [0, C'v/log p] when logp = o(nl/ 3). Analogously, we can show that for any
1<j#2p,

(A.324) 'P(Iﬁj! — [0l > 1)

143
-1 <C——
P(|Z1| = |Z2] > 1) '

J— ﬁ
uniformly for t € [0, C'v/Togp] when log p = o(n!/3). Therefore, following exactly the same

procedure for proving Lemma 13, we can establish Lemma 23. To avoid redundancy, we omit
the proof details here.

C.5. Proof of Lemma 24. By the moderate deviation result in (A.324), the probability
P(W; > t) = P(|&;| — |£+p| > t) can be approximated by the probability P(|Z1| — | Z2| > t)
of normal distribution with controlled relative rate of convergence as ¢t < Cv/logp. By the
same technique for proving Lemma 14, but just with slightly different definitions that 9,, =
33/2% and b, = C(Aps4/ 10% + 53/2%), we can establish the desired results in Lemma

24. To avoid redundancy, we omit the proof details here.
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