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APPENDIX A: PROOFS FOR PROPOSITION 1 AND MAIN LEMMAS

In this section, we prove all key Lemmas in the order they appear in the

main text. Additional Lemmas and their proofs are provided in Appendix
B.

Deviation of sub-Gaussian distribution. Recall that a random vector
w = (W, ,Wp)T € RP is sub-Gaussian if there exist some positive con-
stants a and b such that

P(lvI'w| > t) < aexp(—bt?)

for any ¢ > 0 and any vector v € R? satisfying ||v||s = 1.

Suppose w = (Wq,---,W,) is sub-Gaussian with constants a, b, mean
p and covariance matrix . Let wq,--- ,w, be n independent copies of w.
Since w is sub-Gaussian, by Lemma 10, we have w — p is also sub-Gaussian.
Then there exists some constants @ and b such that

P(v (w; — p)(wi — )" v| > ) < Gexp(—b)
for all > 0 and ||v||2 = 1, which implies that
E{exp[tv’ (w; — p)(wi — p)"v]} < o0

for all 0 < ¢t < b and ||v|s = 1. Similar as in the proof of Lemma 3 in [1], we
know that there exist some constants C' > 0 and p > 0 depending on a and
b, such that for all 0 < x < p and any unit vector ||v| =1,

(A1) P{/n) SV (wi— ) (wi — )TV — VI S| > o} < e 2,
i=1
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A.1. Proof of Proposition 1. The main idea is to prove that our test
statistic IN)]- converges to its population counterpart D; uniformly over j.
Since Condition 3 ensures that D; is bounded from below for j € A; and
D; =0 for j € A, the uniform convergence of l~?j will imply the results in
Proposition 1.

We proceed to prove the uniform convergence of l~?j to Dj. To this end,
we decompose the difference between them into the following five terms:

(A.2)
1D; = Dy < 1og(32/0%)] + 7 [tog [(37)2/(o{V)2]| + (1 = ) Jrog [(21)2/ (o]
+ |n1/n—ml- ‘log [(~§1))2H + [ng/n — (1 —7)|- ‘log [(~§2))2] ‘ .

We will establish successively the deviation bounds of the terms on the
right hand side above. The same notation C' will be used to denote a generic
constant without loss of generality.

By Lemma 7, the estimators &? converge to a? uniformly over all j =
1,---,p, with probability at least 1 — pexp(—C?ipnl_z“). Define this event
as £. We will condition on the event £ hereafter. Since x,, ! log(1 + z,,) — 1

as x, — 0, it follows that
log (53 /03)/(63 /07 —1) — 1

uniformly for all 7 as n — oo. Thus, uniformly over all j = 1,--- , p, with suf-
ficiently large n, we have the following bound for the first term | log(&jz- / 0]2-)\
on the right hand side of (A.2)

(A.3) P(] log(&?/a?)] > 47 en ™€) < P(]&JQ-/JJZ —1] > 8 ten™|8),

where constants ¢ and k are defined in Condition 3. Then (A.3) together
with (A.7) in the proof of Lemma 7 entails that

(A.4) P(] log(&f—/af—ﬂ > 47 ten ") < eXp(—C’%ipnl_%).
Using the same arguments, for either k = 1 or 2, we can prove that
(A.5) P(] lOg[(&J(_k))2/(Uj(_k))2” > 47len =€) < exp(—C%ﬁpnl‘%).
By the proof of Lemma 6, we know that
7~—2,p > 7"')\max(gzl) + (1 - F))\max(ﬂlzbﬂl).

Since (&(-1))2 and (&](-2))2 can be bounded from above by Apnax(€21) and

J
Amax (£2132€21), respectively, we know that (&](-k))2 can be bounded from
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above by 7711 — )77y, for k = 1,2. As ny = > 1| A;, by Hoeffding’s
inequality we get

(A6)  P(jni/n — 7| |log[(5}")?)| > 47 en "€

cn
< P(|— A —
(|n ; > 4 log[r=1(1 —m)~ 17 £)

Toll

2ncin =2

16log?[n=1(1 — m) 17y,

< 2exp(— ) < exp{—Cn'"*"/log*(72)}.

Similarly, we have

(A7)
P(lng/n— (1 —m)|- Ilog[( 2)2)] > 47 en8|€) < exp{—Cn' 2%/ log?(72,)}.

In view of (A.2), we have

(A8)

P(|D —Dj| > en™"E)

< P(llog(3 2/0 )| > 47 en ™€) + P(|log[(35")/(0V))] > 47 en™"(€)
+ P(Ilog[( D2/ > 47t ’”"|5)+P(|— — x| - [og[(5§")?]] > 4~ Len " €)
+ P22 = (1= m)| - [log[(5{)?]] > 47 en ™" o).

Combining the probability bounds in (A.4), (A.5), (A.6) and (A.7) gives

P(|5j —Dj| >en ") < 3exp(—C’7~'127pn1_2“) + 2exp{—0nl_2“/log2(7~'2,p)}
< exp{—Cnl_Qn/[%ig + 10g2(7~'2,p)]}.

It follows that

hS]

K n. ) —K
P(lrga<x|D — Dj| > en™"|€) <> P(ID; — Dj| > en"FIE)

< pexp{—Cnl_%/[%iS + log® (72,)]},

which is the deviation of the statistic 13]- from its population counterpart
D;. By Lemma 7, P(£°) < pexp(—C?ipnl_z“). Thus we have

P( max |D; — Dj| > en™) < P( max |Dj — Dj| > en™F|E) + P(E°)
SJ=p

< pexp{—Cn'~**/[7 7 + log*(F2,)]}.
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Therefore, for any p satisfying logp = O(n?) with v > 0, v + 2k < 1 and
7:1_,5 + 10:?;2(7:2,17) = o(n'=2¢77), it follows that

P( max ]ﬁ] —Dj| > en™) <exp{n” — Cnl_%/[ﬂ_g + log?(F2,)]}
1<<p ’

< exp{~On' > J[772 + log ()] ).

By Condition 3 and its discussion, we know that D; > 3cn™" when j € Aj,
and D; = 0 otherwise. It follows that

in D; < 2en” "} U D;>cn ") C D;— D:| > en™F),
{mip Dj < 2en”"} U{max D; > en”"} C{ max  |Dj = Dj| > en”"}

)

which shows that with probability at least 1—exp{—Cn'~>"/[7] g—Hogz (T2.p)]}

min l~?j > 2cen” " and max l~?j <cen "
JjeAL JEAS
for sufficiently large n.

As the same conditions hold for the covariance matrix X5 and the data
after the second transformation, the results above also apply to the covari-
ates in Ag with the test statistics calculated based on data transformed by
Q5. This completes the proof of Proposition 1.

A.2. Lemma 1 and its proof.

LeEMMA 1. Under model setting (2) and conditions in Theorem 1, for
sufficiently large n, with probability at least 1—p exp(—C’ﬂ%pnl_Q“), it holds
that

£2 /=2
fg?pwj'/aj — 1 <T,,/6

for some positive constant C.

PROOF. Let Z = 1,(z1, -+, %) with z; = Y. | z;;/n for the original

data matrix without transformation. We will first bound the term 6’]2- — 52

by writing it as ’
72— 52 = ol [ (Z - 2)7(Z— )1 — (Z — 2) (Z - Z)Jey /n.
Through a further decomposition, it gives
52 — 52 =el (4 — N)(Z - Z)(Z — Z)(1 — D)ej/n
(A.9) +2e7(Qy — )(Z ~ Z)T(Z — Z) e /n.
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We will then bound the two terms on the right hand side above separately.
Recall that ||-||max denotes the componentwise infinity norm for a matrix.
For the first term, we have

lef (@1 — 1)(Z — 2)"(Z — Z)(Q1 — Q1)e;/nl
< (Z = Z)(Z — Z)||mas | (1 — R1)e;]|7/n
< (Z = Z)(Z — Z)||max[(Kp + K3) - C1E/ (log p) /] /n
= ((Z = Z)(Z — Z)|lmax/n) - [(Kp + K})*CT K, (log p) /n],
where the second inequality follows from the definition of acceptable esti-

mator and the fact that € — €2, is (K + K,)-sparse.
For the second term, similarly we get

ST (O — 0.)(Z — Z)T(Z — Z)Rey/n)
< (2 ~ 27 (Z — )l (€21 — D) 1215111/
< (I(Z = 2)"(Z = Z) || max/7) - (K + K;;)ClKI% (logp)/n] - Kpl|€21]|max-
Since || ||max is assumed to be upper bounded in Condition 4, and the

above two bounds are independent of the index j, in view of (A.9), we know
that there exists some constant C' such that

(A.10)
max |67 — 67| < C(|(Z = Z)"(Z = Z)|lmax/n)[(K) + K,) K3/ (log p) /n]-

1<j<p
max{(K, + K})K,/(log p)/n. 1}.
This together with the definition of 7T}, ,, before Theorem 1 ensures that

max (6% = 6% < C((Z = 2)" (Z = B) s /) - Togip/ (Cr72).

By Lemma 6, a? are uniformly bounded from below by 7 ,. By Lemma
7, maxi<j<p \&]2-/0]2- — 1| < en™"/8. Combining these two results entails that
for n large enough,
57> (1—cn"/8)07 > 71,/2,
uniformly for all j, with probability at least 1 — peXp(—C’ﬂ%pnl_z“). Denote
by & the event that the results in Lemma 7 hold. By Lemma 8, when C, >
12¢3C, we have

£2/~2
(A.11) P(llgja%(p\aj/aj 1| > T,,/6|&)
~2  ~9 -
< P(lréljaéip ]Jj — Jj] > T pT1p/12|E)
< P(|(Z - Z)T(Z — Z)|lmax/n > c3mopl€) < p? exp(—égn).
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Under the conditions in Theorem 1, we have logp = o(n?) with v > 0
and v + 2k < 1. It follows that

52 /52 — < 52 /52 — c
P(llgfgxp‘aj /65 =1 > T, ,/6) < P(llgfgxp‘aj /55 = 1| > T, ,/6|E) + P(E°)

1—2;@)

< p?exp(—Cyn) + pexp(—C’ﬂ%pn = pexp(—C?ipnl_%),

where we use the same notation C' here to denote a generic constant without
lost of generality. This completes the proof of Lemma 1. O

A.3. Lemma 2 and its proof.

LEMMA 2. Under Condition 5, we have
(A12) Cn X813+ pen(8) < [In~"e" X || 811 + pen(8o),

where C is some positive constant depending on the positive constant mmin
in Condition 6, and 0 = 0 — 0 is the estimation error for the regularized
estimator @ defined in (18), and € =y — F(y|X) with y = (Ay,--- ,A,)7.

PROOF. Define £,,(8) = n=t 31, £,(x1'6, A;) where £,(x70,A) = —AxT 0+

log[1 + exp(x7'@)]. Then, in matrix form, £,(0) can be rewritten as
0,(0) = —n " H{yTX6 — 17b(X0)},

where y = (Ay,---,A,)T is an n-dimensional response vector with A; €
{0,1}, X = (%1, ,x5) = (X1,--+,%;) is an n x p augmented design
matrix, 1 is an n-dimensional vector with each component being one, b(3) =
(b(B1), -+ ,b(B))T is a vector-valued function with 3; = x! 0 and b(u) =
log[1 + exp(u)].

By the definition of 6, we have £,,(8) + pen(8) < £,,(8) + pen(8) where
0, is the true regression coefficient vector of 6. Rearranging terms yields

(A13)  n'1T[b(X6) — b(X6))] + pen(8) < n~'yT X5 + pen(6y),

where § = 0 — 6o is the estimation error. Applying Taylor expansion to the
function of 17b(X8) at O gives

(A.14) 17[b(X8) — b(X6,)] = [b'(X6,)]" X6 + 276" XTHXS,
where H = H(X, 01,--- ,0,) = diag{d"(x780,),--- ,b"(xL0,)} is an n x n

diagonal matrix with 6; € R lying on the line segment adjoining 0 and 6o,
i=1,---,n. Combining (A.13) and (A.14) and rearranging terms yield

(A.15) (2n) 16" XTHXS + pen(0) < n~'e” X8 + pen(Hy),
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where e = y — E(y|X) = y — b/(X8)). The right hand side of the above
inequality can be bounded as

(A.16) n~ e Xd + pen(0y) < |[nre? X||oo |61 4 pen(Bo).
By Condition 5, we have

6TXTHXS > 20| X462

for some positive constant 5’, which depends on the constant i, in Con-
dition 5. This inequality, together with (A.15) and (A.16), completes the
proof. O

A.4. Lemma 3 and its proof.

LEMMA 3. Assume that Condition 1 holds. If log(p) = o(n), then with

probability 1 — O(p~®), we have |[[n"'e? X||so < 27 cg/log(p)/n, where cq
is some positive constant and € =y — E(y|X) with y = (A, ,Ap)7T.

PROOF. Recall that X = (x1, -+ ,%,)7 = (%Xq,--- ,X5). An application
of the Bonferroni inequality gives that

D
(A.17) P(n~e"Xloo > Xo) < > P(In"'e"x;| > Ao)
j=1

for any Ag. The key idea is to bound P(ln"'eTx;| > )Ag). To this end,
consider the following three cases.

Case 1: j = 1. In this case, X; = 1, where 1 is a n-dimensional vector
with each component being one. Recall that € = (&1, - ,&?n)T with g; =
A; — E(Ailx;) and A; € {0,1}. So —1 <¢; <1 fori=1,---,n. Thus, by
Hoeffding’s inequality [3], we have

P(\n‘leTij] > ) = P(]n_lsTH > N\g) < 2exp (—n)\g/2) )

Case 2: 2 < j < p+ 1. In this case, X; = (Z1,j-1," - 7Zw-_l)T. Thus,
n_lsTij =n! Z?:l €iZ; j—1. From Lemma 9, under Condition 1, we have
that z = (Z1,- - ,Zp)T is sub-Gaussian, that is, there exist some positive

constants a; and by such that

P(|vTz| > t) < aj exp(—b;it?)
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for any vector v € RP satisfying |[v|e = 1 and any ¢ > 0. Therefore, for
any 2 < j < p+1, taking v = e;_; being a unit vector with the (j — 1)
component being one and zero elsewhere in the inequality above gives

P(‘Zj_l‘ > t) < a exp(—blt2)

holds uniformly for all 2 < 5 < p+41. By Lemma 11, we have E(eblzﬂzflﬂ) <
1 + ay. This, together with the inequality ab < (a® + b%)/2 for any a,b > 0,
gives

e /2)leiZial < MEHZE; /4 _ hief/AhiZE; /4
(A.18) < (M2 4 PP 2) 10 < (02 41 4 ay))/2

forall 1 < i <mnand 2 < j < p+ 1, where we have used the fact that
—1 < g; <1 in the last inequality. Thus, it follows from Lemma 12 that for
any 0 < A9 < 1, there exist some positive constants as and by such that

n
P(|’I’L_1€T)~(j| 2 )\0) = P(|TL—1 Zeizi7j_1| 2 )\0) S a9 eXp(—bQ’I’L)\g)
i=1

forall2<j<p+1.

Case 3: p+2 < j < p. In this case, X; = (Z1xZ14, - ,kaZn,g)T for
some 1 < k < £ < p. We can use similar arguments for Case 2 to bound
P(In"teTx;| > A\o). Similarly to (A.18), we have

b1/ DleiZinZiel < Jb1/2)|ZikZisl < b1(Z7+Z5) /A _ 0123 /4 01235 /4
2 2
< (MR 4 M) /2 < 1t an,

forall 1 <i<nandalll<k</{<p. This together with Lemma 12 gives
that for any 0 < A\g < 1, there exist some positive constants ag and bg such
that

n
P(|n_1sT>~<j| > X\g) = P(jn? ZeiZikZid > N) <as exp(—bgn)\g)
i=1

forall p+2<j <p.
Combining Cases 1-3 above yields

(A.19) P(In"teTxj] > \o) < agexp(—bsn)d)

for any 0 < \gp < 1, where a4 = max{2, as,as} and by = min{1/2, by, b3}. Let
Ao = 27 tegy/log(p)/n with some positive constant cg. Since log(p) = o(n),
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we have 0 < \g < 1 for all sufficiently large n. In view of (A.17) and (A.19),
we have

P(|ln""e"Xloc > 27 co/log(p)/n) <pasexp{—4~"bscilog(p)}

<3agp~ 0162,

where cg > 1/8/bs and we have used the fact that p = 1+p+p(p+1)/2 < 3p?.
Thus, we conclude that ||n '’ X||s < cgy/log(p)/n holds with probability
at least 1 — O(p~®) with & =47 1bsc3 — 2 > 0.

]

A.5. Lemma 4 and its proof.
LEMMA 4. Assume that there exists some constant ¢ > 0 such that
(A.20) 0738 > ¢?6Lds

for any § € RP satisfying ||dsc||1 < 4(s'/2 + A\ *A2]|00]2) (|05 ]l2, where 3 =
E(x"x). Tf both z(!) and z® are sub-Gaussian, 5s'/2 4+ 4\ X\a||@g2 =
O(né/?), and log(p) = o(n'/?>~%) with constant 0 < ¢ < 1/4, then with
probability at least 1 — O(p~¢2),

n~ 21Xl = (6/2)]185]2

holds for any & € R? satisfying ||ds¢|l1 < 4(s/2 + A" \2||00]|2)[|d 5|2 When
n is sufficiently large.

PROOF. The idea is to show that the desired inequality holds conditioning
on an event and the probability of this event occurring is at most O(p~?)
with some positive constant ¢s.

Conditioning the event & = {Hn_lXTX — 3 < Cln_g} where posi-
tive constant C will be specified later, we have
67 (n ' XTX — £)8] < Cin*||8][F = Cin~*(|[&s]h + [|65¢11)°
< Cin~5(s"?18sll2 + 1 85¢ (1),
where the last inequality follows from the Cauchy-Schwarz inequality. The

following arguments are all conditioning on the event &;. Thus, for any
& € R satisfying [[0s¢[l1 < 4(s"/? + A" A2[|00]12)[| 052, we obtain

167 (n1XTX — 2)8] < C1n~8(55Y/% + 4AT X1 00]2)? |0 5]|2.



10 Y. FAN, Y. KONG, D. LI AND Z. ZHENG

Since 5s'/2 + 4)\1_1/\2H00||2 = O(nf/?), there exists some positive constant
C5 such that 5s!/2 + 4)\1_1)\2H90H2 < Cyné/2. Thus,

67 (n 7 XTX — %)8| < C1C3 653

for any § € R satisfying ||dge; < 4(31/% + A7 A2]l80]2) |05 ]l2- Note that
n~10TXTX6 = 8T (n ' XTX — X)8 + 6724. This, together with the above
inequality and the assumption (A.20), yields

n16TXTXE > —C1C3||855 + 6726 > (¢ — C1C3) |55
Choose C; = 3¢?/(4C%). Thus, with probability 1 — P(E§), we have
n” 21Xl = (6/2)]185])2

for any & € RP satisfying ||dse|l1 < 4(s"/2 + A\ X2||00]l2) /|05 ]l2-

It remains to show that P(£5) < O(p~®) with some positive constant ¢s.
For any matrix A, denote by ||Al| the entrywise matrix infinity norm of A
and (A)e the (k,£) entry of A. Since both z™) and z®? are sub-Gaussian,
by Lemmas 9, 10, 11, and 13, we have

P(&5) = P{IIn"'XTX - 5| > Ka/(2C3)n ™}

<D PUOTXTX — D] > K2/(2C3)n "¢}
k=1 (=1

<paexp(—471bC5 2 K2 /2 %) < O(p~%)
for all n sufficiently large, where a, b, ¢ are positive constants and the last
inequality holds since p = 1+ p + p(p + 1)/2 and log(p) = o(n'/?>~%). This
completes the proof of Lemma 4. O

A.6. Lemma 5 and its proof.

LEMMA 5. Assume that w = (Wy, -, W,)T € RP is sub-Gaussian.
Then for any positive constant c;, there exists some positive constant Cs
such that

P { max [W;] > sz/log(p)} =0(p™ ).
1<5<p

PROOF. Since w = (Wq,---, Wp)T is sub-Gaussian, there exist some pos-
itive constants & and & such that P(|vw| > t) < & exp(—é&t?) for any
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v € RP satisfying ||v|]l2 = 1 and any ¢ > 0. Taking v be a unit vector with
jth component 1 and all other components 0 yields

P(|W;| > t) < & exp(—é&t?)

for all 1 < j < p. An application of the Bonferroni inequality gives

p

. < ~ 42 )
P(llgfgxp‘wj‘ > t) Z (|W;] > t) < péy exp(—éat?)

If we choose t = Cy+/log(p) with some positive constant Cy = /1 + ¢1/¢2,
then we have P {maxlgjgp [W;| > Cs log(p)} = O(p~®). This completes
the proof of Lemma 5.

O
APPENDIX B: PROOFS FOR SECONARY LEMMAS
B.1. Lemma 6 and its proof.

LEMMA 6. Under Condition 2, it holds that
T1p < Amin[cov(Z)] < Amax[cov(z)] < Top,

where 71, = {777'2_7; +(1- 71)7'17'2_75} Al and 7o, = {777'1_1 +(1- 71)7'1_27'2,1, +
m(1— )7 2l |13}V exp(1).

PROOF. In order to prove Lemma 6, we will first calculate the covariance
matrix of z = Az + (1 — A)z?. Recall that py, = E(z?) = 0 and A
is a Bernoulli variable taking value 1 with probability =. We will apply
the formula cov(z) = cov[E(z|A)] + E[cov(z|A)] to calculate the covariance
matrix of z.

For the first term cov[E(z|A)], we can calculate it as

E(z|A) = AE@zM) + (1 — A)E(z?) = Apy,

which gives cov[E(z|A)] = cov(A)pupf = 7(1 — m)pypd.
For the second term FElcov(z|A)], since A2 = A, (1 - A)2 =1— A and
A(1 — A) =0, we have
cov(z|A) = E(zz” |A) — E(z|A)E(z|A)T
= AHEZVz0) — ppT 4+ (1= A2EEPZPT) = AS) + (1 - A)S,.



12 Y. FAN, Y. KONG, D. LI AND Z. ZHENG
After taking expectation on both sides, we get
Elcov(z|A)] =731 + (1 — 7).

Thus we have cov(z) = 7X1 + (1 — m)Ea + (1 — 7))y pl .
Recall that z = Q2. It follows that

cov(z) = Qicov(z)Q = 1R + (1 — 1) ToQy + 7(1 — 1)y pq ! Q1.
Therefore, under Condition 2, we get

Amax[€OV(Z)] < TAmax(21) + (1 — 7) Anax (21 22827) + 7(1 — W)Amax(ﬂluluflpﬂl)
<t (L= ) Py (L= )| |I3;

Amin[€oV(Z)] > TAmin (21) + (1 — 7) Amin (21 2021) + 71(1 — ) Amin (1 a1 7 1)

1

> Ty, + (1— 7T)T1’7’2_’§.

It completes the proof of Lemma 6. O
B.2. Lemma 7 and its proof.

LEMMA 7. Under model setting (2) and conditions in Proposition 1, for
sufficiently large n, with probability at least 1 —p exp(—C?ipnl_z“ ), it holds
that

11;1;2{p|5]2-/0]2- -1 <en™"/8,
for some positive constant C, where ¢ and k are constants defined in Con-
dition 3.

PrOOF. We will first decompose &? —032» into several terms, and then prove

deviation bounds for each term. Denote ||€21]|2 by the operator norm of €.
Note that under Condition 2, ||€2;]|2 is bounded from above by constant
1 So 20 = @12 for k = 1,2 are also sub-Gaussian distributed. Recall
that Z = 7 is the transformed data matrix. Denote by Z = (Zij )nxp-
Then Z;; are independent and identically distributed across ¢ with mixture

sub-Gaussian distribution and variance 0]2-. Since &7 is the pooled sample

i
variance estimate for the jth transformed feature Z;, we have

n

57 =Y (3 — %)% /n,

i=1
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where Ej = > ", Zj/n is the pooled sample mean estimate for Zj. Let

fij = E(Z;;) and ,u(l) E(N(l)) It is clear that fi; = Wﬂgl) By some simple
calculation, we have the following decomposition for & 0] — 0]2,

57— 07 =Y ([ — ) —02)/n— (5 — 1))
i=1
Since Z;; = A, z(l) +(1—-A4A;) 1(]2), we have Z;; — fi; = A( Z(]) —,u§ ))+(1—
A; )21(]2 ) —I—(Ai—w),u§ ), where zfjl ) ,ug-l) and zi(j) are sub-Gaussian distributed
with mean 0 and variances (0’](1)) and (0](-2))2, respectively. By the proof of
Lemma 6, we know that O'j = ﬁ(0§1))2 +(1— F)(0§2))2 +7(1— W)(ﬂgl))Z.
As A? = A, (1-A)*=1-A; and A;(1 — A;) =0, by replacing Z;; with

A, NZ(Jl ) +(1-A; )21(32) and spreading out the terms, we can further decompose

2ot =L S AL ) - G+ (- (D) - )
1=1
(A = m)? = (1~ )i 7= (o

(
( |
+ 208 = M A — ) + (1= 20D} - (5 — i)

VP (A= m)l(65") - (o))
'( =

Let S={1 <i<n:A;=1} and &, be any positive sequence such that
en — 0 and €,71, — 0 as n — oo. It follows from the above decomposition
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that
(A.21)
2 2 L)~y (yay o 5005
P(Iaj—ojl>6noj/2)§P(;|Z[(zi =B )= (0] > =50
€S
2
Enos
POISIEDY - 027> 22
1€5¢
JR— £p02
P(E‘Z[(Ai —m)? —x(1 —W)](Mgl)) | > 1—2j)
2
(1)y2 (2)\2 En0j
—IZA—M 5 )= (7> )
2
- Enos
—\22 AP - a + - 2R >
_ EnO']
+ P{(Z — 1;)* >

We will bound the six terms on the right hand side above one by one using
some deviation results. The same notation C' will be used to denote a generic
positive constant without loss of generality.

Recall that ny = Y ;" | A; and ng = n—n;. By Lemma 6, 0]2- are uniformly
bounded from below by 71 ,,. Thus, by the deviation of sub-Gaussian in (A.1),
conditioning on any realization of A = (Ay,---,A,)T, we obtain

1 S0 _ 202 _ Wy o 0]
PEISIED - )2 - @)1 > 2% a)

1 _ ~ EnT
< P(—I Y15 — 1570 = (071 > R |A) < Coxp(—pep it ym /12)

Since e,71, — 0 as n — oo and Y ;- ; A; is a Binomial random variable
with probability of success 7, for sufficiently large n such that ¢,,7; ;, is small

)
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enough, taking expectation on both sides above yields

(A.22)
o2
En
POISTIEY — WD)~ (o)1 > 220 < Blexp(~Ce 72,5 A0)
€S =1
={l1-n+ ﬂexp(—Cagﬁﬁp)}" =exp{nln[l — 7 + ﬂexp(—Csfﬁﬁp)]}

< exp{—nn[l — exp(—C’z—:ii’ip)]} < exp(—2n7r0€%7~’127p) = eXp(—Csiﬁ%pn),

where we have used the inequalities that log(1+z) < x for any > —1, and
1 — exp(—z) < 2z for sufficiently small > 0. This gives an upper bound
on the first term in (A.21).
Similar to (A.22), the second term in (A.21) can be bounded as
L 5(2)y2 @2 < & 2 -2
(423) PSR - 0P > L) < exp(-C4E n).

1€S¢

As z(1 is sub-Gaussian distributed, it follows from Lemma 11 that | g§1)|
are uniformly bounded from above by some positive constant across j. Since
A; are independently Bernoulli distributed with success probability 7, we
know that E{(A; — m)?} = m(1 — 7) and (A; — 7)? are i.i.d. and bounded
from above by 1. By Hoeffding’s inequality, we have the following bound for
the third term in (A.21),

o2
(4.24) —rZ P — (1= m)(a) > L)

PULS A = — (1 — )| > =210 < g (- 0TI
— i—m) —m(l—m ——) < 2exp(——F—
"5 e T )

< exp(—Csi?ipn).

IN

Due to the fact that 0

= m(o;
we have 0]2- > m(1 —m)[(o; (1 ))2

1 2 (1
D2+ (L= m) () 4 (L - m) ()
( . Similar to (A.24), by applying

+
S
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Hoeffding’s inequality, the fourth term in (A.21) can be bounded as

(A.25)

Eno>

PO A= nm)[(00) — (02 > 20
=1

1< o? En0? 1< (1l —m)e
<P(=) A — J Iy<P(=) A — S ——
2nm?(1 — )22 _
< 2exp(— (122 ) ) < exp(—C’z—:iTipn).
For the fifth term in (A.21), we first decompose it as
(A.26)
Ly WA D _ o0) @) o %
P(E’ZQ(Az’—W)/@ [Ai(z —f1;7) + (1= Ay)Z; ”>T)
-0 end;
_|Z (1 —m)(Z; —,u] 22772 (1))
€S 1€5¢ 12/‘]’
2(1 (1 ~(1 o ] 2 ~(2 n ]2
_,Z — ) )y>24 —yz Tz 24 (1)).
ics M] iese H

Recall that 0’]2- > 71(0’](-1))2 and maxi<j<p |/~L§-1)| can be bounded from above

by some positive constant. Applying Bernstein’s inequality to the sum of
independent sub-Gaussian random variables yields

() End;
_’221_7[- zy _IU‘J )’> ~(1)‘A)
€S 24N]

PSS () s VT

P T
7'('627:1 n1 "

< exp(— =t ) <exp(—Ceprty, ) Ay).
962(1 — m)2(il)? g

Applying the same argument as in (A.22), taking expectation on both
sides above then we can obtain

2
Eno7 B
_’ E 2(1 —m) Z(J —,u] )] > n~(]1)) < exp(—CagLTﬁpn).
€S 24N]
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Similarly we have

2
<—| Z 27r~(2 (]1)) < exp(—ngﬁlz’pn).
i€5¢ K
In view of (A.26), the two bounds we obtained yield
(A. 27)
1) =) -2)y o % 2
—|Z2 PG = m) + (1= 20201 > =L < exp(—Ce2itn),

12

which is the upper bound for the fifth term in (A.21).
Applying Bernstein’s inequality similarly to the sixth term in (A.21) gives

- 5 Eno — [k En EnN
P{G— ;) > J <P J < exp(— 20,
(6= > 5 < PO > o) < (=30
Combining the six bounds for the terms in (A.21) that we have obtained

yields

(A.28)
(|52/0 —1] >e,/2) < P(|0 - 02| > 6n0'2/2) < exp(— C’z—:fﬁipn).

It follows that
~2/ 2 ~2/ 2
(A.29) P(g?gp 67 /0% — 1] > £,/2) < Z P63 /07 — 1| > £,/2)
1<j<p
< peXp(—Csi%ipn).
Let €, = en™"/4 with constants ¢ and k defined in Condition 3. Since

T1p < 1, we know that &,71, — 0 as n — oco. Thus we can replace &, with
en™%/4in (A.29) and get

(A.30) P(f%a%(p |5g2'/0;2' —1f>en7"/8) < pexp(—C’%ﬁpnl_z“).
This completes the proof of Lemma 7. 0

B.3. Lemma 8 and its proof.

LEMMA 8. Under model setting (2) and Condition 2, for sufficiently large
n, with probability at least 1 — p? exp(—Can), it holds that

I(Z — Z)T(Z - Z)HmaX/n < e3Tap

for some positive constants Cy and ¢3 > 2, where Z = 1,(Z1, - ,Zp) with
Zj =y w4 zij/n and 1, the n x 1 column vector with all components 1.
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PROOF. The deviation bound of ||(Z—Z)" (Z —Z)||max/n can be obtained
by bounding each component of (Z — Z)T(Z — Z). Recall that p; = E(z;) =
7T,u§-1) with ,u§-1) = E(ZZ(JI)) Note that the jth diagonal component of (Z —
Z)'(Z —7Z)/n can be bounded as

(A.31)
Sz =5 = (25— 1) n— (5 — i) <> (25 — 1)*
i=1 i=1 i=1

Let Z = (2ij)nxp, then the components of each row in Z are independent
and identically distributed (i.i.d.) with a mixture sub-Gaussian distribution

which can be written as z;; = A; 2(1) + (1 - Ai)zi(j?), where A; are i.i.d.

Bernoulli random variables. Denote by ¥ = (ai(; ))po and ¥y = (o 2(]2))po-

Then for each j = 1,--- | p, the random variables z(jl ) ,u§-1) and 22 are

ij
(1) (2)

independent across ¢ with mean 0 and variances o;.” and o;.’, respectively.

Ji i’
We will then bound > (2;; — p1;)?/n by some deviation results. The same
notation Cy will be used to denote a generic constant without loss of gener-
ality.

For any 1 < i < n, we have the following decomposition for > 7" ;(z;; —
1)%/n,

n

> (aij— 1Z{A 2 =i ) (L= A () + (A = m) ()

=1
(A.32) +2(A; - w>u§- A = )+ (1= A)E

ij

Recall that S = {1 <i<n:A; =1}, ny =) 1 A; and ng = n —ny.

By Condition 2, both aj(;) and 0'](?) can be uniformly bounded from above

by T2, across j. For the first term in (A.32) and any positive constant cs,

applying the argument with sub-Gaussian deviation and Taylor expansion
similarly as in (A.22) gives

n! Z{A (.1))2} > 79, +c3) < P(n™! Z(zz( ,ugl)) 0](;) + c3)
€85
_1] Z (;)]\ > c3) < exp(—Can).
€S

Similarly, we have for the second term in (A.32),

_12 1-A )2 > 1o+ c3) < exp(—Can).
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Since | ,u§»1)| are uniformly bounded from above by some positive constant
across j from Lemma 11, similar to (A.24), by Hoeffding’s inequality, we
have the following bound for the third term in (A.32),

Pint (A = )P > w1 = m) (") + 5} < exp(~Com).

For the last term in (A.32), similar to (A.27), by Bernstein’s inequality we
have

n! Z - ,uj [A,(zi(;) — ,ug.l)) +(1— A,)(zl(f))] > c3} < exp(—Chyn).

In view of (A.32), by the similar argument as in (A.21), combining the
four bounds we have obtained gives

n

P(Z(’ZU — ;)2 /n > 21, + C3) < exp(—Can),
i=1
where C5 = (1 — ﬂ)(u( )) + 4cs. As shown in (A.31), >0 (25 — %)% /n
can be bounded from above by Y7, (zi; — pj)%/n. Thus we have

n

P(Z(zij —2))?/n > 219, + C3) < exp(—Can).
i=1

Then for the (i,7)th component of (Z — Z)T(Z — Z), by the Cauchy-
Schwarz inequality, it follows that

n

P> (zki — Zi)(2kj — 7)) /n > 272 + Cs)

k=1
<P{[n 12 2k — %) 12(% — %)% > 212 + C5)?}
k=1
<P{n~ IZ Zri — Zi)? > 210, + C3} + P{n~ IZ (215 — Z5)? > 279 + Cs}
k=1
SGXP(—Czn)-

Since the above inequality holds for any (i, j)th component of (Z—Z)" (Z—
Z), similar to (A.29), we conclude that

P((Z —Z)"(Z — Z)||max/n > 272 + C3) < p* exp(—Can)
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As 19, is allowed to diverge, we can choose some constant c3 > 2 such that
c3Top > 272, + C3, which gives

(A.33) P(|(Z — Z)T(Z — Z)|lmax/n > c372p) < p? exp(—égn).

It completes the proof of Lemma 8.

B.4. Lemma 9 and its proof.

LEMMA 9. Assume that z()) € RP and z®? € RP are sub-Gaussian,

and A follows a Bernoulli distribution with probability of success . Let
z = Az + (1 — A)z®. Then z is also sub-Gaussian.

PROOF. Since z(!) € RP is sub-Gaussian, there exists some positive con-
stants a; and by such that P(|[vTz™M| > t) < ay exp(—bit?) for any vector
v € RP satisfying ||v|]2 = 1 and any ¢ > 0. Similarly, there exists some
positive constants ag and by such that P(|v'z®)| > t) < agexp(—byt?) for
any vector v € RP satisfying ||v[s = 1 and any t > 0 since z(® € RP is
sub-Gaussian.

Let ag = max{ay,as} and bs = min{by, bo}. Then we have

P(v'z®)| > t) < az exp(—bst?)
for kK = 1,2. This, together with the law of total probability, yields

P(|v'z| > t)
=P(|vTz| > t|]A = 1)P(A = 1) + P(]vT'z| > t|A = 0)P(A = 0)
=rP(v'zV| > 1) + (1 = 7)P(|vT2?| > t) < azexp(—bst?).

Thus z is sub-Gaussian. O
B.5. Lemma 10 and its proof.

LeEMMA 10. Ifarandom vector w = (W7, -+, W,)T € R is sub-Gaussian,
then so is w — E(w).

PRrROOF. If w is sub-Gaussian, then there exist some positive constants a;
and by such that

P([vi'w| > t) < ay exp(—bit?)
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for any vector v € RP satisfying ||v|l2 = 1 and any ¢ > 0. Let u = E(w).
Thus from the Cauchy-Schwarz inequality and Lemma 11, we have

(vip)? = B2(vI'w) < E[(vTw)?] < (1 4+ a;)c?

with ¢ = by /2. Note that (Ja — b|)? < (Ja| + |b])? < 2(a® + b?) for any a and
b. Thus, for any vector v € R? satisfying ||v||2 = 1 and any ¢ > 0,

P{VT[w — E(w)]| > t} < P{v"w| + V7| > t}
<P{2(vIw)? +2(vTp)? > t?} < ]D{QC(VTW)2 - eCtz/Z—c(va,)z}

§6—0t2/2+C(VTN)2E[eC(VTW)2] < (1 + al)eH“l . e—ct2/2 = ay exp(—b2t2)

with az = (1 + a1)e!™ and by = ¢/2 = by /4. Thus w — E(w) is sub-
Gaussian. 0

B.6. Lemma 11 and its proof.

LEMMA 11. Let W be a nonnegative random variable such that P(W >
t) < aexp(—bt?) for any t > 0, where a and b are positive constants. Then
Elexp(2710W?)] < 1+ a and E(W?™) < (1 + a)(2/b)™m! for any integer
m > 0.

PROOF. Denote by F(t) the cumulative distribution function of . Then
for all x > 0, we have 1 — F(t) = P(W > t) < aexp(—bt?). For any constant
0 < ¢ < b, integration by parts yields

B(eW) = — /OOO ¢ dll - F(t)] =1+ / " 2cte [ - F(t)] dt

0
ca

b—c

o0
<1+ / 2cate= = gt = 1 4
0

Thus letting ¢ = b/2 gives E[exp(2710W?)] < 1 + a.
Note that

92— mme 2m 0 lb 2

W Z w2)* = Elexp(2~'0W?)] < 1 +a.

k=0

This implies E(W?2™) < (1 + a)(2/b)™m! for any integer m > 0. This com-
pletes the proof of Lemma 11. O
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B.7. Lemma 12.

LeEMMA 12 (Lemma 8 of Hao and Zhang [2]). Let Wh,--- , W, be inde-
pendent random variables with zero mean. If E[exp(Tp|W;|%)] < & for some
constants 1o > 0, ¢ > 0 and 0 < a < 1, then there exist positive constants
¢ and ¢3 such that

12 Wi| > €) < & exp(ézn®e?)

for any 0 < e < 1.
B.8. Lemma 13 and its proof.

LEMMA 13. Assume that max;<;<) E[exp(élZ%j)] < ¢ holds with some
positive constants ¢ and ¢éy. If for each 1 < j < p, the random variables
Z1j,- -+, Zpn; are independent and identically distributed, then

Pqn” IZ ij — E(Zigll = 6} < & exp(—éne’)

v

P

{|n_1 Z Zij Ziy — E(Zij Zi,)]| > s} < &3 exp(—igne”)

In! Z Zij ZiZiw — E(Zij Zir Zig)]| > 6} < &3 exp(—én?/3e?)

{\n 12 ZiZiwZiw Ziv — E(ZixZyZiy Zipr)| > E} < e exp(—en'/?e?)
i=1

for any 0 < e < 1, where 1 < j,k,£,k',¢/ < p, and ¢3 and ¢4 are generic
positive constants which may vary from line to line.

PROOF. The idea of the proof is to use Lemma 12 and similar to that for
Lemma 9 in Hao and Zhang [2]. So we omit the details here. O
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