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SUMMARY

We present the proofs of the theoretical results in ‘Classification with imperfect training la-
bels’, as well as an illustrative example involving the 1-nn classifier.

A. PROOFS
A-1.  Proofs from Section 3
Proof of Theorem 1. (i) First, we have that for Px-almost all x € B,

(@) —1/2 ={n(x) = 1/2}{1 = po(x) — pr(2)} + %{po(ﬂi) - p1(z)}

= {n(@) = 1/2:{1 = po(z) — p1(2)} (1 ) ,011}({371) _5(?((5)) - m(w)})' (D

Thus, for Px-almost all z € B, we have {p1(x) — po(x)}/[{2n(z) — 1}{1 — po(x) — p1(x)}] < 1if and
only if

sgn{7(z) — 1/2} = sgn{n(x) — 1/2}.

This completes the proof of (3). It follows that, if Px(A°NS¢) =0, then Px({z € B : CB»*(z) =
CPBaves (1)} N S°) = 0. In other words Px ({z € 8¢ : CB»es(z) # CB»*s(z)}) = 0, i.e. (2) holds.
Here we have used the fact that A C B, so if Px (AN S¢) = 0, then Px (B°NS°) = 0.

(ii) For the proof of this part, we apply Proposition 1. First, since (2) holds, we have R(CB#es) =
R(CB°), From (A1), we have that for Px-almost all z € B,

) 1= () () - . B p1(z) — po(x)
127i(z) — 1] = [2n(z) — 1/{1 = po(x) — pu( )}(1 {Zn(x)_1}{1_p0(m)_p1(a¢)})

> [2n(x) — 1|1 - 2p")(1 - o). (A2)
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2 T. I. CANNINGS, Y. FAN AND R. J. SAMWORTH

In fact, the conclusion of (A2) remains true trivially when z € S. Thus, by Proposition 1,

R(C) ~ R(C®*) < inf {H{R(C) — R(CB¥es)) 4 Py(A° )}

R(C) R(CPaves) R(C) — R(CP»e)
< + P A7 1 a = )
G-z —a) TP a-a) = g0 a
since Py (Af1—2p*)—1(1—a*)—1) (Af1 2p%)-1(1—q+)-1 [ B) + Px(B¢) = 0, by (A2). O

Proposition 1 is a special case of the following result.

PROPOSITION Al. Let D = {z € §¢: CB¥(z) = CB%(2)}, and recall the definition of A, in
Proposition 1. Then, for any classifier C,

R(C) — R(CB»e) < R(CP»**) — R(CP¥**) + min [pr{{C(X) # CPe(X)}n {X € D}},
inf {K{R(C) = RIC™=)} + B(120(X) ~ 1T (xepa,y) }].

Remark: If (2) holds, i.e. Px (D¢ N S¢) = 0, then R(CB»°5) = R(CB»°5), and moreover we have that
E(|2n(X) —1|T{xep\a.}) < Px(D\ Ax) < Px(45).

Proof of Proposition Al. First write
R(C) = [ pr{C(a) #Y | X = o} dPx(a)
= [ [pr{C(@) = 0}pr(Y =1 X =) + pr{Cle) = pr(Y =0| X = )] dPx (a)
~ [ [prC@) = 0H2nta) — 1} + {1 = 0} dPx ). (%)
Here we have implicitly assumed that the classifier C' is random since it may depend on random training
data. However, in the case that C' is non-random, one should interpret pr{C(z) = 0} as being equal to

]]‘{C(ZE)ZO}’ forx € X.
Now, for Px-almost all x € D,

[pr{C(x) = 0} — Lz(a)<1/23]{2n(x) — 1} = |pr{C(x) = 0} — ]l{ﬁ »<1/2y|[2n(z) — 1]
< |pr{C(x) = 0} — Ls(a)<1/23 ]
=pr{C(z) # CBayes( )}-

Moreover, for Px-almost all x € D¢, we have

[pr{C(z) = 0} — Lz(a)<1/23 )] {2n(z) =1} <0 (A4)

It follows that
R(C) — R(CP»*) = /X [pr{C(2) = 0} = L) <1/23 ] {2n(2) — 1} dPx (2)
= /D [pr{C(z) = 0} = Lij)<1/2p{20(2) — 1} dPx (2)

+ /Dc [pr{C(a:) =0} - ]l{ﬁ(x)<1/2}] {2n(z) — 1} dPx(x)

< pr({C(X) # CP¥=(X)} N {X € D}).
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To see the right-hand bound, observe that by (A4), for x > 0,
R(C) ~ R(CP»*) = /X [pr{C () = 0} — L <1/ {20(x) — 1} dPx (x)
< [ [pr{C(@) = 0} = Lsr<a/a1] 20(o) — 1} aPx (a)

< 'f/ [pr{C(z) = 0} — Lij(a)<1/2} ] {21(2) — 1} dPx (x)
DNA,

+ E(|2n(X) — 1/1{xep\a,})
= k{R(C) — R(C®¥*)} + E(|2n(X) — 1|1{xep\a,}),

where the last step follows from (A3). O

Example Al. Suppose that X C R? and that the noise is p- -homogeneous with p € (0,1/2). Consider
the 1-nearest neighbour classifier Chm( ) = Y(l), where (X (1),}/(1)) (Xy(x),Y1)(z)) = (X Vi)
is the training data pair for which i* = sargmin,_; _, || X; — 2|, where sargmin denotes the small-
est index of the set of minimizers. We first study the first term in the minimum in (4). Noting that
R(CBe) = Emin{#j(X),1 — 7(X)}], we have

|pr{C~'hm(X) ?é CNvBayes( )} _ R(éBayes)|
= [pr{Y(1)(X) # CP¥(X)} = R(CP¥)]
= |B[1 500 <1/2y1(X (1) (X)) + Lo z1/23 {1 = (X 1) (X))}] = R(CP¥*)
= |E[L 00 <123 {01(X (1) (X)) = 1(X)} + Lo >0 {0(X) = 7(X 0y (X))
< B|i(X) (X)) = i(X)| =0, (AS)
where the final limit follows by Devroye et al. (1996, Lemma 5.4).

Now focusing on the second term in the minimum in (4), by Devroye et al. (1996, Theorem 5.1), we
have

R(GH™) — R(EP) = 2B[(X){1 — 7(X)}] ~ RCP)

Moreover, in this case, Px(Ag) =1 for all £ < (1 —2p)~", and 0 otherwise. Therefore, if p is small
enough that pR(CBs) < R(CP*) — E[f(X){1 — (X }] then

. D Cvlnn D CfBayes
it RO ) — RE) 4 P} = i HE
Ej(X){1 - (X)}] — R(CP»es)
1-2p
(CBWGS) — lim pr{Clnn( ) # C”«BayesO()}7 (A6)

n—oQ

where the final equality is due to (AS5). Thus, in this case, the second term in the minimum in (4) is smaller
for sufficiently large n. However, if pR(CB»°) > R(CB»s) — E[7(X){1 — 7(X)}], the asymptoti-
cally better bound is given by the first term in the minimum in the conclusion of Proposition 1, because
then the inequality in (A6) is reversed. |
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4 T. I. CANNINGS, Y. FAN AND R. J. SAMWORTH

Proof of Corollary 1. Let €, = max [sumen{]?(C'm) — R(CPBaves)}1/2, n~']. Then, by Proposi-
tion Al,

1 . - .
—{R(Cy) — R(CP¥)} + B([120(X) — LL{xep\a_,})

< {R(Cy) — R(CP™*)}1/2 4 Px(D\ A,-1).

R(C«n) _ R(C«Bayes) <

Since (e,,) is decreasing, it follows that

lim sup R(C,) — R(CB™es) < R(CBwes) — R(CB»e) + Py (SN D).

n—oo

In particular, if (2) holds, then
limsup R(C,,) — R(CB»*) < Px(S\ S),

n—oo

as required. g

A-2.  Conditions and proof of Theorem 2
A formal description of the conditions of Theorem 2 is given below:

Assumption Al. The probability measures P, and P; are absolutely continuous with respect to
Lebesgue measure, with Radon-Nikodym derivatives fo and fi, respectively. Moreover, the marginal
density of X, given by f = m fo + 71 f1, is continuous and positive.

Assumption A2. The set S is non-empty and f is bounded on S. There exists ey > 0 such that f is
twice continuously differentiable on S = S + B, (0), and

(A7)

f(zo) f(@o)

as 0 \,0, for every 7 > 0. Furthermore, recalling aq = 7%/?/T'(1+4d/2) and writing p.(z) =
Px (Bc(z)), there exists 1o € (0, ag) such that for all z € R? and € € (0, ¢y}, we have

pe(x) > poe f(x).

Assumption A3. We have inf, cs ||7(xo)]| > 0, so that S is a (d — 1)-dimensional, orientable
manifold. Moreover, sup,cge ||7(z)|| < oo and 4 is uniformly continuous on S%® with
SUp,es2e0 |17(2)]|op < 00. Finally, the function 7 is continuous, and

f sup,, fx + u)lo
F((S) _ sup max{ ||f7(‘T0)|| €B.,(0) H ( 0 )” P} _ 0(577)
wOES:f_(wo)26

inf —1/2 > 0.
peiis, @) =172

Assumption Ad(c). We have that [, [|z[|* dPx(z) < oo and [ f(zo)¥ @+ dVol**(zo) < oo,
where dVol? ™" denotes the (d — 1)-dimensional volume form on S.

Proof of Theorem 2. Part 1: We show that the distribution P of the pair (X, 17) satisfies suitably mod-
ified versions of Assumptions Al, A2, A3 and A4(«a).

Assumption Al: For r € {0,1}, let P, denote the conditional distribution of X given ¥ = r. For
z € R and r = 0, 1, define

f (:l?) _ 7Tr{1 - pr(‘T)}fr’(I) + Wl_rpl_r(x)fl_r(z) .
T f]Rd ’/Tr{l - Pr(Z)}fl_r(Z) —+ '/Tl—rpl—r(z)fl_r(z) dz
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Now, for a Borel subset A of R%, we have that

ﬁl(A)zpr(XeAH?:l):pr(X€A7Y:1)

pr(Y = 1)
mpr(X €AY =1|Y =1)+7mpr(X €AY =1|Y =1)
- pr(Y = 1)
:ﬂ-lfA{l_pl(x)}fl( x) dz + mo [, po(z) /f1
pr(Y =1)
Similarly, Po f A fo ) dz. Hence Po and P1 are absolutely continuous with respect to Lebesgue
measure, with Radon—leodym derivatives fo and fl, respectively. Furthermore, f = pr( =0) fo +

pr(Y =1)f; = f is continuous and positive.

Assumption A2: Since A2 refers mainly to the marginal distribution of X, which is unchanged under
the addition of label noise, this assumption is trivially satisfied for f=1F as long as S= {z eR?:
f(x) = 1/2} = S. To see this, let §p > 0 and note that for z satisfying n(x) — 1/2 > ¢, we have from (1)
that

" _ po(x) — p1(x)
> ) — 1/2)(1 - 25) (1 — a*) > Bo(1 — 25°)(1 - a*). (AB)

Similarly, if 1/2 — n(x) > 8o, then we have that 1/2 — 7j(z) > do(1 — 2p*)(1 — a*). It follows that S C
S. Now, for z such that |n(x) — 1/2| < §, we have

i(x) —1/2=n(z) — 1/2 + {1 = n(x)}g(n(z)) — n(x)g(1 — n(z)). (A9)

Thus S C S.
Assumption A3: Since g is twice continuously differentiable, we have that 7} is twice continuously
differentiable on the set {z € S : |n(x) — 1/2| < §}. On this set, its gradient vector at x is

(@) = (@)1 = g(n(@)) = g(1 = n(@)) + {1 = n(@)}g(n(@)) + n(@)g(1 = n(a))].
The corresponding Hessian matrix at z is
fi(@) = i(@)[1 = g(n(@)) = g(1 = n(@)) + {1 = n(@)}g(n(@)) + n(@)g(1 — n(a))]
— i) i) g(n(@) = i) g1 = () + @) T gn(w))
— {1 = @) bi(@) §n()) = (@) §(1 = (@) + n@)i(@) 51 = ()]
In particular, for 2y € S we have

ii(xo) = n(wo){1 —29(1/2) + §(1/2)};  0(xo) = fi(zo){1 — 29(1/2) + §(1/2)}. (A10)
Now define

€ = sup{e >0: sup |n(x) —1/2| < (5} >0
reS2e

where the fact that €; is positive follows from Assumption A3. Set €y = mln{eo, €1}/2. Then, using the

properties of g, we have that inf, cs ||77(x0) || > 0. Moreover, sup,c g2¢, |7()|| < oo and 7 is uniformly

continuous on S%% with sup, ¢ g2z, ||7()||op < co. Finally, the function 7 is continuous since py, p1 are

continuous, and, by (AS8),

inf  |7(x) — 1/2| > 0.
et 7(x) = 1/2]
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6 T. I. CANNINGS, Y. FAN AND R. J. SAMWORTH

Assumption A4(«): This holds for P because the marginal distribution of X is unaffected by the label
noise and S = S.

Part 2: Recall the function F' defined in (A7). Let ¢, = F(k/(n—1)), and set ¢, =
{21082 (n — 1)} 7L, Ap =k(n— 1) log?((n —1)/k), R, ={z eR%: f(z) >A,} and
S, = SNR,. Then, by (A8) and the fact that inf, cs ||7(x0)|| > 0, there exists ¢y > 0 such that for
every € € (0, ],

inf |7(z) —1/2| > cge.
i 7(x) = 1/2] > coe
Now let S,(z) =k 1Y%, Ly, —1p X" =(X1,...,X,) and iz, X™) = E{S,(z) | X"} =

k1SF (X)) Define Ay, = {[| X (z) — 2| < €,/2 forall z€R,}. Now suppose that
21,...,2N € Ry, are such that [|z; — z¢|| > €,/4 for all j # £, but sup,cr minj—; . n [z — 2| <
€,,/4. Then by the final part of Assumption A2, for n > 2 large enough that ¢,,/8 < €, we have

o N2 log”?(n — 1)
8d(p — 1)1-F

N
1= Px(R%) ZZ Pe,/8(25)

Then by a standard binomial tail bound (Shorack & Wellner, 1986, Equation (6), p. 440), for such n and
any M > 0,

pr(Ag) = pr{ sup 1 Xs) () =l > n/2} < pr{ max X () = 2 > en/4]
N 1
Z 1r{||X(,C zj) — zj|| > 6n/4} <N 1111ax exp(—2np6n/4(zj) + k) O(n=M),

.....

uniformly for k& € Kg.
Now, on the event Ay, for €, < & and = € R,, \ S, the k nearest neighbours of z are on the same
side of S, so

k
. - €n
|fin (2, X™) — 1/2| = Z ’ > inf  |9(2) —1/2 200?.

2€B.,, /2(x)

w\H

Moreover, conditional on X", Sn(a:) is the sum of k£ independent terms. Therefore, by Hoeffding’s in-
equality,

sup  sup |pr{CE™(z) = 0} — Lig)<1/2}]
k€K 2€R,\Sn

=sup sup |pr{Su(x) < 1/2} — Lzem)<1/2y]
kEKj 2€R,\Sen

= sup  sup |E{pr{Sn(z) <1/2| X"} — Iz(0)<1/2}}]
k€K 2€R,\Sen

< sup sup Efexp(—2k{fin(z, X") — 1/2}*)14,] + sup pr(4f) =0 M) (AlD)
k€EKpg z€R,\Sen keKg

for every M > 0.
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Next, for x € S, we have |n(x) — 1/2| < J, and therefore, letting t = n(z) — 1/2, from (A9) we can
write

- 2%i(z) — 1
1—29(1/2) + 9(1/2)
- L—g(n(@) —g(d —n@)\  g@)) —g(1 —n(z))
= {2n(@) - 1}{1 T 1 29(1/2) + 9(1/2) } T 1—29(1/2) + (1/2)
Lo/ 0 g2 20y 9240 g0/ 0 _
1—-29(1/2) +§(1/2) 1—29(1/2) +g(1/2) 7

2n(z) — 1

:2t{1—

say. Observe that

N 1—g(1/2+1t) —g(1/2—¢) (2t —=1g(1/2+1) — (2t +1)g(1/2 - ¢t)
Gt _2{1_ 1—2¢(1/2) + §(1/2) }+ 1—29(1/2) + ¢(1/2) ’

and

Gy = H9U/2+8) —5(1/2 - )} | (2= 1g1/2+1) + (2t +1)5(1/2 = 1)
o 1-29(1/2) 4+ 4(1/2) 1—2¢(1/2) + ¢(1/2) :

In particular, we have G(0) = 0, G(0) = 0, G(0) = 0 and G is bounded on (—4, §).
Now there exists ng such that e, < €z, foralln > ngand k € Kg. Therefore, writing S;» = S N'R,,,
for n > ng, we have that

R(C«knn) _ R(CfBayes)
= 29(1/2) + 9(1/2)

R(C«knn) _ R(OBaycs) _

~knn _ 277(33) -1
/Rd [pr{C*™(z) = 0} — ﬂ{ﬁ(m)<1/2}]{277($) —l-g= 29(1/2) T 9(1/2) } dPx (x)

~knn _ 277(3)) —1
/S [Pr{C™ () = 0} = Lay<1/2{20(@) =1 = 7= 29 0/2) T 930/ } Py ()

<

1
" (1 T2/ +4(1/2)

uniformly for k € Kz, where the final claim uses (A11). Then, by a Taylor expansion of G about ¢t = 0,
we have that

)mem LO(mM),

~knn _ 2’[7(1‘) —1
‘/S [Pr{C™™ (@) = 0} = Ly <1/ { 20(2) =1 = = 2901/ T 900/ } aPx (@)

1 A ~knn
<5 sw |G(t)|/ pr{C*™" () = 0} — 152y <172y [{2n(x) — 1}* dPx (2)
te(—46,0) S
1 - -
<5 sw (GO swp [21(0) = 1] [ (pr{C (@) = 0) = Lyarcaym Henla) ~ 1) dPx (@)
te(—4,8) zES™ S
1 - ~
<5 sup [G(1)] sup |2n(x) — L{R(CH™) = R(CP™)}
te(—6,0) S
1 B R(ékrln) _é(éBayes) . Lo
< - sup |G(t)| sup |2n(z)—1 = o R(C™) — R(C®™*) ),
31 [G01 s, 1) 11Ty = o(R(E) — RE™)

uniformly for k € Kg.
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8 T. I. CANNINGS, Y. FAN AND R. J. SAMWORTH

Finally, to bound Px(R¢), we have by the moment condition in Assumption A4(«) and Holder’s
inequality, that for any u € (0,1), and v > 0,

a(l—u) — a(l—u)

Px(R7) = pr{f(X) < An} < (An) =7 / e, T@ T e

(1) a(l—u)

<@F{ [ 1 el @y a} T
R4
1 agllfu) k’ a£117U)7v
{/ i) =) )
RY (14 o) 6= "
uniformly for k € Kg.

Since u € (0, 1) was arbitrary, we have shown that, that for any v > 0,

~vknn ayes R(ékml> _é(éBayes) _ >/ Aknn D (~Bayes kN\ata—v
R(C™™) = REP™) = 5 —2g(1/2) + §(1/2) _O(R(C" ) = R(CP™) + (g) )

uniformly for £ € K. Since Assumptions Al, A2, A3 and A4(«) hold for P, the proof is completed by
an application of Cannings et al. (2018, Theorem 1), together with (A10). g

A-3.  Proofs from Section 4-2

Before presenting the proofs from this section, we briefly discuss measurability issues for the SVM
classifier. Since this is constructed by solving the minimization problem in (9), it is not immediately
clear that it is measurable. It is convenient to let C4; denote the set of all measurable functions from
R? to {0,1}. By Steinwart & Christmann (2008, Definition 6.2, Lemma 6.3 and Lemma 6.23), we
have that the function C$VM : (R? x {0,1})" — C4 and the map from (R% x {0,1})" x R¢ to {0,1}
given by ((z1,91);-- -+ (Tns Gin), ©) — CSVM(2) are measurable with respect to the universal comple-
tion of the product o-algebras on (R? x {0,1})™ and (R? x {0,1})" x RY, respectively. We can there-
fore avoid measurability issues by taking our underlying probability space (€2, F, pr) to be as follows:
let Q= (R? x {0,1} x {0,1})"*!, and F to be the universal completion of the product o-algebra
on ). Moreover, we let pr denote the canonical extension of the product measure on ). The triples
(X1,Y1,Y1),...,(X,, Y, Y,), (X,Y,Y) can be taken to be the coordinate projections of the (n + 1)
components of £2.

Proof of Theorem 3. We first aim to show that P satisfies the margin assumption with parameter ~;,
and has geometric noise exponent 2. For the first of these claims, by (A2), we have for all £ > 0 that

Px({z € R?: 0 < |ij(z) — 1/2[ < t}) < Px({: 0 < In(z) — 1/2|(1 = 2p")(1 — a*) < t})
k1 71
1— 2p*)’¥1(1 — a*)’ht ’

=1

as required; see also the discussion in Section 3.9.1 of the 2015 Australian National University PhD thesis
by M. van Rooyen (https://openresearch-repository.anu.edu.au/handle/1885/
99588). The proof of the second claim is more involved, because we require a bound on |27(x) — 1|
in terms of |2n(x) — 1|. We consider separately the cases where |n(x) — 1/2] is small and large, and
for r > 0, define &, = {z € R?: |n(x) — 1/2| < r}. For x € £ N 8¢, we can write tg = n(z) — 1/2 €
(—=46,0), so that by (A9) again,

~ o(n(x)) — g1 — n(x)
2i(x) — 1 = {2n(z) — 1}{1 —9(n(@)) = g(1 = nlw)) + 2n(x) — 1 }

(1/2 +1to) — g(1/2 — to)
2%,

— {20(2) - 1}{1 9124 t0) — g(1/2 — 1) + ¢ } (AL12)
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Now, by reducing § > 0 if necessary, and since 1 — 2¢g(1/2) 4+ ¢(1/2) > 0 by hypothesis, we may assume
that

g(1/2 + 1) — g(1/2 — to)

<2{1-29(1/2) + §(1/2)} (AL3)
2to

—9(1/2+1t0) —g(1/2 — to) +

for all ¢ty € [0, §]. Moreover, for z € £, we have

[{2n(@) = TH{1 = po(@) = p1()} + po (@) = pr ()|

po(x) — p1(x)
2n(z) — 1

< o) — {1+ PO <y i1 ) s

— () - 1\1 = pol@) — paa) +

26 200

Now that we have the required bounds on |27j(z) — 1|, we deduce from (A12), (A13) and (A14) that

2
- T
[20(x) — 1] exp(—2% ) dPx(2)
Rd

= [ [t20() = 1H1 = po(o) = pr(@)} + pule) = @) ex (-
Smax{2—4g(1/2)+29(1/2 1_|_7 / |2n(x —1|exp(
< max{2 - 49(1/2) +29(1/2), 1 + E}@tw{

so P does indeed have geometric noise exponent vs.

Now, for an arbitrary classifier C, let L(C) = P({(z,y) € R? x {0,1} : C(x) # y}) denote the test
error. The quantity i(é’ SVM) is random because the classifier depends on the training data and the prob-
ability in the definition of E() is with respect to test data only. It follows by Steinwart & Scovel (2007,
Theorem 2.8) that, for all € > 0, there exists M > 0 such that for alln € Nand all 7 > 1,

pr(i(éSVM) _ E(éBayes) > M,7_2n—F+e) <e T,
We conclude by Theorem 1(ii) that

ASVMY Bayes R(C’SVM) — R(éBayes)
MO = O = =0 )1 —a)
1

e /0 h pr(L(CSVM) = L(EP™) > ) du

B 2Mn—T+e
“ 02

anJre 1 o] anJre
< g, i rewenar = g ()

as required. (]

) / rpr(L(CSVM) = L(CB) > Mr2n T+ ) dr
0

A-4.  Proofs from Section 4-3
Proof of Lemma 1. Since, for homogeneous noise, the pair (X, Y") and the noise indicator Z are inde-
pendent, we have pr{C(X) #Y | Z =r} = pr{C(X) # Y}, forr = 0, 1. It follows that
R(C) = pr{C(X) # Y} =pr(Z = Dpr{C(X) #Y | Z =1} + pr(Z = 0)pr{C(X) = Y | Z = 0}
= (1= p)pr{C(X) # Y} + p[l — pr{C(X) # Y}]
— p+(1—2p)R(C).
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Rearranging terms gives the first part of the lemma, and the second part follows immediately. g

a.s

Proof of Theorem 4. For r € {0, 1}, we have that 7, = (1 — p)m, + pm1— = (1 — 2p)m, + p. Now,
writing

Tt Xilyy,—py - n 3o Xil{?izr}(]l{m:r} + 1iy,=1-1})

Hr =

)

7y o
we see that
i 23 (1 = p)Trpir + pr1—rpt1—y
" (1= p)mr + pT1—sr
Hence
i+ fio % (1 = p)mips + pmopo | (1 — p)mopo + pripn
(1= p)m + pmo (1= p)mo + pm1
_ M1{ (1 —2p)?momy + 2p(1 — p)m } { (1 = 2p)*mom + 2p(1 — p)ﬂo}
(1 —2p)2mom1 + p(1 — p) (1—2p)mom +p(1—p) J
Moreover
Gy — g 2% (1 —p)mp + pmopo (1 — p)mopio + pmipia
(1= p)m1 + pmo (1= p)mo + pm1
- (]. — 2p)7T07T1 }
AT o )
Observe further that

S8 cov (X1 — ) (X1 — ) Ly, + (X1 — 1) (X1 = fi0) "Ly, —gy)
= {(1 =2p)m1 + p}=1 +{(1 = 2p)m0 + p}20,

where 3, = cov(X | Y = r), and we now seek to express Yo and 31 in terms of p, 7o, 71, fto, 11 and .
To that end, we have that

S =E{cov(X |Y,Y =7) |Y =r} +cov{E(X | Y,Y =7) | Y =r} =S+ cov{uy | Y = r}.
Note that

: prY =1,Y=1) _ m(l-p) _ ml-p
pr(f’:l) m(l—p)+mp m(1—=2p)+p

5 oy mpi(1 = p) +mopuop
m(1—2p)+p
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It follows that

§ = mi(1—p) ( _771M1(1—P)+7T0H0,0)( _7T1M1(1—P)+7TOMOP)T
m(1—=2p)+p m(1—=2p)+p (1 —=2p)+p
mop ( 77T1M1(1*p)+7T0M0P)< 77T1M1(1*P)+7T0M0P>T
mi(1—2p) +p mi(1—=2p) +p (1 =2p) +p
__m(—p) (mp(m—uo))(mp(m—uo) )T
m1(1—2p) + p\mi(l—2p) + p/ \mi(1—2p) +p
Top (m(l—p)(uo—ul))(m(l—p)(uo—m))T
m(1=2p)+p\ m(l—-2p)+p (1 =2p)+p

__ mmp(l—p) (
(m1(1 = p) + mop)?

Similarly
Yo =
We deduce that
Sy momip(l — p)

p1 — o) (g1 — p10) ™

momip(1 — p)
(mo(1 — p) + m1p)?

(1 — uo)(m - ,UO)T-

mmo(l = 2p)% +p(l —p

where o = mom1p(1 — p) /{mom1(

(X + alp — po) (1 — po)™)

where A2 = (1 — po) T2 (g —

)(,Ul - MO)(Ml - MO)T =X +a(m - uo)(m - MO)T,

1—2p)* + p(1 — p)}. Now

XM (1 — puo) (1 — puo) "X
14 aA2 ’

=y1_

to). It follows that there exists an event 2y with pr(€) = 1 such

that on this event, for every x € R,

(CC—M)TEA(M — flo)

2

2L (1-2p)

2mom1 + p(1 — (1 —2p)2mom1 + p(1 — p)

. l:x_/11{(1—2p)271'07r1+2p(1—p)) }+ﬂ{(1_2p) mom1 + 2p(1 — p)mo HT

(2—1 B X —

2
f10) (11 — po) "X 1){ (1 = 2p)mom }( o)
1+ aA? 1—2p)2momy + p(1 — p) = Ho

_ [x _ &{ (1 —2p)?momy + 2p(1 — p)m} @{ (1 —2p)2momy + 2p(1 — p)mo }]T
2

2

(1 =2p)?momy + p(1 = p)

(1—2p)%mom1 4+ p(1 — p)

(o

){ (1- 22%2;02:37221 — ) }2_1(“1 ~ o)

_ x_M1+M0 T(
2 1

1 (1—=2p)mom 4
+ ozAQ){ (1 —2p)2mom prtl -p) }E (k1 = o)

_[/;1{( (2m — 1)p(1 - p) }+@{( (2mo — 1)p(1 — p) }}

1 —=2p)?mom + p(1 = p)

2 L(1—2p)?mom1 + p(1 — p)

(o

Hence, on Q,

n—oo

. + T
T

){ (1- 2;1)2;022?21 ) }E_l(m — po)-

S — po) > 0
. T
0ifco + (2 — L15£2) " B (uy — po) <0,

270

275

280

285



290

300

305

310

12 T. I. CANNINGS, Y. FAN AND R. J. SAMWORTH

where

= At aA?)p(L = p) | ((1 —2p)m1 + p) _ (m —mp)aA?

a(l—2p) (1= 20)m0 + p 2o

This proves the first claim of the theorem. It follows that

. ~ c A C A
lim R(C™PA) = 7To<I>(AO - 2) ; mcp(—O - )

which proves the second claim. Now consider the function

- Co A Co A
“’(%)—WO‘I’(A 2>+“‘I’( A 2)
We have

. A A A
o= 36(3-3)-2o(3-3) - 22 -0 - Zowew).

where ¢ denotes the standard normal density function. Since sgn (¥ (co)) = sgn(co — log(m1/m)), we

deduce that
Co A Co A B
-~ _ > ayes
o(2-2) rmo(-22) s me,

and it remains to show that if p € (0,1/2) and m # o, then there is a unique A > 0 with ¢y =
log(71/mo). To that end, suppose without loss of generality that 7, > 7y and note that

(m —m)(1—-2p) m(1—2p)+p 3 mo(1 —2p) +p
(L=2p)?momi +p(1—p) (1 —2p)*mmo+p(1—p) (1—2p)°mmo+p(l—p)
1 1

1-2p)m0+p (1—2p)m+p
Hence, writing t = (1 — 2p)m; + p > 1/2, we have

(1-2p)m +p (m1 — m0)(1 — 2p) B 1 1
10“5((1 - 2,0)7T(1) +p) T o(1- 21p)27r?770 Tol—p)t 10g(1 - t) M TR TT T S
Next, let
! p(l—p) (L—-2p)m +p
x(m) = log(?o) " a(l-2p) 10g((1 —2p)mo + p)
_ ™ (1—=2p)*mi (1 —m)+p(1—p) (1—2p)m +p
_IOg(l—m)_ (1—2p)m(1—m) : ((1—2p)(1—7r1)+p)'
Then

p(1—p)(1 —2m) (1 —2p)m +p
Ty k’g((l —20)(1-m) ) <

for all m; € (0,1). Since x(1/2) = 0, we conclude that x(7;) < 0 for all 7y > 7. But

m\ _ A%p(1—p) (1=2p)m +p (m —mo)(1 - 2p)
- log(fl) T 12 {10 ((1 - 2p)7T(1) +p) = 21p)27r(1)7r0 To(l— p)}} = X(m),

o
so the final claim follows. O

X(ﬂ-l) = (
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