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This Supplementary Material contains some intermediate steps of the
proof of Theorem 1 and additional numerical studies and technical details,
as well as the details about the post-screening interaction selection.

APPENDIX B: POST-SCREENING INTERACTION SELECTION

The screening step of IPDC can reduce the problem of interaction iden-
tification from a huge scale to a moderate one as shown in Section 2. In
particular, the reduced interaction model can be of dimensionality smaller
than the sample size. After the screening step, IPDC further selects im-
portant interactions and main effects. Thanks to the much reduced scale,
the selection step can be conducted in a computationally efficient fashion
by exploiting regularization methods for the multi-response regression. Var-
ious regularization methods have been developed for multi-response linear
models. See, for example, [3], [7], [5], [6], [25], and references therein. Those
methods were usually investigated for the scenario of no interactions. For the
selection step of IPDC, we aim at interaction model recovery by employing
a two-step variable selection procedure, where we first recover the support
union using the idea of group variable selection [35] and then estimate the
individual supports for each column of the regression coefficient matrix via
an additional refitting step of Lasso [32] applied to the recovered support
union (see, e.g., [14] for connections and differences among regularization
methods).

To simplify the presentation, hereafter we assume that the response vector
y is centered with mean zero and all interactions X3 X, are also centered
to have mean zero with a slight abuse of notation, which eliminates the
intercept vector a in model (1). Thus given an i.i.d. sample (y;,x;)" ;, the
multi-response interaction model (1) can be rewritten in the matrix form

(A.1) Y=XB+W,
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where Y = (y1,---,yn)? € R™Y is the response matrix, X = (X,Z2) €
R™ P with p = p(p 4+ 1)/2 is the full augmented design matrix with X =
(x1, ,x,)T € R™P the main effect matrix and Z = (z1, -+ ,2z,)7 €
R™*[P(r=1)/2] the interaction matrix, z;’s are defined similarly to z, B =
(BL,BINT € RP*X4 is the regression coefficient matrix with By € RP*? and
B, € RPP-D/2x0 and W = (wy, -, w,)T € R"* is the error matrix.

B.1. Interaction and main effect selection. Let S be the row sup-
port of the true regression coefficient matrix B* in model (A.1), which cor-
responds to the index set of nonzero rows of B*; that is, if k € S, then
the kth row of B* has at least one nonzero component. Denote by J =
{71, ja y {1, ,ptand K = {ky,--- ,kq,} C {1,---,p} the index sets
of retained main effects and interaction variables after the screening step of
IPDC, respectively. Then the reduced design matrix is (Xj,,- - - ,ijdl,ikl o
ikQ, cee 752’%12—1 o ide) S RnXd with d = d1 + dg(dg - 1)/2, where ig is the
¢th column of X. Let S C {1,---,p} be the index set given by the columns
of such a reduced matrix in the full matrix X. As guaranteed by Theorem
1, the true row support S can be contained in the reduced set S by IPDC
with high probability that converges to one at a fast rate as sample size n
increases.

Observe that the true row support S is the union of individual supports
of the columns of the true regression coefficient matrix B* corresponding to
the ¢ responses. Given any set J C {1,---,p}, denote by By a submatrix
of B formed by the rows indexed by J. For the support union recovery, we
exploit the multivariate group Lasso given by the following regularization
problem

1 ~
A2 in < —|[Y—XBJ|%+\|B
A2 gring { g 1¥ =Xl 1B .

where 5¢ is the complement of the set S, |- || denotes the Frobenius norm of
a matrix, A > 0 is a regularization parameter, and || - ||2,1 stands for the ma-

trix rowwise (2, 1)-norm defined as | Ml|l2,1 = >,(3_; mfj)l/2 for any matrix

M = (m;;). Note that S and M UZ share the same cardinality. We should
remark that as ensured by Theorem 2, the computational cost of solving the
optimization problem (A.2) can be substantially reduced compared to that
of solving the same optimization problem without the screening step, that
is, with § = {1,--- ,p}.

The multivariate group Lasso has been widely used in the multi-response
linear regression models typically without interaction terms. For example,
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[24] and [25] established the oracle inequalities for the case when the design
matrix is deterministic and the error matrix has i.i.d. Gaussian entries. [2§]
investigated the model selection consistency in terms of support union recov-
ery of the multivariate group Lasso under the assumptions that the design
matrix is drawn with i.i.d. Gaussian row vectors and all the entries of the
error matrix are i.i.d. Gaussian. We will relax such Gaussianity assumptions
and justify that this group variable selection procedure continues to perform
well in the presence of interactions.

Once the row support of the true regression coefficient matrix is recovered,
it is straightforward to recover the individual supports of each column of the
regression coefficient matrix by an additional refitting step of applying the
ordinary Lasso to the recovered support union. Since the sampling properties
of Lasso have been extensively studied and are now well understood in the
literature, we will provide only theoretical analysis of the multivariate group
Lasso problem (A.2).

B.2. Support union recovery and oracle inequalities. To facili-
tate our technical analysis for the selection step of IPDC, we impose a few
additional regularity conditions.

CONDITION 4. The covariate vector x has a sub-Gaussian distribution
and s = |S| = O(n%) for some constant 0 < £ < 1/4.

ConDITION 5 (RE(s) assumption). There exists some positive constant
k such that

. I=V2A g
K(s) = min AL 2R
J|<s, AcRP*\(0}, | A je 21 <3| A lz1  1AI]F

where X is the covariance matriz of X = (x,z7)7.
CONDITION 6. The error vector w has a sub-exponential distribution.

The first part of Condition 4 is a mild assumption on the distribution of
the covariates. It can be satisfied by many light-tailed distributions such as
Gaussian distributions and distributions with bounded support. The second
part of Condition 4 puts a row sparsity constraint on the true regression
coefficient matrix. In particular, the requirement of £ < 1/4 reflects the
difficulty of interaction selection in high dimensions.

Condition 5 is a natural extension of the restricted eigenvalue (RE) as-
sumption introduced in [1] since here we use the rowwise (2,1)-norm in
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place of the Li-norm. The RE assumption has been commonly used to es-
tablish the oracle inequalities for the Lasso and Dantzig selector [4]. For
simplicity we still refer to Condition 5 as the RE(s) assumption. This con-
dition is also similar to Condition 3.1 in [24] and Condition 4.1 in [25],
who considered the scenario of deterministic design matrix and no inter-
actions. Condition 6 assumes the sub-exponential distribution for the er-
ror vector, which is key to establishing the deviation probability bound for

||XTW||2,OO. Here ||||2,00 denotes the matrix rowwise (2, co)-norm defined as
[M[[2,00 = max; (3 m?j)l/2 for any matrix M = (m;;). Hereafter p involved
in the regularization parameter A and probability bounds is understood im-
plicitly as max{n, p}.

THEOREM 3. Assume that all the conditions of Theorem 1 and Con-
ditions 4—6 hold, ¢ < p, logp = o(n") with n = min{ny,1/2 — 2¢}, and
set X = c3+/(logp)/(nq) with c3 > 0 some constant. Then with probability
at least 1 — O{exp(—Cn™/2)} — O(p=*) for some constants C,cy > 0, the
minimizer B of (A.2) satisfies

(43) (na) ™ |X(B - BY) | < °2 \/s(log )/,

1 6403
% 2,1 S ?S\/ (logp)/n

If in addition minjes [|B}[|//q > 128¢c3k 254/ (logp) /n, then with the same
probability the row support of B is identical to S, where the matriz B is
obtained by thresholding the jth row of B to zero for each j if |B;||/\/q <
64c3k~2s\/(logp)/n. Moreover, if the RE(s) assumption in Condition 5 is
replaced by RE(2s), then it holds with the same probability that

1, = . 161/10c
—|IB - B*||r < —2/s(logp)/n.

Va k2(2s)

Theorem 3 establishes the model selection consistency of the IPDC fol-
lowed by hard thresholding in terms of support union recovery. It also ex-
tends the oracle inequalities in Theorem 3.3 of [24] and Corollary 4.1 of [25]
in three important aspects: the inclusion of interaction terms, the analysis
of large random design matrix, and the relaxed distributional assumption.
Such extensions make the technical analyses more involved and challenging.
We should remark that the same results as in Theorem 3 hold with prob-
ability at least 1 — O(p~*) for the regularized estimator with d = p, that
is, without the screening step. It is also worth mentioning that the value

(A.4) |B — B*

(A.5)
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TABLE 5
Proportions of important main effects, important interaction, and all of them retained by
different screening methods.

Method X12 Xoo X1Xo All
DCSIS2 1.00 1.00 0.06 0.06
DCSIS-square  0.00 0.81 1.00  0.00
IPDC 1.00 1.00 1.00 1.00

of the regularization parameter X\ in our Theorem 3 is slightly larger than
those used in [24] and [25], due to the more general model setting considered
in our paper. In fact, such larger value of X\ is needed to suppress the ad-
ditional noise caused by the presence of interactions and the heavier-tailed
distribution of model errors.

APPENDIX C: ADDITIONAL NUMERICAL STUDIES

C.1. Comparison of IPDC with individual components. Recall
that the new interaction screening approach of IPDC treats the screening for
interactions and the screening for main effects as two separate components.
Since the distance correlation can capture nonlinear dependency between
variables, a natural question is whether either of these two components might
suffice for the purpose of the joint screening for both interactions and main
effects. To ease the presentation, the component for interaction screening is
referred to as DCSIS-square, and the component for main effect screening is
called DCSIS2 as described in Section 3.1. Thus it is of interest to compare
IPDC with both DCSIS2 and DCSIS-square. To this end, we revisit the
setting 3 of Model 4 investigated in Section 3.1; see Table 1 for the screening
performance of DCSIS2 and IPDC.

Table 5 reports the comparison results of these three methods. We see
that DCSIS2, which is designed specifically for main effect screening, fails to
retain the important interaction X; X9, and DCSIS-square, which is designed
specifically for interaction screening, fails to retain the important main effect
X19. In contrast, the IPDC combines the strengths of its two individual
components in screening for both interactions and main effects. Such an
observation is in line with a key message spelled out in the Introduction,
that is, a separate screening step for interactions can significantly enhance
the screening performance if one aims at finding important interactions.

C.2. Performance of interaction and main effect selection.
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C.2.1. Selection in single-response models. After the screening step, we
further investigate the performance of selection for the interactions and main
effects in the reduced feature space. The selection step in the single-response
examples (Models 1-4) is implemented by the Lasso. Thus we refer to each
two-stage interaction screening and selection procedure by the SIS2-Lasso,
DCSIS2-Lasso, SIRI-Lasso, IP-Lasso, and IPDC-Lasso, respectively. The or-
acle procedure, which assumes that the true underlying sparse interaction
model is known in advance, is used as a benchmark for comparison. In par-
ticular, in Model 4 the indicator covariate I(X12 > 0) instead of the linear
predictor X5 is used in the oracle procedure.

Three performance measures, the prediction error (PE), the number of
false positives (FP), and the number of false negatives (FN), are employed
to assess the variable selection performance of each method in the single-
response examples. The PE is defined as E(Y — )7)2 with ¥ the predicted
response. We generate an independent test sample of size 10, 000 to calculate
the PE. The FP is defined as the total number of unimportant interactions
and main effects included in the final model, while the FN is defined as the
total number of important interactions and main effects missed by the final
model.

Table 6 presents the means and standard errors of different performance
measures. Since the screening results by all methods in Model 1 under three
different settings are almost identical, one can expect that the correspond-
ing selection results should be very similar, which is indeed the case. Thus
we omit the selection results for Model 1 to save space. For Model 2, the
performance of all methods is very similar across three settings. As a result,
we only present the selection results under setting 2 of this model in Table 7
as a representative. The complete results are available upon request. Based
on Tables 6 and 7, the following observations can be made.

e In Model 2, we see that IPDC-Lasso performs the best and closest
to the oracle procedure across all measures, as shown in Table 7. For
Model 3 under all settings, our method IPDC-Lasso has far lower mean
prediction error than all other methods except for the oracle, according
to Table 6. The advantage of IPDC-Lasso over other methods is also
evident in Model 4.

e We remark that the gap between the prediction errors of the IPDC-
Lasso and oracle in Model 4 is mainly because as mentioned before,
the latter exploits the indicator covariate I(Xj2 > 0) whereas such
prior information is unavailable to all other procedures. Even in this
scenario of model misspecification, our method still performs well in
identifying important interactions and main effects.
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TABLE 6

Means and standard errors (in parentheses) of different selection performance measures
for Models 3 and 4 over 100 replications.

Method Model 3 Model 4
PE FP FN PE FP FN
Setting 1: (p, p) = (2000, 0.5)
SIS2-Lasso 33.79 (0.87)  39.25 (3.79) 1.88 (0.04) 15.00 (0.32) 22.05 (2.50) 1.23 (0.06)
DCSIS2-Lasso  3.94 (0.41)  0.51 (0.17)  0.32 (0.05)  3.36 (0.38)  4.16 (0.72)  0.11 (0.04)
SIRI-Lasso 3.54 (0.40)  0.54 (0.36) 0.27 (0.05)  4.34 (0.49)  1.63 (0.40)  0.31 (0.07)
IP-Lasso 2.08 (0.28)  0.46 (0.11)  0.10 (0.03)  2.38 (0.05)  4.24 (0.64)  0.07 (0.03)
IPDC-Lasso 1.27 (0.10)  0.63 (0.20) 0.01 (0.01) 227 (0.02)  3.32 (0.47)  0.01 (0.01)
Oracle 1.017 (0.002) 0 (0) 0 (0) 1.022 (0.002) 0 (0) 0 (0)
Setting 2: (p, p) = (5000, 0.5)
SIS2-Lasso 36.31 (0.51) 6178 (2.85) 1.97 (0.02) 15.27 (0.24)  39.29 (2.33) 1.15 (0.04)
DCSIS2-Lasso 581 (0.44)  1.20 (0.55)  0.54 (0.05)  4.17 (0.48)  3.45 (0.53)  0.20 (0.05)
SIRIL-Lasso 448 (0.45)  0.42 (0.16) 0.37 (0.05) 470 (0.52)  2.24 (0.44)  0.37 (0.07)
IP-Lasso 2.52 (0.33)  1.83 (0.61) 0.15 (0.04)  2.51 (0.06)  6.75 (1.24)  0.14 (0.04)
IPDC-Lasso 1.38 (0.16)  0.91 (0.31) 0.02 (0.01)  2.30 (0.02)  4.39 (0.63)  0.01 (0.01)
Oracle 1.009 (0.002) 0 (0) 0 (0) 1.014 (0.002) 0 (0) 0 (0)
Setting 3: (p, p) = (2000, 0.1)
SIS2-Lasso 21.96 (0.19)  22.84 (3.18) 1.98 (0.01) 13.15 (0.10)  15.68 (2.04) 1.24 (0.05)
DCSIS2-Lasso  18.85 (0.47)  9.32 (2.47) 170 (0.05)  12.58 (0.28) 851 (1.73)  1.15 (0.05)
SIRL-Lasso 14.45 (0.72)  0.40 (0.17)  1.28 (0.07)  11.55 (0.45)  1.35 (0.43)  1.28 (0.07)
IP-Lasso 6.23 (0.63)  4.20 (1.37)  0.46 (0.06)  2.54 (0.17)  6.28 (1.54)  0.05 (0.02)
IPDC-Lasso 3.08 (0.44)  0.99 (0.21)  0.17 (0.04)  2.26 (0.01)  4.00 (0.79) 0.0 (0.00)
Oracle 1.017 (0.002) 0 (0) 0 (0) 1.022 (0.002) 0 (0) 0 (0)
TABLE 7

Means and standard errors (in parentheses) of different selection performance measures
for setting 2 of Model 2 over 100 replications.

Method PE FP FN

SIS2-Lasso 25.57 (1.61)  30.20 (3.31) 1.62 (0.10)
DCSIS2-Lasso  3.20 (0.40)  1.85 (0.44)  0.21 (0.04)
SIRI-Lasso 3.03 (0.38)  1.30 (0.23)  0.20 (0.04)
IP-Lasso 4.05 (0.45)  4.79 (1.06)  0.33 (0.05)
IPDC-Lasso 1.61 (0.20)  2.55 (0.49)  0.04 (0.02)
Oracle 1.014 (0.002) 0 (0) 0 (0)
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TABLE 8
Means and standard errors (in parentheses) of different selection performance measures
for Model 5 over 100 replications.

Method PE FP.main FP.int FN.main FN.int

SIS.max-GLasso 6.24 (0.06) 127.64 (4.72)  699.08 (27.37) 1.22 (0.23) 9.50 (0.12)
SIS.sum-GLasso 6.12 (0.08) 185.28 (3.64) 810.72 (20.19) 0.74 (0.14) 9.06 (0.17)
DCSIS-GLasso 4.29 (0.14) 157.74 (3.98)  830.19 (23.00) 0.50 (0.10) 5.63 (0.29)
IPDC-GLasso 2.74 (0.09) 124.77 (3.02) 878.93 (20.60) 0.04 (0.02) 2.46 (0.23)

SIS.sum-GLasso-Lasso  4.99 (0.07)  15.75 (0.86)  63.73 (3.39)  3.07 (0.20)  9.35 (0.16)
DCSIS-GLasso-Lasso 3.40 (0.12)  11.87 (0.70)  62.98 (2.94)  1.41 (0.17) 6.36 (0.28)
IPDC-GLasso-Lasso 2.08 (0.09)  7.42 (0.36)  58.95 (2.32)  0.37 (0.09) 3.28 (0.24)

( (

( ( (

z e oo
SIS.max-GLasso-Lasso 5.11 (0.05) 11.92 (0.84) 52.40 (3.17) 3.44 (0.19)  9.60 (0.10)

( ( (

( ( (

( ( (

( 0 (0) 0(0

Oracle 1.048 (0.001) 0 (0) 0 (0) )

C.2.2. Selection in multi-response model. As mentioned before, interac-
tion and main effect selection in the multi-response model setting (Model
5) is conducted through a two-step procedure in the reduced feature space
obtained by screening. Such a method first selects rows of the regression
coefficient matrix using the group Lasso, and then applies the Lasso to each
individual response for further selection of the rows. The goal of the indi-
vidual Lasso is to eliminate the unimportant interactions and main effects
that are included in the model recovered by the group Lasso. The result-
ing interaction screening and selection procedures are referred to as the
SIS.max-GLasso-Lasso, SIS.sum-GLasso-Lasso, DCSIS-GLasso-Lasso, and
IPDC-GLasso-Lasso, respectively. We also include for comparison the pro-
cedures that exploit only the group Lasso in the selection step, which are
named by dropping the Lasso component. The oracle procedure is the or-
dinary least-squares estimation applied to each response separately on the
corresponding true support.

The same performance measures as defined in Section C.2.1 are employed
to evaluate different methods, except that the PE is now calculated as the
average prediction error across all ¢ = 10 responses. To further differentiate
the false positives and false negatives for the main effects and interactions,
we attach “.main” and “.int” to both measures of FP and FN as shown in
Table 8.

Table 8 reports the selection results for Model 5. The FP.int is relatively
large for all methods since even after screening, there are still a large number
of interactions left, due to the presence of multiple responses. We observe
that a further step of individual Lasso implemented on the support of group
lasso for each response separately can substantially reduce the FP for both
interactions and main effects. Moreover, our method IPDC-GLasso-Lasso
outperforms all competitors under all performance measures.
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TABLE 9
Means and standard errors (in parentheses) of prediction error as well as numbers of
selected main effects and interactions for each method in mice data.

Model Size
Method PE (x107%) Main Interaction
SIS2-Lasso 100.14 (5.57)  0.14 (0.03)  9.56 (0.11)
DCSIS2-Lasso  100.91 (6.12)  0.12 (0.03)  9.22 (0.11)
SIRI-Lasso 247.53 (10.11)  1.07 (0.03)  0.46 (0.13)
IP-Lasso 101.34 (4.99)  5.00 (0.09) 8.55 (0.21)
IPDC-Lasso 96.55 (5.40)  3.04 (0.07) 7.31 (0.11)

C.3. Univariate gene expression study. We study the the inbred
mouse microarray gene expression data set in Lan et al. [21]. There are 60
mouse arrays, with 31 from female mice and 29 from male mice. The response
variable is the gene expression level of stearoyl-CoA desaturase-1 (Scdl), a
gene involved in fat storage. Specifically, Scdl controls lipid metabolism
and insulin sensitivity. The covariates are gene expression levels for 22,690
of the mice’s other genes. Therefore, the sample size n = 60, the number
of covariates p = 22,690, and the number of responses ¢ = 1. All variables
involved in this studey are continuous.

This data set is publicly available on the Gene Expression Omnibus web-
site (http://www.ncbi.nlm.nih.gov/geo; accession number GSE3330), and
has been studied in Hao and Zhang [16] and Narisetty and He [27]. Follow-
ing Narisetty and He [27], we randomly split the data into training and test
sets of sizes 55 and 5, respectively. Furthermore, to ameliorate the numerical
instability caused by the relatively small sample size we perform 200 ran-
dom splits and calculate the mean prediction errors and the corresponding
standard errors to better evaluate the performance of various methods. We
compare the IPDC with the SIS2, DCSIS2, SIRI, and IP. Detailed descrip-
tions of all these methods can be found in Sections 3 and C.2.

The final selection results on the prediction error and selected model size
are summarized in Table 9. We see that IPDC-Lasso performs noticeably
better than its competitors. Further, paired t-tests of prediction errors on
the 200 splits of IPDC-Lasso against SIS2-Lasso, DCSIS2-Lasso, SIRI-Lasso,
and IP-Lasso lead to p-values 3.40 x 1072, 1.94 x 1072, 1.90 x 10736, and
2.64 x 1072, respectively. These test results demonstrate the significantly
improved performance of IPDC over other methods at the 5% level.

APPENDIX D: ADDITIONAL PROOFS OF MAIN RESULTS
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D.1. Step 1.3 of Part 1 in the proof of Theorem 1. We now
consider the term 77, 5 — Tj1,3. Applying the Cauchy-Schwarz inequality
twice leads to

(A6) Tz < {E [y, y3)] E [6° (X0 Xs) o (XTy, X30) > M1 Y]}
< BV2[2(yt, y3)] { Bl6* (X X5 P{6(X T X5) > M1}

In view of (17), we have

(A7) E[¢*(Xix, X3)] < BIXT, + X5)*) < B{[2(X{, + X))}

<F
< E[8(XT, + X3,)] = 16B(X3;)
and by Bonferroni’s inequality,
(A8)  P{o(X{y, Xop) > My} < P(X3y, + X3, > M) < P(X7, > My /2)
+ P(X2, > My /2) = 2P(X%, > M, /2)
< 2exp(—coM;/2)Elexp(co X))
Combining (25) with (A.Q)—(A.8) and by Condition 2, we obtain T} 3 <

C~’3 exp(—8~tegMy), where Cj is some positive constant. Since M; = nét, it
holds that for any positive constant C,

(A.9) 0 < Ti,3 < Cyexp(—8'eon®) < Cn~"2/48

for all 1 < k < p when n is sufficiently large. This entails that

. > ~ —k2
(A.10) P(lrél]?i( |Tk1 53— Tg1,3| > Cn™"2/24)
< P(max |T}, 3| > Cn~"2/48
= (1<]? T, 5] n="/48)

for all n sufficiently 1arge Thus applying Markov’s inequality and noting
that T,:‘l 3> 0and E(T} . 3) = Tk1,3, we have

P(Ti,50 2 6/2) < (6/2) BT}y, 50) < (6/2) ' E(Ti,5)
= (6/2) T3
for any > 0. Choosing § = Cnre /24 in the above inequality and in view of

(A.9), it follows that P(|T}, 5| > Cn~"2/48) < 48C~'Cyn’2 exp(—8L¢onéh).
This inequality together with (A.10) and Bonferroni’s inequality yields

. > Cn"e
(A11) P(max IT31 5 — T sl > Cn="2 /24)

< 48pC ' C3n’® exp(—8 L¢gnt).
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D.2. Step 2 of Part 1 in the proof of Theorem 1. In this step,
we handle the term max;<y<p|Tko — Tho|- Define Tho 1 = E[o(X7y, X5)]

~

and TkQ’Q = E[¢(yf,y§)] Then Tkg = TkQ,lTk2,2‘ Similarly7 Tkg can be
rewritten as Tyo = T, 1Tko,2 by letting Tgo 1 = n~? szzl ¢(X;‘k,X;k)
and Ty, o = n~> Z?Fl ¥(y;,y;). An application of similar arguments as in

Step 1 results in that for any positive constant 5, there exist some positive
constants C', - -+ ,Cy such that

P(|T\k2,l —Ti2,1] > én_“2/4) < Oy exp{—Cyn172%2)/3}
P(|Tha,2 — Tha,2| > Cn~"2/4) < Cyexp{—Cyn{1~2+2)/5},

In view of (17) and (18), we have Tyo 1 < 2E(X%,) and Tyo, 2 < 2E(||y1]?).
By Condition 2, Ty 1 and Ty o are uniformly bounded from above by some
positive constant for all 1 <k < p. Thus it follows from Lemma 1 that for
any positive constant C, there exist some positive constants Cs and Cg such
that

P(|Tiz — Tio| > Cn"2/4) = P(|Tho,1Tha,2 — T2, 1Tk, 0| > Cn"2 /4)

< Cs exp{—éﬁn(lﬁ””)/s’}

for all 1 < k < p. By Bonferroni’s inequality, we obtain

Al Tho — Tro| > Cn "2 /4) < Ty — Tho| > Cn—"2 /4
(412 P(llél?%(p'Tkz Tia| 2 Cn /)_;PQTIQ Tio| > Cn="2/4)
< p65 exp{—éGn(1*2N2)/5}‘

D.3. Step 3 of Part 1 in the proof of Theorem 1. We now consider
the term T3 — Tr3. Define a U-statistic

i<j<l

with the kernel g(X}.,y7; X5 X y;) given by

9K Y7 X5 Y5 X ¥1) = (X, X5)0(vi, y1) + (X X (yi, y5)
+ (X, X))V (v5, ¥7) + (X, Xi) (v, ¥7)
+ (X X3V (YT, 7)) + 0( X, X)W (y[, v7)-
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Then Tis = n2(n—1)(n—2) [f,:‘:g +(n— 2)_1fgl]. By the triangle inequality,
we deduce

(n—1)(n—2) (f]::,) ) — 3n—2

(A13) [T — Ths| = 2 Tis
n—1 -,
+ T(Tm = Tj1) +

1 -
Tia| < T3 — Thal
3 . 1
+ | =Ths| + [Ty — Tha| + | =Thal-
n n

It follows from the Cauchy-Schwarz inequality and (17)-(18) that

Ths < {E (XT3, Xop)|E[ (Y1»Y3)}}1/2

< {E (X2 + X3)° E [(I3117 + 732}/
< {ER(XH + XENER(F " + 511}
— 1 {B(XA)E(3 ]9}

forall 1 <k <p.

In Step 1, we have shown that Tj; < 4 {E(ka)E(HylH4)}1/2 for all 1 <
k < p. By Condition 2, E(X{,) and E(||y1]|*) are uniformly bounded from
above by some positive constant for all 1 < k < p. Note that Tj; > 0 and
Ty > 0. Thus for any positive constant C we have maxi<p<p |31~ 1Ths| <

Cn~"2/16 and max<p<p |n 1 Tj1| < Cn~*2/16 for all n sufficiently large.
These two inequalities along with (A.13) entail

A.14 P Ths — Tha| > Cn~"2/4) < P T — T
(A.14) (gggp\ k3 — Ths| > Cn™"2 /4) < (gggpl s — Thsl

> Cn™"2/16) + P( max IT¢, — Trr| > Cn="2/16).
SRSPp

Replacing C with C/2 in (31) gives
(A15)  P(max [Tf; — Tia| = Cn™"/16) < pCh exp{~Conl!22)/5=21}
<k<p

+ C~'3 exp{75'4n3’7/2},

where 61, e ,C~’4 are some positive constants. B
It remains to bound P(maxi<i<p|[T}3 — T3] > Cn™"2/16). Let Tys =
Tk3,1 + Ty3,2 + Tk3,3 with

Tz, = Eo( X1y, Xa) b (y1, y3) H{o(Xiy, Xa3,) < Ms}{db(y1,y3) < Maj],

Tiz,2 = E[o(X1g, Xop)¥(v1, y3) H{o(XTx, Xop) < M3} {(y7,y3) > My},
Ti3,3 = Ed( X1k, Xop)(y1, y3)H{o( X1y, X5) > M3}
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D : Tk Tx _ x Tk T
Similarly, write Ty5 as Ty = T3 | + T3 o + Ty 3, Where

Tk
Ty 1

_—_
Ths 0 =

Tisk
Tk3, 3

Clearly, Tj5 ¢, T} o, and T}5 5 are unbiased estimators of T3 1, T3, 2, and

T (e e 3 00X X (st 1 HOKG X) < Mo}
K(yiyi) < Ma}
(X XG0y, YO (X Xi) < Mo} (v7,v7) < M)
+ (X X005, ¥ HO (G Xi) < MaHH{w (v, ¥7) < Ma}
+ (X XUy} ¥1HO(X e, Xi) < Mo} (], v7) < M)
(Xlka VYY) A(Xp, Xii) < M3 {(y],y;) < Ma}
OXii X500y, YOGk, Xi) < Ma}HU(y7,7) < Ma}]

6

)
. 0 " I VL Yk ok
_n(n—l)(n—Q) Z g<Xik7yi7Xjk7yj7Xlk7yl)a

i<j<l
1

n(n—l)(n—Q) Z [¢( zk?X )w(szyl)H{gb( zk;? )<M3}

i<j<l

H(yi,yr) > Ma}

(X Xp )V (v, ¥ ) o(Xik, Xig) < Ms}{o(y;,y;) > Ma}

(X Xa) (7, ¥y o (X, Xoi) < Ms}{p(yj,y;) > Ma}

O(XGp, X)W (y5, ¥ ) Ho( Xy, Xii,) < M3} (y5,y7) > My}

(X, X)W (y1 ¥ ) H (X, X)) < Ms}{(yy,y;) > Ma}

O(XG, X)Wy yi )M o(Xi, Xi1) < M3}{ap(y,y7) > Ma}],
B (e 3 160K Xyt yHOK X5 > M)

+ A( X, X )0 (yi, v ) o( X, Xig) > M3}

+ (X Xi) ¥ (v5, ¥ d(XGy, X)) > M3}

+ ¢( Xk, X)W (y 5, yi b (X, Xiy) > M3}

(Xlkv VWYY A( Xy, Xip) > M3}

(X, X0yl i) Ho( Xy, XGp,) > Ms}] .

13
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Ty3,3, respectively. By the triangle inequality, we have

A.16 P T* — Tial > Cn~r2 /16
(A.16) (gggpl ks — Tkl > Cn™"2/16)

3

< A* R . > ~ —K2 .

< ;P(lg%g Ty, ; — Ths, j| > Cn="2 /48)
]:

Note that g defined in the expression for T w3 1 is the kernel of the U-

statistic f,;% , of order 3. Applying similar arguments to those for dealing
with fgl’l in Step 1 yields

P(|T}s,1 — Tha,1| > Cn"2/48) < 2exp{—m3C?n~ 2 /(1152M3M3)}
< 2exp{—6'5n1*2”2*253*254}

with 55 some positive constant, by setting Mz = n% and My = nf* with
&3,&4 > 0 and noting that ms = [n/3]. Thus it follows from Bonferroni’s
inequality that

(A.17) P(max [T~ Tia,1| = On™"2/48)
< Y P(Tiy 1~ Tisal = O /a8)
1<k<p

< 2pexp{—Csn!~2r2~%s=2%)

Using similar arguments to those for (29)—(30), we can show that

A18 P Ty o — Ths o] > Cn~r2 /48

( ) (1211?%(;;' k3,2 k3,2’ > Cn™"/48)
< C~’6n"‘2+§3 exp{—2_3/2con€4/2},

A.19 P T#: o — Tha 5| > Cn "2 /48

(A.19) (1211?%{;9' k3.3 — Tks 3| > Cn™" /48)

< p5’7n”2 exp(—8*1con§3)7

where 66 and C~'7 are some positive constants.
Combining the results in (A.16)—(A.19) leads to

P(fg?i{ I Ti — Tha| > Cn™"2 /16) < 2pexp{—Csn!~ 22224}
<k<p

+ pCrn’® exp(—8 Legn®®) + Con2+E exp{—273/2¢onf/?}.
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Let {3 = (1 —2k2)/3 — 21 and & = 3n with some 0 < n < (1 —2k2)/6. Then
we have

P(fg?f Tyt — Tha| > Cn™"2/16) < pCy exp{—Con1242)/3=21}
+ 010 exp{—CN‘Hn?’”/Q},

where 68, cee C~’11 are some positive constants. This inequality together with
(A.14)-(A.15) entails

(A.20) P(fggg Tks — Tra| > Cn="2 /4) < pCy exp{—Cyn(12:2)/3-21}
<k<p
+ 63 exp{—64n3’7/2}
for some positive constants 51, e ,54.

D.4. Proof of Theorem 3. For simplicity, we provide here only the
proof for the case without variable screening, that is, dy = dy = p. The case
with variable screening can be proved using similar arguments, in view of
the sure screening property established in Theorem 1. By the definition of
]§, we have

1 - . 1 ~
—||Y = XB|% 4+ A|BJj2,1 £ =Y — XB*||% + \||B*||2.1.
2an 17 + AlIBll2,1 < 2an 17 + AlIB*[|2, 1
Substituting ¥ = XB* + W and rearranging terms yield
1 o= 1 o~ ~
A.21 —IXA% < —tr(WTXA) + A(|B*[l2,1 — | B
(A.21) an” 7 < ” r( )+ AUB 2,1 = [Bll2,1),
where A = B — B*. An application of the Cauchy-Schwarz inequality gives

(A22)  tr(WTXA) = tr((AWTX) = ZAk [ }T

<Y 1A IX Will2 <
k

where Ay and (iTW) . are the kth rows of A and )NCTW, respectively.

Note that ¢ < p and log p = o(n") with n = min{no, 1/2—2¢}. By Lemmas
7-8, with probability at least 1-O{exp(—C1n'/?=2)}—0(p~¢) = 1-0(p~)
for some constants C4,¢,cq > 0 it holds that

>

1 ~T
A.23 —IX W20 < =
(A.23) P K W < 5
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and

XA r

(A.24) min N2ANF
J|<s, AeRP* 2\ {0}, | A yello1 <3| A 21 VAP

K
> —.
-2

From now on, we condition on the event that these two inequalities hold. In
view of (A.21) and (A.22), we have the following basic inequality

1~ Ao~ ~
A.25 —IXA|% + 2B — B*|la1 < A\(||B* —||B
( ) 2an |b+2H ll21 < A(|B*[]2,1 — || B]

2,1
+ B = B[l2,1) < 2X(B - BY)sla,
where we have used the fact that ||(B*)ge||2, 1—”(]§)SCHQ7 1+H(]§—B*)56H271 =

0 and the triangle inequality.
The basic inequality (A.25) implies

1 ~~ - ~
(A.26) %HXAH% < 2M[Agll2y < 2Ms]|Ag]

where the last inequality holds since

(A.27) 1Aslz1 =Y Axlla < [s> 1A% =Vs|As] .
keS keS

Moreover, it follows from (A.25) that ||Age 21 < 3H35||271 and thus by
(A.24), we have ||Agllr < 2| XA|p/(ky/n). This inequality along with

(A.25)—(A.27) yields

N5 XA
KT ’

which gives n*1/2\|)~(3||p < 8gAy/s/k. Therefore, we obtain

1~ Ao~
—IXA|% + Z||B = B*|ly1 <
2nq\| 7 + 5 I 2,1 <

1 =~ ~ A 32¢s\?
—IX(B=BY|%+ 2B - B*|ls1 <
2nqll ( )HF+2H 21 < 2

which completes the proof for the first part of Theorem 3.

We next proceed to prove the second part of Theorem 3. We condition on
the event that (A.4) holds. Denote by S(B) the row support of any matrix
B. We need to show that with the same probability S(B) = S(B*) holds.
To this end, we first prove S(B*) C S(B). For any jo € S(B*), if jo & S(B)
then the joth row of B is zero, which means ||Bj, || < 64c3x~2s4/q(log p)/n.
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It then follows from the condition of minjeg || B} > 128¢c3k254/q(log p) /n
that

7HB B*\|21>\fu |r>\f<u = 1B, )

>64c3k 25/ (logp)/n,

which leads to a contradiction to the estimation bound (A.4). Thus it holds
that S(B*) c S(B). We can also show that S(B) C S(B*). In fact, if
there exists some jp such that jo € S(B) and jo ¢ S(B*), then we have

||]§]0H > 6403/@_25\/q(logp)/n and B} = 0, and thus

—||B B*

Vi "V
which contradicts again the bound (A.4). Combining these results yields
that with the same probability, the row support of B is identical to the true
row support S.

We finally prove (A.5). By assumption, the RE(2s) condition holds. Us-
ing similar arguments as for proving (A.23)—(A.24), we can show that with
probability at least 1 — O{exp(—él

1272} —O(p=°) = 1 — O(p—) for some constants Ci,c,cq > 0, it holds
that

—_|B, —B; || > 64c3r s/ (log p) /m,

1 ~T A
A28 —IX Wll200 < =
(A.28) P K Wi oo < 3
and

J]<25, Acrr<i\ (0}, \\A;c||21<3||AJH21 vallAglls = 2

Recall that A = B - B*. Let S’ be a subset of S¢ corresponding to the
s largest values of ||Ag||. Then we have |S U S’| = 2s. From now on, we
condition on the event that inequalities (A.28) and (A.29) hold. Condi-
tional on such an event, the basic inequality (A.25) still holds. Thus we
have ||33cH271 < 3”£SH2,1’ which entails

[Asusyell2,1 < [[Ase

l[2,1-

This together with (A.29) yields ||Aguy/|r < 2| XAl p/(x(2s)y/n). From
(A.26), we have

1 o~ ~ ~
%HXAH% < 20| Asllp < 20| Asus [l e
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Combining these two results gives
(A.30) [Asus|lF < 16gA/s/K*(25).

Since the jth largest norm in the set {|AL| : k € 5} is bounded from
above by ||Age|l2,1/7, it holds that

P=5 A cell2 A cell2 9IA |2
” SH2,1§” SH271< H SH2,1

oo lAP< Y <

ke(SuS’)e k=s+1
<O AP <9 > Ak,
keS keSuUS’

which results in ||3||% < 10||35U5/H%. This inequality along with (A.30)
yields

1~ 164/10c3
—A|lp £ ————— 1

which concludes the proof for the third part of Theorem 3.

APPENDIX E: ADDITIONAL TECHNICAL DETAILS AND LEMMAS
E.1. Terms E(Y|X;) and E(Y?|X;) under model (2). Since the

covariates X1,---, X, are all independent with mean zero and the random
error W is of mean zero and independent of all X;’s, it is immediate that
E(Y|X;) = a+ $;X;. We now calculate F(Y?|X;). Define

P p—1 p
Jo=) BiXj, Ja=Y > wXeXy, Js=) BiXg,
=1

k=1 (=k+1 k#j
Jj—1 p p—1 p
Jy = Z’ijXk + Z vieXe, J5 = Z Z Ve X X
k=1 (=j+1 k=1,ksj b=k+1,0]

Then we have Y = o+ J; + Jo + W with J; = Bij + J3 and Jo =
J4X;+Js, and J3, Jy, and J5 are independent of X;. Applying the properties
of conditional expectation yields

El(a+J1 + 2)WI[X;] = E{E[(a + J1 + J2)W|X1, -, Xp]| X}
= E[(a+ Ji+ L)EW|X1, -, Xp)|X;] =0
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and

El(o+ Ji + J2)*X;] = E{[(8; + Ja)X; + (o + Js + J5)|*| X}
=XZE[(Bj + Ju)?] + 2X, B[(Bj + Ja)(a + J3 + J5)| + E[(a + J3 + J5)°]

Jj—1 P
= |65 + Z'Vl%jE(Xk Z VHE(X?) | X7

k=1 =j+1
7j—1
+2 ]a+26mj (X7) + Z Bevie B(X7) | X;
k=1 l=75+1
+a +25%E (X7) + Z Z T E(XP)E(X?).
oy k=1,k#j (=k+1,04]

Therefore, it holds that

E(Y?|X;) = Bl(a+ Ji + J2)*|X;] + 2B[(a+ Ji + J)W[X;] + E(W?|X;)

j—1
= |87+ ) B + Z TRE(X7) | X7
k=1 {=j+1
7j—1
+2 [ Bia+ > Bk B(XR) + Z BevieE(X?) | X; + €,
k=1 l=5+1

where Cj = 042‘*‘21#3‘ BE(XE)+ Zk L Zfzk_kl’#j v, E(X?)E(X?)+0?
is a constant that is free of X;, and o2 is the variance of W.

E.2. Lemma 1 and its proof.

LEMMA 1. Let A and B be estimates of A and B, respectively, based
on a sample of size n. Assume that both A and B are bounded and for any
constant C > 0, there exist positive constants C1,--- ,Cy such that

P (|//l\ ~Al> én_“) < G exp {,52nf<n>}

P(|B=B|>Cn ") < Cyexp {~Cin™}

with f(k) some function of k. Then for any constant C > 0, there exist
positive constants Cs and Cg such that

P(IAB — AB| > Cn") < Csexp { ~Con ™ }.
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Proof. Note that |AB — AB| < |A(B — B)| + |(A — A)B|. Thus for any
positive constant C', we have
(A.31) P(|AB — AB| > Cn™") < P(|A(B — B)| > Cn™"/2)
+ P(|(A— A)B| > Cn™"/2).

We first deal with the second term on the right hand side of (A.31). Since
both A and B are bounded, there exists some positive constant L such that
|A| < L and |B| < L. It follows that

(A.32) P(|(A— A)B| > Cn™"/2) < P(|A— A|L > Cn~"/2)
= P{|A— A| > (2L)"'Cn~"} < Cy exp {—6’2nf(”1)} ,
where 61 and C~'2 are some positive constants.

We next consider the first term on the right hand side of (A.31). Note
that

(A.33) P(AB - B)| > Cn~"/2) < P{IA(B - B)| > Cn™"/2,
n 6 —K Va o) 5 —Kk | Al 6 —K
Az L+5n }+P(|A(B—B)| > on " |A <L+ on )

< P(|A| > L+ %n_”) + P(|A(B - B)| > %n_”, Al < L+C)
< P(|A| > L+ Cn~*/2) + P{(L+C)|B — B| > Cn™"/2}.

We will bound the two terms on the right hand side of (A.33) separately. It
follows from |A| < L that

(A.34) P(|A| > L+Cn"/2) < P(|JA— A|+|A| > L+Cn™"/2)
< P{IA— A >27'Cn™"} < Csexp {—54nf(“1)}7
where 53 and C~'4 are some positive constants. It also holds that
P((L+ C)|B - B| > Cn"/2) = P{|B - B| > (2L +2C)~'Cn*}
<C; exp {—C~’gnf(“)} ,

where C7 and Cy are some positive constants. This inequality together with
(A.31)-(A.34) entails

P(|AB — AB| > Cn™") < C) exp {_52nf(n>} + Cyexp {_64nf(n)}
+ Crexp {—6’8nf(”)} < Csexp {—6’6nf(“)} ,

where 55 = 61 + 5’3 + 57 and 56 = min{ég, 64, 58}
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E.3. Lemma 2 and its proof. For any set D, we denote by |D| its
cardinality throughout the paper.

LEMMA 2. Let E > 0 be an estimate of B; based on a sample of size n
or each j € D C {1,---,p}. Assume that minjcp B; > L for some posztwe
J J

constant L, and for any constant C > 0, there exist positive constants 01
and CQ such that

B. _ .>~ B P o —_Conf®)
P<I?e%%(‘BJ Bj| > Cn >_|D|01exp{ Con/® |

with f(k) some function of k. Then for any constant C > 0, there exist
positve constants C3 and Cy such that

i (E%%'\/gj - VBl = 5n“> < DIy exp { ~Can’ )}

Proof. Since minjep B; > L for some positive constant L, there exists a
constant Lg such that 0 < Ly < L. Note that for any positive constant C,

(A.35) Pmax\\/ —+/B ]>Cn <P{max]\/ —+/B \>C’n_”,
min|§j|SL—Lonfﬁ}—FP{maxh/éj—\/Bj]zén*“,

m1n|B | > L — Lon_”} < P(m1n|B | <L—Lon™")
Jj€D jE€D

B — Bj ~
+ P(max ———=——— | | >Cn™" m1n|B|>L Ly).

]ED ’ / + \/>‘ ]6

We first consider the first term on the right hand side of (A.35). It follows
from minjep Bj > L that

(A36)  P(min|Bj| < L — Lon ") < P{ min | B;| — max\B — B
Jj€D jeD

<IL- Lon_”} < P(max |B; — Byl = Lon™")
je

< |D|C} exp {—égnf(”)} ,

where (1 and ()5 are some positive constants.
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Next we consider the second term on the right hand side of (A.35). For
any positive constant C, we have

B, — B; ~ ~
(A.37) P(manM > Cn™" min |Bj| > L — Lo)
(S D €
77 |\ Bj + /Bjl ’
< P{max |Bj — Bj| > C(\/L — Lo+ VL)n™"}
VS
< \D|C~'5 exp{—égnf(”)},

where C5 and Cg are some positive constants. Combining (A.35)—(A.37)
yields

B _ A>N*/‘c < 9. —_Cynf )
(A38)  P(max|y/Bj —v/Bj| = On )_\D\cgexp{ Cun }

where C3 = Cy + C5 and Oy = min{C~’2, 56}.
E.4. Lemma 3 and its proof.

LEMMA 3. Let Ej and Ej be estimates of Aj and B;, respectively, based
on a sample of size n for each j € D C {1,---,p}. Assume that A; and
B; satisfy maxjep |Aj| < L1 and minjep |Bj| > Lo for some constants
L1, Lo > 0, and for any constant C > 0, there exist constants 5’1, e ,56 >0
such that

P(mefg{ ’A\j —A4j| > CN'n_’"”) <|D|Cy exp { — 6'2nf(”)} +C3 exp{ — 5’4119(”)},
j

P(me%( ]EJ — Bj| > 6’71_”) < |D]55 exp{ — 56nf(”)}
J

with f(k) and g(k) some functions of k. Then for any constant C >0, there

exist positive constants Cr,--- ,Cio such that
A Al -~ ~ _
P|max|= - =L >Cn"| <|D|C; exp{—anf(”)}
J€D | B; B;

+Cy exp {—élong(”)} )

Proof. Since minjep |Bj| > Lo > 0, there exists some constant Lo such
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that 0 < Ly < Ls. Note that for any positive constant C , we have

A A _ A A ~
(A.39) P(max|=L — 2| > COn™") < P{ max | =L — =L| > Cn™",
J€D B B; J€D By B;

~ A A~
min |B;| < Ly — Lonf'i} —I—P{ max | =L — | > Cn7",
jED j€D 'B;  Bj
in|Bj| > Ly — L _"‘}<P in|B,| < Ly — Lon™"
E.Iélg| j| > Ly — Lon™" ¢ < (g.%%ﬂ j| < Lo — Lon™")
A A _ -
+ P(max |=L — =L| > Cn~ ", min |B,| > Ly — Lo).
J€D ' By B; JjED

We start with the first term on the right hand side of (A.39). In light of
minjep |Bj| > Lo, we deduce

T _k . 3
(A-40)  P(min|B;| < Ly = Lon )SP{%%|BJ‘|—Y;1€3%!B]'—BJ‘|
< Lg — LoTL—H} < P(max|§j — B]| > Lon_ﬁ)
j€D
< \D\él exp {—5’2nf(“)} ,

where 6’1 and 6’2 are some positive constants.
The second term on the right hand side of (A.39) can be bounded as

A A~ -~
A.41 P -2 >Cn " min|Bj| > Ly — L
(A.41) (I;le%lBj B, = € " min|Bil > L2 = Lo)
A A~ .
< P(max|=L — =Z| > On™"/2, min |Bj| > Ly — Lo)
J€D By . JjED

A~ _
— —=|>Cn"/2, min|B;| > Ly — L
512 Cn /75%%“ | > Lo — Lo)

A
+ P(max | =L
D B 5

je
< P{max|4; — Aj| > 27} (Ly — Lo)Cn ™"}
S
+ P{max|B; — Bj| > (2L1) "' (L» — Lo) LoCn ™"}
VIS
< |D|5’3 exp {—54nf(“)} + C~'9 exp {—510719(”)}

+ |D|C5 exp {—6’6nf(”)} ,

where 6’3, cee 6’6, and 6’9, C1o are some positive constants. Combining (A.39)—
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(A.41) results in
P(I}leag(\gj - gj] > Cn™") < |D|Cy exp {—égnf(”)}
+ Cy exp {—élong(“)} ,
where 6’7 =Cy + 5’3 + 55 and 58 = min{ég, 6’4, 5@}.
E.5. Lemma 4 and its proof.

LEMMA 4. Let Z be a nonnegative random variable satisfying P(Z >
t) < Cy exp(—Cat?) for all t > 0 with Cy,Cy > 0 some constants. Then

exp (C;zZ2>

for any nonnegative integer m.

E <1+4+C1 and E(Z*™)<(1+ 51)(252_1)7”7”

Proof. Let F(t) be the cumulative distribution function of Z. Then
1— F(t) = P(Z > t) < C} exp(—Cat?)

for all £ > 0. Using integration by parts, we have

exp <g2 > =— /000 exp (C;t2> d[l — F(t)]
=1+ /Oo Cot exp (%t2> [1— F(t)] dt
0

[ C -
<1 +C’1/ cot exp (—;tz) dt =1+ Cf.
0

E

With the Taylor series of the exponential function, we obtain

exp (C;Z2>

for any nonnegative integer m. Thus E(Z?™) < (1 + 51)(2651)m

E

_ i ChE(Z%F) - CyE(Z*™)
2kk! = 2myp!

k=0
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E.6. Lemma 5 and its proof.

LEMMA 5. Let Z be a nonnegative random variable satisfying P(Z >
t) < Cyexp(—Cat) for all t > 0 with Cy,Cy > 0 some constants. Then

exp (?Z)

for any nonnegative integer m.

E <1+Cy and E(Z™) <1+ 51)(26'2_1>mm!

Proof. Let F(t) be the cumulative distribution function of Z. Then
1— F(t) = P(Z > t) < Cy exp(—Cat)
for all ¢ > 0. It follows from integration by parts that

exp <C;’QZ>

__ /OO exp (C;t) d[1 — F(1)]
0
14 /oo exp (C;t> L B dt
0

§1+51/ @exp (—C2t> dt =1+ Cy.
) 2 2

Applying the Taylor series of the exponential function leads to

exp <C2’QZ>

for any nonnegative integer m. Thus E(Z™) < (1 + 6’1)(25’51)’”171!.

E

o

_ -Gz | Gy

E 2Kkl T 2mypl

E.7. Lemma 6 and its proof.

LEMMA 6.  Under Condition 2, both dcov*(Xy,y) and dcov*(X},y*) are
uniformly bounded in k.

Proof. We will show that dcov? (X}, y*) are uniformly bounded in 1 < k <
p. Similar arguments apply to prove that dcov?(X},y) are also uniformly
bounded in k. Recall that dcovz(X,’;,y*) = Tp1 + Tyo — 2T}3 where Tj =

Eop(X7, X301, ¥3)] Tre = E[o(XTy, X501 E[(y1,y3)], and Tis =
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E[o(XTy, X5 (y1,y3)]- Here ¢(X7y, X5,) = | X7, — X5, [ and ¢(y],¥3) =
lly: — 5. Thus an application of the triangle inequality gives

(A.42) 0 < deov?(Xj, ") < |Tia| + |Tha| + 2|Tks).

To prove that dcov?(X 5, ¥") are uniformly bounded in k, it suffices to show
that each term on the right hand side above is uniformly bounded in view
of (A.42). As shown in Step 1 of Part 1 in the proof of Theorem 1, under
Condition 2 the first quantity Ty is uniformly bounded in 1 < k < p. Using
similar arguments, we can show that Ty, and T3 are also uniformly bounded
in k, which completes the proof.

E.8. Lemma 7 and its proof.

LEMMA 7. Assume that Conditions 4-5 hold and logp = o(n!/2=2¢),
Then with probability at least 1 — O{exp(—=C1n/?=%)} for some constant
C1 > 0, it holds that

IXA|p

min _ >
|7<s, AeRP*N\{0}, | A e 2,1 <31 A2 VA |

K
5"
Proof. The main idea of the proof is to first introduce an event with a

high probability and then derive the desired inequality conditional on that
event. Define an event

~T ~
E={|In"'X X — Bl < €},

where || - ||ooc denotes the entrywise matrix Loo-norm and 0 < € < 1 will
be specified later. In view of the first part of Condition 4, it follows from
Lemmas 4 and 10 that P(£) > 1 — Cyp? exp(—Csn'/2€?) for some constants
Cy,C3 > 0.

From now on, we condition on the event £. By the definition of the Frobe-
nius norm, we have

(A.43) 2 YXAZ = t[AT(n X X — £)A] + tr(ATSA).

For any matrix M, denote by M,; the (i, j)-entry of M. Then conditional
on the event &, the first term on the right hand of (A.43) can be bounded
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as
(Add)  |oaTn XX - E)A]‘ — |t XX - E)AAT]‘
p P e
=D (X X - =);(AAT)]
i=1 j=1
- 2
p q q
< EZZZ’ ApllAjl=e> | D 1A+ 1A
i=1 j=1 k=1 k=1 \jeJ jeJe
2 2
q q
<26 D IAG] 2> [ D] 1A
k=1 \jeJ k=1 \jeJe

where we have used the fact that (a+b)? < 2(a?+b?) in the last inequality.
By the Cauchy-Schwarz inequality, for any set J satisfying |J| < s we
have

2

q q
(A.45) Z Z‘Ajk’ SZMZAgk*M A7 < sl|lAslE

k=1 \jeJ k=1  jeJ

For any A € RP*9\{0} satisfying || A je||21 < 3||A |21 with |J]| < s, similar
arguments apply to show that

2

ST iau) =Y T YAy Y (ZA >1/2

k=1 jeJe jedJejlede k=1 jeJejlege _
q 1/2
| (Z A?fk) =3 YAl Ayl = | Y 1Ayl
k=1 jeJejiete jeJe

2

= Al <9IAZ =9 DAyl | <Ol DAl
jeJ jeJ
= 9| AJlIE < 9sl|AsE,

which along with (A.44)—(A.45) entails

tr[AT(n X X — £)A]| < 20s¢]| A2
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Combining the above inequality with (A.43) and by Condition 5, we ob-
tain

~ 2
XA
min m > k2 — 20se.
171<5, ARP*\ [0}, A yel|2,1 <3| A yll2.0 \ VI AJ]F

It follows from the second part of Condition that s < Cyn€ for some positive
constant Cy. We choose € = 3x2/(80Cyn¢). Then we have k% — 20se > x2 /4
and for sufficiently large n, 0 < e < 1. Therefore, it holds with probability
at least 1 — O{exp(—Cin'/?>=%)} for some constant C; > 0 that

IXAllr

min _ >
171<5, ARP<N\{OL| A sell21 <3| A o0 VA7

K
2 b
which completes the proof.

E.9. Lemma 8 and its proof.

LEMMA 8. Assume that Condition 6 and the first part of Condition /
hold, ¢ < p, logp = o(n'/3), and X\ = c3/(logp)/(nq) with c3 > 0 some
large enough constant. Then with probability at least 1 — O(p~¢) for some
positive constant c, it holds that

1 5T A
—[|X Wlg,00 < 5.
nq 2

Proof. An application of the union bound leads to

(A46)  P(|X Wlloo > ngA/2) < Zp: P {i(iTW)gk > (HQ/\/2)2}

j=1 k=1

for any A > 0, where ()NCTW)jk is the (j, k)-entry of )NCTW. The key in-
gredient of the proof is to bound P{Zzzl(f(TW)?k > (ngA\/2)?}. Define
Tjra = oy Xiy Wil ([ Xy < L) and Tjro = Sy Xiy Wil ([ Xy] > L),
where L > 0 will be specified later. Since (XTW)jk = " Xy Wy, =
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Tjr1 + Tk 2, we deduce

(A.47) {i > (ngA\/2) } < P{Z > (ngh/4)? }

k=1

+P{Z Fo > (ngh/4)? }

< ZP{IT;M > JqnA/4} +P{Z 20> nq)\/4)2}.

We will deal with the two terms on the right hand side above separately.
We first bound P {|Tjx 1| > \/gnA/4}. By the first part of Condition 4,
there exist some positive constants a; and by such that

P(|vTxi| >t) <ay exp(—b1t2)

for any ||v||2 = 1 and ¢ > 0, where x! = (X;1,- -+, X;p) is the ith row of the
main effect design matrix X. Then choosing v as a unit vector with the jth
component being 1 gives

P(|X”| > t) < a exp(—b1t2)
forany 1 <i<mn,1<j<p,andt > 0. Thus it follows from Lemma 4 that
E(X}) <2(1+4a1)/by and E(Xj;) <8(1+a1)/b}
for all ¢ and j. B
Note that ng = XU for1 <j<pand Xij = XXy with1 </ < ¥ < P
forp+1<j<p. Thus E (XJ ;) are uniformly bounded from above by some

positive constant Ci. Similarly, by Condition 6 and Lemma 5 there exist
some positive constants as and by such that E(|[W;,|™) < agbh*m! for any
nonnegative integer m and indices ¢ and k. Since }NCZ-]' is independent of Wy,
we have

B ||Xy Wi I(| Xy < L)I™| < L™ ?E(X, ) (IWir|™)
< m!(Lbo)" % (2a2b3C1) /2

for each integer m > 2. In view of Tj1 = >4 XZ]WMI(\XM < L),
applying Bernstein’s inequality (Lemma 2.2.11 of [33]) yields

qn?
A48 P{|Tip1] = VanA/4} <2exp | — = .
(A.48) {|Tjk1| = VanA/4} ( 64a2b%C'1—|—8b2L\/§)\>



30 Y. KONG, D. LI, Y. FAN AND J. LV

We next bound P {22:1 Tho > (nq)\/4)2}. By the definition of T}y 2, it
is seen that for each j, such an event satisfies

{Z jk2 Z nq)\/4) }C{|}~(@'j|>LfOI' somelgign},

Thus using the union bound, we obtain

{Z Tr2 > (ng)/4) }<ZP{|XZ]|>L}

Combining this inequality with (A.46)—(A.48) gives

(A49)  P(IX Wllawo > ng)/2) < 25qe an\*
. 00 = Ng > 2pgexp | — =
? 64a263C, + 8by L\ /G

n p n p
+ Y PRy > LY+ ) Y P{XuXw| > L}
=1 j=1 i=1 1<0<l/<p
gqn\?
64asb3C1 + 8baL\/g\
+ a1np® exp(—b L).

< qp*exp <— > + ainpexp(—b1 L?)

Note that A = c31/(logp)/(ng) with some large enough positive constant

c3. Therefore, setting L = Car/1 /(log p) for some large positive constant Cy
ensures that there exists some positive constant ¢4 such that

(A.50) P(IX W20 > ngA/2) < O(p~),

where we have used the assupmtion that ¢ < p and logp = o(nl/ 3). This
concludes the proof.

E.10. Additional lemmas.

LEMMA 9 (Hoeffding’s inequality). Let X be a real-valued random vari-
able with E(X) = 0. If P(a < X < b) =1 for some a,b € R, then
Elexp(tX)] < exp[t?(b — a)?/8] for any t > 0.

LEMMA 10 (Lemma B.4 of Hao and Zhang [16]). Let Zi,---,Z, be in-
dependent random variables with zero mean and Elexp(To|Z;|*)] < Ao for
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constants To, Ag > 0 and 0 < a < 1. Then there exist some constants
C3,C4 > 0 such that

n
P(}n_IZZi’ > e) < ~3 exp(—6'4n°‘e2)
i=1
for any 0 <e < 1.
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