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This Supplementary Material contains all the proofs and technical details. Section A presents
the proofs of the main results in Theorems 1-6 and Propositions 1-3 in Section A.4. We
provide the proofs of Propositions 1-3, some key lemmas with their proofs, and additional
technical details in Sections B-F. In particular, Section D presents the parallel versions of
Theorems 2 and 4 for the case of 1/2 < 7 <1 and their proofs, while Section E discusses
the connections between the normal approximation for 7,, and the gamma approximation
for nV*(X,Y’). Moreover, we provide the proof of the asymptotic normality and associated
rates of convergence for T in Section F. Throughout the paper, C' stands for some positive
constant whose value may change from line to line.

APPENDIX A: PROOFS OF MAIN RESULTS

A.1. Proof of Theorem 1. Note that Huo and Székely (2016) showed that V}(X,Y)
is a U-statistic. The main idea of our proof is to apply the Hoeffding decomposition for
U-statistics and the martingale central limit theorem. Lemmas 1-4 in Sections C.1-C.4 of
Supplementary Material, respectively, draw an outline of the proof. In particular, Lemma 1
provides the ratio consistency of V;(X) and V}(Y). Thus by (A.48) and (A.49), the de-
nominator of 7;, can be replaced with the corresponding population counterpart in Lemma
1. In consequence, by Slutsky’s lemma it suffices to analyze the limiting distribution of the
following random variable

o nin—1) VH(X,)Y)

(A.1) T, = 5 V2 XV .
Moreover, we have the conclusion in Lemma 2 by the Hoeffding decomposition. In fact,
Lemma 2 implies that under the independence of X and Y, 7}, can be decomposed into two
parts W,(Ll)(X ,Y') and w2 (X,Y), where the former is the leading term and the latter is
asymptotically negligible. Hence to obtain the limiting distribution of T, it suffices to focus
on WV (X,Y) defined in (A.52).

Recall the definition of the double-centered distance d(-,-) in (4). Define ¢, ; = 0 and for
k>2,

(A2) ]2 N A Xed(Y, i)
. nk = n(n—1) P VXV (Y)

It is easy to see that Wél)(X, Y) =311 Cnk Then by Lemmas 3 and 4, (18) and (19)
directly lead to

n
ZE[CTQLJJCQ%_J — 1 in probability
k=1
with .%), a o-algebra defined in Lemma 3, and for any € > 0,

ZE[QZL,kl{Kn,H >e}] — 0.

k=1
Therefore, by the Lindeberg-type central limit theorem for martingales (see, for example,

Brown (1971)), we can obtain W,(Ll) (X,Y) 7N (0,1). This completes the proof of Theorem
1.



A.2. Proof of Theorem 2. The main idea of the proof is based on the conclusion of
Theorem 4. In view of the definitions of £, and L, -, by the Cauchy—Schwarz inequality we
can obtain that

> B}QTL(m%;'»T)/(1+T) BA;QTL:L‘?T
T E(XT X)) T E[(X] X2)?]

In the same manner, we can deduce

v

B L
D
YT E[(YY2)?]

Note that p + ¢ — co implies that at least one of p and g tends to infinity. First let us assume
that both p — oo and ¢ — oo. Then by assumption, we have £, — 0 and £, — 0. Thus for
sufficiently large p and g, it holds that

o 1 _ 1
By ¥ Los [E[(X] X2)*) < 1o and By Ly - /E[(Y{Y2)"] < .

It follows from Theorem 4 that if (20) holds, £, — 0, and £, — 0, then we have

sup |P(T,, <z) — ®(x)| =0
T€R

with ®(z) the standard normal distribution function, which yields 7, 4N (0,1).
We now consider the scenario when only one of p and ¢ tends to infinity. Without loss of
generality, assume that p is bounded and ¢ — oo. Then by assumption, we have £, — 0. In

addition, note that L, > (E[(X{ X2)?]) "7 Thus it follows from (20) that
n~ "Ly,
{E[(Y{"Y2)?]}
Consequently, an application of bound (24) results in

sup|P(T,, <z) — ®(x)| — 0,
zeR

which concludes the proof of Theorem 2.

A.3. Proof of Theorem 3. The key ingredient of the proof is to replace the denominator
with the population counterpart and apply the convergence rate in the martingale central limit
theorem. In light of the definition in (A.1), we can write

V2X)VA(Y)

B(T < ) = @) = [P(To 5 e )

§x> —(I)(SC)‘.

Note that Lemma 1 entails that V(X)/V?(X) and V(Y)/V?(Y) converge to one in prob-
ability. Thus we can relate the distance between P(7,, < z) and ®(z) to that between
P(T,, < z) and ®(x). Specifically, for small quantities y; > 0 and -2 > 0 it holds that

V(X 12904
V(X V2(Y

(A3) [B(T, <)~ @) < Py + P+ B §—1’>71)+IP(( ;—1]>w>,

where




Let us choose
B {E[[d(Xl,X2)|2+2T] }1/(2+T) B {E[|d(Y1,Y2)]2+2T] }1/(2+T)
1= nT V2 (X)) - nTV2(Y)]1+7 :

Without loss of generality, assume that ; < 1/2 and 75 < 1/2. Otherwise since
(A4) E[|d(X1, X2)[*727] > {Eld* (X1, X,)]} 17 = [2(X)]HH

9

and similar result holds for Y, we have

E[’d(Xl,X2)‘2+27']E[’d(y17Y2)’2+2T] _— X{E[’d(Xl,X2>‘2+2‘r] ]EHd(Y17Y2)2+2T]}
nTV2(X)V2(Y)|HHT T VROt [VR(Y)|

Z 2—(2+T)
and thus the desired result (21) is trivial.

Now we bound the four terms on the right hand side of (A.3). By (A.51), it holds that

Vi (X) CE[|d(X1, X2)PH27] | (E[|d(X1, X2)[PF27]\ /(2+7)
VQ(X)_1’>%>§ nT’ylHT[;Z(;()]HT B { nT[VIQ(X2)]1+T }

a5 P
and similarly,

wo 5 ) oS

Then we deal with term P;. By symmetry, term P» shares the same bound as term P;.
By Lemma 2, T,, can be decomposed into two parts, one being the dominating martingale
array and the other being an asymptotically negligible error term. In details, for 0 < y3 =
n~1/3/4 < 1/4 we have

Py < Py + Pia +P(WP(X,Y)| > 73),
where
P = [P(WM(X,Y) < a(l+3) (1 +7) — 73) — @),
Py = |P(WD(X,Y) S (1 +m)(1+72) +73) — @(2)]-

It follows from Lemma 2 that

(A7) P(WD(X,Y)| > 7) < —5 < 1607172,
n'y:)’

Since terms P;; and P2 share the same bound, it suffices to show the analysis for term Py;.
It holds that

(A.8)

Pry < sup [P(WD (X, Y) <) — ®(a)] +sup [ ®[z(1 +71)(1 + ) — 5] — ().

TER z€R

Observe that by definitions, we have v; < 1/2, y9 <1/2, and 73 < 1/4. When |z| < 2, it

is easy to see that
|P[z(1+71)(L+92) — 73] = ®(2)[ < C(y1 +2 +173)-
When |z| > 2, we have |z(1+ v1)(1 + v2)|/2 > 3 and thus
|B[2(1+71) (L +72) — 73] — ®(@)] < Clayr + a2 +73)e /12
<C(y1+72+73)-
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Consequently, it follows that

(A9) sup |P[x(1+71)(1+72) +73] — ®(2)| < C(y1 +72 +73)-
xe

As for the bound of |P(W"(X,Y) < z) — ®(x)], note that Wi (X,Y) = S0, Cui
and Lemma 3 states that {((, %,%k), k > 1} is a martingale difference array under the inde-
pendence of X and Y. Hence by Theorem 1 in Haeusler (1988) on the convergence rate of
the martingale central limit theorem and Lemma 4, we can obtain

sup [ P(WM(X,Y) < z) — &(x)|
zeR

. . S 1/(3+27)
< O Sy BlGua P27 + B (| Sy BIGR 1 Fea) - 1]17) }

E[g(Xl,XQ,X ,X4)]E[Q(Y1,Y2,Y,Y4)] (1+7)/2
<c{( 0915 a—

EHd(Xl’XZ)’2+2T}]EHd(Y1’Y2)|2+27'] 1/(3+27)
nT [VQ(X)V2(Y)}1+T } .

(A.10)

By (A.4) and 0 < 7 < 1, it holds that

E[Jd(X1, Xo) *F2T)E[d(Y3, Y5)[7]
nT Dﬂ (X)VQ(Y)]I“FT

E[|d(X1, X2)[*+?7]
nT[V2(X>}1+T

>

and

> /2T) > p-1/B,

{E[’d(Xl, X2)|2+2T] }1/(2+T)
nT [V2 (X)] 147

Finally, the desired result (21) can be derived by plugging in (A.5)-(A.10) and noting that all

the error terms can be absorbed into (A.10). This completes the proof of Theorem 3.

A.4. Proof of Theorem 4. The proof is mainly based on the conclusion of Theorem 3. It
is quite challenging to calculate the exact form of the moments that appear in conditions (18)
and (19). Nevertheless, the bounds of these moments can be worked out in concise form under
some general conditions. These bounds are summarized in the following three propositions,
respectively.

PROPOSITION 1. If E[|| X ||***7] < oo for some constant T > 0, then there exists some
absolute positive constant C'- such that

(A.11) E(jd(X1, X2)[>*?") < C, By L, .
PROPOSITION 2. IfE[||X||*T47] < 0o for some constant 0 < T < 1/2, then it holds that

(A.12) V2(X) — BY'E[(XT X2)%)| < 9B 7L, ..

PROPOSITION 3. IfE[|| X ||**47] < oo for some constant 0 < T < 1/2, then there exists
some absolute positive constant C' such that

xT

(A13)  |Elg(X1, Xa, X3, X4)]| < BRE[(XTS, X)%) + C B3 H27) [27)/(147),



5

The proofs of Propositions 1-3 are presented in Sections A.7-A.9, respectively. We now
proceed with the proof of Theorem 4. Note that condition (22) entails that

_(142r 1 (1t I
9B "L, . < 5 Bx E[(X] X2)”] and 9B, "L, < 5 By Bl Y2)?)

Therefore, it follows from Proposition 2 that

1

(A.14) VA(X) > iB)}lE[(XlT X3)%] and V3(Y) > L

S By BTV,
which together with Propositions 1 and 3 yield the desired results (23) by Theorem 3. This
concludes the proof of Theorem 4.
A.5. Proof of Theorem 5. Recall that
nn—1) VHX,Y)
Va(X)V(Y)

and it has been proved in Lemma 1 in Section C.1 that under condition (18), we have
VH(X)/V2(X) — 1and Vi(Y)/V2(Y) — 1 in probability. Thus it suffices to show that for
any arbitrarily large constant C' > 0,

T, =

v -1 V(XY
T, := n(n—1) n(XY) > C' with asymptotic probability 1.
V2(X)V2(Y
Observe that

* 2
PO Dy = [ va»
VVZOWR(Y)
It follows from (A.50), (A.58) and Proposition 1 that there exists some absolute positive
constant C such that
E[(V;(va) - V2(X? Y))2] < CnilE[h2((X17Y1)? (XQ?E/Q)v (X37 }/3)7 (X47Y4))]
< On~NE[d* (X1, X2)]E[d* (Y, Y2))) /2
< Cn By By'LT LY.
Therefore, if /aV2(X,Y)/(Bx"* By 2 LY/}, L/}') = 0o, it holds that
VaXY) - VA(X,Y)
VAX)VA(Y)

/ R?*(X,Y)—0 in probability.

This together with nR2(X,Y) — oo yields for any arbitrarily large constant C' > 0, P(T}, >
C') — 1 and hence as IP(7;, > C') — 1, which completes the proof of Theorem 5.

A.6. Proof of Theorem 6. The main ingredient of the proof is bounding V?(X,Y") using
the decomposition developed in Lemma 10 in Section C.10. We will calculate the orders of
terms I;,1 <17 <5, introduced in Lemma 10. Let us begin with the first term

1
I = Z15}(/2311/ 2 (E[W12Via] — 2E[W12Vi3]),
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where Wia = B! (|| X1 — X2||?> — Bx) and V12 = By (||Y; — Ya|? — By). Denote by Y1 =
Vi—-EY = (Y11 —EY11, - ,Y1,—EY;,)" and Y2 Yo—EY = (Yo —EYpp, - ,Ye ), —
EY> )7 the centered random variables, and define

a1(X) = [IX]7 —E[X|?,  a2(X1,X2) = X{ Xo,
BUY) =IYIP —E[Y]?, (1, Ye) = V] Ya.
Since E[a1(X)] =E[1(Y)] =0 and E[aa(X1, X2)] = E[B2(Y1, Y2)] = 0, it holds that

E[W12Via] = E[(Oq()ﬁ) + o1 (X2) — 202(X1, X2)) (B1(Y1) 4 B1(Ya) — 2B2(Y1, Y2))}

= 2E[a (X1)B1(Y1)] + 4E[a2 (X1, Xo) B2(Y1, Y2)].
Similarly, we have E[IW12Vi3] = 2E[a (X71)51(Y1)]. Thus it follows that

P
I = 4E[az(X1, X0)Ba(V1,Y2)] =4 Y (cov(X1, Y1)
i,j=1

Observe that under the symmetry assumptions, there is no linear dependency between X and
Y'; that is, cov(X 1,45 Y1,j) =0 for each 1 <4,7 < p. This together with the representation of
I above entails that I; = 0.

We now consider the second term 5. Using similar arguments but much more tedious
calculations, we can obtain

Iy = BBy (2Blaz (X, X2) B (11, Vo)) + Blaa(Xi, X2) 51 (¥1)B1 (1)

— 4E[a2(X1, X2)B1(Y1)B2(Y7, Yz)])
BB (2[5 (1, ¥2)03 (X, X)) + ISV, Ya)on (X)an (X2)]

— 4E[52<Y1, Yg)al(Xl)ag(Xl,Xg)]) .

By assumption, we have cop < Bx < c1p and cop < By < ¢1p. Since X has a symmetric
distribution and Y7 j = g;( X1, ;) with g;(z),1 < j < p, symmetric functions, it holds that
Elon(X1, X2) B35 (Y1, Y2)] = E[(XT X2) (V]Y2)?] = E[(-X{ X)(Y{ ¥2)?] = 0.

Similarly, with the symmetry assumptions we can show that E[as (X1, X2)81(Y1)51(Y2)] =
0, E[O{Q(Xl,X2)Bl(Y1)52(Y1’Y2)] = 0, and E[BQ(Yl,Yg)al(Xl)Oég(Xl,Xg)] = 0. More-
over, it holds that

p
[B2(Y1,Y2)052 X17X2 Z Xl,in,jYI,k])Q ZO,

7/7 ) :1

p
B[, Va)on (Xn)an (X2)] = 3 (S E[Tas(X3, ~ EX7,)]) >0,

i=1  j=1

M@

Thus it follows that I > 0.
Let us proceed with terms /3 and I,. By some tedious calculations, we can deduce that

Iy = éB)}l/?B;E’/Q <4E[a2(X1,X2)6§’(Y1,Y2)] + 6E[aa (X1, X2)B1(Y1)B1(Y2) B2(Y1, Y2)]

+ 6E[0ra (X1, X5) 87 (Y1) B2(Y1, Y2)] — 3E[ca(X1, X2) 81 (Y1) 57 (Y2)]



~ 12E[0a(X1, Xo) A1 (V1) B3 (13, Y2)) )

+ ;B_S/Q By <4E[52(Y1,Y2)042(X1,X2)} + 6E[B2(Y1, Yao) a1 (X1)on (X2)o (X1, X2)]

+6E[B2(Y1, Y2)af (X1)az(X1, X2)] — 3E[Ba(Y1, Vo) (X1)af(X2)]
- 12E[52(Y17Y2)a1(X1)a§(X17X2)])

and
Ii= iBj”B;?’/Q (4E[a§(X1,X2)5§(Y1,Y2)] + (E[ar (X)B1(Y)])
+ 8E[a2 (X1, X2) B3 (Y1, V3)] + 4E[a3 (X1, Xo)|E[52 )
X1, X2)1(Y1)51(Ya)] — 8E[a3 (X1, X2) 51
X2)3(Y1,Y2)] — 4E[an (X1)ar (X2) B ( Yl)ﬂz Y1,Y2)]

X1,X2)B5(Y1,Y2)] — 4E[a (X1) o (X1, X2) 51 (Y1) 51(Y2)]
X1, X2)61(Y1)52(Y1,Y2)] + 8E[an (X1)aa (X1, X2)51(Y2)B2(Y1, Y2)]

(
(

|
o
=
Q
£
~~ /N /N /N
s
N— N
Q
[\V)
~—~~ o~

A useful observation is that under the assumptions that X; has a symmetric distribution and
gj(z) with 1 < j < p are symmetric functions, many terms in I3 and I, above in fact become
zero. In particular, we can show that

1. _ —
I3 = §3X5/QBY1/2< — 3E[B2(Y1, Y?)al(Xl)a%(XQ)]

~ 12E[B,(¥1, Vo) (X1)a3(X1, Xa)]).

Denote by D(i) = {(j, k,1) : max(|j —i|,|k — |, |l —¢]) <3m +1}. Since {X;,,1 <i<
p} are m-dependent, it holds that

E[B2(Y3, Ya)aur (X1)of (X2)]
P
=D > E[Va(XE,; - EXE)E[Vi(XT, - EX)(XE, — EXTy)]
=1 (4,k,1)eD(i)
= O(cim’p)
and
E[Ba(Y1, Ya)n (X1)a3 (X1, X2)]
= Xp: Z E[}71,iX1,kX1,l]E[ffl,i(xij —EX7 ;) X16X1,]
=1 (j,k,1)€D(0)
O(Clm ).
Consequently, it follows that

13| < (e1/e2)®m?p 2,
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where < represents the asymptotic order. By the same token, the symmetry assumptions lead
to

Iy= %B;f/ 2By (4E[03(X1, X2) B3 (V1,Y2)] + (Bl (X) 51 (Y)])*

+ 8E[03 (X1, X2) 83 (Y1, Y3)] + 4E[03(X1, X2)|E[83(Y1,Y2)]

+ 2E[a5 (X1, X2)81(Y1) 81 (Yz)] — 8E[a (X1, X2) 81(Y1) B2(Y1, Y2))]
+ 2E [ (X1)an (X2) 83 (Y1, Ya)] — 4E[on (X1)ar (X2)81(Y1) B2(Y1, Y2))]
— 8E[a3 (X1, X2)B1(Y3)B2(Y1, Ya)])

Itis easy to see that (E[a (X)81(Y)])* > 0, E[ad(X1, X2)82(Y1, Y3)] > 0,

p
S S 2 S92 12
Eloj(X1,X2)B5 (Y1, Y)] = Y (B[X1:X1,;Y1Y10) > Y (B[XTJE[YZ])
ij k=1 li—k|>m

> c3p(p — 2m),

and

p
Elod(X1, X2)[E[F (Y1, o) = Y (E[X1:X1,))° (EViaYid)®

Moreover, since {X 1, 1<i< p} are m-dependent random variables, we can deduce

E[a3(X1, X2)81(Y1)51(Y2)] Z Y E[XuiXu (YR —EYR)]
=1 (j,k)eD(i)

x E[X1,:X1,;(YE, — EYZ))]
= 0(cim’p),
where D(i) is defined similarly as for D(i). In the same fashion, we can show that
E[o3(X1, X2)B1(Y1)B2(Y1, Y2)] = O(cim’p),
Ela (X1)a1(X2) B3 (Y1, Ya)] = O(cimPp),
Efon (X1) a1 (X2)1(Y1) B2(Y1, Y2)] = O(cim’p),
E[a3(X1, X2)B1(Y3)B2(Y1, Y3)] = O(cim’p).
As a result, there exists some positive constant A depending on ¢q, c2, and m such that
L>Ap~ +0(p7?).
Finally, we deal with term [5. In view of Lemma 10, the first term for the order of I5 is
BY B (B W0f) BV
= BBy (B1X1 — Xal? — Bx[7)*° (E[vi - Ya|® - By [*))*".
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Since {X 1,1 <1< p} are m-dependent, without loss of generality we assume that s =
p/(m + 1) is an integer. For each 1 <u <'m + 1, define
Ev={(m+1)(G—-1)+u:1<j5<s}.

Clearly, {X1; :i € &,} are independent random variables for each 1 <wu <m + 1. Then it
follows from the basic inequality | > | a;|” <n" 1>  |a;|" for r > 1 and Rosenthal’s
inequality for independent random variables that

E[[| X1 — Xo* — Bx[’] HZ (04 X0 ~ B0~ X[ ]
3 s )]
u=1 i€&,
<(m+1) mf:lEH oI Xl,i_X2,i)2_E(lei_XQ’i)ﬂf}
€€y,
- 575/2
<C(m+ 1)4 Z { [Z E((Xl,i — XQ,Z')Q —E(X1, — X2,z')2) }
u=1 i€E,

5
+> E’(Xl,z‘ — X2)* — E(X1, — Xz,z‘)Q} }
ict.

Note that by assumptions, there exists some absolute positive constant A such that
5
]E(’(Xl,i — )(272')2 — IE(XLi — X27i)2| ) < AC%O and E([(Xl,i — X27Z‘)2 — E(Xl,i —
XQJ')Q] 2) < Ac‘ll, and we have Bx > 203;0. Then it follows that
E[J|X1 — Xa2|* = Bx ] S ei’m* -m - (p/m)** = c}'m®/?p*/2.
Similarly, we can obtain
E[[[|Y1 = Ya||* = By |’] S ei"m?/*pP/2.
Hence it holds that
BY? By (E[W1a")*/° (E| Vi) S m®/2p=%/2.
In the same manner, we can deduce that
B;(/QB;//Q(E|W12|5)3/5(E|V12’5)2/5 < mb/ 73/27
B;(/QB;//Q(E|W12|5)1/5(]E|V12]5)4/5 < mb/ 2 3/2’
B}(/2B;,/2(E|W12|5)4/5(E|V12! )1/5 < m5/2 73/2
By By (B[ Wa ) 2 (B]V3s[©) /2 S mp 2

Thus substituting the above five inequalities into the order of 5 in Lemma 10 yields that
there exists some positive constant A depending on ¢y, co, and m such that

Is < Ap73/ 2,
As a consequence, combining all the bounds above leads to

(A.15) VA(X,Y) > Ap~t + O(p%?).



10

Hence this entails that when p = o(y/n), it holds that \/nV?(X,Y’) — occ. Furthermore, it
follows from Proposition 2 that V2(X) = By'E[(X] X2)?] + O(B)_(QLIJ/Q). By the as-
sumptions E(X{3) + E(Y}'7) < ¢f?, var(X1,;) > ¢3, and var(Y1;) > ¢3, it is easy to see that
2¢3p < Bx < 2¢2p and 2c3p < By < 2¢3p. Since {X14,1 <i < p} are m-dependent, we
have

S EXTD? <E(XT X2)% =)D (B[X1,:X1,))°
i=1 =1 j—1
=Y > (EBX1 X))
i1 ji~j<m

which yields c3p < E[(X{ X5)?] < 2(m + 1)c{p. In the same manner, we can obtain
Ly <Cp,Ly1j2 <Cp,Ly < Cp?, and L, < C'p? with some positive constant C' depend-
ing on ¢y, ¢z, and m. Consequently, there exist some positive constants C and C5 depending
on ¢y, co, and m such that C; < V2(X) < Cs. Similarly, we have C; < V2(Y) < Cy. This
along with (A.15) entails that R?(X,Y) > Ap~—' 4+ O(p~%/?), where A > 0 is some constant

depending on ¢y, ca, and m.

From the above analysis, it holds that B;(_/ 2B;1/ 2Li/ 4L;/ 4 < A; for some positive con-

stant A; depending on ¢y, ¢, and m. Thus we can obtain under the assumption of p = o(y/n)
that

nRA(X,Y) > Anp~t + O(np~3/?) = oo
and
VAVA(X,Y) /(B By PLYALYY) > Avnp™ + O(Viap?) = oo
Finally, it follows from Theorem 5 that for any arbitrarily large C' > 0, P(T;, > C') — 1 as
n — 00, which concludes the proof of Theorem 6.
A.7. Proof of Proposition 1. In view of the definition Bx = E[||X; — X»]|?], we can
write
1/2 1/2
d(X1, Xo) = (| X1 = Xofl = By ™) = E[([| X1 = Xaf| = Bx7)[Xa]
1/2 1/2
(A16) —E[(|1X1 — Xal - BY?)| Xa] + E(| X1 - Xal| - BY?).
Thus it follows from Jensen’s inequality that for 7 > 0,
. 1/2)2427
E[ld(X1, X2) 227 < C/E[[| X1 — Xal| - BY? 7]
X1 — Xa|* -~ Bx

’2+27
(I1X1 — Xo|| +B§!2>2+2J

= CT]E[

< G, ByME[|1X1 - Xaf? - Bx |77
Moreover, we have
2 2427
E[|1 X1 — Xa|* = Bx|™]
< C{R[|IX2 — BOIX 217 + B [0 - BIX )21 7] + B XT X27))

(A.17)
< CTLx,Ty

which completes the proof of Proposition 1.
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A.8. Proof of Proposition 2. The essential idea of the proof is to conduct the Taylor
expansion for function (1 + x)'/? to relate the L;-norm to the Lo-norm. Let us define

b(X1, Xa) = || X1 — Xa|| — By, bi(X1) =E[b(X1, X)| X1], bi(X2) = E[b(X1, X2)|Xa].
Since V?(X) = E[d?(X1, X2)], it follows from (A.16) that
V2(X) = E{b(X1,Xa) — b1 (X1) — b1(X2) + E[b(X1, Xo)] }°.
Then by expanding the square and the symmetry of X; and X9, we can obtain
V2(X) = E[b*(X1, X2)] — 2E[b7 (X1)] + {E[b(X1, X2)]}*.

Next we will bound the moments E[b?( X7, X3)], E[b?(X1)], and E[b(X1, X2)] by resort-
ing to the basic inequailties in Lemma 7 in Section C.7 of Supplementary Material. Denote
by

Wis = By (|| X1 — Xo||* — Bx) and W3 =By (|| X1 — X3||* — Bx).

Observe that Wig > —1, W13 > —1, and E[Wi3] = E[W33] = 0. For term E[b(X7, X>)], by
(A.59) and (A.60) we have

Eb(X, X»)] = BY? [E([(l + W) 2 — 11{Wha < 1}) + E([(1 + Wi2) /2 — 1]1{W3y > 1})}

1
= BY? [EEWul{ng <1} + O EWEA1{Wis < 1} + OoE[Wia|1{W1s > 1}}

(A.18)
1/2 2 1/2
=01 By EW{51{Wip <1} 4+ O3B "E[Wi2|1{Wi2 > 1}),

where 1{-} denotes the indicator function and O1, 02, O3 are bounded quantities such that
|01| <1/2,|02| <1, and |O3| < 3/2. Thus it follows that

1 3
{E[b(X1, X2)]}? < BX(§1EW1221{W12 <1} + SEWi 1 { Wy > 1})?

(A.19) < BXGEmeF’l{Wu <1} + ?Eszl{ng > 1}).
If E[|| X ||**47 < oo for some 0 < 7 < 1/2, then it holds that
(A.20) (E[b(X1, X)) < %BXEHWH\Q”T].

Similarly, by (A.59) and (A.60) again, for 0 < 7 < 1/2 we have

E[b*(X1, Xs)] = BxE((1 + W)/ - 1)°

— By (E[(%Wm + Os W) 1{ Wiz < 1}]? + OuEWSH1{ W), > 1}),
where |O4| <1 and |O5| < 1/2. Hence for 0 < 7 < 1/2, it holds that
B[R (X1, X)) — { BYEWR]| < Bx (SR (W1 > 1] + SE[Wiaf*1{Wh < 1))

5

(A.21) < ZBXIE[|W12|2+2T].



12

Again it follows from (A.59) and (A.60) that for 0 < 7 < 1/2, we have
E[b; (X1)] = E[b(X1, X2)b(X1, X3)]
= BxE{[(1+ Wi2)"/? = 1][(1 + Wi3)"/? — 1]1{max(Wi2, Wi3) < 1}}
+ BxE{ 1 -+ W12)1/2 — 1”(1 + W13)1/2 — 1]1{maX(W12, ng) > 1}}
= BX( E[W12W13] + O7E[W12W151{max(W12, ng) < 1}]
+ OSE[Wlegl{max(Wm, W13) > 1}])

1
(A.22) = BXE[W12 W3] + Oy BxE[|W12)*+%7],

where Oz, Og, and Oy are bounded quantities satisfying |O7| < 3/4, |Og| < 5/4, and |Og| <
4.
Finally by combining (A.20)—(A.22) we can deduce

B
(A.23) VA(X,X) — 4X (E[W5,] — 2E[W1oWi3s])| < 9BXE[|Wia[*T?7].
Moreover, Lemma 8 in Section C.8 of Supplementary Material yields
B
— EWh — 2E[WiWhs]] = By E[(X] X2)%)

It follows from (A.17) that
BxE[[Wyo|*t27] < By 7L, .
Thus the desired result (A.12) can be derived. This concludes the proof of Proposition 2.

A.9. Proof of Proposition 3. Similar to the proof of Proposition 2, the main idea of the
proof is to conduct the Taylor expansion to relate the L;-norm to the Lo-norm. Denote by

A =E[b(X1, X,)] =E[||X; — X5|| — BY?]. In light of (A.16), we have
Elg(X1, X2, X3, X4)]
=E[(b(X1, X2) = b1(X1) — b1 (X2) + A]) (b(X1, X3) — b1 (X1) — b1 (X3) + A)
x (b(X2,X4) — b1 (X2) — b1(X4) + A) (b(X3, X4) — b1 (X3) — b1 (Xa) + A)].

Expanding the products and noting that X, X5, X3, Xy are i.i.d. random variables, we can
deduce

(A.24) Elg(X1, Xa, X3, X4)] = G1 — 4G + 2G3 + 4AG, — 4A*G5 + A*,
where
G =E[b(X1, X2)b(X1, X3)b(Xo, X4)b(X3, X4)],
G =E[b(X1, Xa)b1 (X1, X3)b(Xa, X4)b(X4, X5)],
ZE[b(XLXz)b(X1,X3)]
=E[b(X1, X2)b(X1, X3)b( X2, X4)].

Next we will analyze the six terms on the right hand side of (A.24) separately. The same
technique as in the proof of Proposition 2 will be used. For any i # j, let us define

Wi = Bx' (I Xi — XjI* - Bx).
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First for term (1, by definition it holds that
G1 = BXE[{(1+Wi2)"? = 1H{(1 + Wiz)/? = 1H{(1 + Waa) /2 = 1H{(1 + W3e)"/? = 1}].
Denote by

Dy = {max(Wiz, W13, Wag, W34) <1}

and DY the complement of D;. By separating the integration region into D; and Df and
applying (A.59) and (A.60), we can deduce

G1 = BYE([5 Wiz + O()(Wh)] [;Wis + O (W3]

< [ Waou + O (W] [5 Waa + O()(W3)] 1{D1})

+ O(1) BYE[|W12W13Way Way| 1{ Df}],

where O(1) represents a bounded quantity satisfying |O(1)] < C' for some absolute posi-
tive constant C'. It follows from expanding the products and Chebyshev’s inequality that if
E[|| X]|*T47] < oo for some 0 < 7 < 1/2, then we have

BZ
Gi1— TgE[W12W13W24W34]‘ < CBXE[|[Wia|" 727 |Wis||[Was|[Wal].
Further, by conditioning on X9, X3, applying the Cauchy—Schwarz inequality, and noting
that X7, Xo, X3, X4 are i.i.d. random variables, it holds that

E[|[Wio|' T2 |Was|[Wos|[Waa|] = E{E(|Wia| T2 |Wis|| X, X3) E(|Was Way|| X2, X3) }

1427

< E{ (E[|Wl2|2+2T|X2]) 2427 (E[|W13|2+27—|X3]) T

x (E[[Was|*T?7| X3]) T (E[|W34|2+2T|X3Dﬁ}

= E{E[Wio***7[Xa]} x E{ ([ Wisl*"|X5)) =7}
(A.25) < (E[[Wiaf?+77])
Consequently, we have

2

B
(A.26) G — TgIE[WlegW%WM]‘ < OB (E[|[Wha[2t27])

An application of the similar argument as for the proof of (A.26) yields

247
147

247
147

B2
(A.27) Gy = Tg]E[W12W13WQ4W45] + O(1) B (E[|[W12|*T27])
As for term G3, by the same token we can deduce
G3 = BXE{[(1 + Wi2)"/2 = 1][(1 + W13)"/? — 1]1{max (W12, Wi3) < 1}}
+ BxE{[(l + W12)1/2 — 1”(1 + W13)1/2 — 1]1{max(W12, ng) > 1}}
B
= TXE[WQWB] + O(l)Bx(sl,

where 51 = E[W122|W13|1{max(W12,W13) S 1}] + E[|W12W13|1{max(W12, W13) > 1}]
Observe that when 0 < 7 < 1/2, we have

2_‘.77—
81 - [E[Wi2Wis]| < 2E[|Wio| "7 |[Wis JE[[W1oWis|] < 2(E[|[Wig[*T27]) 1+
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and

247
147

87 < A(E[[Wia| "7 [Was[])? < 4(E[|Wia[***7])

As a consequence, it holds that
B%
16

We next deal with term AGjy. It follows from (A.59) and the Cauchy—Schwarz inequality
that

247
147

(A.28) )Gg - (E[Wqug})Q‘ < OB (E[|Wha[227)

Gal = BYP[E{(1+ Wao)/2 = 1][(1 + Wag)/2 = 1)[(1 + Wae) /2 = 1]}
< BYPE[[WiaWisWaa|] = BY "E{E(|WiaWis|| Xa, Xs)E(|Waa| X2)}
< BYE{(EW| X)) 2(BIW | Xal) (W Xa]) /)
= BYE{EW X (EW | Xs)) '/}

(A.29) < BY2(BWE))?/2.
Moreover, (A.18) entails that for 0 < 7 < 1/2, we have
A= [E[b(X1, Xa))| < OBy E[[Wag|* 7).
As a result, it follows that
|AG4| < OBX (EWP])* B[ Wiz +7]
(A.30) < OB (B[|Wi,[2+27]) 15
As for term A2@G3, note that (A.59) leads to
|G| = Bx [E{[(1+ Wi2)"/? = 1][(1 + Wi3)'/? — 1]}|
< BxE[|[W12Wi3|] < BYE[WH)].
It follows from (A.20) that for 0 < 7 < 1/2, we have
A% < OBxE[|[Wia|*27].
Hence it holds that
(A31) A?|Gy| < CBYE[|Waa P E[W)] < CB% (B[ Waa 7)) 157
Furthermore, note that (A.19) implies that for 0 < 7 < 1/2, we have
(A32) A* < OB (E[|Wazl**7)? < OB (E[[Waal 7)) v+

Therefore, by substituting (A.26)—(A.28) and (A.30)-(A.32) into (A.24) we can obtain that
if E|| X ||*T47 < oo for some 0 < 7 < 1/2, then

BZ
Elg(X1, X2, X3, X4)] = Tg{E[WHWIBWMWM] — AR[W1oW13Way Wys]

+2ABWWi])? + O(1) (B[ Wief**7) 7 .

Finally, the desired result (A.13) can be derived from (A.17) and Lemma 9 given in Section
C.9 of Supplementary Material. This completes the proof of Proposition 3.
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APPENDIX B: PROOFS OF PROPOSITIONS 1-3

B.1. Proof of Proposition 1. The desired result follows from Theorem 4. By conditions
(25)—(28), it holds that

BY¥ Lo JE(XTX0)2) < 10y "27p™7 and By Ly, /E[(YY2)?) < 1oy 27

Thus by Theorem 4, the fact that p — co and ¢ — 0o, and substituting the bounds in (25)—(28)
into (23), we can obtain

—T T —r11/(3+2
sup [P(T, < ) — ®()| < Aler, c2) ((pg) (72 4 =] Y/ GH2T)
Te
which concludes the proof of Proposition 1.

B.2. Proof of Proposition 2. The proof is based on Theorem 4 in Section 3.3 for the
case of 0 < 7 <1/2 and Theorem 1 in Section D.1 for the case of 1/2 < 7 < 1. We need
to calculate the moments involved therein. The main idea is to use the block technique to
deal with the m-dependent structure so that the moment inequalities for independent random
variables can be applied. For simplicity, assume that k = p/(m; + 1) is an integer. For 1 <
r < k, we define

={i:(k—1)(mi1+1)+1<i<k(m+1)}
and
Sie= Y (X{,—E[X],]), Ser=)> X1:Xs;
i€H, i€H,

By the m;-dependent component structure of random vector X, the odd blocks are mu-
tually independent and so are the even blocks. Hence {S;,,r is odd}, {S;,,r iseven},
{Sa,,r is odd}, and {S3 ., is even} are sequences of independent random variables with
zero mean, respectively.

Let us first analyze term L, ;. It holds that

k
E(IX]12 - ENX 22427 = (|3 s,
r=1

C(EH T%;dsu

Then it follows from Rosenthal’s inequality that
E(/1X 1 = EllX[12[***7)

C{( Z E[Sir])HT Z E[S,]) 1+T +ZE ‘S”‘2+2T]}

r:odd r:even

2+27'>

2+27'i|

by

o 3

TIeven

Note that for positive numbers s > 1 and ¢ > 1 with s~ + t‘l =1, we have

n n 1/s /& 1/t
(A33) et < (Dlait) T (So0)
i=1 i=1 i=1
Thus we can deduce

B[s?,)=E[ 3 (x2, - E(x2)]

1€H,

< (mi+1) Y E[(XT; —EXT )’ < (ma+1) ) E[X]]
i€H, 1€ H,
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and
B[Sy, [*T27] < (my + 1) Y E[IXT, - B[XT,])PH]
i€H,

< C(ml + 1)1+27' Z E[|X177;|4+4T].
i€H,

By plugging in the above bounds and applying (A.33), it follows that

E(1X % = BIX*27) < C{(mi+ )" (p/2)7 > > (BIXT)T
r:oddi€H,.

+(m1+1 1+T p/2 Z Z Xlz 1+7'

r:evenicH,.

k
+ (my + DT N R[] XM

r=14icH,
p
(A.34) < C(my + 1) p7 Y R[] Xq ).
i=1

In a similar fashion, we have

k
B[l X7 X2 =E[| Y S

co{( S mst)) T+ (X Es)

r:odd r:even

k

+ Z E”S2,'I"2+2T] }

r=1

2+27':|

In addition, it follows from the basic inequality (A.33) that
E[S3,] < (mi+1) ) E[X?;X5,] < (mi+1) Y E[X{],
i€H, i€H,

EHSQ,T|2+2T] < (ml + 1)1+2‘r Z E[|X1,Z‘X2,i|2+27]
i€H,

< (ml + 1)1+2'r Z E[|X17@'|4+4T].
i€H,

Thus an application of the same argument as in (A.34) results in

(A.35) E[| XT X227 < C(my + 1)1 TZIE | X447,

wich together with (A.34) entails that under condition (29), we have

(A36) Loy =E(| X[ = E|X[27) + E(IX{ X2*7) < Cria(ma + 1) F7p!FT.
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Next we deal with term E[(X{ 2, X5)?]. Denote by o;; the (i, j)th entry of matrix ;. By
(32) and the m;-dependent structure, it holds that

E[(XT5,X5)% = [(z S JUX“XQJH

=1 |j—i|<m,

p
Z Z Z 0ijouwB (X1, X1 4)E(X2 j X2,)

u=1]j—i|<m, [v—u|<m,

I
-
I M%
I}

P
< iz SN Y EXi X1 W) [E(X2, X
=1 Ju—i[<my [j—i[<my [o—u|<m,
(A.37) < Cki(my +1)%pk? = Cri(my + 1)3p
Similar results as in (A.36) and (A.37) also hold for Y. That is,
(A.38) Ly < Cri(mg+ 1)1,
(A.39) E[(Y{'2,Y2)?] < Cri(ma +1)%q

As a consequence, under conditions (29)—(32) there exists some positive constant C; de-
pending on k1, ko, k3, and k4 such that

Cﬁ(ml + 1)1+T

B Ly [E[(X] X)) < =L

— 0,
Cﬁ(mQ + 1)1+T

By Ly - [E[(Y{ ¥2)?] < -

— 0,

and

N "Ly Ly, < Cy(my + 1)1+T(m2 + 1)1+T
(E[(XT X2)2E[(Y{ Y2)2) "7~ n’ ’
]E[(X'lfzxX2) ] + B 27’L(2+T)/(1+7—)

(E[(XlTX2) iE < Chlmi+1)2p

E[(Y{"S,Y2)?) + By Ly V"0
(E[(Y{"Y2)?)?
Hence by Theorem 4, we see that (34) holds for 0 < 7 < 1/2.

We next prove the result for the case of 1/2 < 7 < 1. By the previous analysis, it holds
that

< Cu(ma+1)*7gT.

C,.i(ml + 1)3/2

By Ly o /B(X] X2)°] < pl/2 — 0,
v Cr(ma +1 3/2
By'Ly12/E[(Y{ Y2)?] < ((121/2) -0,

where the convergence to zero is by the assumption of m; = o(pT/ (2+T)) and mgy =
0(q7/*7)). In view of Theorem 1 in Section D.1, it suffices to calculate 2?21 %(X) and
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2 4(Y), where
% (X) = [E[(X] X2)?X{ 3 Xa]|,
% (X) = E[[| X1 [*(X{ £ X2)?),
%(X) =E[XTXXT|ZIE[X X T X].

Let us begin with considering term ¢ (X). Note that
G (X) = [E[(X] X2)* X{ E2X0]|
< (B[XT X))V O (]| XT3 XD/ /04,
It follows from (A.35) and assumption (29) that
(A.40) (B[ XT X227 )Y 0+7) < Crl/ M) (my 4 1)p.

Then we analyze term E[| X{ $2 X,|(!*7)/7]. Denote by X . the rth block of X; for 1 <
r <k, and ¥; ; the (i, j)th block of X, for 1 <4, j < k. In particular, let 31 o and X, ;41 be
zero matrices. By the mi-dependent structure, 3., is a tridiagonal block matrix and thus

)

k
EHX%“E?:X2|(1+T)/T] _ ]EH Z Sy, (H—T)/r}

where
83,7“ - (Zr,r—le,Hr,l + Er,er,Hr + Er,r+1X1,HT+1)T
: (Zr,r—lXZ,H,,.,l + ET,TXZ,H,,. + 27’,7‘+1X2,H7,+1)-

In addition, {S3,,1 <r < k} is a 3-dependent sequence. For simplicity, assume that

8(1—1)+4
P8I 1)+153r,1 <1< k/8} and

{Z 8(1—1)45 93, 1 <1 < k/8} are sequences of independent random variables. Since
2<(1 —|— 7)/7 <3 when 1/2 < 7 < 1, it follows from Rosenthal’s inequality that

k/8 is an integer. Then it is easy to see that {>

k/8 8(1—1)+4
B[ XT52 X, <0E()Z 3 $o| >+C’E<’Z Z Soa| )
I=1 r=8(1—1)+1 I=1 r=8(I—1)+5
k/8 8(1—1)+4 e K/8 8(1—1)+4 -
SC{(E[(Z Z S3r) D T +ZEH Z S3,r‘ . }
I=1 r=8(I—1)+ =1  r=8(I—1)+1
k/8 1ir k/8 147
(=% z EONREYC I > s}

Then by inequality (A.33), we can obtain

k/8 8(1—1)+4 k/8 s

B X752, {(Z > [Sgr) +(X Z [S:)?,r}) 27

I=1 r=8(I—1)+ =1 r=8(I-1)+

iyE usw”’]}

r=1
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)

k/8 8(1—1)+4 k/8

<C’sz{z Z E[|Ssr ] =1+ Z ]ET[

=1 r=8(1-1)+1 =1 r=8(1-1)+

k
<Clp/(mi+ 1)) Y _E[|S3,] ).
r=1

Furthermore, it holds that

14T

V< CE[(I1Z 1 X m 1 + 18 X |2+ 151 X, |P) ]
24271 2421 H
CENZr 1 Xim |7 J+ENS X, |7 ]+ El S X, 7))

For 1 <i,j < mq + 1, denote by Z(W)l the (i,7)th entry of ¥, ,_; and X( g w._, the ith
component of X7 g ,. Observe that by assumption (32), we have

E|

2427

E[Hzr,r—le,Hrq H f]

mi+1mi+1m+1 147

EH Z Z ZETT 1 r71rX1(2{T,1X81)L71

=1 gj=1 I[=1

mi+1mi+1m;+1 147

E[{ > > > B AR, DA X, X1

i=1 j=1 I=1

e 2T)(1+7—) matlma+l

g(m1+1)7m4 HZZ [E(X{), )27

Moreover, it follows from (A.33) that

2427

E[”Er,r—lxl,HPl Hf]

L, (3-20047) il (1) 2171 (4 —
<Om+1) Ty B[ R X, )
=1
syg Go2nain Tutl ; . ;
<(mi4+1)7 kK, Z[E(ij}h)z](T—g)(mT)/TEU Xl(f}[ril|(z+za/f]
=1
, 1+
342r Wm . (1) \d44r1—L (%) 44477
<(mi+1) 7 Ky > B )T (X, )]
=1

Note that for any ¢ > 0, b >0, and 0 < « < 1, we have
(A.41) al T <a+b.
Thus it holds that

Bl 1 X8, ]

0r  (B=27)(147) 2T><1+T>
< (m1 +1)% 5, (S EIXHT DT X)),

i€H, €H, _1

2427
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In the same manner, we can deduce

(3— 27)(1+7—)

E(|S X, | 7] < 20mi+ 1)k, 7Y E[Xu,
i€H,.
24ar 342, (3=270)(47) 2r)<1+r>

E[H ET,T+1X17H¢~+1 H
i€H, 1€H, 41

Thus by (29), it holds that

s 11 si2, (=20)047)
= ] < C’[p/(m1 + 1)] 27 (ml + 1) T Ky ™ Z Z E XS}IT 4+47
r=11€H,

E[|X{ 53.Xo]

. p

(3=27)(147) e 1t

=Cry 7 (ma+ 1) pe Y B[ Xy
=1

(B3=27)(1+71) 5457

<Criky (mp+1) = p e )
which together with (A.40) leads to
(A.42) G (X) < Criks 2 (my +1)72p3/2,

We proceed with bounding term % (X ). Denote by o; ; the (4, j)th entry of matrix 3.
Under the m1-dependent structure, we have

:ZZZ Z Z 05 jOunB[XT 1 X1 X1 W]JB[X2 ;X5 0].
=1

i=1 u=1|j—i|<m, |[v—u|<m,

Observe that E[X ; X ,] = 0 if |[j — v| > m;. Thus it follows that

p p
SZZ Z Z Z 05, jOusBIXT X1, X1u]E[ X2 ;X2 ,)-

=1 i=1 |u—i|<3m; |j—i|<m. |v—i|<2m,

By the Cauchy—Schwarz inequality, we can obtain

SIEL =05 S SEND SIS SN (C PP Iu TG

=1 =1 |u—i|<3m; |j—i|<m, |[v—i|<2m,

=

X (Bl X 1ul ) 5 (B[ X0

D (EIX )

p p
3—27 4+4T 5Tar 4+4T Py
<+ (;< gt ) { Do)
(X @) (Y @)
lj—i]<2m, lu—i|<3m,

Further, by the basic inequality (A.33) it holds that
% (X)

(o

1)

M@

p
(Bl ) (o E(X
=1

=1

< (m1+ 1)k, (D EIXL+ Y EIXw)).
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4+4r 2427 247

AN (X @) (S @)

=1 |j—il<2m [u—i|<3m.

> {Z( Z (EHXIJ‘4+4TD2+%)

=1 [j—i|<2m

(X @

|u—i|<3m4

< Cﬁi 2T(m1 +1 1112:]);1;: (ZE ’X

247

W

Hence it follows from the basic inequality (A.41) that

_1 T 17
(B[ X057 = (B[ X a7 5 < (BIX0 5]+ B[ X w] 7)) 2

< C(E[|X1,[*"")) = + C(E] )=,

which together with (A.33) and assumption (29) yields

G(X) < Ok (my + 1) iiiipéiii(ZE\X \4+4T)

p Lt 247
% { Z Z (EHX1J’4+47—]) T } 2427

i=1 [j—i|<3m,

P p 1/2
< C’f{%sz(ml + 1)3P(ZE[|X1,1'|4+4T ) (ZE ‘X 7j‘4—i-47— )
i=1 j=1
p
(A.43) =Cry > (m1+1)°p Y E[| X" 7] < Cryrl T (m+1)%p’
i=1

As for term ¥3(X), we exploit similar arguments. It is easy to see that the rth block of
E[XT X, X is given by

EXT X XN =E [ Xy a, (1 X001+ 1 X0, 1+ 1 Xm0 1)
Thus the 7th block of ¥, E[X; X7 X1] is
(SEX XT X)) =50 B[ Xy a,, (1X w1 + X, P+ 1 X )]
+ 2 B[ X, (1 X m, P+ 1 X m, 1P+ 11X, )]
+ 3 B[ Xy a,, (X P 41X P+ X, 1))
Then it follows that

k
G(X) = [ISEXXT X012 = Y 1(SEX X T X))@
r=1

k
ey Y B EE X PP

r=lue{r—1,r,r+1}

(A.44) 1S B X 1 X, ) 1P+ 1S B (X [ X s HQ)HQ}-
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In fact, the terms on the right hand side of the above inequality share the same bounds. Thus
we show the analysis only for the first term.
Observe that

k
D e B(X a1 X, )
r=1

k
- | |
=S % N s sW) BIXT, 1 Xuw, BT, X, .

r=14i€H, jeH, I€H,_,

Then it follows from the Cauchy—Schwarz inequality, assumption (32), and the basic inequal-
ity (A.33) that

k
D NS E(X a1 X, P

r=1
SHi*TEj( > @D ) (X By,
r=1 [€H,_, 1€H,
x (2 EIXE) 5 [ELX 1%, )
JEH,
k
< m+ Y (3 @D (3 @) By 12X, ]
r=1 [eH,_; JjEH,

k
<)) {0 > EIXEDT X 21X 1
r=1 [leH,_UH,

Moreover, note that for any a, b > 0, we have
ab® < a® + b3,
Thus in light of (A.33), we can obtain
(X1, 121X 1, 1Y) < B0V X0, 18] + B[ X1, 1)
(m1+1) ( SEXS+ S E[Xﬁi]).
1€H, i€H,_o
Furthermore, it follows from (A.33) that

> R (Y ELXD)

led,_,UH, 1€ H,

<omi+1)( S E[X M) (S E[X0,

leH,_1UH, i€H,

<d(mi+1){ D E[X "+ > B[ X
leH,_4 i€H,

)7

Similarly, we can deduce

( Z (EXIZ 2T 1 Z EXlz

leH,_,UH, zEHT 2
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< 2 m1 +1 { Z E ‘Xl l‘4+47' Z E[|X1,l’4+47-] + Z EHX17¢‘4+4T]}.

l€H, leH, _, 1€EH, o

Consequently, it holds that

k
> S BX 1 X, 1)
r=1

k
SCRTT(mi+ D)) 0D E[ X

r=14i€H,

_Cﬁg 27( +1 ZE|X |4+4T]<CK/1K/3 27(m1+1)4p
=1

For the other terms on the right hand side of (A.44), the same bound can be derived in a
similar way. Thus we have

(A.45) I5(X) < Cmmi_%(ml + 1)4p
Combining (A.42), (A.43), and (A.45), and noting that m; + 1 < p, we can obtain
(A.46) “ (X) + gQ(X) + gg(X) < CTlilHi_QT (m1 + 1)3p2

In the same manner, we can also show that
(A.47) 4 (Y) + gQ(Y) + gg(Y) < CT/ﬂ’,l/f,Z_QT(mQ + 1)3(]2

Hence (34) follows from substituting (A.36)—(A.39) and (A.46)—(A.47) into Theorem 1. Then

we can see that when m; and my satisfy (33), T, —@> N(0,1). This completes the proof of
Proposition 2.

B.3. Proof of Proposition 3. Assume that ¥, = I'{ diag(A{,..., A, )1 and ¥, =
ngiag()\%/, ceny )\31/)1—‘2 for some orthogonal matrices I'; and I's. A useful fact is that the
Euclidean norm is invariant to orthogonal transformations. Thus X and Y can be replaced
with the transformed random vectors X =T'; X and Y =T,Y’, respectively. Clearly the trans-
formed random vectors are distributed as

X ~ N(0,diag(A¥,...,AX)) and ¥ ~ N(0,diag(A],...,\})).
It is equivalent to analyze the distance correlation between the new multivariate normal ran-
dom variables X and Y. Ii is easy to show that

max E[X7] <az, p~' 30 E[[ X1, < Ol
1<i<p

pE[(XT X9)? > a2, p !'Bx >a.

Similar bounds also hold for Y. Then the conditions of Proposition 2 are satisfied and the
independence of coordinates entails that m; = mg = 0. Therefore, the desired result can be
derived by applying Proposition 2 with 7 =1 and m; = mg = 0. This concludes the proof of
Proposition 3.
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APPENDIX C: SOME KEY LEMMAS AND THEIR PROOFS

C.1. Lemma 1 and its proof.

LEMMA 1. Under condition (18), we have

(A.48) Vi(X)/V?(X)— 1 in probability
and

(A.49) VXY)/VAY) — 1 in probability
as n — oQ.

Proof. For any X and Y, since V}(X,Y") is a U-statistic and noting that E[V!(X,Y)] =
V2(X,Y) by (15), it follows from the moment inequality of U-statistics (Koroljuk and
Borovskich, 1994, p. 72) and conditional Jensen’s inequality that for 0 < 7 <1,

E[[Vi(X,Y) = VA(X,Y)| 7]
4 1+7 -7
<o (1) (1) Bl ). (0, ), (3, ), (30, V)]
=1

(A50) < Cn TE[|h((X1,Y1),(Xa,Y2), (X3, Y3), (X4, Y2))| 7]

In fact, the moment of h((X1, Y1), (X2,Y2),(X3,Y3), (X4, Ys)) can be dominated by that of
d(X1,X2)d(Y1,Y>) based on the expression given in Lemma 5 in Section C.5.

By choosing X =Y in (A.58) and the Cauchy—Schwarz inequality, we can obtain that for
0<7<1,

E[|h((X1, X1), (Xa, X2), (X3, X3), (X4, X1))|'T7] < CE[|d( X1, Xo)|>T27].
Thus it follows from (A.50) that

‘1+T] < CEHd(Xl’ XQ) |2+27—]
— nT[VQ(X)}l"FT

Moreover, since E[|d(Y7, Y2)|>727] > (E[d?(Y1, Y2)))1T7 = [V2(Y)]' 17, it follows from con-
dition (18) that

(A.51) E[|Vi(X)/V?(X) —

E[|d(X1, Xa)[**27]
nTV2 (X))
which yields the ratio consistency (A.48). The result in (A.49) can be obtained similarly. This
completes the proof of Lemma 1.

— 0,

C.2. Lemma 2 and its proof.

LEMMA 2. IfE[| X||?] + E[||Y||?] < oo and X is independent of Y, then we have
T, = WD (X,Y) + WP (X,Y),
where
Xz,X d(y;,Y;)
X)V2(Y)

(A.52) wiD(X,Y)= Z

1<z<]<n

and WP (X,Y) satisfies E((W2 (X, Y)]?) < Cn~L.
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Proof. Recall that V' (X,Y") is a U-statistic and

-1
nan=(1) L M) K ),

1§i1<i2<i3<i4§n
It has been shown in Huang and Huo (2017) that under the independence of X and Y,
E[h((X1,Y1), (X2, Y2),(X3,Y3), (X4,Ys))|(X1,Y1)] =0,

E[h((X1,Y1), (X2, Y2), (X3,Y3), (X4, Y))| (X1, Y1), (X2, Ya)] = éd(X1,X2)d(Y1,Y2)-

Thus by the Hoeffding decomposition (e.g. Koroljuk and Borovskich, 1994, p. 23) and dis-
persion for U-statistics (Koroljuk and Borovskich, 1994, p. 31), when X is independent of Y
we have

-1
V;(X,Y):(Z) ST (X, X))d(Y:, ) + Un(X,Y),

1<i<j<n

where
E[U2(X,Y)] < SEIB(X1, Y1), (X2, Y2), (X5, ¥5), (X4, Y2))”

Furthermore, Lemma 6 given in Section C.6 yields
CVE(X)VA(Y)
2
BIU2(X,Y)] < = 2,
Hence it follows from (A.1) that

n(n — DE[UZ(X,Y)]

n

EW2 (XY = =m0 per)

<

)

s1Q

which concludes the proof of Lemma 2.

C.3. Lemma 3 and its proof.

LEMMA 3. Let F), =o{(X1,Y1),...,(Xy, Yr)} be a o-algebra. Then {(Cp i, Fi), k >
1} forms a martingale difference array under the independence of X and Y, where (, i, is

defined in (A.2).

Proof. It is easy to see that (, , € %} and when X is independent of Y,

k—1 k-1
E {Zd(Xz‘,Xk)d(%Yk)}ykq} =Y E[d(X;, Xp)| Xi|E[d(Y;, Y3)|Yi] =0,
i=1 =1

where the last equality is due to E[d(Xl, X2)|X1] =0and E [d(Xl, X2) ‘Xg] =0.
C.4. Lemma 4 and its proof.

LEMMA 4. IfE[| X]|?T?7] + E[||Y[|**?7] < oo for some constant 0 < 7 <1 and X is
independent of Y, then we have
]E A C<E[g(X1,XQ,Xg,X4)]E[g(Y1,Y2,Ys,n)])<1+T>/2
B V2X)V2(Y))?
(A.53)

n
ZEKTQL,k‘LOkal] -1
k=1

CE[|d(X1, X2) P**7]E[|d(Y1, Ya) [ 7*7]
nT [V2 (X)V2 (Y)]1+T
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and

CE[|d(X1, Xo)|***T]E[|d(Y1, Y5)[*F27]

24271
(A54) E[|Gnx[*T7] < AT VX)) V(Y|

k=1

Proof. (i) We first prove (A.53). Recall the definition of ¢,  in (A.2). Note that under the
independence of X and Y, we have

22”: E(| S5 d(X;, X5)d(Y;, V) i Fr-1
ZE il F k1] = qn(nll)VZ(X)VZ(Y) ] } >::R’I('Ll)+R’I(’LZ)’

where R% ) is the sum of squared terms given by

() _ 220 30 B[P (X, X)X B [d2 (Y, Vi) V]
" n(n— DV2(X)VE(Y)

and Rg) is the sum of cross-product terms given by
A3 0 Y icicjen BlA(X, Xi)d(X;, Xi) | Xi, X5 E[d(Y;, Yi)d(Y), Ya) | Vi, ]]

R = n(n— V(X V(Y

Thus it holds that

147
(A.55) E( > < C(EHRS) — 1M+ E[]Rg)\l"‘q)_

n
ZE[CEL,ML%:A] -1
k=1

We first bound term EHR |1+T] Let (X’,Y”) be an independent copy of (X,Y’) that is
independent of (X1,Y7),...,(X,,Y,). For notational simplicity, define

nl(XlaXJ):E[d(leX)d(XﬁX)‘X’L?X]} and 772(}/;7}/]):E[d(1/271/ | 15 ]]

By changing the order of summation, we can obtain

16E |:Zl§z<j§n Zkzjﬂ 771(Xi7 Xj)772(Y;a Y])] i
n?(n — 1)?[V2(X)V2(Y)]?

6B [ Sicieen(n— I (X X (Vi Yy)|
n2(n — 12D2(X)V2(Y)P?
In addition, for pairwisely nonequal %, j, [, it holds that
En (X, X;)m (X, X)) = E{E[d(X;, X)d(X;, X)d(X;, X")d(X;, X)| X, X, Xi] }
= E[d(X;, X)d(X;, X)d(X;, X")d(X;, X))
= E{E[d(Xi,X)d(Xj,X)d(Xi,X’)d(Xl,X’)\X, X’]}
:E(E[d(Xi,X)d(Xi,X’)\X,X’]E[d(Xj,X’)]X’]E[d(Xl,X’)\X’])
=0,

where we have used the fact that E[d(X, X')|X'] = E[d(X;, X")|X"]) = 0.
It is easy to see that E[m (XZ-,X]-)] IE[ 2(Y;,Y;)] = 0 for i # j. Thus for pairwisely
nonequal i, j, k, [, it holds that

E[n1 (X, X;)m (X, X;)] = 0.

E([RY)) =
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(2)

Then the cross-product terms in the numerator of E([R;;”]?) vanish. Moreover, in view of the
definition of g(X1, X2, X3, X4) in (17), we have

E [ (Xi, X;))” = E{E[d(X;, X)d(X;, X)d(Xi, X )d(X;, X)| X, X;5] }
=E[d(X1,X2)d(X1, X3)d(X2, X4)d(X3, X4)| = E[g(X1, X2, X3, X4)].
Consequently, it follows that
16 iy (n = 5)PE [0 (X5, X)) “E [ (Y3, Y5)]
) n2(n =P VAX)VA(Y)P
163555 — 1)(n — §)°Elg(X1, X2, X3, Xa)|E[g(Y1, Y2, V3, Ya)]
) n2(n =P V2X)VA(Y)P
CE[g(X1, X2, X3, X4)|E[g(Y1,Y2,Y3,Ys)]
N V2XOV2(Y))? '

Hence we can obtain

E([RP))

n

CE[g(X1, Xo, X3, X2)|E[g(Y1, Ya, V3, Y3)]\ (1+7)/2
a5 EIREIT) < (TR e ey

Next we deal with term E[| R} — 1/1+7]. Since E[d?(X1, X3)] = V*(X), clearly when X
is independent of Y, we have

25 SRy V2(y
E[R})] = 211?51—211)}12()(()1/3(1/% =

For simplicity, denote by n3(X;, Y;) = E[d?(X;, X)|X;]E[d?(Y;,Y)|Y;]. Then by changing
the order of summation, we deduce

(1) 1+7 E H2 ZZ:I Zf:_ll [773(Xi7 Y;) - En?)(Xiv Yl)] 1+T:|
Fll == (= VAV
E[[2 300 (0 — 0)ns (X, ¥0) — Ens(X2,¥i)]|

[n(n = HV2X)V2(Y)]HH7

Then it follows from the von Bahr—Esseen inequality (Lin and Bai, 2010, p. 100) for inde-
pendent random variables that when 0 < 7 <1,

CY" (n—d)TE X, )|
E[|RY — 1/"7] < ZZI[(nzw()X)VQ[('?)(]HT i
CE[|n3(Xi, Yi)['*7]
T T VX V(YT
_ CE[|d(Xy, Xo) PHT]E[d(Y1, Ya) *+7]
- nT[VEH(X)V2(Y)|HHT ’

which along with (A.55) and (A.56) leads to (A.53).
(i) We now show (A.54). Note that

214 S B[ S A, (v, i)
(i — V2V

(A.57) > E[Guk*] =
k=1
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Given (X, Yy), {d(X;, Xx)d(Y;,Yy),1 <i <k — 1} is a sequence of independent random
variables and under the independence of X and Y,
Eld(X;, Xi)d(Yi, Yi)| Xk, Yi] = E[d(X;, X)) | Xk E[d(Y3, Yi)|Yi] = 0.
Thus it follows from Rosenthal’s inequality for independent random variables that

‘2+27‘:| ‘2+2T

E[\%d(xi,mdm,m =E{E()]§d<xi,xk>dm,m
i=1 i=1

(Xk,Yk)ﬂ

k-1 2 147
<CE [E([Zd(xi,xwdm,m)} )(Xk,Yk))]
i=1

+ C(k — DE(|d(X1, X2)|*P2T)E(|d(Y1, Y2)[*727).

Since given (X, Yx), {d(X;, Xx)d(Y;,Yy),1 <i <k — 1} is a sequence of independent
random variables with zero means under the independence of X and Y/, it is easy to see that

k-1 k-1
E( [Z d(Xi, Xy)d(Ys, Yk)} 2‘(Xk, Yk)) =Y E[d*(X;, Xp)d*(Vi, Vi) | (X5, Y2)],
i=1 i—1

= (k— DE[d*(X, X3,)| Xi | E[d*(Y,Y3) V2]

Then it follows from the conditional Jensen’s inequality that when X is independent of Y,

’ PE( [Ed(X"’X’“)d%Yk)} | xi, Yk))] -

< (k= D)"TE[|d(Xq, X2) PTTIE[|d (Y1, Ya) 2127,
Finally we can obtain

n

n -1
> | S dti xugaeri o ] £ € 3 0h - 1 B0 X E 0, 1)
— k=

< an“E[ld(Xh Xo)[PFTIE[d (Y1, Yo) 2727,

Substituting the above bound into (A.57) results in (A.54). This completes the proof of
Lemma 4.

C.5. Lemma 5 and its proof. The following lemma provides a useful representation of
the kernel function h((X1,Y1), (X2,Y2),
(X3,Y3),(X4,Yy)) in terms of the double-centered distance d(-, -).

LEMMA 5. For any random vectors X and 'Y with finite first moments, we have
h((X1,Y1), (X2,Y2), (X3,Y3), (X4,Y4))

Z d(X;, X;)d(Y;,Y;) Z( > dXiX;) Y d(Yian)>

1<z <4, i=1 N1<j5<4, 1<j<4,
i] i# i#

1
(A.58) + 52 Y d(X,X5) > d(Yi,Y))

1<4,j<4, 1<4,5<4,
i#]j i#]
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Proof. Let us define
a1(X1, X2) = | X1 — Xao|| - E[|| X1 — Xal],
az(X1) =Ela1 (X1, X0)|X1],  a3(Y1) = Elai (Y1, Y2)|V1].

a1(Y1,Y2) = Y1 = Ya| — E[[[Y1 — Yal]],

We divide the proof into two steps.
Step 1. Recall the definition of h((X1,Y1), (X2,Y2),(X3,Y3), (X4,Yy)) given in (16). It

is easy to show that

1
=X = XY - vy

1<ij<4,
i
1 1
=1 > a1(Xi, Xj)ar (¥, ¥5) + ZE[[ X1 — Xo] > a%,Y))
1<ij<4, 1<ij<4,
i#] i#]
1
+ 1 ElliY1 - Yo > ai(Xi, X;) + 3E[| X1 — X [E[|[ Yy — Yal],
1<ij<4,
i
1 4
2 we-x Y mev)
i=1 \1<j<4, 1<j<4,
JF#i J#
1o 3
1Y (X atx) ¥ oatin)+En - xl ¥ amy)
i=1 \1<j<4, 1<j<4, 1<ij<4,
i#i i#i i
3
+EllIYy - Yol Y a(Xi, X)) +9E[| X1 — Xo|JE[| Y1 — Yal],
1<i,j<4,
i]
and
1
2 YooIXi-xl D> Ii-Yl
1<i <4, 1<ij<4,
i%] i
1 1
== > waX,X) Y a1 (Y, ¥y) + SE[|[ X1 — Xo] > (YY)
1<ij<4, 1<ij<d, 1<ij<4,
i i i%]
1
+SEIX - Xaf] D ar(Y:,Y5) + 6E[|[ X1 — Xa|||E[| Y1 - Y2l
1<ij<d,
i

By these equalities and (16), we can obtain

h((Xlﬁ Yl)v (X27Y2)7 (Xg,YE),), (X4; 1/4))

4

1 1

=< > al(Xian)al(Yi%')—ZE ( d a(Xi X)) D al(Yqu)>

1<i,j<4, =1 N1<j<4, 1<5<4,
itj i i
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1
1<4,5<4, 1<4,5<4,
i#j i#]

Step 2. Since d(Xl,XQ) =a1 (Xl,Xz) — CLQ(Xl) — GQ(XQ), it holds that
Z a1<Xi7Xj)a1(YwY7)

1<4,5<4,
i#]

D dAX, Xp)d(Ye, V) 42 Y d(Xi, Xj)as(Yi) +2 ) d(Y;,Y))as(X5)

1<i,j<4, 1<i,j<4, 1<i,j<4,
7] i#] i#]

13 (X9 + 2(24;@(&)) (fja3<m>),
=1 =1 =1

<4, 1<5<4,
#i J#i

-24:<1< a (X6, X5) Y al(Yé,Yj)>
J

:i< S AL x) S0 dYJ) (Zag (Y A x))

i=1 M1<j<4, 1<5<4, 1<ij<4,
i# i i#j
4
(Y aty))( X dvyy))+2 Y X Xas(Y)
Jj=1 1<i,5<4, 1<i,5<4,
i#] i#j
4 4 4
+2 Y dY.Y) i)+8<Zag(Xi))<Za3(Yi))+4za2(X)a3(Y)
1<4,5<4, =1 =1 =1
i#]

and

Yo alXin X)) Y, a¥iY))

1<i,5<4, 1<1,5<4,
i#£] i#£]
4
> axx) Y amy oY) Y )
1<i,j<4, 1<i,j<4, i=1 1<i,5<4,
i#]j i#£] i#£]
4 4 4
6(Za3(m))< 3 d(Xi,Xj))+36(Za2(X,-)>(Za3(Y;)).
i=1 1<i,j<4, i=1 i=1
i#]j

Combining the above three equalities yields (A.58). This concludes the proof of Lemma 5.
C.6. Lemma 6 and its proof.
LEMMA 6. If X is independent of Y, it holds that

E[R((X1, Y1), (X2, Y2), (Xs, ¥5), (X0, Vi) = V2 (XOVA(Y).
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Proof. From Lemma 5, we can deduce

6
E[h((X1>Y1)7(X27Y'2)a(X37}/3)7(X47Y4))}2:ZIIC7
k=1
where
2
> X, X)dYLY)) |,
1<i,5<4,
i#]
1 : 2
e[S 2, e 32 i) )
i=1 “M1<j<4, 1<;5<4,
JFi i
2
~ 576 [( Z d(Xi, X;) Z dmyj)) }
1<i,j<4, 1<i,j<4,
i#j i#j
1 4
—8E{( > (X XYY ){Z( > X X)) Y d(m@)]},
1<4,5<4, i=1 1<j<4, 1<5<4,
i#] JFi i
1
:%E[( > X X))d(Y, J)( S XL X; )( 3 dw J)}
1<4,5<4, 1<4,5<4, 1<4,5<4,
i#j i#] i
and
1
16:_481@;{{2( S dxax;) Y LY )}
i=1 1<j<4, 1<j<4,
JFi i
> oaxx))( Y aw j)}
1<i,j<4, 1<i,j<4,
i#j i#j

Since E[d(X1, X2)d(X1, X3)] = 0 and E[d(X1, X2)] = 0, under the independence of X
and Y we have

I, = gE[d2(X1,X2)]E[d2(Y1, Y3)]

and
I = Z[(ZdX“X) (Zd}@,y)]
im1 L 1<j<a, 1<5<4,
J#i J#i
+ % 1%?47 {E [(1%47d(xi,xj)> (1%%4’ d(Xk,Xl)ﬂ
E[( zdom) <1<ZZ<4,‘“Y’““)>] }

j#i I#k



32

1 1
=g X4~ 3E[d*(X1, X2)] x 3E[d*(Y1,Y2)] + T > E[d (X, Xi)E[d* (Y, V)]
1§z£§4,
i#k

= 3E[d* (X1, Xo)|E[d*(Y1, Y2)].
Similarly, we can obtain
d(X;, X; ) ( d(Y;,Y; )
h=B( Y >
1<i<j<4 1<i<j<4

= E[d*(X1, Xo)]E[d*(Y1,Y2)],

I=-— Z {( > d(x X)dvio ) (D0 A X)) (Y d(n,xfj))}

1<k<i<4 1<5<4, 1<j<4,
JFi J#i

= % X B[ (X0, o) Bl (¥, Y2)] = —3E[ (X1, Xo) Bl (i, V2)],

15:4% > E[d(Xi,X Y;,Y( > ka,Xz>( > d(Ylel))]

1<i<j<4 1<k<i<4 1<k<i<4

= E[d*(X1, X2)]E[d*(Y1,Y2)],

and
16:_4 f:{ [( > axx))( X d(Xk,Xl))}
i=1 1<j7£<4 1<k<li<4
JFi

E[( > dvyy)) (Y kam)]}

1<j<4, 1<k<i<4
JFi
4x4x9 o 9 9 o
=——g  Eld" (X1, X2)|E[d"(Y1, Ya)] = —3E[d"(X1, X2)[E[d" (Y1, V2)].

Consequently, it follows that

E[R((X1,Y2), (X2, Y2), (X5, ¥a), (X, Vi) = 3 Iy = S Bl (X2, Xo ) EId* (3, Y2)]
k=1
= VXA,

which completes the proof of Lemma 6.

C.7. Lemma 7 and its proof. The following lemma provides some basic inequalities
that are based on the Taylor expansion and serve as the fundamental ingredients for the proofs
of Propositions 1-3.



33

LEMMA 7. For xz > —1, it holds that

(A.59) [(1+2)%— 1] <],
(A.60) [(1+2)Y2 = (1+2/2)| <2?/2,
(A.61) |(1+ )% — (1 + /2 — 2%/8)| < 3]2%|/8,
(A.62) |(L+2)2 — (1 +2/2—2?/8 +2°/16)| < z*.

Proof. (i) We first prove (A.59). It is evident that 1 4+ 2 < (1 + z)'/2 < 1 for z € [~1,0] and
1< (14 x)Y2 <1+ 2 for z € (0,00). Thus we can obtain (A.59) directly.

(ii) We next show (A.60). Define u(z) = (1 4+ x)Y/? — (1 4 x/2). Then we have the
derivative

uy(2) =1 +2)"1? = 1]/2,
uj(z) > 0 for x € [-1,0), and u)(x) < 0 for x € (0,00). Since u1(0) = 0, it holds that
ui(x) <0 for x > —1. It remains to show that for z > —1,
up(z) > —x?/2.

Denote by us(x) = (1 +z)'/2 — (1 + 2/2) + 2% /2. Then we have

1 1
() = 5(1+ )2 = S+,

1
W) == (1+2) 32 41,

u(z) <0 for =1 <z <4723 — 1, and uf(z) > 0 for z > 42/3 — 1. In addition,
it holds that u5(—1) = 400, u5(0) = 0, and uh(+00) = +o0, which lead to ug(x) >
min{ugz(—1),u2(0)} = 0. Hence the proof of (A.60) is completed.
(iii) We now prove (A.61). First, the result is trivial when z = 0. Define ug(z) = (1 +
z)Y/2 — (1 + /2 — 2%/8). Then we have
1

(o) = 5[(1+2) 2~ 1+ 2/

_ %(1 +a) (L 2) Y2 — (14 22— 22/2)].

It has been shown in the proof above that (1 4 z)'/? — (1 + x/2) 4+ 22/2 > 0 for z > —1.
Thus u4(z) > 0 for z > —1. It follows that uz(z) <0 for —1 <z <0 and ug(z) > 0 for
x > 0. Now it remains to show that for z € [—1,0) U (0, c0),

uz(z) /2> < 3/8.

It is easy to show that

(us(w)>’ _ ua(x)

x3 2zt 7

where uy(z) = —5(1 4 2)Y/2 — (1 + )"/ + 20 — 22 /4 + 6.
Observe that

5 1
wy(@) == (L) 4 S +a) P 2 7

) 3 1
uy(z) = 1(1 +a)73/2 - 1(1 +2) 7% - 2

15
(@) = = a(l+2) 7T,
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uZ’( ) >0 for z € [-1,0), and u}'(z) < 0 for z > 0. Furthermore, »}(0) = 0 and thus
uwy(x) <0 for any z € [—1,0) U (0,00). In addition, u}(0) = 0 and thus u}(z) > 0 for
€ [-1,0) and u)(z) < 0 for z € (0,00). Since u4(0) = 0, it follows that us(x) < 0 for

any x € [—1,0) U (0, 00), which entails that

uz(x) 3

< =—.
= 23 =1 8

us(x)
23

Similay by taking derivatives, (A.62) can be proved. We omit its proof to avoid redundancy.
This concludes the proof of Lemma 7.

C.8. Lemma 8 and its proof.

LEMMA 8. IfE[| X||?] < oo, then we have
(A.63) E[W5] = By* (2[E[ X |* — (EI|IX[*)’] + 4E[(X X2)7]),
(A.64) E[W12Wi3] = B [E[ X" — (B X])?).

Proof. Define a1(X) = || X||? — E[|| X||?] and a2(X1, X2) = X{ X,. By the definition of
W19 and W73, we have

E[W] = B’E{ [a1(X1) + a1(X2) — 20&2(X1,X2)]2},
E[W12W13] :Bi2E{ [011 1) (X2) —20[2(X1,X2)] [al(X1)+a1(X3) —20&2(X1,X3)]}.
Since E[a1(X)] =0 and E(X) = 0, by expanding the products above we can deduce

I

E[W5] = By? (2E[af(X1)] + 4E[03 (X1, X2)))
(A.65) = B’ (2[EIIX|* - (B[ X[*)?] + 4E[(X{ X2)?])
and
(A.66) E[W12Wi3) = By’Elai(X1)] = B [E[| X ||* — (B[ X[*)?).

The desired result then follows immediately. This completes the proof of Lemma 8.
C.9. Lemma 9 and its proof.

LEMMA 9. IfE[|| X||*] < oo, then we have
E[W12W1sWasWay] — AE[W1oW1sWasWis] + 2(E[W12Wis])?
(A.67) = 16B 'E[(X] X, X2)%.
Proof. By the definition of W;;, we have
E[W12Wi3Waya W3]
= BY'E{[a1 (X1) + a1 (X2) — 202( X1, X2) ] [er (X1) + a1 (X3) — 202( X1, X3)]
x [on (X2) + o1 (Xy) — 202(X2, X4)| [ (X3) + o1 (Xy) — 2a2(X3, X4)] }-

Noting that E[a(X1)] =0 and E[X] = 0, it follows from expanding the above product and
the symmetry of X1, ---, Xy that

E[W12W13W24W34 4{2 X)])2 + 16E[a2(X17X2)a2(X1,X3)0z1 (Xg)al(X3)]
+ 16E[O&2(X1,XQ)O[Q(XLX3)Q2(X2,X4)052(X3,X4)]}.
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By the same token, we can deduce

E[W12W13WayWys)

= BY'E{ [a1(X1) + a1(X2) — 2aa(X1, Xo)] [a1(X1) + a1(X3) — 202(X1, X3)]

x [0 (X2) + o1 (X4) — 202(X2, X4)| [or (X4) + 01 (X5) — 2a2(X4, X5)] |,

= By (E[of(X)])? + 4E[o2 (X1, Xa) oz (X1, X3)on (X2) a1 (X3)] }.
Therefore, combining the above expressions with (A.66) results in

E[W12Wi3Way Way] — AE[W1o Wi WasWis] + 2(E[W12Wi3])?

=16 B Elas (X1, X2) (X1, X3)aa(Xa, X4)aa(X3, X4)] = 16 B E[(X] X, X2)?,
which concludes the proof of Lemma 9.

C.10. Lemma 10 and its proof.

LEMMA 10. For any random vectors X € RP and Y € RY satisfying E[|| X||*?] +
E[|Y]|'?] < oo, we have

VEX,Y)=0L+ 1+ I3+ I, + Is,

where

1
I, = ZB;(/QB;/2 (E[W12Vig] — 2E[W12Vi3]),

1
I,=-—BY*B}/? (E[Wi2V3] — 2E[Wia V] + E[WE Via] — 2E[WEVis)),

16
_ L e 371 3 37 3
Is = 25 Bx "By " (E[WiaVia] — 2E[WiViz] + E[VieWiy] — 2B[Vi2 W),
1 172 5172
1= o B By (BIW V] — 2E[WH V] + EIWLIEVA)).

Iy = O{ BY* By | (BIWal* VP (B|Vial )% + (E[Wa ) (B| Vizl*) 2/
+ (B|Wial?) /5 (E[Vi2[*)"/® + (B[Wr2[*) /> (B[ Via ")/
+ (E|W1 )2 (E[Vag|) 2] }.

Proof. We will conduct the Taylor expansion to V2(X,Y) = E[d(X1, X2)d(Y1, Y2)]. In light
of (A.16), some straightforward calculations lead to

VA(X,Y) = E[b(X1, X2)b(Y1, Y2)] — 2E[b(X1, X2)b(Y1, Y3)] + E[b(X1, X2)E[b(Y1, Ya)],
where b(X1,X,) = || X1 — Xo|| — BY? and b(Y3,Y3) = ||Y; — Ya|| — By/*. Define
Wij = B (I|Xi — X;|* = Bx) and Vi; = By (|Yi = Y;||* — By).

Observe that b( X, X2) = B;(/Q[(l + Wi2)'/2 — 1]. An application of similar arguments as
those in the proof of Proposition 2 by resorting to (A.62) in Lemma 7 yields

1 1
E[b(X1, X2)b(Y1,Y2)] = BYBY/ Q{ZE[WHVH] — < (EW12V) + E[W, Vi)
1 1
+ @E[szvfz] + 32
+ EWRIVE] +EIWHIVE] + B[ Wil Vi) |

(EW12V3b] + EWVia]) + O (B[ WaglVib] + E[Wiy | Via|
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By the same token, we can deduce that

1 1
E[b(X1, X2)b(Y1,Y3)] = BY?By/ Z{ZE[WQVB] 16 (E[Wi2VE] + E[WE Vi)

1 1
+ GZE[W122V123] + @(E[WHV%] + E[W132V13]) + O<]E[’W12Wé] + E[Wi5Vis]

+ EWEIVisl] + E[WizlV] + ElWial [Visf]) |
and

E[b(X, X2)JEb(Y:,Ya)) = BY By { TEOVAIEVE] + O (EIVAIE(Vial

+ E[WHIEVS]) |
Therefore, the desired decomposition follows from a combination of the above three repre-
sentations and the Cauchy—Schwarz inequality, which completes the proof of Lemma 10.
APPENDIX D: THEORETICAL RESULTS FOR THE CASEOF 1/2 <7 <1

D.1. Theory. In this section, we introduce our parallel results of Theorems 2 and 4
for the case of 1/2 < 7 < 1. When E[|| X||>"?7] + E[||Y]|*"?"] < cc for a larger value
of 7 with 1/2 < 7 < 1, the key ingredient is that higher-order Taylor expansions can be
applied while bounding E[g(X1, X2, X3, X4)]. We start with presenting the expansion of
E[g(X1, X2, X3, X4)] for 1/2 < 7 < 1. Let us define

G (X) = [E[(X] X2)2°X] 22X,]|, %(X) =E[||X1]*(X] . X2)?],
Z(X)=EXTXXT|22E[X X T X],

E[(XT5, X)) + B2 L&D 4 B 5 4(X)
(E[(XT X2)%)? '
We also have ¢ (Y),%(Y),%3(Y), and N (Y') that are defined in a similar way.

N, (X) =

PROPOSITION 4. [f E[||X||**47] < oo for some 1/2 < 7 < 1, then there exists some
absolute positive constant C' such that

|E[g(X1, X2, X3, X4)]|
(A.68) < C{BPE[(XTS, X)) + B 3, %(X) + BP0 L/ 04,

The proof of Proposition 4 is given in Section D.3. We can obtain the following central
limit theorem and the associated rate of convergence for the case of 1/2 < 7 < 1 by substi-
tuting the bounds in Propositions 1-2 and 4 into Theorem 3.

THEOREM 1. Assume that E[|| X ||*T47] + E[||Y ||***7] < oo for some 1/2 < 7 < 1 and

1
(A.69) By Lo jo/B[(XT X5)"] < 1,

_ 1
(A.70) By'L,, /9 JE[(XTX5)?) < 5
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Then under the independence of X andY, we have
sup [P(T,, <) — ®(z)|
z€eR

WLy Ly }1 /(3+27)

(A1) < c{ [N (X)N- (V)72 4
(E[(XT X2)2 B[] Y2)2) 7
The proof of Theorem 1 is provided in Section D.2. Theorem 2 below is a direct corollary
of Theorem 1.

THEOREM 2. Assume that E[|| X ||*T47] + E[||Y||***7] < oo for some 1/2 <7 <1 and
(20) holds as n — oo and p + q — oc. In addition, assume that (A.69) and N;(X) — 0 are
satisfied as p — oo, and that(A.70) and N-(Y') — 0 are satisfied as ¢ — co. Then under the
independence of X and 'Y, we have

T, % N(0,1).

D.2. Proof of Theorem 1. Note that (A.69), (A.70), and Proposition 2 entail that
(A.72) V2(X) > BY'E[(X] X2)%]/2 and V3(Y) > By 'E[(Y{ ¥2)%)/2,
which together with (A.68) leads to

[E[g(X1, X5, X5, X4)[Eg(Y1, Y2, Y3, Y4)]|

VXNV < NA(X)N-(Y).
It follows from Proposition 1 and (A.72) that
E[ld(X1, Xo) *F2T]E[d(Y1, Y2) 7] _ n "Ly Lyr
nT[V2(X)V2(Y)HT T (E[(XT X2)?|E[(Y{Y2)2]) T

Therefore, we can obtain the desired result (A.71) by Theorem 3, which concludes the proof
of Theorem 1.

D.3. Proof of Proposition 4 . It suffices to analyze the terms on the right hand side of
(A.24). Compared to Proposition 3, we assume higher moments and thus we can conduct
higher-order Taylor expansions for term (1 + W12)1/ 2,

Let us first deal with term G;. Denote by D; = {max(Wi2, W13, Way, W34) < 1} and DS
the complement of D;. Following the notation in the proof of Proposition 3, by (A.59) and
(A.61) we can deduce
1
8

1

W+ 0()(Wigl?)]

1 1
Gy = B§E<[§Wm — SWh+O)(IWia)] [3Wis -

x [3War — WA+ 0() (Waul®)] [5Was — gWh -+ O)(Waa )] 1{D1})

+ O(1) BXE[|[W12 W13 Was Wiy |1{ DS }].
By expanding the products and reorganizing the terms, it holds that
B2
Gy = Tg (IE[W12W13W24W34] — E[WE,WisWayWsa] + O(1)E[WEHW | WayWsa|1{D1 }]

+ O(WE[WE Wiy [WisWay|1{D1}] + O(1)E[|Wiz|?|W1sWasWss|1{ D1 }]

+ O(l)EHW12W13W24W34fl{Df}]) :
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Furthermore, if E[|| X ||4747] < oo for some 1/2 < 7 < 1, then an application of Chebyshev’s
inequality and the Cauchy—Schwarz inequality results in

[E[W Wi |WayWas|1(D1)]]
< E[[Wig M (WM [Way Way|]
= E{E[[Wia|""T[Wia| 7| X, X3]E[|WasWaa|| Xo, X3] }

+7

243 VE{ (B[ W3 |2+27) X)) 505 )

= E{(E[|W12]***7| X2])
< (E[|Waa[*27]) 2557 (B[|Was[2+27]) 2557 = (B[|Wia|2+27]) 157
By the same token, we can obtain
E[W W3y Wi3Waa[1(D1)] < E[[Waa|'™7[Waa| 47 Wi W]
2

< (E[[Wia 7)) 5,
E[|Wia|>|[Wi3WasWays|1(D1)] < E[|[Wia|' 27| W13 Way Wa4)]

247

< (E[[Waa[* 7)),

and

E[|W12W13Way W34 |1(DS)] < AR[|Wia|' 27 |[Wi3Way Wiay]]

247
<A(E[[Who7H27T)) 1

In consequence, it follows that

(A.73)

B2 247
Gi= Tg (E[W12W13W24W34] — EWi,WisWay W] + O(1)(E[[Wi2|*T27]) ) :
As for term G, let Dy = {max(Wia, W3, Way, Wys) < 1} and DS be its complement.
Similarly, by (A.59) and (A.61) we can obtain
_ B
64
2+

(A.74) — E[WiaWisWEWas] — E[WiaWisWag W] + O(1) (E[[Wia| 227 1 )

Go (4E[W12W13W24W45] — EWEWi3WoyWas] — B[W1o W WayWis)]

We now consider term G3. Define D3 = {max(Wja, Wi3) < 1} and Dj its complement.
Similarly, we can show that

| |
Gs = By (ZE[WHWB] — SEWEWis1{Ds}] + 0(1)52) ,

where 0y = E[WZ,WZ1{ D3} + E[|[W12a W |1{ D3} + E[|W12W13|1{ D5 }]. Note that when
E|| X ||**47 < oo for some 1/2 < 7 < 1, it follows from Chebyshev’s inequality that

82 - [E[W12Wis]| < E[[Wao| "7 [Wisg| T TIE[WiaWas ] + 3E[|Wia|[Wis| T |E[|[ Wi Wis|]

247

< A(E[Wi2T)) 5,

SoE[|[WEWis|] < AE[|Wia||[Wis |7 |E[|WEWis|] < 4(E[|Wia[>H27]) 57,
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03 < 3(E[WEHWEL(Ds)))” + 3(E[Wi2Wis|1(Ds)])? + 3(E[[Wi2Wis[1(D5)])

< 18(E[[Wia||Wis| 7)) < 18(E[|Wia[>+27]) 1,
E([Wro Wil B[ Wi Was|1(D5)] < El[WizWis ) (E[Wiz | Wasl*7] + E[[Wha| 7 Wis )

247

< 2(E[[Wig[*F7]) 5,

and
(EIWEW131(D3)])” < (E[WE|Wis|T])? < (B[ Wi *+27]) 5.

Thus we can deduce

2

B 247
(AT5) Gi= Tt)")( ((E[W12Whs])? — E[WiaWis|E[WWis] + O(1) (E[[Wia|* 7)) 147 ).

Then we deal with term AG4. Denote by Dy = {max(W2, Wiz, Wa4) < 1} and DY its
complement. By (A.59) and (A.60), we have for 1/2 < 7 <1,

Ga =B E{[(1+ Wip)Y2 — 1][(1 + Waz)Y/2 — 1][(1 + Waa) /2 — 1]}
= B?(ME{ [Wi2/2 + O(Wi5)][Wis/2 + O(Wi3)][Was /2 + O(W3,)]1(D4) }
+ O(l)EHWmWBWQzﬂl(Di)]

1
— BY? <§E[W12W13W24] +O(1) (B[|Wra [T [WisWas] + E[|W13|2T]W12W24|])) :

Moreover, it holds that
A = BY?E[(1+ Wip)/? - 1]
= B;(/QE[(WHQ — Wih/8+ O(1)(Wiy))1{Wip < 1}] + 0(1)B§(/2EHW12|1{W12 > 1}]
=By’ ( - éE[WEQ] +O(1) (E[[Wi2P1{Wiz < 1}] + E[|Wi2[*1{ W12 > 1}])).
Observe from (A.29) that for 1/2 < 7 <1, we have
E[|Wi2WisWaal] (E[[Wi2P1{W1a < 1}] + E[[W1a|*1{W15 > 1}]) < C(E[Wi,])* *E[[Wia|" 7]
< C(E[Wra )
and
(E[Wi2*T[WisWaa ] + E[[Wis [T [Wi2Waal]) (E[Wia| *L{Wi2 < 1}] + E[[Wia*1{W12 > 1}])
< (E[|W12|27|W13W24|] +]E[|W13\27|W12W24H)E[WEQ]
< 2(E[| Wi 7)) .
Hence it follows that
B%

(A.76) AGy = a( — E[WR]E[W12W13Wa4] + 0(1)(E[|W12|2+2T])%).

As for term A%G3, by (A.20) and (A.59) we have for 1/2 < 7 <1,
|A?G3| < OBXE[[Wha|*TTIE[[Wis W3]

247

(A.77) < OB% (E[|[Wyo|*T27)) 54+
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Note that (A.19) entails that
A4 < CB% (B[[Wia 1{Wia < 1}] + E[WE1{W)y > 1}])°

(A.78) < CBY (E[|Wia|**7))? < CB% (B[|[Wia[*27]) 5+
Finally, substituting (A.73)—(A.78) into (A.24) yields

B2 24T
(AT9)  EBlg(X1, X0, X5, Xa)] = T (E1 + Ba+ O()(E[Waa 7)),
where

Ey = E[WiaW13WoyWay] — AR[Wia W13 WoyWis] + 2(E[W12Wi3])?
and

By = —E[WiyWisWasWay] + E[WHW13WasWas] + E[W1o W Way Wis)
+ E[WioWis Wi, Was] + E[WiaWisWoa W] — 2E[WiaWis|E[WE W3]
(A.80) — E[WA]E[W1aW13Way).

By some algebra, we can obtain Lemma 11 in Section D.4. Recall that Bx = 2E[|| X ||?].
Then the equalities obtained above along with Lemma 9 lead to

Ey + B, =16By° (6E[||X|]2]E[(X1T Y. X))+ EXTX XTI R2E[X X T X]

+ 2E[(XT Xz)2XT T2 5] — 4B[| X |2(XT %, X2)?)).

Therefore, we can obtain the desired result (A.68), which completes the proof of Proposition
4,

D.4. Lemma 11 and its proof.

LEMMA 11. It holds that
By =16By° (E[XTXXT]ng[XXTX} + 2E[(XT X2)2 X122 X,]
(A8D) — 4E[|1 X3 |[2(XT 0 X0)?) + 4R[| X |ZE[(XT 20 X0)7)).
Proof. In view of the notation in the proofs of Lemmas 8 and 9, it holds that a;(X) =
| X112 — E[||X||?] and a2(X1, X2) = X{ Xo. Thus we have
Wi = B)_(l [051 (Xl) + Oél(Xg) — 2052(X1,X2)].
Then it follows that
E[WWi3WasWi)

- B)_(sE{ [al(Xl) + al(XQ) - 20l2<X17X2)]2 [Oél(Xl) + 041(X3) — 2(12(X1,X3)]

X [041 (XQ) + a1 (X4) - 2042(X2,X4)] [Oél (Xg) + 041(X4) - 20[2(X3, X4)] }

The idea of the proof is to expand the products. Since X, X9, X3, and Xy are i.i.d., we can
deduce

E[W W13 Was Wy
= B)}5(2D1 4+ 8Dy —20D3 — 16Dy — 8D5 + 24Dg + 32D7 + 16 Dg — 48Dg — 32D + 64D11),
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where

Dy =E[a}(X)]E[af (X)),

Dy = E[af(X)]E[a3 (X1, X2) a1 (X)),

Dy =E[af(X)]|E[aq (X1)an (X2)az (X1, X2)],

Dy =E[o (X3)az (X1, X3)a3 (X1, Xo)a1(X2)],

Ds = E[a3(X1, X2) Elon (X1) a1 (Xa)a2(X1, X2)],

Dg = E[a1(X3) (X1, X3)az (X1, X2)ai(X2)],

D7 =E[oo (X3, Xy)an(X1, X3)a1 (Xy) a3 (X1, Xo)],

Dy =E[or (X1)a(X2)a1 (X3)aa (X1, X3)az(X1, X2)],

Dy =E[ao(X3, Xg)a1 (Xyg)ao(X1, X3)aa (X1, Xo)ar (X2)],
D1 = Efoa (X3, X4)az(Xa, X4)aa(X1, X3)a3(X1, X2)],
D11 =Elae (X3, Xg)aa (X1, X3)ag(Xa, Xa)a1 (X1)ao (X1, X2)] |-

Similarly, we can show that
5

E[W2W13WasWis \ +4Dy — 8D3 — 8D, + 8Dg + 8Ds),
E[WioWEWasWis 5(Dy + 4Dy — 8D3 — 8Ds5 + 4Dg + 16 D7 — 16Dy),
E[ _

[

E[W1iaWisWas Wi
E[W12Wi3]E [W12W13 > Dy +4Dy —4Ds3),
E[WHIE[W12Wi3Way] = — By"(4Ds + 8Ds).

(D1 4 4Dy — 8D3 — 8D5 + 4Dg + 16 D7 — 16Dy),

|=Bx(D
] =By’(
WiaW1sW3 W) = By" (D1 + 4D2 — 8D3 — 8Dy + 8Dg + 8Ds),
J=Bx'(
J=Bx(
]

Thus by plugging the above equalities into (A.80), it holds that
By =16B%°(Dg + 2D19 — 4D11).
It is easy to see that
Dy =EXTXXT|22E[X XT X],
Dio = E[(X] X2)*X{ £3 X,
Dy = B[ X1 *(X{ 20.X2)%] — E[| X |*JE[(X{ 0.X2)?).

Therefore, we can obtain the desired result (A.81), which concludes the proof of Lemma 11.

APPENDIX E: CONNECTIONS BETWEEN NORMAL APPROXIMATION AND
GAMMA APPROXIMATION

For the test of independence based on the sample distance covariance, empirically one can
use the gamma approximation to calculate the limiting p-values. Huo and Székely (2016)
showed that under some moment conditions and the independence of X and Y, it holds that

nV(X,Y) —>Z)\ (Z2 -1),

n—oo
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where {\;}i>1 are some values depending on the underlying distribution and {Z,};>; are
ii.d. standard normal random variables. In practice, it is infeasible to apply this limiting
distribution directly and thus the gamma approximation can serve as a surrogate. By Huang
and Huo (2017), it follows that

o0 o
Yo A=E[X - X'JE[lY —Y’[] and Y AP =VAXO)VA(Y),
i=1 i=1
and hence ) 2, X\i(Z? — 1) can be approximated by a centered gamma distribution

L(B1,B2) — BBy ! where the shape and rate parameters 3 and 5 are determined by match-
ing the first two moments. To this end, we define

g (ZEAN)° (B — XY — 7))
Y S VA 2V2(X)V2(Y)

i=1""

and

By = i A E[IX - X'E(Y — Y]]
2T 2@ A2 2V2(X)V2(Y) '

i=1""

For a simple illustration, let us consider a specific case when both X and Y consist of i.i.d.
components. Then it holds that E[|| X — X'||] = O(i/i)) and E[||Y — Y'||] = O(/p). More-
over, it follows from Proposition 2 that V(X ) and V*(Y") are bounded from above and below
by some positive constants, which entails that 8; = O(pq) and 1 — oo as max{p, ¢} — oc.
Recall the fact that the gamma random variable can be represented as a sum of certain i.i.d.
exponential random variables. Thus by the central limit theorem, we have

T(B1,B2) — 1By

\/ B1B3

as max{p,q} — oc. Since 13, % = 2V?(X)V?(Y) and Lemma 1 has provided the consis-
tency of V¥(X) and V;(Y"), it holds that

4 N(0,1)

]P(Tn<x):1p< n(n—1) Vi(X)Y) )

- 2 )
- < nVi(X,Y) x)zﬂ)<r(ﬁl’ﬁz)_ﬁlﬁ21§x>

2V2(X)V2(Y) o5, 2

where ®(x) stands for the standard normal distribution function. Therefore, the gamma ap-
proximation for n)V*(X,Y) may be asymptotically equivalent to the normal approximation
to T}, under certain scenarios. It is worth mentioning that the above analysis intends to build
some connections between the normal approximation and the gamma approximation, but is
not a rigorous proof. A rigorous theoretical foundation for the gamma approximation still
remains undeveloped.

IN

— ®(z),

APPENDIX F: ASYMPTOTIC NORMALITY OF Tg

An anonymous referee asked a great question on whether similar asymptotic normality
as in Theorem 1 and associated rates of convergence as in Theorem 3 hold for the studen-
tized sample distance correlation 7. The answer is affirmative as shown in the following
proposition.
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PROPOSITION 5. Under the same conditions of Theorem 1, we have T 4 N(0,1).

Moreover, under the conditions of Theorem 3, the same rate of convergence as in (21) holds
for Tg.

Proof. By Lemma 1, we have V*(X)/V?(X) % 1 and V*(Y)/V?(Y) 5 1 under condition
(18). In addition, it follows from (A.50) and Lemma 5 that for 0 < 7 <1,

E[|V;(X,Y) = VA(XY)["7] < Cn 7 [E(d(X1, Xo) P27 E(ld(Y, Yo)[427)] 2.
Hence under condition (18), it holds that

H V* X Y R2(X7Y)‘1+T]

VV2(X)WV2(Y

e ( £ qd(Xl’X2>|2“T>E<Id<Y1,Y2>\2+27>] )1/2 0.

—nT/2 nT[V2(X)V2(Y)]1+T
This entails that ﬁ(%’;)m B R2(X,Y) and thus R (X,Y) & R2(X,Y) as well. Under

the null hypothesis, it holds that R?(X,Y) = 0 and hence R*(X,Y) 2 0. In light of the
definition of 77}, it holds that
n(n—3) —2

Tp="T, - - .
R n(n—1) 1-R:(X,Y)

By Theorem 1, we have T, AN (0,1). As a consequence, under the conditions of Theorem

1, it holds that T 3 N(0,1) as well.
Next we proceed to show that the rates of convergence in Theorem 3 also apply to T'r. It
follows from the definitions of 7,, and T’k that for = > 0 (similar analysis applies for = < 0),

n(n—1)
P<TR>$):P<T”>“T'\/2x2+n(n—3)—2>‘

Thus it holds that for z > 0,
[P(Tg >x) —[1 — @(z)]|

<l a) - Dol )
oo )] oo

Note that the first term on the right hand side of the above inequality is bounded by the
convergence rate in Theorem 3. As for the second term, observe that when 0 < x < cn for
some small constant ¢ > 0, we have

n(n—1)
T - —x
2224+ n(n—3)—2
222 —2n — 2
22 +n(n—3)—2

+

xT

n(n—1)
L+ 222 4+n(n—3)—2

202 —2n —2 x 1
v 2x2—|—n(n—3)—2‘20{x(712+n)}'
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By the properties of normal distribution function, we can obtain that for 0 < z < ¢n,

).

When 2 > cn, it is easy to see that 1 — ®(x) < e~*"/2 < Cyn~"! for some constant C' > 0
depending on c. In addition, it holds that

(A.82) [1 —® <x "\ 222 fi?n__l;)a) - 2)} — %@ = O(%

n(n—1) _ n(n—1)
202 +n(n—3)—2 2+n(n—3)/x? —2/2?

> an,

where C2 > 0 is some constant depending on c. Then it follows that for some positive con-
stant C'3 depending on c,

n(n—1) 1
1-&(z- < .
(x 2x2+n(n—3)—2> < Csm

Thus (A.82) still holds for the case of > cn. In view of the convergence rate in Theorem 3,
it is easy to see that O(%) is of a smaller order. Finally, we obtain that the same convergence
rate as stated in Theorem 3 also applies to T'r, which completes the proof of Proposition 5.
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