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Determining the precise rank is an important problem in many large-
scale applications with matrix data exploiting low-rank plus noise models. In
this paper, we suggest a universal approach to rank inference via residual sub-
sampling (RIRS) for testing and estimating rank in a wide family of models,
including many popularly used network models such as the degree corrected
mixed membership model as a special case. Our procedure constructs a test
statistic via subsampling entries of the residual matrix after extracting the
spiked components. The test statistic converges in distribution to the stan-
dard normal under the null hypothesis, and diverges to infinity with asymp-
totic probability one under the alternative hypothesis. The effectiveness of
RIRS procedure is justified theoretically, utilizing the asymptotic expansions
of eigenvectors and eigenvalues for large random matrices recently devel-
oped in [11] and [12]. The advantages of the newly suggested procedure are
demonstrated through several simulation and real data examples.

1. Introduction. Matrix data have been popularly encountered in various big data ap-
plications. For example, many science and social applications involve individuals with com-
plicated interaction systems. Such systems can often be modeled using a network with nodes
representing the n individuals and edges representing the connectivity among individuals.
The overall connectivity can thus be recorded in an n x n adjacency matrix whose entries are
zeros and nonzeros, representing the corresponding pair of nodes unconnected or connected,
respectively. Examples include the friendship network, the citation network, the predator-
prey interaction network, and many others.

There has been a large literature on statistical methods and theory proposed for analyzing
matrix data. In the network setting, the observed adjacency matrix is frequently modeled
as the summation of a latent deterministic low rank mean matrix and a random noise matrix,
where the former stores all useful information in the data and is often the interest. One popular
assumption is that the rank K of the latent mean matrix is known. However, in practice,
such K is generally unknown and needs to be estimated. This paper focuses on estimation
and inference on the low rank K in a general model setting including many popularly used
network models as special cases.

In our model, the data matrix X can be roughly decomposed as a low rank mean matrix
H with K spiked eigenvalues and a noise matrix W whose components are mostly indepen-
dent. Here, K is unknown and allowed to slowly diverge with n. To infer K with quantified
statistical uncertainty, we propose a universal approach for Rank Inference by Residual Sub-
sampling (RIRS). Specifically, we consider the hypothesis test

(D) Hy: K=Kg vs. Hi: K > K
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with Ky some pre-specified positive integer. The spiked mean matrix with rank K can be es-
timated by eigen decomposition, subtracting which from the observed data matrix yields the
residual matrix. Then by appropriately subsampling the entries of the residual matrix, we can
construct a test statistic. We prove that under the null hypothesis, the test statistic converges in
distribution to the standard normal, and under the alternative hypothesis, some spiked struc-
ture remains in the residual matrix and the constructed test statistic behaves very differently.
Thus, the hypothesis test in (1) can be successfully conducted. Then by sequentially testing
the hypothesis (1) for Ko =1, .-, Kihax With K.« some large enough positive integer, we
can estimate K as the first integer that makes our test fail to reject. We provide theoretical
justifications on the effectiveness of our procedure. We show that the size of our test tends
to the desired level o as sample size increases, and establish conditions under which the
power approaches one asymptotically. We also show that the sequential procedure correctly
estimates the true rank with probability tending to 1 — « as network size increases.

A key to RIRS’s success is the subsampling step. Although the noise matrix W has mostly
independent components, the residual matrix is only an estimate of W and has correlated
components. Intuitively speaking, if too many entries of the residual matrix are sampled,
the accumulated estimation error and the correlation among sampled entries would be too
large, rendering the asymptotic normality invalid. We provide both theoretical and empirical
guidance on how many entries to subsample. In the special case where the diagonals of the
data matrix X are nonzero independent random variables (which corresponds to selfloops
in network models), a special deterministic sampling scheme can be used and the RIRS test
takes a simpler form.

The structure of low rank mean matrix plus noise matrix is very general and includes
many popularly used network models such as the Stochastic Block Model (SBM, [14, 25,
1]), Degree Corrected SBM (DCSBM, [17]), Mixed Membership (MM) Model, and Degree
Corrected Mixed Membership (DCMM) Model [3] as special cases. RIRS procedure and the
theory established in this paper are applicable to all these network models and go beyond
them. In network model settings, RIRS can accommodate sparse networks and allows for
extreme degree heterogeneity.

Substantial efforts have been made in the literature on estimating K in some specific net-
work models, where K is referred to as the number of communities. For example, [22] pro-
posed an MCMC algorithm based on the allocation sampler to cluster the nodes in SBM
and simultaneously estimate K. [3] developed a general variational inference algorithm to
estimate the parameters in MM model with K chosen according to some BIC criterion. [15]
considered testing (1) with Ky = 1 and proposed a signed polygon statistic which can ac-
commodate the degree heterogeneity in the DCMM model. [13] proposed EZ statistics con-
structed by “frequencies of three-node subgraphs” to test (1) with Ky = 1 in the setting of
DCSBM. [5] introduced a linear spectral statistic to test Hy : K =1 vs. H; : K = 2 under
the SBM. [16] proposed a stepwise goodness-of-fit test for estimating K under DCSBM.
[27] suggested an adjusted chi-square test to address the goodness-of-fit testing and model
selection problem for DCSBM. Compared to these works, we consider more general model
and general positive integer K that can be larger than 1.

There is also a popular line of work using likelihood based methods to estimate K. For
example, [10], [18], [24], and [26], among others. [8] introduced a universal singular value
thresholding procedure for the matrix estimation which can be applied to estimate K. [9]
proposed a network cross-validation method for estimating K and proved the consistency
of the estimator under SBM. The cross-validation idea was also explored in [21] under the
widely used inhomogeneous Erdos-Renyi model with low rank mean matrix via edge sam-
pling. [19] proposed to estimate K using the spectral properties of two graph operators — the
non-backtracking matrix and the Bethe Hessian matrix. [28] proposed to sequentially extract
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one community at a time by optimizing some extraction criterion, based on which they pro-
posed a hypothesis test for testing the number of communities empirically via permutation
method. [7] proposed a new test based on the asymptotic distribution of the largest eigenvalue
of the appropriately rescaled adjacency matrix for testing whether a network is Erdos Renyi
or not, and suggested a recursive bipartition algorithm for estimating K. [20] generalized
the test in [7] for testing whether a network is SBM with some specific K, and proposed a
sequential testing idea to estimate the true number of communities.

Among the existing literature reviewed above, the works by [7] and [20] are most closely
related to ours. The main idea in both papers is that under the null hypothesis of SBM with
K communities, the model parameters can be estimated and the residual matrix can be cal-
culated and appropriately rescaled. The rescaled residual matrix is close to a generalized
Wigner matrix whose extreme eigenvalues (after recentering and rescaling) converge in dis-
tribution to the Tracy-Widom distribution. However, under the alternative hypothesis, the
extreme eigenvalues behave very differently. At a high level, this idea is related to ours in the
sense that our proposal is also based on the residual matrix.

RIRS test differs from the literature in the way of using the residual matrix. Instead of
investigating the spectral distribution of the residual matrix, we construct RIRS test by sub-
sampling just a fraction of the entries in residual matrix. The subsampling idea ensures that
the noise accumulation caused by estimating the mean matrix does not dominate the signal
which guarantees the nice performance of our test. Compared to the existing literature, RIRS
test behaves more similarly to a nonparameteric test in the sense that there is no assumption
on specific structure of the low rank mean matrix. Yet, it is also simple and fast to implement.
Our asymptotic theory is also new to the literature. It is built on the recent developments
on random matrix theory in [11] and [12], which establishes the asymptotic expansions of
the eigenvalues and eigenvectors for a very general class of random matrices. This powerful
result allows us to establish the sampling properties of RIRS test in equally general setting.

The remaining of the paper is organized as follows: Section 2 presents the model setting
and motivation for RIRS. We introduce our new approach and establish its asymptotic proper-
ties in Section 3. Simulations under various models are conducted to justify the performance
of RIRS in Section 4. We further apply RIRS to a real data example in Section 5. Additional
simulation examples and all proofs are relegated to the Appendix and the Supplementary
material.

1.1. Notations. We introduce some notations that will be used throughout the paper. We
use a < b to represent a/b — 0 and write a < b if there exists a positive constant ¢ such that
0 < a < cb. For a matrix A, we use \;(A) to denote the j-th largest eigenvalue, and ||A||f,
|A||, and ||A||oo to denote the Frobenius norm, the spectral norm, and the maximum elemen-
twise infinity norm, respectively. In addition, denote by A (k) the kth row of the matrix A.
For a unit vector X = (1,---,2,)7, let d; = ||X||o0 = max |z;| represent the vector infinity
norm.

2. Model setting and motivation.

2.1. Model setting. Consider an n X n symmetric random matrix X admitting the fol-
lowing decomposition

2) X=H+W,

where H = E(X) is the mean matrix with unknown rank K < n and W is the noise matrix
with bounded and independent entries on and above the diagonals. In network applications,
the observed matrix X is the adjacency matrix and can be either X or X — diag(X), with
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the former corresponding to network with selfloops and the latter corresponding to network
without selfloops, respectively. An important and interesting question is inferring the un-
known rank K, which corresponds to the number of communities in network models. We
address the problem by testing the hypotheses (1) under the universal model (2).

We note that with some transformation, model (2) can accommodate nonsymmetric matri-
ces. In fact, for any matrix X that can be written as the summation of a rank K mean matrix
and a noise matrix of independent components, we can define a new matrix as

(2 3):

It is seen that this new matrix has the same structure as in (2) with rank 2K, and our new
method and theory both apply. For simplicity of presentation, hereafter we assume the sym-
metric matrix structure for X and X.

Write the eigen-decomposition of H as VDV, where D = diag(dy, ...,df) collects
the nonzero eigenvalues of H in decreasing magnitude and V = (vy,--- ,v) is the ma-
trix collecting the corresponding eigenvectors. Denote by dl, e d the eigenvalues of X in
decreasing magnitude and ¥y, --- ,V,, the corresponding eigenvectors. We next discuss the
motivation of RIRS.

2.2. Motivation. To gain insights, consider the simple case when the observed data ma-
trix X = X and follows model (2). It is seen that EW = 0. Intuitively, as n — oo, the
normalized statistic Zz 1 Wii/ \/22 1 Ew? converges in distribution to standard normal.

Meanwhile, we expect Z Ew?/ Z w? to converge to 1 in probability as n — oo. These two
=1 =
results entail that

i1 Wii
® e
=1 "4
is asymptotically normal as the matrix size n — oo.
In the ideal case where the eigenvalues di,--- ,dx and eigenvectors vy, ---, Vi are
known, a test of the form (3) can be constructed by replacing w;; with w;; where W =

(W) =X — E et dkvkvk Under the null hypothesis, W =W and the corresponding test
statistic (constructed in the same way as (3)) is asymptotically normal. However, under the

alternative hypothesis, W still contains some information from the K — K smallest spiked
eigenvalues and the corresponding eigenvectors and the test statistic is expected to exhibit
different asymptotic behavior. Thus, the hypotheses in (1) can be successfully tested by us-
ing this statistic.

In practice, the eigenvalues and eigenvectors of H are unavailable and need to be esti-
mated. A natural estimate of W takes the form

(4) ‘/7\\7 wz] Z deka

Under Hy, the residual matrix W is expected to be close to W, which motivates us to con-
sider test of the form

n n ..
5) T, = Z L w”2
Zz 1 Wi
Intuitively, the asymptotic behavior of the above statistic should be close to the one in (3).

Thus, by examining the asymptotic behavior of T, we can test the desired hypotheses. We
will formalize this intuition in a later section.
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The statistic in (3) is constructed using only the diagonals of W. In theory, the asymp-
totic normality remains true if we aggregate any randomly sampled entries of the matrix
W (instead of just the diagonals) and normalize properly, as long as the sampling size is
large enough, thanks to the independence of the entries on and above the diagonals of W.
However, this does not translate into the asymptotic normality of the test based on W for
at least two reasons: First, in applications absence of selfloops, the observed data matrix X
takes the form X — diag(X) and thus W estimates W — diag(X) which has nonrandom
diagonals. Corls\equently, test constructed using diagonals of W becomes invalid. Second,
the entries of W are all correlated and have errors caused by estimating the corresponding
entries of W. Aggregating too many entries of W will cause too much noise accumulation.
This together with the correlations among 1;; makes the asymptotic normality of the cor-
responding test statistic invalid. This heuristic argument is formalized in a later Section 3.6.
Thus to overcome these difficulties, we need to carefully choose which and how many entries
to aggregate. These issues are formally addressed in the next section.

3. Rank inference via residual subsampling.

3.1. A universal RIRS test. A key ingredient of RIRS is subsampling the entries of W.
Specifically, define i.i.d. Bernoulli random variables Y;; with P(Y;; =1) = % for1 <i<
7 <n, where m is some positive integer diverging with n at a rate that will be specified later.
In addition, set Y;; = Y;; for 7 < j. A universal RIRS test that works under the broad model
(2) takes the following form

VMY Wi Y

V2 iy 0

The effect of m is to control on average how many entries of the residual matrix to aggregate
for calculating the test statistic. It will be made clear in a moment that n2 /m needs to grow to
infinity in order for the central limit theorem to take effect. However, the growth rate cannot
be too fast because otherwise the noise accumulation and the correlation in ;; would make
the asymptotic normality invalid.

The following conditions will be used in our theoretical analysis.

(6) T, =

CONDITION 1. W is a symmetric matrix with independent and bounded upper triangu-
lar entries (including the diagonals) and Ew;; = 0 for i # j.

CONDITION 2. For1<i< j <K, if|d;| # |d;|, there exists a positive constant cq such

that ‘dil > 1+ cp.
Id;|

CONDITION 3. There exists a positive sequence 0, which may converge to 0 as n — 00,
such that aiz = var(w;;) < 0, and ax \hii| < Op. In addition, max{nf,,logn} < a? =

max Z o*l], ldi| 2 k)g{xoi?gn)/ and ‘dK‘ > (logn)'™*< for some positive constants e, €.
=
CONDITION 4. ||V s < ﬁ

CONDITION 5. It holds that Z# j (7 . > m. In addition, for some small positive constant
€1 < € with € the constant in Condition 3

K (1T« \2
1 1
E a 2 (logn)© (nZk_l( Vi) +ai(logn)2+—n —|—7n On (ggn) )
Py m m mdi,




CONDITION 6. The true rank satisfies that K < O(loglogn).

With the above conditions, Theorem 3.1 below provides the asymptotic null distribution
of RIRS test and Theorem 3.2 establishes the asymptotic alternative distribution.

THEOREM 3.1. Assume Conditions 1-6. Under null hypothesis in (1) we have
7) T, % N(0,1), as n — oc.
THEOREM 3.2. Assume Conditions 1-6 and the alternative hypothesis in (1). If

K
SO devilivi()* <ol

i#] k=Kot i

then as n — oo,
K . )
v m Zi;ﬁj Zk:KOJrl dk:Vk:('L)Vk(])Yij d

— N(0,1).
V22 0

®) T,

In addition, if

K K
) S ded viliyvi@G) | >Vm | D oi+VE—Ko Y dil |,
i#]

we have
(10) P(|T,| >C)—1, asn— oo

for arbitrarily large positive constant C.

The result in (8) guarantees that if Ef:KDH dy, Zi# vi(i)vi(j)Yi; is non-negligible

compared with | /2m=13%", 4 12)%, then our test has non-vanishing power. If in addition, the

asymptotic mean is large enough such that (9) is satisfied, then the asymptotic power can
reach one. The results on asymptotic size and power of RIRS test are formally summarized
in the following Corollary.

COROLLARY 1. Under the conditions of Theorem 3.1, we have

lim P(|T,| > ® (1 — a/2)|Hp) = o,
n—oo

where ®~1(t) is the inverse of the standard normal distribution function, and o is the pre-
specified significance level. Alternatively under the same conditions for ensuring (10), we
have

lim P(|T,| > ® 11— «/2)|Hy) = 1.
n—oo

3.2. Remarks on the conditions. Random matrix satisfying Condition 1 is often termed
as generalized Wigner matrix in the literature. Condition 2 allows for eigenvalue multiplicity
and requires that there is enough gap between distinct eigenvalues. The constant cy can be
replaced with some slowly vanishing term such as (logn)~! and our main results will still
hold with relevant conditions updated accordingly.
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Condition 3 constraints that the nonzero eigenvalues of the low rank mean matrix
should have enough spikiness. The two constraints |d| > o2 (loglogn)™¢ and |df| >
o (logn)+€ in Condition 3 are imposed for controlling the noise accumulation in our test
caused by estimating w;;. The second constraint is a signal strength condition commonly im-
posed in random matrix theory literature; see [4], [6] and [23], among others. The logarith-
mic factor, (logn)'*¢, measures the gap between the signal (spiked) eigenvalue and the noise
eigenvalue, and is hard to be removed completely because otherwise the sample eigenvector
would depend on the noise matrix W in a complicated way that is not useful for statistical
inference. The first constraint can be satisfied by many network models with low rank struc-
ture. To see this, note that if X;;, j >4 > 1 follows Bernoulli distribution and h;; ~ 6,, with

max; ; hij <1, then a% ~ nb,. Since h;;’s and 0'2-2]-’5 are the means and variances of Bernoulli

random variables, respectively, we have h;; ~ a?j ~0p and |H|p={3_,; hgj}l/ 2~ nb,.

Note also that |[H|r = {3°X | d?}1/2. Assuming that K is finite and dy ~ d, these results
together with a2 ~ nf,, derived earlier ensure that |dx | > o2 (loglogn)~ is satisfied.

Condition 5 characterizes what kind of m can make RIRS succeed. More detailed discus-
sion on the choice of m will be given in Section 3.3. Condition 6 allows the rank K to grow
with network size n.

Condition 4 is a technical condition needed for proving key Lemmas 2-3. We remark that
it can hold under extreme degree heterogeneity in network models. The following example
is used to illustrate this point.

EXAMPLE 1. Consider DCSBM with K = 2 where mean matrix takes the form
(11) H = O®IIBII'®.

Here, B is a 2 x 2 nonsingular matrix with diagonals 1 and off diagonals taking a constant
value in [0,1), © is a diagonal matrix with the first n/2 diagonal entries taking the same
value Y1 > 0 and the remaining diagonal entries taking the same value 95 > 0, and II €
R™*2 has the first n/2 rows equal to (1,0) and the remaining ones equal to (0,1). Here,
for simplicity we assume n is an even number. It is seen that the first n/2 nodes belong
to community 1 and share the common degree parameter 191, and the remaining belong to
community 2 and share the common degree parameter ¥s. Since the population eigenvector
vi, k=1,2 satisfies

OIIBII Ov), = A\, vy,

we see that vy, takes the form (a; 12/2, as 12/2)T with 1, /5 € R™?2 avectors of I'’s and a; and

ay two constants. Since ||vi||2 =1, it follows that max{|a1|,|az|} < ﬁ and thus Condition

4 holds regardless of the values of V1 and Vs.

3.3. Choice of m. It is seen from the previous two theorems that the tuning parameter
m plays a crucial role for RIRS to achieve the desired size with power tending to one. Con-
dition 5 provides general conditions on the choice of m for ensuring the null and alternative
distributions in (7) and (8). For (10) to hold, we also need the additional assumption (9). In
some special cases, these conditions boil down to simpler forms which can provide us more
specific guideline on the choice of m.

As an example, we consider the special case

logn)® min o2 > max o2
( g ) ikj ljwi#j i

K
(12) for Ko <K, Y o5, S| > de Y _vi(i)vi(s)|, and |da| S nby,
i#j k=Ko+1  i#j
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where § < € is some small positive constant with € the same as in Condition 3. The first
condition above is for guaranteeing both the asymptotic size and power results, while the
remaining two conditions will be only used for verifying (9) which is only needed in es-
tablishing the power results. In network models, the (log n)5 factor in the first condition of
(12) is related to degree heterogeneity. For very extreme degree heterogeneity, we may have
mMax;; 01.2]- /min;z; afj diverge at some polynomial rate of sample size. We remark that sim-
ilar results can be derived using identical proof idea for Theorem 3.3 with some technical
conditions appropriately modified.

We next discuss some more specific network models which can give us more insights
on the three conditions in (12). Consider the same DCSBM in (11) except that @ =

diag{?1,--- , ¥, } withd; >0, j =1,--- ,n the degree parameters. Assume max; ;{9;9;bc,c,

is bounded away from 1 by some constant, where C; € {1,2} is the membership for node
i, and by € (0,1] is the (k,l) entry of matrix B taking constant values. Then we have
U% ~ hij = 9;0;bc,c, because the entries of X have Bernoulli distributions. It is seen that
the ratio max;; afj/ min,z; a?j ~ max;.;(¥;9;)/ min;x; (¥;9;). Thus, the first condition
in (12) is satisfied if max; v,/ min;¥; < +/(logn)?. It is also straightforward to see that
0, = max; j{¥;0;bc,c,} and |dy| ~ [[H| r < nmax; j{9;9;bc,c, }. Thus, the last condition

|d1| < by, in (12) holds. The second condition reduces to ;. o2 < |do > iz V(i) va(j)

1j ~
in this model setting. Since >, a?j < n? max;2;{9;9,bc,c, }, the second condition is sat-
isfied if n2 max;.; 9:0;be,c, < ‘dg i vQ(i)vz(j)‘.
The next theorem specifies what kind of m satisfies the two inequalities in Condition 5
and (9).

THEOREM 3.3.  Set 0, = max;; afj. Assume (12) and Condition 3, and let €1 € (0,¢€)
be some small constant. Then m satisfying the following condition

(13) 61 (logn)’ T4 K +n710%(logn)® 22+ (loglogn)? < m < (n/K)*0,(logn)~%

makes Condition 5 and inequality (9) hold. Consequently, (7) and (10) hold under Conditions
14 and 6. Moreover, a sufficient condition for (13) is n(logn) 2+ 2(loglogn) 2 K <«
m < nK~2(logn)2~9+2(loglogn)? under Conditions 1—4.

It is seen that Theorem 3.3 allows for a wide range of values for m. In theory, any m
satisfying (13) guarantees the asymptotic size and power of our test. In implementation, we
found smaller m in this range yields better empirical size. It is also seen from (13) that
RIRS works with sparse networks. In fact, the only sparsity condition imposed by (13) is that
0,, > n~K3/2(logn)?+9+</2_ Our sparsity condition is weaker than many existing ones in
related work in the literature. In particular, both [7] and [20] considered dense SBM with 6,,
bounded below by some constant.

We remark that sparse models have been considered in the network literature, though
mostly in estimation instead of inference problems. For example, [26] proposed a model se-
lection criterion for estimating K under the sparse setting of SBM with n8,, / logn — oo. [19]
established the consistency of their method for estimating & under the setting né,, = O(1).
We consider the statistical inference problem of hypothesis testing, which involves more del-
icate analyses for establishing the asymptotic distributions of the test statistic.

3.4. A special case: networks with selfloops. We formalize the heuristic arguments in
Section 2.2 about the ratio statistic 7}, in (5) when the network admits selfloops. In such a

case, the general test (6) still works. However, the simpler one 7}, can enjoy similar asymp-
totic properties without the trouble of choosing m.

—



RANK INFERENCE 9

THEOREM 3.4. Suppose that Conditions 1-4 and 6 hold, the network contains selfloops
and \/Y 1, 0% > (logn)**< for some positive constant €.
(i) Under null hypothesis we have
(14) T, % N(0,1), as n — oc.
(ii) Under alternative hypothesis, if further Z?:l(Z{f:KOH dpvi(i))? < S o2, we
have
K
~ _ d
(15) Tn—%ﬁljimo,m, as n— oo.
> i Wy
In addition, if | Y 1 di|? >3 0+ 30 (S ko1 V(D)2 then
(16) P(|Ta| > C) — 1,

for arbitrarily large positive constant C.

It is seen that with the same critical value ® (1 — «/2), T, enjoys the same asymptotic

properties on size and power as T,. In addition, since the construction of 7}, does not depend
on any tuning parameter, the implementation is much easier.

3.5. Estimation of K. RIRS naturally suggests a simple method for estimating the rank
K. The idea is similar to the one in [20]. That is, we sequentially test the following hypotheses

Hy: K=Kg vs. Hi:K > K,

for Ko =1,2,..., Kihax at a given significance level « € (0,1) using RIRS. Here, K pax is
some prespecified positive integer that should be larger than the true rank. In the application,
we may select Kyax = |Cloglogn| with some positive constant C. Once RIRS fails to

reject a value of K, we stop and use it as the estimate of the rank. Denote by K our resulting
estimate.

COROLLARY 2. Suppose there exists some positive constant §, such that

K K
0D | Y a S vl miog?n | S0t 4 VE Ko Yl

k=Ko+1  i#j i#] k=Ko+1
holds for all Ky < K. Under the conditions of Theorem 3.2, we have
P(K=K)—1—oa.

REMARK 1. The additional condition (17) ensures that the estimation procedure rejects
all Ko < K with asymptotic probability 1 even when K diverges.

REMARK 2. Our numerical studies suggest that the RIRS based sequential testing ap-
proach may underestimate K when the network is very sparse or the signal strength is very
low; see simulation results in the Supplementary material. To improve the estimation accu-
racy, we propose to add a penalty on underestimation to |T,| as follows

. max; S X;q|1/2
(18) \Tn|:|TnH—| 125 X

|di,| = ldr 1]

Then we implement our estimation procedure identically with |Ty,| replaced with |Ty,|. It is
easy to show that Corollary 2 still holds. The intuition is that the penalty term in (18) tends
to zero with asymptotic probability one when Ky = K, and provides a positive penalty when
Ky < K. This modified test is useful for increasing the estimation accuracy, especially when
K is large, as demonstrated in Table S.3 in the Supplementary file.
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3.6. Networks without selfloops: why subsampling?. In this section, we formalize the
heuristic arguments given in Section 2.2 on why sub-sampling is necessary. We theoretically
show that 7, is no longer asymptotically normal under Hy without the ingredient of sub-
sampling. For technical simplicity, we constraint ourselves to the setting of finite X and no
eigenvalue multiplicity in this subsection.

We start with introducing some additional notations that will be used in this subsection.
For any matrices M; and My of appropriate dimensions, let

XL: MTEW!M,

(19) R(M17M27t) = - tl+1 )

1=0,l#1
where L = |logn|. By Lemma 6 and Theorem 1 of [11], for each k =1, --- , K, there exists

a unique deterministic ¢ such that 3—’; —1lasn— oo and dy — tj = A4 va + 0 (‘d ‘)
Define

-1
bl i =l = Rlei, Vo) (D) + RV, Vo t)) - VT,
n
Ski =Dbe, k1, —€ ViVE, Sk= Y Ski, S(i) = €] s,
=1
and 1y = \f—k(tk]:):]l€ - I)ilvj_ﬂkEWQVk,

where V _j, is the submatrix of V by removing the k-th column, and we slightly abuse the
notation and use D_j to denote the submatrix of D by removing the kth diagonal entry.
Further define a, = " ; vi (i), k=1,--- , K and

K .1 2 K 2

1'EW*4v,a a?>vIEW?2v
(20) R(K):QE TM_QE Md—kk
k=1 k=1

1Trk

K K
+ Z vi diag(W)vyai + 2 Z axs} diag(W)vy + 2 Z ar
k=1

t
k=1 k

We have the following theorems.

THEOREM 3.5. Suppose that Conditions 1—4 hold with no eigenvalue multiplicity, and
2D

Ko Ko 2 n2a2
> oh (1 = apvie(@vie(d) = Y ak (Vk(j) k(1) + vi(i)s k(]))) > (logn)ote (”+ . )v
i<j k=1 k=1

for some positive constant €1.Under null hypothesis, as n — oo, we have

> wij + R(Ko)
i#] 4

N(0,1).

Ko KO 2
J > o2 (1 = > aivi(i)vi(j) — 3 ak (vi(5)sk(i) + vi(i )%(])))
1<J k=1 k=1

THEOREM 3.6. Suppose that Conditions 1-4 hold with no eigenvalue multiplicity. In
addition, assume (21) holds with Ko and dg, replaced with K and dg, respectively. Under
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alternative hypothesis, as n — oo, we have

K
S+ RE)— Y dgad
i#j k=Ko+1

4 N(0,1).
K 2
\IZ%<1—Zam()Vk() 2 o (Vs <>+vk<>k<y>)>

1<)

It is seen from Theorems 3.5 and 3.6 that aggregating all entries of the residual matrix
leads to a statistic with bias and variance taking very complicated forms under both null
and alternative hypotheses. The complicated forms of bias and variance limit the practical
usage of the above results. In addition, and more importantly, these asymptotic normality
results may even fail to hold in some cases. To understand this, note that the variance of
iz Wij + R(Ko) in Theorem 3.5 is approximately equal to

2
420’% ( Zakvk i)vi(j Zak (vie(j)sk(?) + vi(i )Sk(j))> .
1<j

Condition (21) is imposed to put a lower bound on the variance. Without this condition, the
asymptotic normality in Theorem 3.5 will no longer hold. We next give an example where

inequality (21) and the asymptotic normality both fail to hold. This justifies the necessity of
the subsampling step.

EXAMPLE 2. Consider networks with eigenvector taking the form v, = ﬁl. Then ay =
/n. Since vy, k > 2 are orthogonal to vi, we have ay, =0, k > 2. By Condition 4 and

Theorem S.1 in the Supplementary file, we have max; [s1(i)| S

2
| < \/‘%&2. Combining this with
1

Condition 3 and using the fact v, = ﬁl, we have

2
Za%( Zaka Vi (J Zak Vi (7)sk (i) + vi(i)s k(])))

i<j

=Y 0% (1= mvi(@vil) = Va(vi ()1 6) + Vi ()s1)?

1<j
_ 2

ZUU (s1(d +Sl(]))

1<J

4 6 2.2 2.2

<ﬁzg2,<%<na”< 14 2%
~ d4 Zj—d4N d4 ~ d2 ’

n 1<, 1 1 Ko

where in the last line we have used Zi<j U?j < na? and o < n. This contradicts (21).
Further, by checking the proof of Theorem 3.5, we see that the intrinsic problem is when
aggregating too many terms from the residual matrix, the noise accumulation is no longer
negligible, canceling the first order term ), £ Z], and consequentially makes the central
limit theorem fail. Similar phenomenon happens under the alternative hypothesis as well.

4. Simulation studies. In this section, we use simulations to justify the performance
of RIRS in testing and estimating K. Section 4.1 considers the network model and Section
4.2 considers more general low rank plus noise matrices. The nominal level is fixed to be
a = 0.05 in all settings.
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4.1. Network models. Consider the DCMM model (11). We simulate two types of
nodes: pure node with 7r; chosen from the set of unit vectors

PN(K) = {el,"' ,eK},

and the mixed membership node with 7r; chosen from

1 1
MM(K,x):{(x,l—x,0,~-~,0), (1—,,0, - ,0), (—,.--,—)}
K—2 K—2 T’

where z € (0,1). Sections 4.1.1 and 4.1.2 concern the testing performance and Section 4.1.3
focuses on the estimation performance with RIRS.

4.1.1. SBM. When all rows of II are chosen from the pure node set PN(K) and the de-
gree heterogeneity matrix ® = pl,,, the DCMM (11) reduces to the SBM with the following
mean matrix structure

(22) H=plBII?", pec(0,1), m ePN(K), i=1,---,n.

We generate 200 independent adjacency matrices each with n = 1000 nodes and K equal-
sized communities from the above SBM (22). We set B = (By;)xxx with By; = s,
i#jand By; = (K +1—1)/K. The value of p ranges from 0.04 to 0.9, with smaller p cor-
responding to sparser network model. For all values of K, we choose m = /n in calculating
the RIRS test statistics 7}, and 7}, for networks without and with selfloops, respectively.

The performance of RIRS is compared with the methods in [20], where two versions of
test — one with and one without bootstrap correction — were proposed when the network
is absent of selfloops. The empirical sizes and powers of both methods when s = 0.1 are
reported in Tables 1 and 2 for K = 2 and 3, respectively. The corresponding computation
times are reported in Table 3. We also test the performance of both methods with different
values of s, and the corresponding results are summarized in Table S.1 in the Supplementary
file.

From Tables 1 and 2, we observe that when K = 2, the performance of RIRS is relatively
robust to the sparsity level p, with size close to the nominal level and power close to 1 in
almost all settings. On contrary, the method in [20] without bootstrap correction has much
worse performance. It suffers from size distortion for smaller p (sparser setting). This phe-
nomenon becomes even more severe when K = 3, where the sizes are close or even equal
to one at all sparsity levels. With such distorted size, it is no longer meaningful to compare
the power. Therefore we omit its power in Table 2. With bootstrap correction, the method
in [20] performs much better and is comparable to RIRS when K = 2 except for the setting
of p = 0.04, where the size is severely distorted. When K = 3, both methods suffer from
some size distortion when p < 0.1, where the problem is more severe for the method in [20].
Comparing Table 1 with Table 2, we see that the increased number of communities X makes
the performance of both methods worse. This is reasonable because the network size is fixed
atn = 1000. So larger K results in smaller size of each community. From Table 3 we see that
the computational cost of the bootstrap method in [20] is much higher than that of RIRS. We
also experimented with larger value of K = 5 and the results are summarized in Table S.2 of
the Supplementary file to save space.

Finally, we present in Figure 1 the histogram plots as well as the fitted density curves
of our test statistics from 1000 repetitions when K =2, s = 0.1, and p = 0.7 under the
null hypothesis. The standard normal density curves are also plotted as reference. It visually
confirms that the asymptotic null distribution is standard normal.
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TABLE 1
Empirical size and power under SBM with K =2 and s = 0.1.
No selfloop Selfloops
RIRS (1},) Lei (no bootstrap) | Lei (bootstrap) RIRS (77,)
p size  power size power size  power size  power
(Ko=1) (Ko=1) (Ko=1) (Ko=1)
0.04 | 0.055 0.86 1 1 0.575 1 0.140  0.310
0.07 | 0.060 0.99 1 1 0.055 1 0.060  0.605
0.09 | 0.055 1 0.995 1 0.040 1 0.085 0.750
0.1 | 0.025 1 0.995 1 0.035 1 0.085 0.815
0.3 | 0.025 1 0.24 1 0.02 1 0.06 1
0.5 | 0.045 1 0.07 1 0.025 1 0.065 1
0.7 | 0.065 1 0.1 1 0.055 1 0.05 1
0.9 0.04 1 0.045 1 0.065 1 0.075 1
TABLE 2
Empirical size and power under SBM with K = 3 and s = 0.1.
No selfloop Selfloops
RIRS (T},) Lei Lei RIRS(T},)
(no bootstrap) ( bootstrap)
P size  power  power size size  power power | size  power  power
(Ko=1) (Ko=2) (Ko=1) (Ko=2) (Ko=1) (Ko=2)
0.04 | 0.225  0.985 0.235 1 1 1 1 0.35 0.71 0.075
0.07 | 0.27 1 0.26 1 1 1 1 0.365 0.925 0.09
0.09 | 0.225 1 0.335 1 0.985 1 1 0.21 1 0.12
0.1 | 0.065 1 0.36 1 0.895 1 1 0.1 0.98 0.19
0.3 | 0.075 1 0.795 1 0.06 1 1 0.065 1 0.625
0.5 | 0.045 1 0.98 0.99 0.02 1 1 0.075 1 0.94
0.7 | 0.045 1 0.985 0.925 0.04 1 1 0.065 1 1
0.9 | 0.05 1 1 0.69 0.015 1 1 0.05 1 1
TABLE 3

Average computation time (in seconds) for test statistics in Table 1 and Table 5 in one replication under SBM
with no selfloop, K =2 and p = 0.5.

Density

00 01 02 03 04 05

RIRS (1) Lei (no bootstrap) Lei (bootstrap)
Size  Estimation Size  Estimation Size Estimation
Time | 0.504 0.906 0.432 2.88 14.410 147.142
Null density without loop Null density with loop
— o _
o
- - RIRS _ - - RIRS
— —_— < et | JR—
_ 7 N(0,1) 3 - A N(0,1)
_ M o A
5‘ S
_ 8 o4 Y
_ =
o
o _|
o

FIG 1. Histogram plots and the estimated densities (red curves) of RIRS test statistic when K =2 and p = 0.7.
Left: T, when no selfloop; Right: Ty, when selfloops exist.
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4.1.2. DCMM. Next consider the general DCMM model (11). The number of repetition
is still 200. We simulate the node degree parameters ¥/;’s independently from the uniform
distribution over [0.5, 1]. The vectors 7r; are chosen from PN(K') U MM(K,0.2), with ng
pure nodes from each community and (n — Kng)/3 nodes from each mixed membership
probability mass vector in MM( K, 0.2). We select ng = 0.35n when K = 2 and ng = 0.25n
when K = 3. The matrix B is chosen to be the same as in the SBM with s = 0.1. The network
size n ranges from 800 to 2000. The empirical sizes and powers are summarized in Table 4.

Since [20] only considers SBM, the tests therein are no longer applicable in this setting.
RIRS performs well and similarly to the SBM setting. Figure 2 presents the histogram plots
as well as the fitted density curves of RIRS under the null hypothesis from 1000 repetitions
when K = 3 and n = 1500. These results well justify our theoretical findings.

TABLE 4
Empirical size and power of RIRS under DCMM model.
K=2 K=3
No Selfloop (17,) Selfloop (17,) No Selfloop (77,) Selfloop (17,)
n Size Power Size Power Size Power  Power Size Power  Power
(Ko=1) (Ko=1) (Ko=1) (Ko=2) (Ko=1) (Ko=2)
800 | 0.045 1 0.08 1 0.05 1 0.58 0.08 1 0.845
1000 | 0.04 1 0.05 1 0.025 1 0.68 0.06 1 0.92
1200 | 0.065 1 0.05 1 0.045 1 0.77 0.07 1 0.92
1500 | 0.045 1 0.03 1 0.075 1 0.9 0.055 1 0.98
1800 | 0.075 1 0.055 1 0.045 1 0.98 0.065 1 0.995
2000 | 0.075 1 0.065 1 0.05 1 0.965 | 0.045 1 1
Null density without loop Null density with loop
o o
o o
h - - RIRS - - RIRS
R u — N(0,1) S § — N(,1)
> 9 > @
%‘ o % o
8 o & o
= | \ = |
o o
=] =
o o

FIG 2. DCMM. Histogram plots and the estimated densities (red curves) of RIRS when K = 3 and n = 1500.
Left: T, when no selfloop; Right: Ty, when selfloops exist.

4.1.3. Estimating the Number of Communities. We use the method discussed in Section
3.5 to estimate the number of communities K. Since the approaches in [20] are not applicable
to the DCMM model, we only compare the performance of RIRS with [20] in SBM setting
in the absence of selfloops. The proportions of correctly estimated K are calculated over 200
replications and tabulated in Table 5 for SBM and in Table 6 for DCMM model.

Table 5 shows that RIRS is generally comparable to or is only slightly worse than Lei’s
method under the SBM when p is large, and is significantly better than the latter for very
small p. While for DCMM model (Table 6), RIRS can also estimate the number of commu-
nities with high accuracy. In particular, the estimation accuracy gets closer and closer to the
expected value of 95% as n increases, which is consistent with our theory.
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TABLE 5
Proportion of correctly estimated K under SBM.
K=2 K=3
No Selfloop Selfloop No Selfloop Selfloop
P RIRS ei Lei RIRS RIRS Lei Lei RIRS
n (no bootstrap) (bootstrap) fn n (no bootstrap) (bootstrap) fn
0.04 | 0.85 0 0.32 0.345 0.12 0 0 0.015
0.07 | 0.945 0 0.98 0.59 0.2 0 0 0.04
0.09 | 0.945 0 0.96 0.775 0.23 0 0.02 0.125
0.1 0.93 0 0.97 0.815 0.285 0 0.165 0.105
0.3 0.94 0.795 0.955 0.96 0.745 0 0.935 0.645
0.5 | 0.945 0.925 0.925 0.95 0.9 0.005 0.98 0.895
0.7 0.97 0.915 0.945 0.96 0.955 0.065 0.995 0.955
0.9 0.94 0.94 0.935 0.955 0.93 0.275 0.975 0.945
TABLE 6
Proportion of correctly estimated K under DCMM.
K=2 K=3
n 800 1000 1200 1500 1800 2000 || 800 1000 1200 1500 1800 2000
No Selfloop (17,)
RIRS | 0.935 0.935 0.93 0.965 0.935 0.95 H 0.505 0.625 0.805 0.865 0.915 0.935
Selfloop (1},)
RIRS | 0.935 094 0.955 0955 0.955 0.945 H 0.79 0.85 0.93 0.895 0.935 0.965

4.2. Low rank data matrix. RIRS can be applied to other low rank data matrices beyond
the network model. In this section, we generate n X n data matrix X from the following
model

X=H+W=VDVT + W,
where the residual matrix W is symmetric with upper triangle entries (including the diagonal

_ 1 (V1
= V2>,Where V1 and Vy
are n; X K and (n — ny) X K matrices respectively. We randomly generate an ny X nq

Wigner matrix and collect its K eigenvectors corresponding to the largest K eigenvalues to

form V. We set Vg = \/:Z/_LMH with IT = (71, ..., ™, _n,)?, where m; € PN(K) and the
number of rows taking each distinct value from PN(K) is the same. The diagonal matrix
D =n x diag(K,K —1,...,1). We set n; = n/2 and range the value of n from 100 to
500. When K = 2, the empirical sizes and powers as well as the proportions of correctly
estimated K over 500 repetitions are recorded in Table 7. It is seen that both T}, and fn
performs well, with T, having slightly higher power. This higher power further translates
into better estimation accuracy (closer to 95%) of estimated K.

ones) i.i.d from uniform distribution over (-1,1). Let V

TABLE 7
Empirical size and power, and the proportion (Prop) of correctly estimated K over 500 replications.
No Selfloop (1r) Selfloop (1h)
n 100 200 300 400 500 100 200 300 400 500
Size 0.048 0.042 0.05 0.054 0.052 || 0.05 0.05 0.032 0.062 0.052
Power | 0.612 0914 0.994 1 1 1 1 1 1 1
Prop 0.588 0.856 0944 095 0954 || 095 095 0.968 0938 0.948
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5. Real data analysis. We consider a popularly studied network of political blogs as-
sembled by [2]. The nodes are blogs over the period of two months before the 2004 U.S.
Presidential Election. The edges are the web links between the blogs. These blogs have
known political divisions and were labeled into two communities (K = 2) by [2] — the lib-
eral and conservative communities. This blog data has been frequently used in the literature,
see [17], [29] and [20] among others. It is widely believed to follow a degree corrected block
model. Following the literature, we ignore the directions and study only the largest connected
component, which has n = 1222 nodes. Consider the following two hypothesis tests:

HT1): Ho:K=1vs. H:K>1.
(HT2): Ho:K=2vs. H:K>2.

[20] considered (HT2) and obtained test statistic values 1172.3 and 491.5, corresponding
to the test without bootstrap and with bootstrap, respectively. Both are much larger than the
critical value (about 1.454) from the Tracy-Widom distribution, and thus the null hypothesis
in (HT2) was strongly rejected. This is not surprising because the testing procedure in [20]
is based on the SBM. It is possible that the model is misspecified when applying the tests
therein.

RIRS does not depend on any specific network model structure and is expected to be more
robust to model misspecification. Since most of the diagonal entries of X are zero, we use
the test statistic 7},. Noticing that the observed data matrix X is non-symmetric, we consider
two simple transformations:

(23) Method 1:X; =X +X”:  Method 2 : X, = ( OT X) .
X 0 2nx2n

The transformation in Method 2 is general and can be applied to even non-square data matrix
X. After the transformations, rank(E (X)) = K and rank(E(X3)) = 2K The results of ap-
plying T}, to the two hypothesis test problems (HT1) and (HT?2), together with the estimated
number of communities by the sequential testing procedure are reported in Table 8. We can
see that for both transformations, RIRS consistently estimated the number of communities to
be 2, which is consistent with the common belief in the literature.

TABLE 8
Hypothesis testing and estimation results for the political blog data.
Method 1 Method 2 Decision
Test Statistic | P-value || Test Statistic | P-value
(HT1) 3.3527 0.0008 2.7131 0.0067 | Reject Hp in (HT1)
(HT2) -1.2424 0.2141 -0.8936 0.3716 | Accept Hg in (HT2)
Estimate 2 2 K=2

APPENDIX A: PROOF OF THE MAIN RESULTS
We introduce a definition that will be used frequently in the proof.
DEFINITION 1.  Let (,, (i) and &,,(i) be random (or deterministic) variables depend on 1,

i=1,...,n. Wesay &, = O,,(Cn) if for any positive constants D and e, there exists some
positive integer ny(D, €) depending only on D and € such that for all n > ny(D, €) we have

P31 <i<n,s.t.]6,(1)| > (logn)|¢a(i)]] < (loglogn) L.
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In addition, to facilitate our proof presentation, we introduce some additional notations.
Let K be the number of distinct nonzero eigenvalues of H = (h;;). Denote by dy, -- d the
distinct values in {dy,- - ,dx }, sorting in decreasmg magnitudes. In addition, denote by K;
the multiplicity of Eij. That is, for each j = 1, - - , K, the cardinality of {1 <[ < K :d; =d; }

is K; with Y1 | K = K.

A.1. Outline of The Proof. Our Condition 2 and main results Theorems 3.1-3.4 allow
for multiplicity in eigenvalues. When proving these main results, we consider the case with
and without multiplicity separately. The proof of our main results highly depends on the
asymptotic expansions of the eigenvectors v, and eigenvalues dp. Briefly speaking, Lemma
I in Section 7.1 of the Supplementary material establishes the relationship between w;; and
(0(i),dy). This together with the asymptotic expansions of eigenvalues and eigenvectors
gives us the asymptotic expansion of w;;. Substituting this asymptotic expansion into the
proposed test statistics, we are able to prove our main theorems by additional analysis and
calculations. In the case without eigenvalue multiplicity, the asymptotic expansions of eigen-
values and eigenvectors are established in Lemmas 2 and 3 in the Supplementary material.
The corresponding results in the existence of multiplicity are established in Lemmas 4 and 5
in the Supplementary file. In the main paper we only provide the proof of Theorem 3.1. All
other proofs are relegated to the Supplement.

A.2. Proof of Theorem 3.1. The result in Theorem 3.1 can be obtained by combing the
following two results.

\/>Z’L7éj wl] ] d

(24) CLT: 4 N(0,1),
V2 i B
2
(25) Consistency: z%:jEﬂ] =1+o0,(1).

We next proceed with proving (24) and (25).
We first verify the central limit theorem (24). By (S.44) and Corollary S.1 we have

(26) sz]Y;] waY;] ZZ Vk Vk zg)vk va

i#£] i#£] k=1 i#j
e W2vivy(j) + e W2vgvy(i)

Ko
-2 Yy :

k=1 i#j
)+ i (g Koov EW Vi

_ZZYU ; 22 e Z(Vk:( )vi(5)Yij)

k=1 i#j k i#]

d dkeTWVke Wv.Y;;
2y 3 2 Yuvi() sl W= > Y -
k=1 i#£j k=1 i#j
(Y30 ozn (logn)? 1

P30l Ly

i#]

Recall that EY;; = —, ar, = > ;- ; vx(i) and |ay| < y/n. Our aim is to bound all terms on the

right hand side of equatlon (26) except for the first term ) _, -4 Wij Y;;. We begin with splitting
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the term
Z(Vk(i)vk(j)yij)vngk
1#]
into two parts:
1
—Z (vie(i)vi(j))vi Wv,  and Z i m)(vk( Nvi(§))vi Wvp,.
i#j i#j

For the first part, first note that since |w;;| is bounded, we have |[vI EWwvy| < 1. Then by
Corollary S.1 in the Supplementary material and Condition 1 we have

@7 S v GVEWve = (0]~ v W

i#]
= %(ai -1) (V%(W —EW)v, + Vg]EWVk) = (a? + 1)(Opu(ma\;ﬁ) N O(%))

For the second part, first note that E(vi Wvy,)? = var(vi Wvy) + E2(VIWvy,) < a2 /n+
1. Since Yj;, ¢ < j are i.i.d with EY;; = %, Corollary S.1 and Condition 1 ensure that

var(3" (Vi = ) (va(i)vii) vl W)
i#]

= & [var (3% — ) (vili)vi(i)v] Wi W)

i#£]
< LS e B Wy < g L
Nm' ' k k k ~mn m
i#]
then
(28) SOV — ) (i ()VEWvs = Op(— L)
oy ij m k\2)VELD k k= i \/ﬁ
Therefore,
29 (1) W Wve = (a2 + 110, (<) ro(%t Yy Lo oy o
( );(Vk(l)vk(]) i)V Wy = (a +1) pu(m)+ ( )+ p(\/m—)Jr p(im)
i#]
Similar to (29), we get

T 2 2

v, EW=vy ay 1

Kk 000000 }/; _R —),

dy ;( k() k(]) J) Opl(m \/m)

and

e W2vivy(j) + e W2vgvy (i) laplvn 1

P J _ k -

(30) > Y - Op. (T =+ \/ﬁ)'

i#]
dk Sz:j WVR-,V}Q ('L)

i into the following two parts

Next we split the term 3 7, Yi;
1 dkzsk WVv(i)

_ Z and Z ij E tk

1753 i#]

dkSkJWVka
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By (S.85), we have

IR,V ti) (D) +ROV_ Vogti)) VT
= ISR Vo) (D) 4 RV Vo)) V=0, ().

In light of (S.46), (S.85), Corollary S.1 in the Supplementary material and Condition 4, the
following three results hold:
dk(Sk — 1)TWVkak
143

-1
draxR(1,V_g, 1) ((D_k)‘l +R(V_k,V_k,tk)) VT, Wy,

123
draivIWvy
% = Op, (an + lag|vn) + Op, (|ak|an),
72 dkSkJWVka( i) 1. d 1T (W —EW)vy, L0 ((|ak] + 1)%)
m k ik P m
i#]
(lak| + 1o,
:Opu(T)
1 dksg W v (i) an
and ) (Vi - ) = I = Op(ﬁ)a

i#]

dist Wv Vi .

where the calculation of the variance of the second part ) _ (Y;; — E
i#]
to that of (28). Therefore,

dksk]WVka() (|ag| + D + |ag|v/n

Qo
CII I ¢ = Op.( - )+ O0pl o)
i#]
For the term 3, Y;; r’“(i)v’“(j)ttr’“(j)vk(i), we write
(D) ve(J) + re() V() _ 1 (@) vie(s) + re(f)vi(i)
2 Yy =D
. tk m — tr
i#j i#j
1 rk )vi(J) + () vi(i)
2 i — — .
o DRLUILE

It follows from Conditions 2—4 and 6, t—’; — 1 in Section 3.6 and Corollary S.1 that

117ey| = 1TV (D7 = D' VLEW?vi| = Oy, (Vinay),

vk (i) = le] V_p(tx D2 = 1) ' VLEW? v = O, (

and thus
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|ak|\f+1

iz rk(i)vk(j):];rk(j)vk(i) _ 205171y %Z (1) V(i) _ )

Op, (———
1#] tim i=1 b

As for (28), calculating the variance of the second term on the right hand side of (32) yields

t m’
i+ k vm
Therefore,
3) +re(G)ve() _ Iaklf
33 Y Op .
(33) R . Op, () + Oy, ( ﬁ)
i#]
Now for the term Zi# dey vat(:j MARE: , similarly we write
k
dkeTvaeTvaYij dkeTvaeTva dkeTvaeTva (Y,Lj - l)

7 J o % 7 ) J m

Z t2 a Z mt? - Z t2 '
i#j k i#j k i#j k

It follows from Corollary S.1 and Theorem S.1 that the first part has order

n

dee P Wvief Wy 1" Wyl Wy Ziik(eiTva)Q

o th mt% — mtz
aj (logn)? (logn)?
_Opq( m|dk’ )_Opu( m )

Moreover, calculating the variance, we have

del Wv.el Wvy, (Yi; — %) )

Var(z ‘ J ti

i#£j
dre] Wviel Wy (Yij — )
7 J
:E( V&I’(Z 2 m )‘W )
oy k
< Zi;éjE(e;[WVke]TWVk) z;éj \/E TWVk)4E( TWVk)
~ md% - md2

>/ [E(e] Wy, — Eel W)t + (Ee] Wy )4 [E(e] Wy, — Ee] Wv)4 + (Eel Wy )4]

<
~ mdi
al 1
< %n_
md% Pu ( m)
Therefore
drel Wvel Wv,Y;; (logn)? 1

(34) ! J =0, ( )+ Op, (—).

Finally, consider the residual term

a,(logn)? 1

;(K]Opu( n|dKU’ + n3/2))
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an (logn)3 1 1 1 an(logn)? 1
= Yij——)+— : -
Z pu 7’1,|dK ‘ +n3/2)( J m)+m§]20pu( n|dK0’ +n3/2)

Note that Y;; is independent of Oy, (%ﬁnl)g + 7). Calculating the variance of Y- O, (%g"l)s +
° i# o

#)(Yl] — i) gives us

an (logn)3 1 1 1 an(logn)? 1
E Op, + Yij——)=0,(—=) x O + :
n|dg, | n3/2)( J m) 2 )% Op. ( |dk,| n1/2)

The “mean” of the residual term should be

1 an(logn)3 I nay(logn)®  /n
EZOP“( n|dg, | * n3/2) = Op. mldg,| L )
]
Therefore we have
o (logn)? 1

(35) D (YVi0p (Zog =+ 5))

i#]

nay, (logn)? o (logn)? 1

NG 1
+ ﬁ) + Op(ﬁ) X Opu(W + ﬁ)'

So far we have found the orders of all other terms on the right hand side of equation (26)
except for ), ; w;;Y;;. Note that

(36) var Z w;jYij) ZEw”

i#] #J
According to the orders (29), (30), (31), (33), (34) and (35), we can conclude that as long as

=00 (Sl

Ko 2 2 2 2 6
2 . 2oain (aplogn n  n°a;(logn)
m Py m m m m alK0

the term ), 25 Wij Y;; dominates all other terms on the right hand side of (26). Moreover, by

the condition }, ., Ew;; >>m, the fact EY4 < 1/m and the independence between Y;; and
w;; we have

— 0.

ZEw mzz#ﬂ waj < m
(Z'L;é] ’Lj i£j Y Z] N (Zz;éj Ew ) (Zz;éj Ew )

Therefore, the central limit theorem (24) holds by Lyapunov CLT.
We now show the consistency of ), ;W 1n (25). By (S.31), we have

(ef Wvvi(j) + e Wvivi(i))
tk

.9 (ay logn)?
= 2w;;0, (——=2—"— -2
Wi = w i+ 2w Op, ( nldrc] E :ww

Ky T . T .
N Opu((an logn)4 N i) n (Z dk(ei WVka(ji + ej vavk(z))
k

)2
2 2 2
n?|d, | n —

Ko ol T -
(on logn)? T Wvvi () +e; Wvivg(i))
- 20, (ool )52 R

‘dKO k=
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and
. (anlogn)? 1
G1 D =) wh+2) (wOp (o )
i#] i#j i#j ’
(el Wvv (3 )—I—e;‘Fvavk(i)))

_QZZ wzj -

k=1 i#j
0 a2 (logn)? ) %o dy (el Wvivi(j) + e] Wvivi(i))
+ pu(WJF )+Z(Z " )
0 i#j k=1
2 5o di (€T Wvipvi(5) + ef Wy (i)
_220 ((anlogn) —i—l)z k(€; kVE( i kVEk
P nldg, | n ti '
17 k=1
Combing the fact Var(zl;é] ) <D iz Ew” SO iz Ew with Conditions 3 and 5
(38) ZE% > (logn)>+e,
i#j
we have
ZZA w;, 1
39 73 =140, (——).
69 s Eu O Gognyar?)
Then to prove (25), it suffices to show
D it Wy 1
(40) =7 T =140y, ()
Zi# w?j P (logm)es/2
We now check the other terms on the right hand side of (37) to verify (40). First of all,
an log n) 1 (an logn)?
w; —) < O T Er— w
‘Z 5] pu n‘dK0| n)‘— pu( |dK0| Z
i#] i#]

=0Op, (aun(logn) ZEwU
i#]
Condition 5 further implies that

an logn) 1 9 1
41 wZ =)= Ew;;) x Op, (———5)-

dk (eiTvavk (j)—&—ejTvavk (’L)
tr

because the other part can be proved similarly. Write

) We will only provide detail for

Now consider the term } _, , ; w;;

dreT Wv v (j
proving >, wij == £()

Zw--dkei vavk(j) _ Z dpwivi(j) n Z drwijwy v (§)vi(l)
i 12 — tk = 23 '
i#] i#] i#JA]

Direct calculations yield

ED.

i#j

2
dkwij
123

d l
ZEU’W Z E kwl]wdvk( Vi) =0, and
%#J i#JIF]
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dkw iW; le(
var( Z Yt i Z Ewwwzlvk( n2 ZE’UJ”
i, 1#] 175] I#j i#]j
Thus, 37, wij%kvkv’“(j) =0 (ﬁ) X > ;z; Ew?,;. And consequently,

dk e vavk( ) + eTWVka (Z))
(42) > wy i J = ) x Y Ew;.

i#] i#]
Next by Theorem S.1 and Condition 5, we have

Z 0 ((an logn)? n l) i dy(e] Wvivi(5) + e?WVka(i))
. P 77/|dKO‘ n tk
i#] k=1
@) =0, (8 e Z 0, (a2 log?n) = O, ZEw
u |d O‘ n Pul\™n logn 61/2 ]

Finally, similar to (43), it holds by Condition 5 that

(44) Z (Z di.(el Wvvi(5) +e?vavk(i))>2

£y k=1 2

d2 e vavk( ) + e;fFvavk(i))z
SHI

k=1 i#j

1
— 21002 n) = E Ew};
_Opu(anlog TL) _Opu((logn)el/g #szj)
)

Substituting the arguments (39), (41), (42), (43) and (44) into equation (37), we complete the
proof of (40). Thus, (25) is proved and the results in the theorem follow automatically.
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This Supplementary material contains some additional simulation examples, theorems, key
lemmas and their proofs as well as additional technical details. Condition 2 in the main text
allows for multiplicity of eigenvalues. For the clarity of technical arguments, we will separate
the proof under the assumption of no-multiplicity from the one with multiplicity. Specifically,
we will first prove Lemmas 1, 2 and 3 under the assumption of no-multiplicity. Based on these
results, we can prove Theorems 3.1-3.6 when there is no multiplicity. Then we will prove
Lemmas 4-5, which are the counterparts of Lemmas 2-3 when multiplicity exists. We will
then discuss in the proof of Theorem S.2 how Lemmas 4-5 can be used to prove our main
results when multiplicity exists. ~

Also, let us recall some notations: K is the number of distinct nonzero eigenvalues of H =
(hij). We denote by dy,---,dg the distinct values in {d1,--- ,df}, sorting in decreasing
magnitudes. In addition, denote by K; the multiplicity of aj. That is, for each j =1,--- , K,
the cardinality of {1 <! < K :d; =d,} is K, with Z;‘C:1 K; = K. Moreover, we say that
an event &, holds with high probability if P(E,) = 1 — O((loglogn)~") for some positive
constant [ > 3 and sufficiently large n.

6. Additional simulation results. We consider the same model setting used for Table 1
of the main paper but vary the value of s. Simulation results over 200 repetitions are summa-
rized in Table S.1 below. Comparing Tables 1 and 5 with Table S.1, we observe that when s
is larger, that is, denser connections between communities, both 7, and 7;, perform slightly
worse, which is reasonable because the separation between nodes within communities and
between communities is weaker.

Next we consider a larger value of K = 5. We use the same SBM as defined in (22) of
the main paper, but set B = (B;;) xx rc With B;; = sl"71,i # jand B;; = (2K +1 —14) /2K
We let p vary from 0.04 to 0.9, and fix s = 0.05 and n = 2500. The simulation results are
reported in Table S.2. It is seen that RIRS with 7;, controls the size at the desired level even
when p is small, while RIRS with T, » has some size distortion when p is small. In addition,
the power is low when p < 0.1, and increases significantly as p increases.

It is seen from Table S.2 that RIRS based sequential testing approach tends to underes-
timate the true rank in finite samples when p is small. We experiment the performance of
modified test proposed in Remark 2 of our main paper. Table S.3 summarizes the corre-
sponding simulation results with the constant c in the penalty term taken as 1/2. The model
setting is the same as in the above Table S.2. Compared with Table S.2, it is seen that the
additional penalty greatly improves the estimation accuracy for small p.

*Yingying Fan and Qing Yang serve as co-corresponding authors.

MSC2020 subject classifications: Primary 62F03, 62F12; secondary 60B20, 62F35.

Keywords and phrases: Rank inference, Robustness, Low-rank models, High dimensionality, Asymptotic ex-
pansions, Eigenvectors, Eigenvalues, Large random matrices.
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TABLE S.1
Empirical size, power and proportion of correctly estimated K (Prop) under SBM when K =2, s =0.2 or 0.3.
5s=0.2 5s=0.3
No selfloop (77,) Selfloop (17,) No selfloop (73,) Selfloop (17,)
P Size Power  Prop Size Power  Prop Size Power  Prop Size Power  Prop
(Ko=1) (Ko=1) (Ko=1) (Ko=1)

0.04 | 0.065 0.445 0425 | 0.095 0.235 0.265 0.08 0.165 0.16 0.2 0.24 0.19
0.07 | 0.04 0.565 0.53 0.14 0.515 0495 || 0.045 0.125 0.18 0.11 0.35 0.34
0.09 | 0.03 0.625 0.645 | 0.105 0.71 0.675 || 0.035 0.26 0.24 0.08 0.435 0.44
0.1 | 0.035 0.74 0.675 | 0.085 0.675 0.68 0.055 0275 0.265 | 0.085 0.515 0.48

0.3 | 0.065 1 0.96 | 0.065 0.99 0.95 0.04 0.63 0.63 | 0.055 0.99 0.96
0.5 0.04 1 0.97 | 0.055 1 0.975 0.03 0.92 0.89 | 0.035 1 0.955
0.7 0.06 1 0.955 | 0.04 1 0.97 0.03 0.965 0.93 | 0.035 1 0.945
0.9 0.05 1 0.96 0.05 1 0.935 || 0.055 1 0.93 | 0.065 1 0.94
TABLE S.2
Empirical size, power and proportion of correctly estimated K (Prop) under SBM when K =5, a = 0.05.
n = 2500 No selfloop, RIRS (77,) Selfloop, RIRS(7},)
P size power power power power Prop | size power power power power Prop
(Ko=1) (Ko=2) (Ko=3) (Ko=4) (Ko=1) (Ko=2) (Ko=3) (Ko=4)
0.04 0.05 1 1 0.92 0.28 0.19 | 0.17 1 1 0.8 0.09 0.16
0.07 0.05 1 1 1 0.27 0.34 | 0.09 1 1 0.97 0.32 0.17
0.09 0.02 1 1 1 0.32 0.38 | 0.14 1 1 0.98 0.4 0.4
0.1 0.06 1 1 1 0.48 0.42 | 0.07 1 1 1 0.48 0.5
0.3 0.04 1 1 1 0.86 0.8 | 0.05 1 1 1 0.98 0.96
0.5 0.06 1 1 1 0.99 0.93 | 0.03 1 1 1 1 0.92
0.7 0.06 1 1 1 1 0.94 | 0.06 1 1 1 1 0.98
0.9 0.04 1 1 1 1 0.94 | 0.04 1 1 1 1 0.98
TABLE S.3
Proportion of correctly estimated K by using |Tn| in Remark 2, K =5, no selfloop.
p 0.04 0.07 0.09 0.1 0.3 0.5 0.7 0.9

Remark 2(a =0.05) | 0.255 0.675 0.755 0.755 0.930 0.920 0.945 0.940
Remark 2(a =0.01) | 0.615 0.720 0.615 0.700 0.875 0.970 0.970 0.990

7. Proof of other main results.
7.1. Lemma 1 and its proof. Recall the definition of the residual matrix W in 4). In
this section we connect its entries 10;; with (0(7), dj), which is important for analyzing the

asymptotic properties of w;;.

LEMMA 1. Let A(dy) = dy, — dj, and A(vi,(i)) = Vi (i) — vi(i). For K > Ko, we have

K Ko
Sy =wiy (K> Ko) S dpvili)ve(i) = 3 | A(dk)(0)94()
k=Ko+1 k=1

+ AR AWK VR() + dRAVEG)VRGE) + deAVED)AV())]

1, K> K,

where §(K > K) = ,
0, otherwise.

PROOF. By the definition of W, we have
. KO K KO
(S.2) W=X-> di¥¥ =W+ dpvpv] =Y di¥i9].
k=1

k=1 k=1
Equation (S.1) follows directly from (S.2) by considering each entry separately. O
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7.2. Proof of Theorem 3.2. According to Lemma 1, under the alternative hypothesis
(K > Kjy), we have the following expansion

K Ko
($3) iy Y deve(iveli) =wij — Y [Ald)VR()VR() + deA V(D)) V()
k=Ko+1 k=1

+ AR AWK VA + AV AWL)|.

The only difference from the expression of w;; under the null hypothesis is the extra term

Zf:Ko-i‘l divi(i)vi(j) on the left hand side of (S.3). Notice that this term is non random.
Define

K
’inj = wij — Z dek(Z)Vk(j)
]{?:K0+1

Then the central limit theorem for ), ; Wij can be obtained by using the same proof as that
for Theorem 3.1. Thus,

~2

VY Sk k1 Ve (D) v (j)Yz‘j> 2 ity W3
A/ 2 Zz‘;&j wzzj Zz‘#j wizj
VMY WY g

= — N(0,1).
V2 it Wi

Note that w;; is the residual term under the alternative hypothesis. Similar to (25), we also
have

(S.4) (Tn _

Xig WY
Dy B

Moreover, direct calculations show that

K K
6 Yay=Y a2 uy( Y dviivi) + X (Y dvevi()

i i#] i#  k=Ko+1 i#j  k=Ko+1

We first prove (8) in Theorem 3.2. It follows from Cauchy-Schwarz inequality, (S.5) and
K

the condition >_( Y dpvi(i)vi(4))? < > waj that
i#] k=Ko+1 i#j

(S.5) =1+ 0,(1).

K K
1> (Y devi@veGDI< | D@D (D devili)vi(h))?

i£j k=Ko+1 i£j i#j k=Ko+1
(S.7) =0,() _Euw})).
i#j
Combing (S.6) with (S.7) and in view of (S.5) we arrive at
Sisy 0%
(S.8) =T =14 0y(1).
2 i B

This together with (S.4) and (S.5) completes the proof of (8) in Theorem 3.2.



Next consider the case when condition (9) holds. The definition of w;; entails that

K
(S.9) STad =3+ > dpvili)vi(j))?
i#] i#] k=Ko+1
K
<A@ +> (Y dvilivi()?)
i) i k=Ko+1
K
2<Zw§j+(K—Ko) > diZV%(Z’)V%(J’))
i#j k=Kotl  ifj
K
(wa+ (K -Ko) Y d,ﬁ)
i#£j k=Ko+1
K
<)+ 2K - Ko)( Y ldkl)? s (D@ + VE - Ky Z |dk|)
i#j k=Ko+1 i#j k=Ko+1

By (S.4), (S.5) and (S.9), in order to obtain (10), it suffices to show that
510 i 0+ VE = Ko S g1 il "
: ) ) =0p
vm| ZkK:K0+1 di Y2z V(D) VE(T) Vi

For the term Y"1 Kot+1 @k i VE(1)VE(7)Ys; in the numerator, we calculate its expectation
and variance respectively as follows:

K
E S Y vilivil)Y = 2 YR
k=Ko+1  i#j

and

S K
var( Z dkzvk(i)vk(j)lﬁj) < (ke ko1 |de])?

m
k=Ko+1  i#j

Therefore we have

K K
K ) ; 1dk ;Vk(i)vk(j) > |kl
. . =Ko+l  i#j k=FKo+1
S1) D d Y velivi()Yy, = = +0p( o )
k=Ko+1 iF£]
Combining (S.11) with condition (9) that PR LA AOMIC) > 1 as well

\/m(’\/z775] Ew?ﬂ'\/K—KO Z?:KDH |dk|)
as (S.8) for the denominator, we conclude (S.10) and thus complete the proof.

7.3. Proof of Theorem 3.3. We start with analyzing the first inequality Zl# j 0 > m in

Condition 5. Combing the assumptions 6,, = mjx o2

X0 n;z]na > 0, (logn) % with Condltlon

3, we can see that

(S.12) nb,(logn)~° <a? <nb, and Z 07 2 n 0n(logn)” g
i#j
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Then the first inequality > > m is satisfied if

i#5 7 l]
(S.13) (n/K)%0,(logn) % > m.
By Conditions 3 and (S.12), we have

|dK| On

(S.14) nb,(logn)=9(loglogn)—2e

an ™ (loglogn)¢ <

Moreover, the assumption |d;| < nd,, yields

d d
(5.15) il Sl g,
oy, (a7
It follows from (S.14) and (S.15) that
(S.16) 0, 2 " (logn)*T**(loglog n)*
is a sufficient condition for ensuring ‘d, x| > > (logn)'*< in Condition 3. In view of (S.13) and
(S.16), any m satisfying
(S.17) m < nK~%(logn)?*9+%(loglogn)?

makes the first inequality in Condition 5 hold.
Next, we discuss the second inequality in Condition 5, i.e.

K (1T« \2
1 1
g a 2 (logm)“( "2 (17 V%) +ai(logn)2+7na ((;gn) +—n).

i#j m mdy m
By assumption (12) and 8,, = m;?x aZ and n;ln 0ij 2 0n(log n) , it suffices to have
J 1%£]
1 € K 1T 2
(S.18) S 02 22, (logn) > n(logn)” 3o, (1" vy)

m
1]

2 6+€1 2 €1
+(logn)2+€1ai N n*(log n)2+ a? n n(logn)
mds, m
Now we compare the four terms on the very right hand side of (S.18) with n26,,(log n)*‘;
one by one. Note that the second term (logn)** a2 < n(logn)*+<16,, < n%6,(logn)=?,
making no contribution to the choice of m. For the fourth term, by Condition 3, we have
the inequality that n(logn)® < n26,(logn)~%, and therefore this term makes no contri-
bution to the choice of m either. For the third term, it is easy to see from (S.14) that

n0, S d%a;?(logn)’(loglogn)?, which guarantees that

n?(logn)f*tea? < n(log n)0t9+e (loglogn)?®
md%( ~ mb,

Therefore, any m satisfying
(S.19) m > n"0;2(logn)5+2+4 (loglog n) 2
ensures that % < n?0,,(logn) 0. Finally, for the first term, it suffices to have

K
(S.20) m>n'0, (logn)*t Y (17 vy
k=1



6

By Cauchy-Schwarz inequality we know that iil(lTvk)2 < nK. The above two results
entail that (S.20) is satisfied as long as

(S.21) m>> 0, (logn)* K.

Combining (S.18), (S.19) and (S.21), it is easy to see that any m satisfying

(5.22) m>> 0, (logn)*+ K 4+ n~10-2(logn)® 20+ (loglog n) %

can make the second inequality in Condition 5 hold. Moreover, it follows from (S.16) that
(5.23) m > n(logn) =29~ 2(loglogn) 2 K + n(logn)*~**2(loglogn) ¢

is a sufficient condition for (S.22).
Summarizing the arguments above tells that (13) in Theorem 3.3 is sufficient for Condition
5 (see (S.13) and (S.22)), and n(log n) "2+ +2(loglogn) 2¢ K < m < nK ~2(logn)?~°+2(loglogn )%
is a sufficient condition to ensure (13) (see (S.17) and (S.23)).
To complete the proof of Theorem 3.3, it remains to verify inequality (9) in Theorem
3.2 under condition (13). By (S.12) and Condition 3 we have 16, (logn) = (loglogn)~¢ <
|di| <nbp, Sny/0, forall k=1,--- K. This together with (S.12) entails that

K
ny/ 0 (logn)=9 < Zafj—i- Z \dy| S nK /0,

i k=Ko+1
This implies that the inequality
DI S SR AOYAE]
nkK+\/0,

is sufficient for (9). Furthermore, it follows from (12) and (S.12) that

(S.24) Vm <

K N 2
‘Zk:KO_A,_l d; Zi;&j vi(i)vi(j)] > Zi;&j 035 > nm(logn)_‘s.
ny/on ny/bhn
Thus, any m < (n/K)?0,,(logn) 2 is sufficient for (9). This completes our proof.

7.4. Proof of (14) in Theorem 3.4. The asymptotic distribution (14) under the null hy-
pothesis in Theorem 3.4 can be concluded from the following two results:

(S.25) 2571“’ 4 N(0,1) and
VD ie1 sz’%
e w2
S.26 == —1 1).
( ) > Bwj Forll)
We first prove (S.25). Under the null hypothesis (K = Kj), Lemma 1 ensures that
Ko
(S.27) by = wij =y [A(dk){rk(z’){rk () + dpA(ve(9)vi ()
k=1

AR AWKV + dRAVED)AWVEG))|.
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By (S.81) in Lemma 3, Theorem S.1 and Corollary S.1 as well as Condition 4, we have

N VTE W 2Vk 1 (0%
A(dy) =dy, — df = E—=2 4+ vIEW T'(w —EwW — 4+
(dk) dy, — dy, i + Vi Vk+Vk( )Vk—FO “(\/ﬁ+ |dk|)
~ 0(a?) ) an 1
=4 +Opu(mm{17%})+0pu(%+1)
(S.28) = 0p, (1) + Op, (v 0n),

where in the second step we have used ngva = 0 because the network has self loops.
Recall the definition of rj in Section 3.6. Note that the following results can be proved by
Theorem S.1, Corollary S.1 and (S.84):

(S29) |ri(i)| =|el V_(txD~} — 1) 'VIL, EW?vy| = O, (—= - a2),
NG
sk Wvy, — e] Wy

1
= |R(e¢,V_k, tk) <(D_k)71 + 'R(V_k, V_;, tk)> VZkWVk + ezTVkV%WVM

< HR(ei,V_k,tk)«D_k)_l +R(V_k,V_k,tk))71H . HVT’“WV’“H

+ e?v;w%va‘
1
=—-0,,(1).
\/ﬁ pu( )
By Lemma 3, it is easy to see that dy ~ t; forall k=1, --- | K. Furthermore, we have
(S.30)
A(vi(i)) = V(@) — vi(i)
elTVVV],C ri(7) ezTWQVk (i) 3V£EW2V]€ Szﬂ‘ka - e;'TWVk
= — v (1
th 2 2 g 212 t
(anlogn)®  (aylogn)?
+0 =— +
e e
_efWvi, | Oy, (a7) | Op,((anlogn)?/v/n) +O(az/v/n) 1
= —+ B} + 2 + Opu ( )
bk \/ﬁtk tk \/ﬁ‘tk’
Oy, ((anlogn)?)
Vnltl?
W logn)? 1
_ & Wv; +Opu((an 0gn2) N )
ty Vndy] Vnldy|
uniformly for all ¢ = 1,---,n, where the penultimate step uses Theorem S.1, Corollary

S.1 and (S.29). Condition 4 together with (S.30) and Corollary S.1 ensures |[Vi|loco S

1 "’1 . . .. . . .
7n +0,, ( %T{i?) Using this and Condition 6 and substituting (S.28) and (S.30) into (S.27)

gives us

K() T N T s

. (anlogn)? 1 di(e; Wvivi(j) + e Wvivi(i))

S31) iy =wij+ Oy, (~ 2B | 2y -
530 oy =y 0y (Cubl ) S el ol 1o
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Therefore,

(S.32) —Zw”_ Zwu pua;|1d<)gfl 1 _Qdekavk

Since X contalns selfloops, Evk Wy = 0. Together with Corollary S.1 and the fact that
IVElloo < \/ﬁ, we have

Vi

Then it follows from «a;, < /n and Condition 6 that (S.32) can be simplified to

vava =0,,(

1< 1 — 1 (aylogn)?
S.33 =) = — i+ Op, (— + ——
(S.33) nz;w n;w,,+ o e
n n
It is easy to see that E( 3" w;;) =0 and \ [var(2 S wi;) =1, Z Ew? > L(logn)*te
i=1 i=1
by the condition of Theorem 3.4. Therefore (S.33) can be rewritten as

1 ¢ 1
(S.34) oD i =D w0
i=1 =1
Moreover, according to Condition 1 it holds that

>y Ewj < > i1 Bwy 0
(i Bwf)? ™ (i Bwp)?
satisfying Lyapunov’s condition. Thus, Y7 | w;;/v/> g Ew? 4 N (0,1). This together

with (S.34) proves (S.25).
Next we prove (S.26). Condition 1 yields

n n n
4
Var(z w?) < ZEwn- < ZEw?i,
i=1 i=1 i=1

which implies that

2
var( 21 Wi ) S ! — 0.
Z?:le?i ~ Z?:l Ewigi

Therefore we have

Z?:l wi2i

(8.35) == =1+ 0,(1).
> sz‘zz‘ .
Then to verify (S.26), it suffices to show that
no a2
Zz lwu =1 +Op(1)

i w
By equation (S.35) and the condition Y 1" ; Ew? > (logn)4t2¢ in Theorem 3.4, we only
need to show

(S.36) Y g = wi +0p,((logn)?).
=1 =1
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In view of equation (S.31), it holds uniformly over all i =1, --- ,n that

L2 9 B
w;; = wy; + 2w Op, (

(an logn)? 42(’: dye] vavk( ) +Opu((om logn)* 1

n|dg, | nldg, 2 | n?

+4(Z dre; vavk(z)) B 4Opu((an ogn) .

l 20: dkezTWVka(i)
n

— ty n|dg, | — tr ’
(8.37)
and thus
- (o1 d I'w
> t= Y230 (S ) a3 e Vel
i=1 n‘dK’ k=1 i=1
(an logn)* de] WVka() 2
+0, (———+—)+4 )
i, ZZ
n K .
: an logn)? 1 drel Wvivy(i)
S.38 —4 o) — L .
©39 AL el T s

To prove (S.36), we study the terms on the right hand side of (S.38). To begin with, we know
that
(S. 39)

(an log n)? (anlogn)? 1 9
1 < 17 - 7 1 - — ., 1 .
IZw p (Bl 4 2 < Ziw 105 (S 01 = Oy, ((logn)?)

Next, we write

n

dre] W vy (i) drwivi(i) drwiiwy v (i) vi(l)
(S40) Y wi = Z SRS Y .

t t
i=1 k i—1 k k

1<i#£i<n

For the first term on the right hand side of (S.40), it follows from E| Z M! <
=1

Ew? < 1 that

1
n ZZN

@.
Mz

> 2l o, ).
23

i=1
For the second term, it follows from the calculations

drwi;wig v (1) vi(l)
E( E ; >:0 and
. k
1<l#i<n

d
Var< g kw”wdzk ) g Ew?Ewiva(5)vi(l)
1<i#i<n F 1<lAi<n

QZE 2<Zz 1szz<1
n

ZZN
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that
drwi;wi v (1) vi(l
Z , () <):Opu(1)-
1<l£i<n k
Therefore,
- dkeTWVka (Z)
S.41 i —— =0, (1
(S41) ; w - pu (1)
and
- dke WVka
»AT -0,
k=1 1i=1
Since EW = 0, it follows from dj, ~ t},, Condition 4 and Corollary S.1 that
dkeTWVka( ) 1
T = 0y (a0 m) = Op ().

By Condition 4, Condition 6 and Corollary S.1 we can see that

n

(S.42) Z(Z dke WVka K ZZ d2 e vavk( ))2

tg

i=1 k=1 k=1i=1
o2
= 0,,(%)=0,,(1)
And we also have
n K .
2 anlogn) 1. drel Wv v (i)
|ZZO “ n]dKo + n) tk |
=1 k=1
" & (aplogn)? 1 1 (logn)?
(S:43) =ZZ b Wm)%(%):%( N

Then (S.36) is concluded from combining the arguments (S.38), (S.39), (S.41), (S.42) and
(S.43). Therefore, equation (S.26) holds and the proof of (14) in Theorem 3.4 is completed.

7.5. Proof of Theorem 3.5. Recall that Theorem 3.5 assumes the null hypothesis K =
K. Plugging the expansions of A(dy) and A(vg(i)) in Lemma 3 into the expression in
Lemma 1, and using results in Theorem S.1, Corollary S.1 and (S.29) we arrive at

K, T 2
v: EW=v
(S44) by =wiy — Y vi(i)vi(j)(—2-E— L 4 v Wy,)
k=1 dk

S0 ef W2vivi(j) + ef Wiy (i)

_2:: ¢ -
_Zrk Vk —|—I‘k Z

k=

k(st, ZWVka( ) + s;‘ngVkvk(i))

175

&0, drel Wvel W, an(logn)® 1

- +0 :
= ol )
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11
uniformly over all 4, 7. Summing up (S.44) over subscripts ¢ and j yields
(S.45)
IETE SR SEALD SO
i#j i#j i#]
TW?Vka (J) + €; W2Vka ri(i)vi(j) + rk(])vk( )
3y i Y
k=1 i#j k=1 i#j
Koy EW vy na logn)3
r3 I S i) 23 WS40, 0
i#£j 0

where we have made use of the following relationship, which is a direct consequence of
Theorem S.1 and Corollary S.1

;; dy.e vaeTva _ i 1vak1Tva - ;Z dy. (€] va
1#£] i=1

o2 (logn)?
— 0y, (“2 20,
Ko
Recall that a; = Y ;" | v (7). By Cauchy—Schwarz inequality, |ax| < \/n. Furthermore
Corollary S.1 ensures that
1T(W?2 —EW?)v;, = 0,, (a?).
Therefore by Theorem S.1 and Corollary S.1 we have

ZZ el W2vjvi( (J) + e TW2vvi (i)

k=1 i#j 2

i‘): Z e;-TEW2Vka (]) + e]TEW2Vka (l)
k=1 i£j b

N 20: Z el (W2 —EW?2)vyvi(j) + e;‘.F(VV2 —EW?2)vvi(i)

k=1 i#j b
1TEW vkak —~EW? )Vkak
—22 Z
k=
e, W2vkvk (7)
—222
k=1 i=1
1TEW2Vkak nay,
=2 Z D (m%

where we have used the simple inequality that 5 v/n. Then (S.45) can be written as

Zwij = Zwi] Zakvk i)Vi(J Zakvk diag(W

i#j i#j



12

_22 1TEW vkak 220 VkEW Vi 2

k=
ol nay, (logn)?
-2 Z arst Wvy, + OPT‘,(A ++/n)
P |dx |
:2Zw” Zakvk i)Vi(J Zak Vi (5)sk (i) + vi(i)sk(4)))
1<j
- 2,7 4 5 1TEW VEGk 1'r
_Zakvk 1ag Vi — Z - Z ag tk
k=1 k=1
Ky T 2 Ko 3
v EW v nay, (logn
49 Z T Tk 2 — QZaksgdiag(W)vk + Opu(‘glg’) ++/n)
K
k=1 0

zzzwi] Zakvk i)V (] Zak (Vi (5)sk(8) + vi(i)sk(4)))
now(logn)®

+v/n).
Therefore,

> iy + R(Ko)
i#j

=23 wi;(1 Zam )i (g Zak Vi ()8 (@) + vi(i)sk(7)))

i<j

Sn

na, (logn)3

where .S, is the sum of independent random variables and its variance equals to

2
var (S, 42(71]( Zakvk )i (J Zak (Vi(d)sk(d) + vi(i)s (J)))

1<)
In addition, by (S.85) and the definition of si(j), we have

(S.46) Isk(7) —ejll < \f

This together with |ax| < 4/n implies that

1— NS 1.
1§r£1<3?<<n] Zak"k i)V (J Zak vi(5)sk(8) + vi(i)sk(5))] <

Combining the above result with the condition max;<;« j<n |w; j| < C and (21) we have

[var(S [ > Euji(1 Zakvk V(] Zak Vi ()sk(8) + vi(i)s k(]))ﬂ

1<j
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< [var(S,)] "t = 0.

Combining (21) with Lyapunov’s condition, we can conclude that ), ,; @;; + R(Ko) con-
verges weakly to the standard normal distribution after centralization and normalization, i.e.

'Z‘ ’lf)ij + R(KO)
7 _ 4 N(0,1).

K() KO
2¢ > of (1 = > apve()vi(j) = 3 ar(vi(i)sk(i) +Vk(i)sk(j))>
1<J k=1 k=1

This completes the proof of the theorem.

7.6. Proof of (15) and (16) in Theorem 3.4. Recall (S.3). The proof of (15) and (16) in
Theorem 3.4 is similar to that of Theorem 3.2 and thus we omit the details.

7.77. Proof of Theorem 3.6. 'The proof of Theorem 3.6 is almost the same as Theorem 3.2
by defining w;; = w;; — Zf:KOH divi(i)vi(j) and thus we omit the details.

7.8. Proof of Corollary 2. The proof is similar to the one of Theorem 3.2. The only
difference lies in the fact that the additional condition (17) ensures the estimation procedure
rejects all Ko < K with probability 1 even when K diverges. We below show the key steps.
According to the proof of Theorem 3.2, we know that

¢m2wzﬁmﬂﬁw@w@mﬁ Zii Wi
\/m g W
_ VMY WY g N(0,1).
Moreover, by Bernstein inequality we have
Vvm Zi;éj wi; Y

V2 i B

Note that w;; is the residual term under the alternative hypothesis. Similar to (39), we also
have

(S.47) (Tn _

(S.48) =0y, (1).

iz Uy _ 1+0 (71
= -
Zz’;ﬁj Ew?j (logn)e/?
Consider the case when condition (17) holds. Recall that (S.9) tells
K

2

(S.50) wajg( Sat+VEK-K Y |dk|> .
i£j i£j k=Ko+1

Without loss of generality, we assume that §; < €1. By (S.47), (S.49) and (S.50), in order to
obtain the conclusion, it suffices to show that

VE W+ VE RS uldd |
VIS 1 e i VE(DVE() Yy (logn)®/3 7

(S.49) ).

(S.51)
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or the term » ; _ k> i VE(1)VvEg(7)Y;; in the numerator, .11) we have
F h l[c( Ko—l—ld 1#£] J . Y] in th: by (S 11) h

K K
K > 1dk§vk<i>Vk(j> > ldil
Ne v, k=Kotl ] k=Kotl
(S.52) k;()+1dk;v;c(z)Vk(y)%— m +0 ( vm )

|ZkK=K0+1 dy, Zi;ﬁj Vi (1) vi(d)] > 1
\/mlog®1 n(\/ZL#J waj-‘,-\/K—Ko ZkK=KO+1 |dk])
as well as (S.49) for the denominator, we conclude (S.51). This together with (S.48) and the
condition K < O(loglogn) completes the proof.

Combining (S.52) with condition (17) that

8. Lemmas and their proofs. Before presenting the key Lemmas, we first state the
following Corollary, which is a consequence of Lemmas 7, 8 in [1] and Lemma 11 in [2] by
carefully checking the corresponding proofs. This corollary is used to control the small term
containing V%let in this paper.

COROLLARY S.1. Under Conditions 1-4, it holds that for any positive integers |, and
unit vectors x and y,

2
(5.53) E |xT'(W! - EWl)y} < e(er)? (min{al ! deal,, dyal })2.

(S.54) ‘JE [XTWZy} ’ <c(eil)lal,,
where dy = ||X||oo, dy = ||y ||oc and c and ¢, are some positive constants independent of l.

REMARK 1. Corollary S.1 bounded the second moment of |xT (W! — EW')y|. If a
stronger but nontrivial tail probability of \VZT(WZ — EWY)v| can be proved, it is possi-
ble to extend our theoretical results to the case K = O(logn). We leave it to the future work.

The following Theorem S.1 is a direct consequence of Lemma 5.4 in [3], which we include
here for easier reference. One should notice that although Lemma 5.4 in [3] is proved under
Model (1) in [3], by checking the proof of Lemma 5.4 carefully, we can see that it can be
trivially extended to our model by almost the same proof.

THEOREM S.1. Under Conditions 1-4, there exists a positive constant Cy such that for

any positive constant €y < €, we have
(SSS) P(|e?WZy| > (Coan)l(logn)l(l-l-eo)dy) < Ce—é(logn)

1+eg

where 1 is a positive integer not larger than logn, C' is an positive integer independent of n
and y is a unit vector. Furthermore, we have

(S.56) el EW'y| <1'(Coar)'d,,.

Now we are ready to proceed to the key lemmas as well as their proofs.
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8.1. Lemma 2. We will need the following notations for the proof of the lemma.

P(Ml, MQ, t) = tR(Ml, MQ, t).
A =P Vi t) = P(x, Vi) [(D_) ™+ P(V_i, Vo t)] T PV, vist),

ﬁk,t = [tQ(Avk,k,t/t),] - ;

where R (-) is defined at the beginning of Section 3.6, x is a vector of appropriate dimension
and the derivative in (-)’ is with respect to t.

LEMMA 2. Assume there is no eigenvalue multiplicity. Under Conditions 1-4 and 6, we
have the following expansion

(cy logn)?
i)

el (W2 —EW?)v, (an logn)?
X [A skt — tfle/ Wy, — - O u(i)]
eoktn Tk okt G T

Ta AT = 152 T
€; ViV, Vi = [Pk,tk — 2ty Pk,tkvk Wvi + 0O, (

(an logn)? )}

(S.57) X | Avi ke — 60T N
k

Wv, + Opu (

katk

In addition, we have
1
Vn
PROOF. Proof of this lemma is similar to the one of Lemma 8 in [2] (one can also refer to
Theorems 4 and 5 of [1]) and we focus on the proof of (S.57). Recall the conditions required
in the Lemma 8 of [2]. Condition 1 therein is our Condition 2. And according to their proof,

Conditions 2 and 4 therein are needed just for the sake of following two statements:
1). Lemma 6 of [2] holds, that is maxj <<k ||[Villco = || Vleo S f This is Condition 4

(S.58) dy =ty +VEWvL+ 0, (—).

of our paper.

2). |dK| > n° for some positive constant e. This is actually stronger than Condition 3 of
our paper that 14zl Kl > (logn)'*c. We will state how to relax the conditions in the proof of
Lemma 8 in [2] to fit our model.

Actually, the crucial difference between |dK‘ > (log n)1*¢ and |dK| > nf in the proof of

Lemma 8 is to control the small order term Zl -1 Tlek, |z| 2 |dg|, u= vy, e,
l=1,....K,i=1,.

Let L = logn, without loss of generality we assume logn is an integer. By the simple
inequality o, < v/n we have the following inequality

Vot (Clogn)(EL+1)/2 \fa (Clogn)L+D/2 . O(L+1)/2),2
’dK‘L 3 — (IOgTL)(L 3)(1+e€) (1Ogn)(10gn—7)/2

for any positive constant C'. In view of u = vy, it is sufficient to establish the following two
equations

(S.59) 0

oo

(S.60) > I Whv =0, (—(——

)
Tt \f 12
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and
L al
—(H+1) T (il ! n
(S.61) E z u’ (W' —EW')vy Op“(\/ﬁ\z|4)

for |z| 2 d. In fact, (S.60) is a direct consequence of (S.59) and Theorem 6.2 of [4] (e.g.
the proof of Lemma 1 in [2]). Moreover, for any positive constant C' and sufficiently large n,
we can conclude that

Clogn)!
(8.62) {”(|ﬁgn)} is a decreasing sequence when [ is increasing.
z
Then it follows from Corollary S.1, K < loglogn and (S.62) that
9 043
Z +1) T (W Ne n _
(S.63) 1_32 —EW )Vk—opu(m),u—Vl,

I=vL :
L ()22 L (c1logn)?a2l—2
n n
<CL Z R <CL Z 2| 2+2
I=VL =viL
2/Iog 7 o4 o,
< c(log n)f—) = i
< c(logn) | 2|8 (log n)€(2VIogn—=6) < nlz[®’
(S.64)
and
VL i VL ’
o Z z_(l+1)uT(Wl _ EWZ)Vk < \FLZ ’z’_(2l+2)E [uT(Wl — EWZ)Vk:|
1=10 =10
(crl)Z a2 (c1y/Togn)? a2
covrl Gl <o S vl
1=10 1=10
i ((c1)*logn) % (loglog n)® a,
<Cl & F
= P logm 0 < P
(S.65)

Here the constants C' and ¢; may vary from line to line. Combining (S.63)—(S.65) yields
(S.61). For u = e;, (S.60) also holds. Then it suffices to prove similar inequality as (S.61) for
u = e;. Actually, by Theorem S.1 we have

L

_ logn)?
S.66 (DT (W! = EW!)vy = 0, (9nlo8m))
( ) lZ:;Z u ( )Vk pu( \/ﬁ|2|4 )
Therefore, by almost the same proof, Lemma 8 in [2] also holds under the conditions of
our paper replacing O therein with O, , which directly implies (S.58) and the following

u=e;.
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expansion
g T [Gd) ~Fu(do)]| vev] [Gld) — Fuld)] v
u Vka Vi = = N ~
BT |G/ (dy) ~ Fi(dy)| v
~ P (an logn)?
= | Prt, — 2t Pry Vi W + Op, (——52)
{ kTR Pt /nt? ]
y [A i — BT Wy +0 ((anlogn)Q)}
u,R,tlk w,k,tr u
g NG
(S.67) X [A bie — BT L Wy +0 ((O‘”log”)g)}
. Vi, K,k Vi, ,tk u ?
" N
for u = e; or vy, where
(S.68) G(z)=(W -z}
and
(S.69) Fi(2) = G(2)V_g[D ;. + VL, G(2)V_,| "' VI, G(2).

Comparing (S.67) with Lemma 2, we see that to prove Lemma 2 we only need to show when
u = e;, the term {Aei’k,tk — t,;lbeTi kot WV + O u((o‘" log”)Z)} in (S.67) can be further

Vnti
expanded as |:Ae1;,k,tk — t,;lbeT“kytkak — % + O u(%)} In fact, by
comparing these two terms we see that Lemma 2 indeed provides higher order expansion of
the remainder term O, (%) in (5.67). We next discuss how to obtain this higher order
expansion.
By Theorem S.1, Corollary S.1, (5.60)-(S.61) and (S.66), we have
(S.70)

L
el G(z)y=—z"ltely — 2 2l Wy — Z e EWly
=2

00 L
_ Z Z_(H_l)e,LTle _ Z Z—(l+l)e?<wl o Ewl)y
I=L+1 =2

L
1 3
=—zlely — 27 2el Wy — 273el W2y — E e EWly + 0, ((a\n/:)‘g ;) ) 7
nlz
=3

(S.71)
L

viG(2)y = -2y — 2 vIwy - Z 2 HDVTEWy
=2

00 L
o Z Z*(H’l)vzwly . Z Z*(l+l)vg(wl _ Ewl)y
I=L+1 =2

L 3
_ _ _ _ o
=2 Wly -2 WIWy — 2 3vIwW?y - E OUVTEW!y + 0, (M) ,
=3
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for all z ~ t; and [|y|loo < ﬁ By Theorem S.1 and Corollary S.1, we have the following
higher order expansions
L
e/ G(2)v, = —2tel vi — 27 %] Wy, — 2 %el W2y, — Z =D e'EW!y,,
1=3

(an logn)?
S.72 Op. (=1
( ) + pu( \/ﬁ|2’4 >’
L 2
(S.73) v{G(z)Vk 1, ZV;‘vik _ IZQZ (l+1)v£Elek +0 (W)7

L 2
_ _ ay
S74)  ViGE)V_p=—2v[WV_; - =z <l+1>v£EWZV,k+Om(W
=2

el G(2)V_p=—2"tel V_; — 27 26T WV_, — z3eI W2V _,

),

L 3
(5.75) _ Zz_(l+l)eiTEWlV—k n Opu((ozn logn) )

s vzt

L
VO, GV =—2" =22 VILWV_ =Y o VI EWIV_,
=2
2

an
(S.76) +0 “(W)'
It follows from (S.72)-(S.75) that
el Fr(z)vi=R(ei, V_5,2) [DTE+ RV, Vi, 2)] T R(V_k, vk, 2)

(an logn)?
Vnlz|*

(an, logn)? )
Vnt;

(S77) —22R(e, V_j,2) [DTL+R(V_i, V1, 2)] VI, Wy + 0, ( ).

Moreover, according to the proofin [1], the term {Au,k,tk — t,;lb:i k,tkak +0,, (
is the expansion of dyu’ [G(czk) - Fk(dk)} Vi, 1.€.

(an logn)?

itz

(S78)  dpu? [G(dk) - Fk(dk)} Vie= Aupn — 'L Wi + Oy, (
Therefore by (S.58), (S.72) and (S.77) we have

(S.79)

cikeZT [G(dk) — Fk(dk)] Vi
X o -1
=P(e;, Vi, di) — P(ei, V_y, d) [de:}g +P(V_g: Vi, dk)}

X 'P(V,k, Vi, Cik) - c?,?leiTva — dAIZQGiT(WQ - EWQ)Vk + ci,;lR(ei, V,k, (jk)

(an log n)3

N —1
X D:;+R(V,k,v,k,dk)] VT, Wy, + O, ( N

)
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_ -1
— P(eivvk‘a tk) - P(eiv V—ka tk‘) [tk‘D_]lg + P(V—k‘v V—kv tk)]

X P(V,k,vk,tk) - t;lelrka — t,;QGT(W2 - EWQ)Vk + t;lR(ei,V,k,tk)
(o logn)?

(2
vnltl® )
(a logn)? )
Vot "
That is to say, we can replace (S.79) with (S.78) and this completes the proof. U

X [DZ, 4+ R(V g, Vi, 11)] - VI, Wvi + 0, (

= Ae, ety — g, ' be. oy, Wi — t; e} (W? = EW?)v + O, (

8.2. Lemma 3.

LEMMA 3. Assume there is no eigenvalue multiplicity. Under Conditions 1-4 and 6,
fixing the direction vy, such that Vzvk > 0, we have the following expansion

3vIEW?v, si;Wvy

rp(i) el W2y, B

V(1) = vi (i) + vy (1)

U 2 2t2 te
(anlogn)?®  (aylogn)?
+ Opu ( 3 2 )
Vltl |tk
(S.80)
) el'w? 3vIEW2v s W 1 3
:Vk(l) + I’k(Z) + 3 Vi o Vk(l) k k ki Oén( 0g 7’L)

2t2 t a Vnd? )

where r}, and sy, ; are defined in Section 3.6. Moreover,

2 2
tk tk

A vIEW?2v, 1 «
S.81 dyp —dp =+ —— 4 vIWv, +0,,(— + —).
(S.81) k— dg i + Vi Wvg + u(\/ﬁ+|dk|)
PROOF. We prove (S.80) first. By Corollary S.1, we have
2
an
(S.82) tR(VE, Vi, te) = P(Vi, Vi, tr) = —1+Opu(t7)
k
and
o2
(S.83) [tk R(VE, Vi ti) | = 1P (Vie, Vi, te)[| = Opu,(?;)-
k

By Theorem S.1 and Corollary S.1, we have the following inequalities

1
S.84 R(ei, Vi tk) S —=—»
(559 S k)N\/ﬁ|tk|
(S.85)
1 -1 T 1
Hbei,k,tk—ez‘H=HR(ez‘ank7t)((ka) +R(ka7V7k,tk)> kaH:Opu(ﬁ)v
(S.86)
P(vi, V_,t _ -1 a2
v, = vill = 1P (D)4 ROV V) VI = 0, (55
k
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EW32y vIEW?2y
Mn < P(viy Vi ti) +1+ 22k

(887  [[Av gt + 14 5
t b

1
+H77(Vk,ka,tk)(t(D—k)fl +7’(ka,ka7151€)> P(V_k, Vi, tr)|

L 1 . at a3
Z—l FEW!vi]| + O, (%)—Opxﬁ),
-3 k k k
~ Lo
(S.88) IR/ (Vi, Vi, tr) = (1+—vkEW2vk Zt—lnglek)*l
k 1=3 'k
3 92 043
(1+—vkEW2vk+O( "3))’1:1——2VEEW2vk+O( ).
th k] t [tk ]
Similarly we have
L l a?
(S.89) 2R (v, V_p, 1) = ZT TEwly,) —1=Opu(ﬁ)-
—92 k
By (83) and (A.16) of [1], we have
-1 /
(S.90) H{ DRV LV ot)] ][ = 0,0,
and
71
(S.91) H LRV Vo t)] H:Opu(\tk\).

By (86) of [1], (S.82), (S.82), (S.88), (S5.89), (5.90) and (S.91), we conclude that

1 _ (Avk7k7tk )/
ti/Pk,tk tk

_ -1
= R/(Vk,vk,tk) — QR/(Vk,V_k,tk) [D_i, + R(V_k,V_k,tk)] X R(V_k,vk,tk)

Y
_R(Vkav—katk){[D:;li‘f’R(V—k;V—katk)] 1} R(V_k, Vi, ti)

(5.92)
1
=7~ t4 VEIEW?v, + Oy, (ab /[t”).
k
Therefore
~ 2
(S.93) Prt, = kaEW Vi 4+ Op, (a3 /1t1.]%).

bk
Recalling the definition of ry in Section 3.6, we have

(S.94)

1
| Ae, kt, + Vi(i) + el EW?v), 4+ el
b b ti

N
< [[P(es, vesti) + V(i) + 7ol EW v
k
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1
+ [|P(es, V_i, tk) (tk(D—k)_l + P(V—kav—k,tk)> P(V_j, Vi, t) + €] 1

Oéd

=0l

0‘7731 )
Vnlt]3 '

By Corollary S.1 and Theorem S.1 we have

Lo
ZT EW'vi|[ 4 O, (
—3 k

ap logn
BT 4ot (W = EW)vi| + [vE (W — EW)vi| = O, (T 20),
Vvn
It follows from (S.85) and (S.86) that
On
(S.95) Eb. 1. Wvi=0,, (ﬁ)’
T T a%@n
(S.96) Ebvk,k,tkka - Evk. WVk- = Opu (?)

By the expressions from (S.82)-(S.96) and Lemma 2, we have

A = 15 an logn)?
(897 el Wil vi = [Py — 205 PE, VEWv + 0 (lanlog ) )
’ Vvnty

T 2 2
- el (W2 —EW?2)v,
X |:Ae7¢,k,tk —tk 1b£,k,tkka‘ -2 ( t2 )

k

(an logn)? )}

O R

Vi, k)tk

(an logn)?
Wvi+O0p, (-—=—5)
P nt? ]

f

X | Avi ke — DT

D —-1_T
= Pk7tk Aei7k7tk AVk7k7tk + tk Sk,ika -

(o log n)3 N (an logn)2)
Vnlte[? n|ty|?

+Op, (

,Pk,tk Avk,k,tk e;fF(W2 — EW2)Vk
t2
k

S —-1.T7
= Pk7tkAei,k,tkAVk7k7tk + tk Sk,ika -

a,(logn)? )
vl
Choosing u = v, in (S.67), similar to Lemma 8 in [2] we have

d2vT [G(cik) —Fk(&k)} vivT [G(dk) Fk(dk)} v
divi {G’(dk) Z(Czk)} Vi

2

+ O, (

(S.98) (Vive)? =

~ ~ «a
— [’Pk,tﬂ - 2t;1P£t‘v£va + 0, (—= )}
" o Vnt?

o 2
X [Avhk’tk tﬁlbw ktkak +0 “(ftQ )]
~ 9 a2
= PkytkAVk,kﬂfk + Opu( - )

N
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Since we fix the direction of ¥, such that ngfk > 0, we can obtain the expansion of v;‘f{fk
as follows
2

aTL
vt}
Divide (S.97) by v{ffk. According to (S.87) and (S.93) we can expand the estimator V()
to higher order as follows

) = vi(i) + D 4 S WVE

T po;
Vi Ve = — ,Pk,tkAmG‘atk +0 u(

).

3VIEW?v,  si ,Wvy

v (i)

7 2 2t2 th
ay logn)? ay logn)?
+Opu,(( n gg) (v g2)
Vnltyl n|tg|
(5.99)
(i) + rp(i) el W2y, (.)3V£EW2V1€ SaiWVk N (an(logn)?’)
= V(2 — V(1 W\ =19 )
t2 t2 2t2 t P nd?
where we have used the inequality that ﬁ < |dx| by Condition 3. This completes the

proof of (S.80).
Now we focus on the proof of (S.81). From (S.58) we have

. 1

dp =1, + V%WV}C + Opu(%).
Combining with the definition of ¢; and
(S.100)

3
— _ (6
1+ dk (R(Vka Vi, ZO) - R(Vk7 V*kv ZO)(D_%; +R(ka7 V,]w Z)) 1R(V7k7 Vi, ZO)) = Opu (dig)v
k
20 =dj + V’“TETVZQV’“, we conclude that
Qp
tk=20+0,p, (—).
( || )
Hence we have
T 2
5 v, EW?*vy T 1 ap,
dp —dy=—"+—"—2 4 vIWv, + 0, (— + —=).
This proves (S.81), and thus concludes the proof of the lemma. O

8.3. Lemmas with multiplicity and their proofs. In the following sections we will con-
sider the case with eigenvalue multiplicity. We first introduce some notations that will be used
frequently hereafter. Define

V= (VKJ._1+1,...,VKJ,), j= 1,...,/6,

Aji =P(x,Vj,t) = P(x, Vi, t) [(D_;) " + P(V_j, V5, 0)] " P(V_;, Vi),

—1
Bl =M" = R(M,V_;.t) ((D—jV1 + RV, V-, t)) Vi,

Sj’i =B -ﬁj - VjV]Tei, Sj = Zsj’i’ SJ(Z) = e%ij,

€i,]
i=1

and R;=V_;(d,D_} -I)""V EW?V;,

—Jj
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where M is some matrix or vector with appropriate dimensions, and we slightly abuse the
notation by using D _; to denote the submatrix of D by removing all diagonal entries with the
same value aj. Moreover, V; is the matrix of spiked eigenvectors with the same eigenvalue
aj, and V_; is the matrix of spiked eigenvectors whose eigenvalues are different from d;,
i=1---,K.

Now we are ready to proceed to the key lemmas regarding the asymptotic expansion of
eigenvectors and eigenvalues with multiplicity as well as their proofs.

8.3.1. Lemma 4 and its proof.

LEMMA 4. Under Conditions 1-4 and 6, we have the following expansion

AT ~V.TWBWH_ BT - WYV,A

5.5 eijd; I 4, eijd,
el VVIV,=AT A, 4+ 20 P _ShG
J e;,j,d; 3sJy d] d‘7

V;.5,d;

(S.101)

an(logn)® el (W2—EW?2)Y; 3¢/ V,VJEW?V; TR,
+0,,, ( =——) + = - = + .
vnd3 dz dz d2

PROOF. There are four major steps in our proof. First, we write eiTlA)j ljerj as an integral
which is a functional of X = H + W. By doing so we can deal with the matrix H + W
instead of the eigenvectors. Second, for the functional of H + W obtained in the previous
step we extract the H part from H + W and further obtain a functional of W. Roughly
speaking, we can get an explicit function of form f((W — d,;I)~1). Third, by the matrix
series expansion (W — d;I)~! = — Yo El;(Hl)Wl, the function f((W — d;I)~!) can be
approximated by f(— ZZL: 0 a;(lH)Wl ) for some positive integer L. Fourth, we can then

calculate the first (second or higher) order expansion of f(— Zleo a;(lH)Wl) since we
have an explicit expression of the function f.

In various parts of this proof, we will use the Sherman—Morrison—Woodbury formula
which we give a brief review here. For any matrices A, B, C, and F of appropriate di-
mensions, it holds that

(S.102) (A+BFC) !=A"'-A"'BF!+CA'B)"lcA!,

when the corresponding matrices for matrix inversion are nonsingular.

Y

Let Q be a contour centered at d; with radius min{Haj\ — |dj_q, ||d;] — ‘aj_i'_l“ }/2.
Since we consider z on the contour Q enclosing d;, it follows that |z| > ¢|d;| for some
positive constant ¢ by Condition 2. Similar to the argument of (S.59), let L = logn. Thus,

with probability tending to 1, we have

e e /2 1 1
—(4+1)ypr! (Clogn)"“ay,
(S.103) ZZL;lz W < l;ﬂ ST S

where C' > 0 is a constant.
By Theorem 6.2 of [4], Condition 3, Corollary S.1, and Weyl’s inequality we have

(S.104) \dy, — d;| < |[W| = O(an\/logn), ke {K; 1 +1,..., K},

|di — dj| > |di — dj| = |dy, — di| > an/logn, k& {K; 1 +1,...,K;}.
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with high probability. In other words, the contour €2 encloses only eigenvalues {czk, k=
K;_1+1,..., K;} with probability tending to 1. By Cauchy’s residue theorem we have with
asymptotic probability one,

1 L[k {41, K
2mi Jo dy, — 2 0, otherwise.

Note that (X — 2I)~" = S (d; — 2)~'%;v7. Thus, it follows from Cauchy’s residue
theorem that for k € {K;_1 + 1,..., K;}, with asymptotic probability one,

K;
~ o .. 1 Vvl
e VVIVi= > el iy, =5 T§ j kVidz
T _
k=K, 1+1 Q odr—2

1 T —1

Since X —2I=W — zI + V,jD,jVTj + clejV]T, it follows from (S.102) that the above
bilinear form can be further written as
~ 1 . -1
T T T T T
1 ~ _ -1
=5 ¢ el T(W—z1+v,D 7)) vj{1+djv}“(W—z1+v,jD,jvfj) Wi}
T JQ
(S.105)
T r\ 7!
< VI (W =214V ;D V) Vyde,
where in the last step we have used §, e/ (W — zI+V_;D_;VT ;)7 1Vjdz = 0 by the fact

that (W —2I+V_;D_ jVTj)_l is analytic inside the circle §2 (following from Condition 2).
Another application of (S.102) leads to
(S5.106)

(W — A+ V_D_WVT, ) —G(2) - G(2)V_; [D:} n ijG(z)v_jl o VIG(2),

where the Green function G(z) associated with only the noise part W is defined in (S.68).
To simplify the expression, let

—1
(S.107) F(2) = G(2)V_ [D:; + ijG(z)v_jl VEG(2).
Then in view of (S.106), the last line integral in (S.105) can be further represented as

~ ~ 1 ~
IDVTY = 5 § el 1G() - BNV,

(S.108) X (I+&jva [G(2) — F(2)] Vj) _IVJ-T [G(2) — F(2)]V;d=.

It is challenging to analyze the terms in (S.108) directly since the expression of F(z) is
complicated and we need to study the asymptotic expansion of F(z) carefully. We will use the
truncation idea. Recall L = logn. Similar to (S.60) we have || 372, | 2~ Wy | =

O, (n™12ay,| 2| =) for z on the contour . Similar to the proof of (S.61)-(S.66), it follows
from Corollary S.1 and Conditions 3-4 that

HZ HDXT (W EWHV)|| = n~V20,, ((an logn)®|2|~¢+D),
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Moreover, since for z €  we have |z|~**2) < a,|2|~(**1) by Condition 3. Similar to (S.70)
we can further obtain

x'G(2)V; = -2 XV, — 27T WY, — 2 3% (W2 — EW?)Y

L
=3 HOXTEW!Y; + Oy, (02 (0 logn)? 2| )
=2

(S.109)

L
=2 %"V, - 22T WY,; — Z 2~ FOXTEWY; + 0, (n=Y2(ap logn)?|z| ).
1=2

In fact, the probabilistic event associated with the small order term O, (n™/2 (v, logn)?|2|~3)
in (S.109) holds uniformly over z since the term O, (n~/?(ay,logn)?|z|=3) is simply
n=12|2|730,, ((on logn)?).
Using similar idea as for proving (S.77), it follows from (S.107) and (S.109) that
-1
eI F()V; = R(e;,V-j,2) DT} + ROV, V-5.2) | R(V-,V5,2)
-2 -1 o
-z ’R’(ej’vfja z) [D—j + R(V*jvvfja Z)i| V—jwvj
272l WY; DT+ ROV, V502) | RV, V502)
-2 -1 “tor
+ 2 'R,(e]',ij,Z) [D—j +R(V*jvvfjaz)i| V—jWV*j
-1 -1
X [D_j FR(V_; V., z)} R(V_;,V,2)
+Op, (n_1/2(ozn log n)3(~1]74 +n Y ay,log n)2|aj|_3),
-1
= R(ej,V,2) DI} + R(V-j, Vo, 2)| R(V-j.V52)
-1
= 272R(e;,V,2) DI RV, V.2) VI WY,

(S.110) + 0, (n7Y2(anlogn)?|d;| ™ + n 7 (an logn)?|d;|72)
and

-1
VIF(2)V; = VIG(2)V. [D:} + vij(z)vfj} VILG(2)V;
-1
=R(V;V-,2) DT+ ROV V5,2) | RV, V52)
—1 ~
—2:2R(V;, V%) [D:} +RV_j, V-, z)} VI WY, + 0, (" 2a3d )

-1
=R(V;,V_j,2) [D:;. +R(V_j,Voj, z)] R(V_j,Vj,2)

(S.111)
+ Opu (n_1/2 (Oén log n)saj_4)7

where F(z) is defined in (S.107) and R is defined in (19).
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Now we are ready to consider the right hand side of (S.108). By (S.109) —(S.111) we have

Ay ;. BL, WV el(W2_EW?2)Y;
eT[G(Z)*F(Z)]V]: VisJs e, ez( )V]

% 2 22 23
$.112) L0 ((an 1Og~;n)3 (an l?gn)Q)
TR P
Ay .. VIWBy, a?
T o L — VJ:]vz ) 31057 _.n
(S.113) VI [G() - F) V= =2 S NG
and
(I+dV] [G(z) —F(2)] ;)"
1. d; ., GYVITWY;  VTEW?Y, o
o o YN\—1 R A 179 J Ay J “n
e e e A e e AR

Plugging the expansion (S.114) into (S.108) will result in two main terms and a smaller order
term, where the first term can be further written as

1 [ - d;

i ) dj(1- )"l [G(2) = F(2)]V;V] [G(2) — F(2)]V;d2
T T N T . <
_AT A B A ,ja V WB J7]d Bei,j,ajWVJAvj7j7dj
T engd, T Viad; d. d.
J J
(W2 —-EW?)y; TR, n(l 3
(S.115) L (WI_EWIY; | e Ry +0pu(M).
d2- d? \/ﬁdj
For the second term, by the equation that Z(Z T y = _1 T~ %, we have
1 - dj o g LVIWY; A VIEW?Y;
5r7 § 41— )%l [G) ~ PV (T + =]
x [G(z) —F(2)] V;dz
~ Aei, .z AVJ7 j,% Ac gz A 55J5%
:d§((7f)’ijvaj zj + Z] VTWV (TJ) ).—a,
3el V. VTEW?2Y, 1 4
(S.116) - ! +OPH(M).
d? \/ﬁdj
Combining the above two results, the right hand side of (S. 108) can be further written as
TWB,, ; A,
e/ VV[Vi=AL 5 A, i - Rosa ¥ WBvia, BeyaWWihvid, R,
©ird; 3:3:% dj dj dj2

0y, (B o Aeuse gy, Az Aeie gy, Aviieyy

\/ﬁd? z z z
3e] VIVIEW?Y; eI (W2 — EW?2)V,j
- a2 * a2
J J
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VTW

— AT _A + ,],d _ Vj.d,d; _ ez,jd WV V;,5.d; i eg:Rj
ei,j,d; " Viigd d; dj de
(S.117)
Lo (an(logn)S) N el (W2 —EW?2)V,j  3e/ V,VIEW?Y;
Pu 32 32 N 32 ’
\/ﬁdj d? d?
I Ae,-,j,z A 1357 Ae Ae;j,z A 1dy2 o 2 TVJVJTWVJ
where d?((#)/TVfWVj% + VTWV (— )’)]Z:aj = —eT +
Oy, (%i;)g) Therefore, we complete our proof. O
8.3.2. Lemma 5 and its proof.
LEMMA 5. LetVj = (VK,_ ,41,.--,VK,). Under Conditions 1-4 and 6, There exists an
orthogonal matrix U,, such that
(S.118)
. R.(i TW?2)). IVIEW?2Y: ST Wy, 1 3
Dy(0)Un = Vy(i) + iy SV P E 2 T g, (nloBn)
d? ds 2d; d; \/ﬁdj
where R and S; ; are defined at the beginning of Section 8.3. Moreover,
(S.119)  d—d 0(0‘72"0)+0 (0) +O,p, (—= L o ), ke{K; 1+1,...,K;}
. k=% =Yy u ~ j-1 i
;] v |dj]
PROOF. Replacing e; by V;, following the same lines in the proof of Lemma 4 we have
3VITEW?2Y; a?
(S.120) VIVVTY, = Ag AAY G O ()
77 ] 17.77 J 2 w 2
ds \/ﬁdj
3VTEW?V);
By Theorem S.1 and Corollary S.1, we have HAV 4, Ay id # — Il = 0(1),

3VIEW?V; .

which means that AT A * is invertible positive definite matrix for large

VJ7 7d Vj 7.jvaj - a?

n. Define a matrix (maybe random) U,, as
T 3VTIEW2V
U, = (A _

o 1/2y,T35
Vg)jﬂd Avjvjvdj d2 ) V V

By (S.120), we have

o a2
U, U =1+0 u(\/zz)
Therefore, there exists an orthogonal matrix U,, such that
2

~ Q
U, —U,||=0,,(—%).
19, = 0ull = 0. (225)
Combining the above three results, we obtain that
~ 3VITEW?Y; %
TV T o2y J\1/2 n
V] VJ (AVJ a]ad AVJ 7j7dj a? ) Un + Op“ ( \/7’»7/(32 )

J J
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This together with Lemma 4 ensures that

T T 5 T j d
T 3 T Aei ,j;aj v] WBV7 )jﬂdj Bei 7jvaj WV] AVJ 7j7dj
€; V] = [Aei,j,a]Avj’.ﬁaj T a - a
j J
ogn). T(W2_EW2)Y, 3¢TVVTEW?Y, IR,
—i—Op“(a (O%;l) )—l—ez( _ Wi J 12 ]+ez~2]:|
BVJTEW2V]'

2
[0
(S.121)  x [(A] LA, g - ——) " PU, + 0y, (—%5) |,
|: 17]7 J d] \/ﬁd‘] :|

which ensures (S.118) by trivial calculation.

Now we prove (S.119). By Condition 3 and (S.104), (W — cikI) is invertible with high

probability and is in fact equal to G_l(czk). It follows from the definition of the eigenvalue
and the representation X = H+ W = VDV’ + W that

0=det(X — diI) = det(W — dpI + VDV?) = det[G1(d},) + VDV7]
= det[G ! (dy,)] det[I + G(d)VDVT].

Therefore det[I + G(dj,)VDV’] = 0. Using the fact det(I + AB) = det(I + BA) for ma-
trices A and B, we obtain foreach 1 < k < K,

(S.122) 0 = det[I + G(d,)VDVT] = det[I + DVT'G(d},)V],

where the second I represents an identity matrix of size K and we slightly abuse the notation
for simplicity. Since the diagonal matrix D is nonsingular by assumption, it follows from
(S.122) that

(S.123) det[d; VI G(dp)V + d;D7!] = d; det(D 1) det[T+ DV'G(d},)V] =0

for each 1 < k < K. We next show that d, which is a solution to (S.123) is asymptotically
close to its population counterpart d;. We will also provide its asymptotic expansion.

By (S.104) and (S.74), for k € {K;_1+1,--+ , K;}, we have d;vE G(dy)ve, = —d;Op, (d;;?) =
O,.(1/|d;]) when 1 # f. Thus, we can see that all off diagonal entries of matrix
d; VI G(dg)V + d;D~! in (S.123) are of order O,, (1/|d;|). For £ ¢ {K; 1 +1,...,K;},
the /-th diagonal entry of ajVTG(cZk)V + d;D! equals ajv?G(cZk)Vg + d;/dy. By

(S.73), Corollary S.1 and Theorem S.1, we have ajngG(czk)Vg +1=0(1)+0 u(ﬁfé,\ )

ke {K; +1,---,K;}, 1 €{1,...,K}. Moreover, by Condition 3, |d;/d; — 1| > ¢ for
some positive constant ¢, j # . Hence, all these diagonal entries except the ones with diag-
onal indices in {K;_1 +1,---,K;} are of order at least Op(1) uniformly. Thus the matrix
(aijG((ik)ng + 4,0, aj/dgl)ghgz%{;(jiﬁ_l _____ K} is invertible with significant probability,
where .0, =1 when ¢; = /3 and 0 otherwise. Recall the determinant identity for block
matrices from linear algebra

A1 A _
det <A; A;z) = det(AQQ) det(An — A12A221A21)

when the lower right block matrix A is nonsingular. Treating the sub matrix (ajv;{ G(2)ve, +

00,6,d5/de, oy tre (K, 1 +1,..5,} as the first block Aqy and (d;vE G(2)ve, +00,0,d;/de ) e, fag {5, 141K}
as the second block A9, summarizing the arguments above, we have with high probability
that

(S.124) det [a]VTG(Z)V + EljD_l] = det(AQQ) det(A11 — A12A521A21),
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for z € [dj — 2A,d; + 2A], where A = logn(HVT]EWQVHOo +|[VIWV| ) +Opu(\fd ).

Here A is chosen to ensure the invertibility of A22 and we will show that the solution dk
belongs to the interval [d; — 24, d; +2A]. Itis easy to see that for all z € [d; — a,, logn, d; +
ap logn], the sign of det(Ag2) keeps the same with high probability. Moreover, with hlgh
probability we have

sign(det(Aq; — A12As) Ag1)) = (—1)5, 2 € [d; — vy Jogn, d; — 24,
and
sign(det(A11 — A12A521A21)) =1,z€ [d + 2A, dj + a, log n}

In view of (S.124), the sign of the determinant det [dx VT G(2)V +dD~'] does not change in
[ — logn, d; —2A]and [dj +2A, d; + ay, log n] with high probability. Hence, dy, ¢ [d; —
ay, logn, d —2AJU [d +2A, d + a, logn). Finally, by Theorem 6.2 of [4], d;. must be in
the interval (dj —ap logn, d + v, log n) with high probability. The proof is completed. [

8.4. Theorems 3.1-3.4 under multiplicity.

THEOREM S.2. Under Conditions 1-6, the conclusions in Theorems 3.1-3.4 hold under
their corresponding assumptions.

PROOF. The proof of Theorems 3.1-3.4 in the case of no-multiplicity is essentially based
on Theorem S.1, Corollary S.1, Lemmas 2 and 3. Lemmas 4-5 are similar to Lemmas 2-
3 except we do not have the explicit asymptotic expansion of di, and the denominators in
the expansions of eigenvectors are polynomials of d;. For the denominators, the difference

is negligible by (S.119). Moreover, the explicit asymptotic expansion of di, does not play
an important role in the proof of Theorems 3.1-3.4, while we only need the order of the
difference between dj, and d;. Finally, whether the eigenvalues are distinct or not does not
affect Theorem S.1 and Corollary S.1. Theorem S.2 is proved by combining the arguments
above. O
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