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We also generalize the robust knockoffs inference in [4] to the time series setting to
relax the assumption of known covariate distribution required by model-X knockoffs,
since such an assumption is overly stringent for time series data. We establish
sufficient conditions under which TSKI achieves the asymptotic false discovery rate
(FDR) control. Our technical analysis reveals the effects of serial dependence and
unknown covariate distribution on the FDR control. We conduct a power analysis of
TSKI using the Lasso coefficient difference knockoff statistic under the generalized
linear time series models. The finite-sample performance of TSKI is illustrated with

several simulation examples and an economic inflation study.
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1 Introduction

Identifying key economic factors among a large number of potential variables (e.g., numer-
ous types of consumer price indices, unemployment rates, and housing prices) that can
influence inflation is a long-standing research pursuit [25, 36, 15] that remains crucial due
to inflation’s significance. However, statistical inference for economic time series such as
inflation is challenging due to the serial dependence, large number of potentially impor-
tant covariates (including time series covariates, their lags, and non-time series covariates),
regime shifts [21, 39], and possible nonlinear relationships.

Let us exemplify these challenges with Figure 1, which depicts the monthly inflation
rate (hereafter referred to as inflation) time series of the U.S. economy from May 2013 to
January 2023, sourced from the FRED-MD database [28] and the U.S. Bureau of Labor

Statistics. In addition to the inflation series, the FRED-MD database includes 126 other



time series variables that can be used to predict the inflation for the following month. Here,
inflation is calculated as the first-order difference of the Consumer Price Index (CPI) [28]
divided by the CPI of the previous month; see Section 5 for details. Figure 1 shows that
during the period from 2020 to late 2022, inflation displayed an upward mean drift due
to the U.S. economy’s post-COVID-19 recovery and the impacts of the Russia—Ukraine
conflict, along with some possible stationary phase-changing behaviors [21, 39]. To address
concerns on potential nonstationarity over the entire time span caused by, say, the mean
drift, the rolling-window method is commonly employed in time series analysis. The
intuition behind this method is that the time series, including both the response and

!, However, the

predictors, are more likely to be stationary within a small time window
use of rolling windows further complicates the problem in that the sample size in each
window is usually small; for example, there are only 60 data points if sampled monthly over
a five-year period. The presence of serial dependence, small sample size, high-dimensional
covariates, and possibly nonlinear relationships makes statistical inference for time series
regression highly challenging. Variable selection has been a popular solution to address
such challenges, under the assumption that only a small subset of covariates contribute to
the response of interest. Correctly selecting these important covariates can help simplify
the model and improve interpretability and prediction accuracy. Our goal in this paper is
to develop a reliable variable selection approach that accounts for these unique challenges
in time series regression.

Popularly used measures for evaluating the performance of high-dimensional variable
selection include the false discovery rate (FDR) [6], model selection consistency [43, 29, 24],

and feature importance ranking [10, 30]. Our paper focuses on controlling the FDR, whose

formal definition is in (1). Most existing works address the FDR control by building

"'We also obtain numerical evidence supporting the stationarity of the inflation within each window
through standard unit root tests; details are provided in Section A.5.
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Figure 1: The U.S. inflation from May 2013 to January 2023.

procedures based on the p-values constructed for assessing the importance of individual
variables; see, e.g., the seminal works of [6, 7]. Yet, the high dimensionality in covariates
and the possibly complicated nonlinear model structure make many conventional ways of
p-value calculations inapplicable or even completely fail [19]. To overcome such difficulties,
the framework of knockoffs inference was proposed in [3, 12] to achieve the goal of exact
FDR control in variable selection in finite samples, completely bypassing the use of the
conventional p-values in high-dimensional regression models. It allows for an arbitrary
dependence structure of the response on covariates and an arbitrary dimensionality of
covariates at the cost of assuming the known joint covariate distribution. See Section 2.2
for a brief review of the model-X knockoffs framework.

Two critical assumptions in model-X knockoffs [12] are: 1) the observations across time
are independent and identically distributed (i.i.d.) and 2) the joint distribution of covariate
vector is known for generating the knockoff variables. Both assumptions are unreasonably
strong for time series data. Time series data exhibit serial dependence, and in some
applications where covariates are lagged response variables with a stationarity assumption,
assuming a known covariate distribution directly reveals the set of important variables,
thus invalidating the problem of variable selection. We will address these challenges by

relaxing the two aforementioned assumptions.



To relax the first assumption, we adopt the popular idea of subsampling. To relax the
second assumption, we generalize the robust knockoffs inference in [4] to the time series
setting, where the robust knockoffs inference [4] is a recent innovation that allows for ap-
proximate covariate distribution (as opposed to known covariate distribution) developed
for i.i.d. data. We name the knockoff variables generated using approximate covariate dis-
tribution as approximate knockoffs to ease the presentation. Our analyses reveal that with
approximate knockoffs generated in a rowwise fashion ignoring the serial dependence, the
FDR inflation has an upper bound depending on the Kullback—Leibler (KL) divergence
between the distributions of data matrices corresponding to the approximate and exact
model-X knockoff variables. Our theoretical results are comparable to Theorem 1 of [4],
with the difference that we do not need the i.i.d. observations assumption. Our theory
shows that there is generally no guarantee that such KL divergences asymptotically van-
ish in the existence of serial dependence, suggesting that the corresponding FDR could be
uncontrolled. We also show that subsampling [42] can successfully address such difficulty
and warrant asymptotically vanishing KL divergence if the subsampling rate is appro-
priately chosen, provided that the time series are S-mixing. We then apply the robust
knockoffs inference to each of the subsampled data, resulting in multiple sets of selected
variables. We aggregate these sets via the e-value method [40, 34]. The complete frame-
work is presented in Section 2 and named as the time series knockoffs inference (TSKI).
We provide a rigorous characterization of how the serial dependence and the accuracy of
the approximate knockoffs affect the FDR control and prove that the TSKI procedure
can achieve asymptotic FDR control when the subsampling is done appropriately and the
approximate knockoffs are accurate enough.

It is well-known that FDR and power are two sides of the same coin. We then turn
to the power analysis of TSKI in Section 3. Assuming the generalized linear time series

models and some regularity conditions, we show that for TSKI with subsampling and e-



value aggregation, the set of selected variables is either empty or enjoys the sure screening
property with asymptotic probability one. These results are formally summarized in
Theorem 2 and discussed after it.

We test the empirical performance of TSKI on both simulated and real data. Our simu-
lation results in Section 4 demonstrate that the TSKI with subsampling controls the FDR
when the data are generated from some popular S-mixing processes. The selection power
is generally satisfactory with a sufficient sample size. Furthermore, in Section 5 we apply
the TSKI to study the temporal relations between inflation and other macroeconomic time

series from the U.S. economy over the past ten years.

1.1 Related work

Established methods such as the BH and BY [6, 7] are commonly used in biology appli-
cations with non-time series data. Some new developments such as [33, 8] either assume
independent test statistics, require the availability of p-values, or rely on specific model
structures, making them unsuitable for time series applications due to incompatible as-
sumptions.

Among these existing methods, BY achieves the FDR control in variable selection
based on a set of valid p-values with no requirements on the dependence structure among
p-values. Similarly, e-BH [40] uses e-values without requirements on their dependence
structure. While these methods offer the potential for valid FDR control for time se-
ries data, obtaining valid p-values or e-values remains an unresolved challenge in many
applications.

Regularized regression [29] and information criterion-based model selection [24] are
also popularly used for selecting important variables in time series regressions. Yet, they
often assume some specific model structure (e.g., the linear model) to prove variable/model

selection consistency, posing uncertainty about their performance when deployed on real



data with nonlinear dependency. In addition, they are not specifically designed for control-
ling the variable selection error rate, and hence may not be suitable for certain applications

when the error rate control is a concern.

1.2 Notation

Let (Q2, F,P) and R be the underlying probability space and the Borel o-algebra on the
real line R, respectively. We use the boldface for random vectors and matrices, the tilde for
the knockoff variables, and the vector notation Z to denote vectors in the Euclidean space.
For random vector @, define x_; as the subvector by removing the jth coordinate. We use

parentheses for matrix concatenation. For any real sequences {a,} and {b,}, a, = O(b,)

an

™ = 0. We use #S to

means limsup,,_, < 00, and a, = o(b,) means limsup,,_,

denote the cardinality of a given set S. Moreover, a transition kernel is defined as a map
p i (RF R*2) —s [0, 1] for some positive integers k; and ko satisfying that (i) for each
D € R*2, p(-, D) is a measurable function and (ii) for each € R*| p(z,-) is a probability

measure.

2 Robust time series knockoffs inference with TSKI

Given an observed stationary time series {Y;, x;}7 , with Y; € R a scalar response and
x; € RP a high-dimensional covariate vector, we are interested in accurately selecting
relevant covariates (i.e., non-null features) in x;, where the definition of the null feature

is given below.

Definition 1. (Null feature) Consider the response Y and the covariate vector x =
(Xy,---,X,)". Covariate X; with j € {1,---,p} is said to be null with respect to re-

sponse Y if and only if X; 1L Y[( X1, , X;-1, X1, -+, Xp)'

We denote the set of null features according to Definition 1 above as Ho C {1, -+ ,p}

7



for each ¢, where H, is independent of ¢ because (Y;,x;)’s have the same distribution
due to the stationarity assumption. Our goal is to estimate the important variable set
Hy={1,--- ,p}\Ho using data {Y;, x,}_,. For an estimated set S C {1,--- , p} returned
by some algorithm, we measure the accuracy by evaluating the False Discovery Rate

(FDR) defined as

FDR =E (M) : (1)
(#S)Vv1

In this paper, we focus on time series data with serial dependency and high dimen-
sionality where covariate dimensionality p can be much larger than sample size n. We do
not assume any specific dependence structure of Y; on @, other than the one in Definition
1 and that Y; is @, -measurable (see Corollary 2) for our FDR analysis. As a result, our
proposed method can accommodate an unknown relationship between Y; and a; includ-
ing both linear and nonlinear ones. Our method builds on the recent work of model-X
knockoffs [12] and its robust extension [4] proposed for the non-time-series data, where we

briefly review the former in the next section to set the stage.

2.1 A brief review of the model-X knockoffs framework

Let y = (Y1, ,Y,)T € R" and X = (xy,--- ,x,)T € R™P be the response vector and
design matrix collecting the n observations. The model-X knockoffs [12] was proposed for
the setting where the rows of the augmented matrix (y, X) € R™®*1 are i.i.d. random
vectors with known distribution for @;. The knockoffs inference aims at estimating H;
while keeping the FDR (1) under control. To this end, it constructs an n X p matrix X

in a rowwise fashion independently using the known joint distribution of @; such that

d

X 1L ylX and (X, X)ewap(s) = (X, X) (2)



for each S C {1,--- ,p}, where swap(S) denotes the swapping operation meaning that for
each j € S, columns j and j + p are swapped, and 2 stands for equal in distribution. At
a high level, the model-X knockoffs create a “fake” covariate matrix X which perfectly
mimics the “behavior” of the original covariate matrix. By using these fake covariates as
controls, the importance of original covariates can be inferred.

As an example, when the covariate distribution for @; is known to be N(0,Y¥) with
Y the p X p covariance matrix, a valid way to construct the corresponding ideal knockoft

vector x; is to sample from the conditional multivariate Gaussian distribution

|y L N(zx; — diag(3)X ax,, 2diag(3) — diag(5)X ' diag(5)), (3)

where diag(s) is a diagonal matrix of tuning parameters with positive diagonal entries.
Larger components of §imply that the resulting knockoff variables are more independent
of the original variables, thereby providing higher power in distinguishing them. For the
general covariate distribution, a conditional distribution for generating knockoff variables
can also be constructed following the same high-level idea above. Further details about
knockoff variable sampling procedure for general distributions can be found in [12, 18].
With the knockoff variable matrix /)?, the knockoff statistics W;’s, measuring the
importance of original covariates, are constructed such that the sign-flip property [3, 12]

is satisfied: for each S C {1,---,p} and each 1 < j < p,

—~ _W](y7X7}) lfjesa
Wj (ya [X7 X]swap(S)) = (4)
Wj(y, X, X) otherwise.
As variable importance measures, high-quality knockoff statistics W;’s should have

the desired properties that 1) W;’s have large positive values for j € #H; and 2) for null

features j € Ho, W;’s have small magnitude and are symmetric around zero. See [12]



for the formal characterization. Examples 1-2 in the next subsection are two important
instances of the knockoff statistics that satisfy the sign-flip property.

Model-X knockoffs [12] estimates Hy as S = {1 < j < p : W; > T} with the so-
called knockoff threshold 7' = min {t >0: 1;#%,—?;5;? < T}, where 7 € (0,1) is some
pre-specified target level for FDR control. It has been shown in [12] that the model-X
knockoffs framework achieves FDR control in finite samples with arbitrary dimensionality
of &; and arbitrary (unknown) dependence structure of Y; on x;.

As discussed in the Introduction, the i.i.d. row assumption for (y, X) and the known
distribution assumption for x; are too stringent for time series data. We will develop a
new framework for time series knockoffs inference, which relaxes these assumptions. It is

important to note that the remaining part of the paper does not assume i.i.d. rows in

data matrix (y, X).

2.2 Outline of the TSKI framework

In this subsection, we provide an outline of the TSKI framework. Some technical details
will be presented in the next subsection. TSKI has three key ingredients: subsmapling,
robust knockoffs inference on each subsample, and e-value aggregation of the selected sets
from different subsamples. Algorithm 1 provides a detailed implementation of TSKI. Our
presentation may not strictly adhere to the order of the three ingredients stated above.
To relax the known covariate distribution assumption, we adopt the robust knockoffs
framework in [4] and introduce the following Definition 2. In what follows, the knockoff
generator, conditional distribution, and transition kernel are examples of regular condi-

tional probability (r.c.p.) in probability theory.

Definition 2 (Knockoff generator). x : RP X RP —— RP? is said to be a knockoff generator if

1) k(Z,-) is a probability measure for each zZ € RP and 2) (-, A) is a measurable function

10



for each A € RP, where R is the smallest o-algebra of R that contains all open sets.

For each observed covariate vector x; with ¢ € [n] := {1,--- ,n}, we generate its
knockoff vector @; from r(x;,-). When «; has known distribution N(0,%) with known
parameters X, the conditional Gaussian distribution in (3) is an instance of the knockoff
generator which yields ideal knockoff variables satisfying (2). If ¥ in (3) is unknown and
replaced with an estimated version (see (8) for details), the resulting knockoff generator
produces only approximate knockoff variables that violate the exchangeability condition
in (2). Additional examples of the knockoff generator can be found in [12, 18]. To achieve
asymptotic FDR control using knockoff variables generated from x(x,-), we need some
additional conditions on x which will be presented in Condition 3 in the next section.
Note that because of the rowwise generation of knockoff variables, although {,}}; have
serial dependence across t, {x;}}~, are independent across ¢ conditional on {x;}};; this
violates the second property in (2) and thus the FDR control result in [12] or [4] cannot
be applied directly. From now on, we work with the inference sample {Y;, &, @, }} ;.

To overcome such difficulty, we consider subsamples each with index set Hp =
{k+s(g+1):s=01,---, LZT”fJ} for k € {1,---,q + 1} with some integer ¢ > 0.
To simplify the technical presentation, let {V;, us, u; }¥, be a generic subsample that can
be any of the ¢ + 1 subsamples. Denote by v = (V,--- ,VN)T, U = (ug,- - ,uN)T,
and U = (@, ,ay) . As in the robust knockoffs inference [4], we construct knockoff
statistics W;(v, U, ﬁ)’s based on (v, U, U ) and select the set of important variables using
these knockoff statistics following the identical procedure as reviewed in the last subsec-
tion. Thus, we end up with ¢ + 1 sets of selected variables {j : Wf > T*} with each
corresponding to a subsample k. Here, VVf’s and T* are the correspondingly constructed
knockoff statistics and the knockoff threshold as specified in (5), respectively.

Below are two examples of the knockoff statistics. The random forests model in Ex-

ample 2 can be replaced with other learning models such as the deep learning model.

11



Example 1 (Lasso coefficient difference (LCD)). For a given sample
(v,U,ﬁ) and a tuning parameter X > 0, we define W; = W;(v,U, (7) =
|§]] — |B\j+p|, where (31,~~~ ,BQP)T is given by either the Lasso estimate
arg mingep2» {”712?:1(‘4—(Ufaﬂf)5)2+)\zg2'il I,le} with B8 = (B1,-+,5)",

or the generalized linear model (GLM) Lasso estimate defined in (12).

Example 2 (Random forests mean decrease accuracy (MDA)). For a given sample
(v.U,0), we define W; = Wi(o,U,U) = NTEL AW = i(w” w0 — [V -
m(uy, ﬁij))]Q} for each j € {1,--- ,p}, where (u, @) = [u,, Ut)swap({;}) and m : R* —

R is the random forests regression function trained by regressing Vi’s on (ug, wy)’s.

The LCD uses the linear model as a working model, while the MDA does not assume
any explicit model structure. When the underlying true model is nonlinear, the LCD
is based on the misspecified model, whereas the MDA is free of such issues. Yet, MDA
demands a large sample size, which is a common drawback for all nonparametric regression
models. Our simulation study will provide additional insights into the performance of LCD
and MDA in various model settings.

When ¢ > 0, subsampling yields more than one set of selected variables. Naively taking
the intersection or union over these sets would not guarantee FDR control. The TSKI
uses the e-BH procedure [40] to overcome such a difficulty; see Step 3 in Algorithm 1 for
the calculation of e-values and how it forms the final set of selected variables S. The e-BH
procedure works similarly to the BH procedure [6] with the difference that e-values [35]
are used in place of the p-values. Given a null hypothesis, we call a non-negative random
variable £ an “e-value” if E[E] < 1 under the null. To test a hypothesis at significance level
a, we can reject the null hypothesis when E > 1/«, noting that P(E > 1/«a) < oE[E] < «
under the null. One appealing property is that the average of multiple e-values is still

a valid e-value regardless of their dependence structure. This motivates us to use it to

12



aggregate results from different subsamples. We acknowledge that the e-value idea has
been used in the literature for aggregating knockoffs inference results [40, 34]. We note
that tuning parameter 7, used for individual subsample in Step 3 should be set smaller
than the overall target level 7" in Step 4 in order to achieve high selection power; this is

formally stated in Theorem 2 in Section 3.

Algorithm 1: Robust time series knockoffs inference (TSKI) via e-values

1 Let 0 < 71 <1 be a constant and 0 < 7* < 1 the target FDR level.

2 For each k € {1,--- ,q+ 1}, calculate the knockoff statistics WF, - ,Wlf

satisfying (4) using sample {x;, Z;,Y; }icn, -

s Calculate the e-value statistics e; = (¢ + 1)~ 32400 e¥, where?

g DX ey

L+#{j - Wk < —t
k= > , TF=min{tec W W, }<T1 , (5
1+ i Lwr<_rry

#j:Wr>tpv1 —
and WY = {|WF| . |[WF| > 0} for each k € {1,---, ¢+ 1}. Here, 1y, is the
indicator function.

a Let S={j: e; > p(1* x k)~'} with k = max{k : e > p(m* x k)~'}, where e(;)’s

are the ordered statistics of e;’s such that ey > -+ > e().

2.3 FDR control by TSKI
We need some technical conditions to bound the FDR of TSKI.

Condition 1. The density function of (X,X,Y) exists and (Yy, x;)’s are identically
distributed across t. In addition, the supports of (X, f)\(/, Y) and [ X, f)\(/, Y Jswap((j}) are the

same for each j € {1,--- ,p}.

Condition 2. The knockoff generator k(-,-) is constructed independently of observed time

series {xy, Y} 1.

Condition 1 is a basic regularity condition. Condition 2 may be relaxed if we use sample
splitting to obtain an asymptotically independent training subsample for estimating the

unknown covariate distribution and constructing the knockoff generator.
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To ease the presentation, let (Y,x,x) be an independent copy of (Yi,x1,®1). As
outlined in the last subsection, we allow certain deviation of x(z, -) from the one derived
from the true covariate distribution of . Consequently, & generated from r(z, -) is only an
approximate knockoff vector, which may violate the exchangeability condition in (2). The
use of approximate knockoffs instead of ideal model-X knockoffs may incur a potential FDR
inflation. Our Theorem 1, which imposes mild conditions on «(+, -), demonstrates that such
FDR inflation can be controlled in time series applications. These results generalize the
robust knockoffs inference results for i.i.d. observations in [4] to the time series setting.

Let {xf, &, Y,"}}; be a sequence of i.i.d. random vectors such that (xT,z],Y])
and (1,2, Y1) have the same distribution. Denote by X, = {x;, @;, Y, }ien, and AT =
{xl, 2], Y }ien, for each k € {1,--- ,¢+1}. Let f.(-) be the density function of random

vector z.

Theorem 1. Let S be the set of variables selected by TSKI with Algorithm 1. Then under

Conditions 1-2 and the assumption of positive T*’s in (5), we have

q+1 q+1

—~ k
FDR < inf |:7'*65 + P(max KL, > e)} +5  sw  [P(A € D)~ BT € D), (6)
1<i<p 1] DER#H)X(2p+1)

where 0 < 7% < 1 is the target FDR level and for each 1 <k <qg+1and1<j <p,

XT X7r Tox .
- j)>. (7)

—~ kT fx)N( T ijs z]7 —ijr % —i
KL, = log 2 X525 %
J Z ( (X’TT X7r m iy )

fX T_;,& ijr i Loijr Ty

An example is provided in Section A.1 of the Supplementary Material, where the KL
divergence term on the right-hand side of (6) asymptotically vanishes. The KL divergence
term can be further simplified provided that Condition 3 below, adapted from Definition
1 in [4], is satisfied. This condition concerns the knockoff generator (-, -) and p additional

coordinate-wise knockoff generators k; : RP™1 x R — R for j € {1, - ,p}, where each

14



k;j(x_;,-) approximates the conditional distribution of X; given x_;.

Condition 3 (Definition 1 in [4]). For each 1 < j < p, 1) if 2 = (Zy,-- , Zp)t
is sampled from the conditional distribution k((Xy,--- ,Xj_l,)z;,XjH, -, X,), ), then
(XT Z x_j,z_;) and (Zj,)?j,a:,J, ;) have the same distribution, where XT is sampled

from k;(x_;,-); and 2) the density function of the distribution of ()Z]T, Zj, T_j,z_;) exists.

Corollary 1. Assume that all the conditions of Theorem 1 hold. If further Condition 3
is satisfied, then (6) holds with
fXj\m_j (Xglwzz])ff(”w ( |w71])

— kT .
KL, = log ,
’ 1€Hy, fXj\m,J( ’.’B )fXT|w ( |wfz])

where )Af; s are given in Condition 3 and f,|z,(21|22) = [z 2,(21, 22)[[2.(22)] 7" is the

conditional probability density function of z1 given z,.

It is seen that when Condition 3 is met, the FDR inflation can be measured by the
Kullback-Leibler (KL) divergence between the conditional distributions of X JT|cc_j and
X;|x_;, where the former is described by the coordinate-wise knockoff generator x;(x_;, -).
When these two conditional distributions are identical, the knockoff generator x(-, -) satis-
fying Condition 3 reduces to the ideal knockoff generator in model-X knockoffs [12]. In this

sense, Condition 3 relaxes the requirement of knowing the exact covariate distribution.
We borrow the Gaussian example discussed in [4] to help understand Condition 3. Con-
sider the Gaussian knockoff generator described around (8). Lemma 4 of [4] demonstrates

that (-, -) and k;(-, -) satisfy Condition 3 if the former is chosen as
k(wr,-) & N(a, — diag(5)Oy, 2diag(3) — diag(5)Odiag(s)), (8)

and each r;(x_;,-) follows the distribution N(z" @_“@]j ,G) 1), where © is a postive

definite estimate of [E(xa ' )]~* constructed independently from the observed data (y, X),

15



(:)_M- represents the jth column of © with the jth component removed, and @jj is the jth
diagonal entry of o. Here, for simplicity, we assume that a; has mean zero. Corollary 1
indicates that the asymptotic FDR control depends on the estimation accuracy of O. See
Section A.4 for how we estimate the precision matrix in practice. Meanwhile, see [4] for
other examples of knockoffs generators satisfying Condition 3.

Under Condition 4 below, a simple upper bound for the second term on the right-hand
side of (6) can be derived; this result is formally summarized in Corollary 2 below. An

example satisfying Condition 4 is provided in Section 2.4.

Condition 4 (h-step f-mixing with exponential decay). The covariate process {x;} is a
p-dimensional stationary Markov chain with a transition kernel p : RP x RP —— R and
a stationary distribution w. There exist a positive integer h, a measurable function V :
RP — [0, 00), and some constants 0 < p < 1 and 0 < Cy < oo such that for each ¥ € RP,
|p"(Z, ) — 7r(~)HTV < Cp"V (&), where C' > 0 is some constant with Coy > C' [, V(Z)dr ()
and |||z, denotes the total variation (TV) norm associated with measures. Moreover, for

each & € RP, p(Z,-) is absolutely continuous with respect to the Lebesgque measure.

Corollary 2. Assume that all the conditions of Theorem 1 hold. If further {x:};>1 satisfies
Condition 4 with g-step and constants Cy > 0 and 0 < p < 1, and Y; is x;1-measurable,

then (6) holds with

q+1
sup |IP(X, € D) —P(X] € D)| < Cy x p? x n. 9)
k1 DeR#HEx(2p+1)

Moreover, when (Y, at)’s are i.i.d., (9) holds with p = 0.

As shown in Corollary 2, in the i.i.d. data setting where p = 0, the FDR upper bound
in (6) replicates the result in [4] when ¢ = 0 (i.e., no subsampling). With serial depen-
dence and general ¢, from (6) and (9), we observe an interesting tradeoff between the

KL divergence and the TV upper bound as ¢ changes. First, in view of the expression
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in Corollary 1, P(maxi<;<, ﬁjw > ¢) depends on ¢ in a complicated way via the sub-
sample size |n/(¢ + 1)|. In addition, since the probability is upper bounded by 1, the
term Y207 P(max; <<, I/(i;m > ¢) increases at most linearly with ¢. On the other hand,
Corollary 2 suggests that the TV upper bound decreases exponentially with ¢q. Despite
this tradeoft, it is unreasonable to determine the optimal choice of ¢ by directly analyzing
these upper bounds since they can be conservative. We leave the theoretical investiga-
tion of the optimal ¢ for future research. Our empirical study suggests that ¢ = 1 or 2
often yields satisfactory finite-sample control of the FDR, as long as each subsample is
reasonably large.

To provide a concrete time series example where our theory in this section applies, we
analyze the Gaussian ARX model (Example 3 in the next subsection) with ¥ = E(za" )
assumed to be known, and ¢ = [(logn)'*°] and p = O(n*°) for some constants § > 0
and Kg > 0. We show in Section A.1 that the KL divergence is zero and prove in
Section 2.4 that Condition 4 is satisfied. Thus, the FDR upper bound in Theorem 1
becomes 7" +Cynp?. When Y is unknown and needs to be estimated, it is possible to obtain
an upper bound using an estimated covariance matrix formed from a large independent
learning sample using the proof idea for Lemma 5 of [4].

When moving beyond the Gaussian time series covariates, for example, Model 1 in
Section 4, we assume the high-level condition 3%} P(max,<;<, ﬁfﬂ > ¢) = o(1) and
the f-mixing condition as in Corollary 2. Under these assumptions, our theory applies.
Despite these technical assumptions, our simulation results suggest that the FDR can
be controlled in broad model settings with in-sample estimated covariate distribution.
Theoretical justification of such empirical results for time series data is highly challenging

and is left for future investigation.

17



2.4 Stationary processes satisfying Condition 4

We provide a linear time series example that satisfies Condition 4. Additional examples,

including nonlinear ones, are provided in Section A.2 of the Supplementary Material.

Example 3 (Autoregressive models with exogenous variables (ARX)). For each t, define

ko k3

Y= ZO‘JYt J""Zzﬁ(l t— J+1+5t

=1 j=1

with H = ¢ + S5 o 1.

im0 H where for some positive constants Lg, Ly, and Lo, it

satisfies that 1 — S5 B2 £ 0 and 1 — Z L2l # 0 for each |z| < 14 Lo and

_1]

each | € {1,---  ky}. Additionally, S Z?ﬁl\ﬂj@” < Ly and ki, ki, - ks, < Lo.
Here, ki, ko, and ksy,- -, ksg, are all positive integers. Moreover, (egl), e egkz),st) 's are

(ko + 1)-dimensional i.i.d. Gaussian random vectors with zero mean and positive definite

covariance matriz g that satisfy E(etegl)) =0 for each .

Example 3 is a benchmark model for describing the behavior of macroeconomic

variables. It is seen that the covariate vector with respect to response Y; is x; =

! H* o g®) T Tt has

. 1 1
with h; = (Ht( )7"' 7H( ) t—kap,+1

t—kg1+10 "

(Yot Yioks hy)
been shown (e.g., [2]) that the stationary process {x;} in Example 3 with fixed dimen-
sionality satisfies Condition 4 with h-step and some constants p, Cy for each positive integer
h. When the dimensionality of @, increases, certain growth conditions such as (10) below
on the value of h and the dimensionality of x; are needed for Condition 4 to hold. For
this reason, we make the dependence of the stationary processes on h explicit: hereafter
{wgh)} denotes a pp-dimensional stationary process satisfying Condition 4 for h > 1, as

guaranteed by Proposition 1 below.

Proposition 1. Let {wgh)} be a sequence of pp-dimensional linear process in Example 3

with constant L;’s and uniformly positive definite Zéh) 's. Assume that for some constant
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Cy > 0 and sufficiently small so > 0,

sup{pp exp (—s2h)} < Cs. (10)
h>0

Then for some constants 0 < p < 1 and Cy > 0 and all large h, {:I:Eh)} satisfies Condition 4.

In view of Theorem 1 and Proposition 1, if we assume Example 3 with p = p,, =
O(n) and subsample with ¢ = ¢, = [(logn)'*°], where Ky > 0 and § > 0 are some
constants, then the S-mixing convergence rate required by Theorem 1 is satisfied by the

subsampled data for all large n.

3 Power analysis under generalized linear time series

models

Since the selection power of any procedure depends on the signal strength, we showcase
the power analysis using the GLM time series model where the signal strength can be
measured conveniently by the regression coefficients. Correspondingly, we consider the
LCD knockoff statistic in Example 1 because Lasso is popularly used in high-dimensional

GLM regression.

The canonical GLM has the conditional mean function

E(Yi|z) = g(af 5°), (11)

where 3° is a vector of unknown coefficients and g(+) is the derivative of a differentiable
function r(+). The inverse function of r/(-), denoted as g~!(-), is referred to as the canonical
link function. Commonly used canonical link functions include: (1) the identity link
g~ (1) = p for the linear model, (2) the logit link g~ () = log(p/(1 —p)) with 0 < < 1

for the logistic model, and (3) the log link ¢~'(u) = logpu with g > 0 for the Poisson
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model.

To form the LCD knockoff statistics, we first fit the following GLM Lasso regression

n 2p
(B, 7§2p)T = arg min {nl 22 (—Yt X (acf,%f)ﬁ—l—?“ ((mf,i:)g)) + )\nz Bj} , (12)
=1 j=1

BER2P

where A\, > 0 is the regularization parameter. Define E* = (B, ,ﬁgp)T with
(ﬁ’f,...,ﬂ;)T = BO and 8;,, = .-+ = f3, = 0. By the conditional independence
Y, I @@, we have E(Y;|z, ) = E(Yi|z) = g(x!5°) = g((z, , %, )3*). Thus, (12)
estimates the population parameter vector E* When the link function is the identity, the
GLM Lasso estimate becomes the linear Lasso estimate.

Extensive research has been conducted to study the performance of Lasso with time
series data. See, for example, [1, 5, 22, 26, 29, 41]. Specifically, error bounds for the
linear Lasso estimates in ARX models with conditionally heteroskedastic errors have been
considered in [1, 29, 41]. Moreover, [22] established error bounds and support recovery
guarantees of the GLM Lasso when both the response and covariate vector are stationary

time series with dependence measures (as defined therein) satisfying certain summability

conditions. Our power analysis needs the following technical conditions.

Condition 5. For some constant ¢ > 0 and sequence ks, > 0 with lim, . k3, = 0, it

holds that P (2511 1B; — Bl < co(#S*))\n> > 1 — ky,, where S* = {j : |8 > 0}

Condition 6. There exists some sequence ki, > 0 with ki,q~* — oo as n — oo such that

min jeg-

Bi| > kinAn.
Condition 7. For some constant ¢; € (0,1) and sequence {ko,} with lim, . ko, = 0,
it holds that 2(m#S5*)™" < ¢1 and P(#{j : WF > T*} > e1(#5%)) > 1 — kyy, for k €
{1,---,q+1}.

We note that Condition 5 and (13) below are the L;- and Le-estimation error bounds
for the linear Lasso, which have been established in previous studies [1, 5, 26, 29, 41] in
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time series settings under various different model assumptions with model-specific choice
of \,. In these studies, ki,,ks,, and ks, typically decrease at polynomial rates as n
increases. Additionally, the GLM Lasso estimation error bounds have been established in
[22]. As a concrete example, for the model in Example 3 with dimensionality p increasing
at most exponentially with sample size n, we can prove that Condition 5 and (13) hold
with A, = O([log p]*/?n~1/2t) for some a € (0,1/2) following the same proof as that for
Theorem 3.1 in [22] if, say, the Gaussian knockoff generator (3) is used. Since the proof is

a straightforward extension, we opt to omit it to save space.

Condition 6 shares similarities with the often-imposed beta-min assumption

minjeg- 57| > /#5* X A, for ensuring Lasso’s model selection consistency. If ¢ is chosen
as O((logn)'*?) as suggested by Proposition 1 and /#S* > (logn)'*°, then Condition 6
becomes less restrictive than the beta-min condition. Condition 7 is a technical assump-

tion that can be proved using the same derivations as in [18] under Condition 5 and the

following Ls-estimation error bound condition

2p N
P([S (B — B2 < co/#5" M) > 1 — ko, (13)
j=1

For technical simplicity in power analysis, we assume that there are no ties in the mag-
nitude of nonzero knockoff statistics and Lasso solutions. Furthermore, we assume that

T"s in (5) satisfy maxj<p<,41{T%} < oo almost surely.

Theorem 2. Assume S* C {1,---,p} with #S5* > 0. Let S be returned by Algorithm 1
with 71,7 € (0,1) and the LCD knockoff statistics (Cf. Example 1). Assume that Con-
ditions 6-7 are satisfied and Condition 5 holds for the Lasso estimates applied to each

subsample Hy, in Algorithm 1. Then it holds that for all large n, small

P <{§: 0} u {#i*—ﬁ > 1 —4cep(1 +C])k?1_n1}> >1=(q+1) x (kan + ksn).  (14)

21



If we further assume that 7, = 7 x K~ x (1 —4(q + 1)coky,}) with some K > 1, then for

all large n,

. <#<S*m§>> . (1_ (¢ +1)(r + 6K

W K1 — (q —+ 1) X (an + kSn)) X k4n7 (15)

where {kqn} is some increasing sequence with lim, oo ks, = 1 and

| | H(j - WE > TH 0 (5°))
95:1nf{920.lsr]£12;<+1E< #{j:%ﬂ/}“ZT’“}\/l ) Sﬁ—i—@}. (16)

As previously discussed, ks, and ks, generally converge to zero at polynomial rates as
n increases. Hence, setting ¢ = O((logn)'*°) makes the right-hand side of (14) asymptot-

ically approaching one. Thus, with asymptotic probability one, Algorithm 1 either makes

#(5*N8S)

75 approaching one. The

no discovery or has the percentage of correct discovery
event of no discovery occurs when most individual knockoff filters from different subsam-
ples select an abundantly large number of false positives so that the resulting e-values for
all variables become too small to be selected. To further exclude the event {§ =0}, it is
essential for (71 +0.)q to be asymptotically vanishing (see (15)). To understand this, note
that when (71 4 6. )q is sufficiently small, it effectively controls the false discovery propor-
tion for each knockoff filter, consequently providing an upper bound on > 7_ 1 (Wh<—TF}
for each k = 1,--- ;g + 1. This further entails that the jth e-value statistic given in
Algorithm 1 is sufficiently large for each j € S* so that it can be selected by the e-value

procedure and hence S # (). In practical implementation, in light of the definition of 7,

we can make 7q asymptotically negligible by choosing K > q = O((logn)'*?).
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4 Simulation studies

We now investigate the finite-sample performance of the TSKI procedure with Algorithm
1. Two selection methods considered in this section are TSKI with LCD in Example 1 and
TSKI with random forests MDA in Example 2; we abbreviate them as TSKI-LCD and
TSKI-MDA, respectively. We generate the approximate knockoff variables using the idea
of the second-order approximation [12, 18] via the knockoff generator (8); See Section A.4
for the estimation of © and the choice of 3,

We compare with two benchmark methods. The first method selects features using
the Benjamini-Yekutieli (BY) method [7]. We choose not to use the Benjamini-Hochberg
(BH) method [6] because it assumes independence among the underlying p-values, which
is not expected to hold true for time series applications. Due to the limited results on
obtaining p-values for high-dimensional time series regression models, for the BY method,
we calculated p-values by utilizing the ordinary least squares method in our simulations
when n > p. When n < p, the BY method is not applicable due to the lack of an effective p-
value calculation method. The second benchmark method is the adaptive Lasso [44, 29],
which was designed for feature selection without the aim of FDR control. These two

approaches are abbreviated as LS-BY and adal.asso, respectively.

4.1 Simulation settings

We consider the self-exciting threshold autoregressive model with exogenous variables
(SETARX [39]), which is one of the most commonly used models for regime changes in time
series data. Regime changes are frequently observed in economic time series (e.g., time
series in Figure 1). It is well-known that SETARX with fixed dimensionality p satisfies the
B-mixing Condition 4 and is stationary; see, e.g., [2]. We present additional simulation

experiments in Section A.4 of the Supplementary Material, where some other popular
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time series models such as the linear autoregressive model with exogenous variables and
the autoregressive conditional heteroskedasticity model with exogenous variables [17] are

considered.

Model 1 (SETARX model). For each integer t and v € {0,5}, we define

S (0.5 BY, 4+ 0.6( 5, Hey+ 352 4 Heg) e, it Yia>m,
Y; =

2?21 —(=0.5)7718Y;_; + 0.6(— Z;Zl H;j+ Z;;H H:;)+¢e¢, otherwise,
where we choose r = 0.7 and d = 1 as the threshold value and the threshold lag, respectively.

We set the autoregressive coefficient 5 = 0.7, and choose the model errors ;s as i.i.d.
N(0,1). The time series covariates H;;’s are generated as Hy; = n x H,_;; + € ; with
je{l,---.,50} and n = 0.2, where (e1,--- ,€50)’s are i.i.d. Gaussian random vectors
across t with zero mean and E(e; re;;) = (0.2)*U for all k,1. We formulate the covariate
vector with respect to response Y; as @, = (Y1, -+, Yi_20, by, by_1, hy_o, hy_3, hy_4) with
h, = (H¢1, -+, Hi50), giving rise to p = 270. Throughout the simulation, we keep p = 270
while varying the sample size n across experiments with n € {200, 300, 500, 1000}. Due to
the space constraint, we move the results for n = 300 and 1000 to Section A.4.

It is seen that the mean function is comprised of two components: a piecewise linear
function of the lags and the first ¢ time series covariates, along with a linear function
involving (Hy,41,--- , Hy15) for © € {0,5}. The setup with ¢ = 5 mimics a realistic and
straightforward scenario where certain variables H,;, but not all, together with lagged
variables Y;_;, undergo changes in regime. The mean regression function of Model 1 is
therefore nonlinear, as illustrated graphically in Figure 2. The relevant index set according
to Definition 1 is Sy = {1,2,21,--- ,35}, while the null set Ho = {3,--- ,20,36,---,270}.

For implementation, the target FDR level is set as 7% = 0.2, and the R packages glmnet

and randomForest are used for calculating the Lasso estimates and the random forests
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Figure 2: A graphical representation depicting Y; 1 on the z-axis and Y; on the y-axis is
provided under Model 1 with (n,¢) = (0.2, 5).

Method n/p/n/t g FDR Power n/p/n/t g FDR Power
TSKI-LCD 0 0.157 0.698 0 0.176 0.939
TSKI-LCD 1 0.026 0.051 1 0.099 0.872
TSKI-MDA 200/270/0.2/0 0 0.173 0.456 500/270/0.2/0 0 0.181 0.922
TSKI-MDA 1 0.026 0.028 1 0.092 0.550
TSKI-LCD 0 0.139 0.287 0 0.141 0.634
TSKI-LCD 1 0.023 0.019 1 0.08 0.267
TSKI-MDA 200/270/0.2/5 0 0.138 0.215 500/270/0.2/5 0 0.166 0.679
TSKI-MDA 1 0.012 0.011 1 0.084 0.216

Table 1: The simulation results on the empirical FDR and power for the TSKI with
71 =7/(q+1) and 7" = 0.2 under Model 1 in Section 4.1. The results for n € {300, 1000}
and ¢ = 2 are given in Section A.4

MDA, respectively. The TSKI Algorithm 1 with parameters ¢ € {0,1,2}, 7* = 0.2, and
71 = 7"/(q¢+ 1) is used in our simulation. The empirical versions of the FDR and power
are calculated as the sample averages of the false discovery proportion and true discovery
proportion across 100 repetitions, respectively. The values of (p, ¢, n) are included in both

Tables 1-2, and the R codes are available in the Supplementary Material.

4.2 Empirical performance of TSKI

Table 1 presents the results for TSKI-LCD and TSKI-MDA with ¢ = 0 and ¢ = 1. The
complete results, which also include ¢ = 2 and a larger sample size n = 1000, are provided
in Section A.4. It is seen from Table 1 that both methods control the FDR in finite samples
below the target level of 7% = 0.2, while larger ¢ gives lower selection power compared to
that of ¢ = 0 (i.e., no subsampling). The lower power for larger ¢ is reasonable and caused

by the small sample size in each subsample when fitting the time series regression model.
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Adaptive Lasso LS + BY

n/p/n/t FDR  Power n/p/n/t FDR Power
200/270/0.2/0  0.520 0.964  200/270/0.2/0 - -
300/270/0.2/0 0.468 0.997  300/270/0.2/0 0.000 0.001
500/270/0.2/0  0.657 1.000  500/270/0.2/0 0.027 0.763
200/270/0.2/5 0.604 0.705 200/270/0.2/5 - -
300/270/0.2/5 0.563 0.786  300/270/0.2/5 0.018 0.006
500/270/0.2/5 0.677 0.891 500/270/0.2/5 0.026 0.276

Table 2: Left panel: the simulation results on the empirical FDR and power for the
adaptive Lasso [29, 44]; there is no target FDR level for the adaptive Lasso. Right panel:
the simulation results on the empirical FDR and power for the ordinary least squares +
Benjamini—Yekutieli (BY [7]) with the target FDR level at 0.2; this approach does not
apply to high-dimensional scenarios when n < p.

The knockoffs method is empirically known to be conservative when the sample size is
overly small. This conservative nature offsets the FDR inflation due to serial dependence
in the small sample size scenario, which explains why FDR is still controlled even without
subsampling. The extended Model 1 simulation presented in Section A.4 shows that for
a larger sample size n = 1000, we start observing FDR inflation when ¢ = 0. In addition,
in the additional simulation examples presented in Section A.4, we observe severe FDR
inflation when ¢ = 0 in various scenarios (see Table 3).

From Table 1, we see that for Model 1 with ¢ = 0 (i.e., lower nonlinearity), the LCD-
based method demonstrates superior performance over the MDA-based method in terms
of power. Meanwhile, when + = 5 (i.e., higher nonlinearity), we observe from Table 1 that
MDA outperforms LCD in power when the sample size is large (i.e., n = 500 and ¢ = 0), an
intuitive observation considering the nonparametric nature of the MDA measure. Indeed,
the empirical performance of MDA decreases drastically in all settings as ¢ increases,
because of the smaller sample size when calculating the MDA measures.

The results from Table 1 highlight that TSKI-MDA may not be suitable for some
real data applications, such as our study where only 60 observations are accessible for
each inference window. They underline the need to explore ways to enhance selection

power for nonlinear time series, especially with limited samples. On the other hand,
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Table 2 highlights that adal.asso demonstrates one of the highest selection powers among
all four methods. However, adalLasso fails to control error rates under Model 1. This
is expected because adal.asso is designed for the linear model and focuses on consistent
model selection, lacking an error rate tuning parameter, such as the target FDR level.
LS-BY is inapplicable to high-dimensional time series applications when n < p, such as
our real data example in Section 5, due to the lack of a reliable p-value calculation method.
It is important to emphasize that obtaining valid p-values under high-dimensional linear
or nonlinear time series models presents a highly challenging and currently unresolved
issue; such challenge is also reflected in the poor performance of LS-BY when p becomes
comparable to n (i.e., (n,p) = (300, 270)).

It is worth pointing out that our additional simulation experiments in Section A.4 of
the Supplementary Material reveal that: 1) TSKI-LCD and TSKI-MDA with ¢ = 1 consis-
tently control FDR below the target level, whereas setting ¢ = 0 yields results occasionally
exceeding the target level; and 2) the LS-BY method can have FDR exceeding the target
level when data is simulated from autoregressive conditional heteroskedasticity models
with exogenous variables and higher value of  (as in Model 1). See the Supplementary
Material for full details.

Overall, our simulation experiments show that the time series FDR is controlled stably
by the TSKI procedure with subsampling parameter ¢ = 1 in finite samples, whereas the
selection power depends on the sample size, the subsampling parameter ¢ > 0, and the
choice of the feature importance measure. Importantly, our theoretical results (Theorem 1
and Corollary 2) and simulation results show that TSKI is among the first approaches with
theoretically justified FDR control for dependent data under flexible S-mixing condition
in Condition 4. For implementation, we suggest that practitioners working on time series
inference with limited sample sizes initiate their diagnosis by using TSKI-LCD with ¢ set

to 1, and generate knockoff variables using knockoff generator (8).
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Figure 3: The left panel displays the averages of “having any selections” indicators over
100 repetitions, where the indicator at each rolling window is one if and only if any
covariates are selected, and the z-axis indicates the ending time of each rolling window.
The right panel shows the analogous results, but the indicator is one at each covariate
index if that covariate is selected at any rolling window. The first 127 covariates are
current time covariates, and the 128th to 254th covariates are one-month lag covariates
in the AR(2) model. Covariates measuring similar economic values are clustered closer
(see [28] for detailed definitions of these covariates). The selection method here is the
TSKI-LCD without subsampling (¢ = 0).

0.5
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Figure 4: These two panels are analogous to those in Figure 3 but with ¢ = 1 for the
TSKI-LCD procedure.

5 Real data application

We analyze the U.S. inflation series data described in the Introduction. The monthly
economic time series, including numerous types of consumer price indices, unemployment
rates, and housing prices, can be obtained from the FRED-MD database [28]% and the
U.S. Bureau of Labor Statistics. These time series have been pre-processed following the
instructions of the FRED-MD database to make them more stationary [28]. To address
the concern on potential nonstationarity over the entire time span, we break it into 58
rolling windows, each covering a five-year period. Motivated by our simulation study,

we apply TSKI-LCD with ¢ € {0,1} described in Section 4.1 (with knockoff generator

3The website URL: https://research.stlouisfed.org/econ/mccracken/fred-databases/.
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Figure 5: The black curves in the three panels are the inflation series at time ¢ + 1. The
red curve in panel (a) is the number of new orders for consumer goods at time ¢, the red
curve in panel (b) indicates the U.S./Canada exchange rate at time ¢, and the red curve
in panel (c) is the U.S. initial claims for unemployment benefits at time ¢. All curves here
are standardized and adjusted for visual comparison, and hence the values of these time
series are not reported on the y-axis.

(8)) to each five-year rolling window to investigate the temporal relations between the
inflation and other time series variables. The inflation at time ¢ is defined as the adjusted
consumer price index for all goods: Inflation; = <w X 100) %, where CPI; is the

CPI;—1

consumer price index for all goods at time (month) ¢. Each time series has a FRED-MD
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code. For example, CPTAUCSL is the FRED-MD code of the inflation series. To reduce
randomness resulting from the use of the knockoffs construction, we repeat the inference
procedure 100 times, and report the average results in Figure 3 with ¢ = 0, where the left
panel displays whether any significant covariates have been found at each rolling window
period, and the right panel shows the selection frequency over 58 rolling window periods
of the 127 time series covariates and their one month lags. That is, we model the one
month ahead inflation series Inflation;,; (response) using an AR(2) model with 127 time
series covariates at current time ¢ and 127 one month lags of these time series covariates.
Consequently, the total covariate dimensionality is p = 254.

As can be seen in Figure 3, the TSKI-LCD with ¢ = 0 identifies some active windows
around the year 2021 (COVID) and 2022 (Russia-Ukraine conflict), with the selection
frequency concentrating on a sparse set of covariates. The majority of the selected variables
are covariates at the current time ¢. The top 10 most frequently selected covariates by the
TSKI-LCD with ¢ = 0 are employment-related series (HWI, CLAIMSx), consumption-
related indices (ACOGNO, CPIAUCSL), housing-related series (PERMITS), U.S. bond
yields (GS5, GS10), stock market indices (S.P.div.yield, S.P.500), and exchange rates
(EXCAUSKx) at their current time ¢, with their FRED-MD codes given in the parentheses.

The simulation results in Section 4 suggest that the choice of ¢ = 1 has better FDR
control especially when the sample size is limited. Motivated by our simulation results,
we next apply the TSKI-LCD with subsampling ¢ = 1 in Figure 4 with the expectation
of better FDR control. The results of Figure 4 are more conservative in comparison to
those in Figure 3. Despite being conservative, these new results also suggest some active
windows around the same periods as ¢ = 0, and the selected variables are also mostly
covariates at the current time ¢. In addition, most covariates selected by the TSKI-LCD
with ¢ = 1 belong to the set selected by the TSKI-LCD with ¢ = 0. In particular, the

top 10 selected covariates are CPIAUCSL, CLAIMSx, PERMITS, AMDMUOx, GS10,
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ACOGNO, EXCAUSx, EXUSUKx, INDPRO, and IPFUELS, where only PERMITS is
one-month lag covariate at ¢ — 1 in the AR(2) model. Among them, EXUSUKx, AMD-
MUOx, INDPRO, and IPFUELS are new in comparison to the list of the selected set
when ¢ = 0, where the first two are the U.S./U.K. exchange rate and another type of
consumption-related index (the number of unfilled orders for durable goods), respectively,
and the last two are industrial production indices that are related to consumption price
indices. The difference in the selected sets of covariates is attributed to the fact that some
economic covariates are designed to track similar economic factors and tend to be highly
correlated.

The recent literature [37] suggests that inflation foresting is a difficult task in the
sense that AR models with additional time series covariates rarely outperform simple
AR models with only inflation lags. In other words, conditional on the lagged inflation
series, additional covariates do not carry strong signals in inflation forecasting. The fact
that the TSKI-LCD with ¢ = 1 selects only a few time series covariates indeed supports
such an argument. It is also interesting to notice that the stock market indices are not
considered as important covariates by the TSKI-LCD with subsampling (i.e., ¢ = 1), but
are selected as important covariates when ¢ = 0. In particular, the selection frequencies
of S&P dividend yields and S&P 500 (both at lag ¢ — 1) are 100% and 79%, respectively,
in Figure 3, while only 5% and 1%, respectively, in Figure 4, suggesting that stock market
indices could be spurious findings.

The selection results by the TSKI-LCD motivate us to further investigate the depen-
dency of inflation on a few time series covariates. In Figure 5, we plot three selected
series, namely ACOGNO, EXCAUSx, and CLAIMSx, which are among the top 10 lists
both when ¢ = 0 and ¢ = 1. These three selected covariates are all at their current time
t in the AR(2) model. ACOGNO is the number of new orders for consumer goods, which

is an important consumption index; EXCAUSx is the exchange rate from the U.S. dollar
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to the Canadian dollar, and CLAIMSx is the initial claim for unemployment benefits. We
also include the inflation series at time ¢ 4+ 1 in the same period (the black curve in each
panel). For better visual comparison, all curves in Figure 5 have been standardized and
adjusted.

A visual inspection of Figure 5 shows that the impacts of the COVID-19 pandemic
in April 2020 on the U.S. economy are stronger than those of the gasoline price shock in
January 2015. This potentially explains why our empirical findings of significant covariates
concentrate mostly on this period. From Figure 5, we see that the gasoline price shock in
January 2015 affects the consumption index series ACOGNO more mildly compared to the
impact of COVID-19 in April 2020. Also, although there is some variation in the exchange
rate EXCAUSx after January 2015, it is unclear whether such variation was caused by
the gasoline price shock. In contrast, most of the U.S. economy’s time series clearly
responded to the pandemic to an unignorable degree. Particularly, the exchange rate and
the number of initial claims dropped in March 2020, suggesting that these covariates were
leading indicators of the inflation drop in April 2020. In summary, we have applied the
newly suggested tool of TSKI to study the U.S. economy. Our empirical results illustrate

the potential of the TSKI to obtain more instructive findings in real data applications.
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Supplementary Material to “High-Dimensional

Knockoffs Inference for Time Series Data”
Chien-Ming Chi, Yingying Fan, Ching-Kang Ing and Jinchi Lv

This Supplementary Material contains the appendix of Section 2, additional simulation
examples, the proofs of all main results and technical lemmas, and some additional tech-
nical details. All the notation is the same as defined in the main body of the paper.
Additionally, we introduce some technical notation below. For # = (zq,--- ,xn)T e R
we define |17, == (S0, [a:[)V%, 2ll.. = maxicicy foil, and [Zy = Y0, Loyso with
144 being the indicator function. The distribution of a random mapping X is denoted as
px. For a matrix X and an index subset S, X (S) represents a submatrix of X containing
only columns with indices in S. The total variation (TV) norm for any measures p; and

pi2 on (2, F) is defined as [[p1 — |7y = 2supper |[11(D) — p2(D)].

A Appendix of Section 2

A.1 Example for Theorem 1

We begin with providing an example with asymptotically vanishing KL divergence. As-
sume that {x;} follows a stationary linecar Gaussian process as in Example 3 in Sec-
tion 2.4 with zero mean and precision matrix (i.e., the inverse of the covariance matrix)
O = [E(zx, )], and the knockoff generator is such that (2, -) follows a Gaussian distri-
bution with mean (I, — D@)Z and variance 2D — DOD for each 7 € R?, where I, is the
p-dimensional identity matrix, O is the estimated covariance matrix constructed from an
independent learning sample, and D is a diagonal matrix with nonnegative entries such
that 2D — DOD is positive semidefinite. It has been shown in Lemma 5 of [4] that when

the data consists of i.i.d. observations without serial dependency, it holds that for each



e >0,

q+1
. — kTr
nh_)rglo kg_l ]P(lr%aé; KL, >¢)=0 (A1)

as long as Condition 3 is satisfied, p > ¢, and

. :op{ﬁ}, (A2)

where ©;; denotes the jth diagonal entry of © and ©; represents the jth column of
©. We omit the dependence of the parameters on sample size n here for simplicity. More
examples on asymptotically vanishing KL divergence for non-time series data can be found
in the same paper above. Similar results can be proved for our applications of time series
data using the proof techniques in [4] by replacing the concentration inequalities for i.i.d.
observations with those for S-mixing data; since the extension is straightforward, we omit
the details for simplicity.

We provide two remarks here. First, when © is known, it is obvious that the KL
divergence is zero. Second, by Lemma 5 in [4], an independent learning sample of size
n > nlogp is needed for (A.2) to hold. However, our simulation results indicate that
using the full sample for both © estimation and TSKI inference can still control the FDR
empirically, which suggests that the theoretical requirement may be unnecessarily strong.

How to relax such an assumption in a time series setting is left for future investigation.

A.2 Additional stationary processes satisfying Condition 4
A.2.1 Various nonlinear AR-type processes

Many time-homogeneous Markov chains satisfy Condition 4. To name a few, [38, 2] showed
that with some additional mild regularity conditions, {(Y;_1,---,Y;_,)} in Example 4

below satisfies Condition 4 for all A~ > 0 with some constants Cj and 0 < p < 1.



Example 4 (Nonlinear AR [38, 2|). Let a measurable function G : R* — R for some
constant integer ky > 0 be given such that supzepr, |G(2)| < 0o, and {e:} a sequence of

i.i.d. model errors. For each t, we define

}/1; - G(K—l? e 7}/;5—k1) + &

The self-exciting threshold autoregressive models (SETAR) [39, 23] also satisfies Con-
dition 4 for all A > 0 according to [2]. For more examples such as the exponential AR

models, see [32, 2] and the references therein.

A.2.2 ARCH-type process

Example 5 (AR(k;)-X-ARCH(k3) [14, 31]). Let e’s be i.i.d. random variables with
zero mean and Ee? = 1, and {hy = (Hy1,--- ,Hix,)} be a sequence of ky-dimensional
time series covariates that is independent of €,’s. Let measurable functions G1 : R¥ —
(0,00), Go : R — R, and v; : R" — R with 1 < j < ky be given such that

?1:1 SUpzeri |75(2)] < 1. The functional-coefficient ARX-ARCH model [13] is given

by
k1
Y, = Z%’(Kﬁ—h Yk Yi 4+ Ga(hy) + oiey
=1
with oy = G1(0¢-161-1, " "+, Ot—yEt—ky ) -

Example 5 above is an ARCH model with the mean function consisting of
an AR component and exogenous covariates. The covariate vector is x; =
(Yict, o Yk kg, Pgy -+ ,ht,kS)T for response Y;. In particular, Model 3 in Section 4
is an example of the ARX-ARCH model above when ;s are constants and the model
error follows a standard ARCH process [17].

The AR component in Example 5 above can be a general functional-coefficient autore-

gressive model [13], and the ARCH component can take the form of a smooth transition

3



ARCH model [27]. With Go = 0 and additional mild regularity conditions, the Markov
chain {Y}, -+, Y;_, —ks+1}¢ satisfies Condition 4 for each h > 0 with constants Cy > 0 and
0 < p < 1 according to [14, 31]. In the presence of exogenous covariates h;, additional
regularity conditions on h,’s are needed for Condition 4 to hold for the Markov chain;
such study is beyond the scope of the current paper and is left for future investigation.
One challenge in the variable selection problem with time series data is that there
does not always exist an obvious definition of the covariate vector. Taking Example 5 for
instance, the existence of the ARCH component requires us to take into account both the
mean function and variance function when selecting the set of non-null variables in the

broad sense according to Definition 1. To better understand this, let us consider an ARX-

ARCH(1) model with a standard ARCH component such that o, = \/0.1 +0.9(0y_181-1)?,

and write
k1
Op—16¢—1 = Y1 — Z%‘(Yt—% Y )Yiem; — Ga(hy—a). (A.3)
j=1
In this example, in addition to variables (Y;_1,---,Y;_k,, h;) which affect the mean re-

gression function, we should also take into account the lagged covariates in the ARCH
component (Y;_1,---,Y; y,_1,h;_1) when conducting variable selection in the broad
sense according to Definition 1. That is, one sensible choice of the covariate vector is
xr = (Yio1, -, Yok -1, by, ht,l)T. Omitting variables in the variance function (i.e., the
ARCH component) and defining the covariate vector as (Y;_1,---,Y;_x,, h;) may give us
a nonsparse set of non-null variables according to Definition 1. Nevertheless, the actual
variable selection performance of the TSKI depends on the specific choice of the knockoff
statistics, as shown in our simulation section. If the knockoff statistics are constructed
based on the mean regression function alone (e.g., the LCD and MDA discussed earlier),

then the corresponding TSKI cannot be expected to have power in selecting variables



that affect only the variance function. In this sense, our results in such a scenario should
be interpreted as selecting the important variables contributing to the mean regression

function alone.

Remark 1. We have left out the GARCH-type process [9] in our discussion because it can
be challenging to formulate meaningful covariates for variable selection purposes in such
a setting. Note that a GARCH-type process can be represented as an ARCH-type process
with infinite order. Thus, if the covariates vector is not well-formulated such that some
active covariates are not included, the resulting regression model may no longer be sparse,
rendering the FDR control problem invalid. We shall leave the variable selection problem

for the GARCH-type process in future work.

A.3 Robust TSKI without subsampling

In this section, we consider a special case of Algorithm 1 when ¢ = 0, that is, no subsam-
pling. For ease of reference, we provide a full description of the corresponding algorithm in
Algorithm 2 below. Our theoretical study here has two major contributions: 1) extending
the theory of robust knockoffs inference [4] to its e-value analog, where the non-robust ver-
sion was first introduced and studied by [34] for i.i.d. data, and 2) further extending the
results to time series applications. By similar analysis as in Theorem 3 below, we can show
that the robust knockoffs inference [4] (without using the e-values) can also be extended
to time series applications, but the details are omitted here for simplicity. We emphasize
that our results (A.5)—(A.6) in Theorem 3 below assume neither i.i.d. observations nor
the pairwise exchangibility Condition 3.

Let X _; be the submatrix of X with the jth column removed, and X; and /)\(/j the
jth columns of X and f)\(/, respectively. Recall that (Y, x,x) is an independent copy of

(Y1, 21, 21) and X JT is given in Condition 3 by the jth coordinatewise knockoff generator.



Algorithm 2: Time series knockoffs inference (TSKI) via e-values without subsampling

1 Let 0 <7 <1 be a constant and 0 < 7* < 1 the target FDR level.

2 Calculate the knockoff statistics W7y, - - -, W, satisfying (4) with the full sample
{Y;fv L, 515}?:1'

3 Let W, = {|W,| : |[W,| > 0}. Calculate the e-value statistics e;’s such that

1+ 40 W, < —1)
F WV Sﬁ}'

o PX Lo
1+ Lweemy

) T:min{t€W+:

a Let S={j: e; > p(T* x 7%)_1} with k = max{k : e > p(m* x k)~'}, where e(j)’s
are the ordered statistics of e;’s such that ey > -+ > e().

Theorem 3. Let S be the set of variables selected by the TSKI Algorithm 2 and 0 < 7* < 1
the target FDR level. Assume that Condition 1 holds and T in (A.4) is positive. Then we

have

FDR < inf [7’ X e 4+ P(max KL > 6)] (A.5)

e>0 1<j<p

where for each 1 < 7 < p,

KL, = log | XoXoXo X ¥ NJ i . (A.6)
fX] X X,J,FE,]Y(XWX X X—J7Y)

If we further assume that Condition 2 is satisfied and X ; is independent of Y conditional

on X _; for each j € Ho, then we have

KL; = log i — — . (A.7)

Moreover, if (x, @), (x1,%1), -, (Xn, T,) are further assumed to be i.i.d., then we have

f ,L_ m X 7X 7w 7w
KL _Zl X, X j, J< tjs 3] tj tJ) ‘ (A.8)
(Xij, Xij Tty i)

XJ XJ T_;,T_;



If further Condition 3 s satisfied, then we have

n fX » L —j (thu —tj)fxf ()’th, m_tj)
KL; =) log
=1 fXjﬂm J<Xt]7 wftj)ffd .<th7 mftj)
(A.9)
il fX'|w—J(XZ]|$_tJ)fXT|m (X |m—tj)
= Og ,
t=1 fX Icc_](XthB t])fXT\m (th‘x tJ)

where f,|2,(21|22) denotes the conditional probability density function of z1 given zs.

The proof of Theorem 3 follows mainly those in [4, 34, 40] and is presented in Sec-
tion B.3 later. Comparing (A.9) to (A.8), we see that the KL divergences become invariant
to _; thanks to the additional assumption Condition 3. The simplified form in (A.9) is
important in proving the asymptotic FDR control as in (A.1). In addition, Condition 3
allows for deviation of the conditional distribution of X ; |xz_; from the true underlying
conditional distribution of X;|a_;, making the procedure more practically applicable, as

verified in examples given in [4].

A.4 Appendix of Section 4
A.4.1 ARX and ARXARCH models

In this section, we present additional simulation examples: the autoregressive model with
exogenous variables and the autoregressive conditional heteroskedasticity model with ex-
ogenous variables, as detailed in [17]. All the symbols and notation are consistent with

those in Section 4.

Model 2 (ARX model). For each integer t, we define

2 15

}/; = Z(—O5)j715}i,] + 206 X Ht,j + &¢.

j=1 j=1



Model 3 (ARX-ARCH model). For each t, we define

2 15
Y=Y (05/7'8Y,_;+ Y 0.6 x Hy; + o5
j=1 j=1

with Ut2 =0.1+ 0.9(0-1;_15,5_1)2.

The model error {£;} is a sequence of i.i.d. standard Gaussian random variables and
= 0.7. The time series covariates are given by H; ; = nx H;_ j+¢€;; with j € {1,---,50}
and some 7 € {0.2,0.95}, where (€1, -, €50)’s are i.i.d. Gaussian random vectors with
zero mean and E(e;pe;;) = (0.2)FU for all k,I. We formulate the coveriate vector with
respect to response Y; as x; = (Y1, -+, Yi—o0, Ry, By—1, hy—o, hy_3,hy_y), where h, =
(Hiq, -+, Hiso), giving rise to p = 270. We set p = 270 but vary the sample size n across
experiments with n € {200, 300, 500}.

In Models 2 and 3, the mean functions both depend linearly on the covariates. It is
worth mentioning that because of the ARCH component, for Model 3, the relevant and
null sets according to definition 1 are Sy = {1,2,3,21,---,35,71,---85} and Haren =
{4,---,20,36,---,70,86,---,270}, respectively. The sets Sy and H, defined previously
are the sets of active and null covariates, respectively, in the mean regression function.
Although Sy and H, differ from Suren and Haren, respectively, in Model 3, we examine the
empirical power and FDR of the TSKI with respect to Sy and H, for two reasons: 1) this
is an interesting problem in time series inference and 2) random forests and Lasso are both
algorithms designed for fitting the mean regression and thus are not expected to detect
variables that affect only the variance function.

For implementation, the target FDR level is set as 7* = 0.2, and the R packages glmnet
and randomForest are used for calculating the Lasso estimates and the random forests
MDA, respectively. We generate the approximate knockoff variables using the idea of the

second-order approximation [12, 18]. Specifically, for the ideal scenario with a zero-mean



random vector ® given, we sample its knockoff vector from the multivariate Gaussian

distribution (also see (8))

Z|x ~ N(x — diag(3)X 'z, 2diag(s) — diag(5)X " 'diag(3)), (A.10)

where Y = ]E(a:af:T), § € RP denotes the tuning parameters, and diag(s) is a diagonal ma-
trix with diagonal entries in §. Larger components of § imply that the resulting knockoff
variables deviate more from the original features, thereby providing higher power in dis-
tinguishing them. Further details about this knockoff variable sampling procedure can be
found in [12, 18]. In practical applications, we provide an estimate of the precision matrix
-1 using the full sample and the method developed in [20], and select § = (5, - - - ,§)T
with 5 the inverse of the maximum eigenvalue of -1 Notably, this method matches the
first two moments of the original covariates and their knockoffs counterparts and is thus
termed the second-order approximation method. The TSKI Algorithm 1 with subsampling
parameter ¢ € {0,1}, 7 = 0.2, and 7 = 7*/(q¢ + 1) is considered in our simulation. The

R code for the simulation experiments is available in the online Supplementary Material.

A.4.2 Empirical performance of TSKI

For all simulation experiments reported in Tables 1 and 3, both TSKI-LCD and TSKI-
MDA with ¢ = 1 control the FDR in finite samples at the target value of 7* = 0.2, but at
the cost of lower selection power compared to the case of ¢ = 0 (i.e., no subsampling). In
contrast, TSKI with ¢ = 0 has FDR exceeding the target FDR level in some cases.
When analyzing Models 2-3 with linear mean regression functions, the LCD-based
method demonstrates superior performance over the MDA-based method in terms of
power, as evidenced in Table 3. However, for Model 1 when ¢ = 5 (i.e., high nonlin-

earity), we observe from Table 1 that MDA outperforms LCD in power when the sample



n/p/n Method g FDR Power n/p/n Method g FDR Power
TSKI-LCD 0 0.237 0.992 TSKI-LCD 0 0.203 0.985

TSKI-LCD 1 0.108 0.529 TSKI-LCD 1 0.122 0.755

200/270/0.2 TSKI-MDA 0 0.273 0.391 200/270/0.2 TSKI-MDA 0 0.220 0.292
TSKI-MDA 1 0.026 0.021 TSKI-MDA 1 0.044 0.021

TSKI-LCD 0 0.189 0.999 TSKI-LCD 0 0.233  0.999

TSKI-LCD 1 0.110 0.97 TSKI-LCD 1 0.124 0.986

300/270/0.2 TSKI-MDA 0 0.222 0.520 300/270/0.2 TSKI-MDA 0 0.185 0.387
TSKI-MDA 1 0.049 0.057 TSKI-MDA 1 0.017 0.025

TSKI-LCD 0 0.188 1 TSKI-LCD 0 0.181 0.999

TSKI-LCD 1 0.142 0.999 TSKI-LCD 1 0.166 0.996

500/270/0.2 TSKI-MDA 0 0.208 0.729 500/270/0.2 TSKI-MDA 0 0.142 0.476
TSKI-MDA 1 0.068 0.164 TSKI-MDA 1 0.037 0.076

TSKI-LCD 0 0.299 0.972 TSKI-LCD 0 0.312 0.961

TSKI-LCD 1 0.172 0.979 TSKI-LCD 1 0.195 0.969

p00/210/0.95  poprnMpA 0 0042 0019 C0U270/095 peprivpA 0 0032 0015
TSKI-MDA 1 0.000 0.000 TSKI-MDA 1 0.000 0.000

Table 3: The simulation results on the empirical FDR and power for the TSKI with
7 = 7/(¢+ 1) and 7" = 0.2 under Model 2 (left panel) and Model 3 (right panel) in
Section 4.1.

Model 2 (ARX) Model 3 (ARXARCH)
n/p/n FDR Power n/p/n FDR Power
200/270/0.2 - - 200/270/0.2 - -
300/270/0.2  0.007 0.009  300/270/0.2 0.025 0.04
500/270/0.2  0.029 0.989  500/270/0.2 0.094 0.983
500/270/0.95 0.099 0.999  500/270/0.95 0.233 0.987

Table 4: The simulation results on the empirical FDR and power for the ordinary least
squares + Benjamini—Yekutieli (BY [7]) with the target FDR level at 0.2. This approach
does not apply to high-dimensional scenarios with more features than observations.

Model 2 (ARX) Model 3 (ARX-ARCH)
n/p/n FDR Power n/p/n FDR Power
200/270/0.2  0.001  0.999 200/270/0.2  0.009  0.999
300/270/0.2  0.000 1.000  300/270/0.2 0.001 1.000
500/270/0.2  0.131 1.000  500/270/0.2 0.069 0.999
500/270/0.95 0.001 0.991  500/270/0.95 0.008 1.000

Table 5: The simulation results on the empirical FDR and power for the adaptive Lasso [29,
44]. There is no target FDR level for the adaptive Lasso.
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size is large (i.e., n = 500 and ¢ = 0), an intuitive observation considering the nonpara-
metric nature of the MDA measure. Indeed, the empirical performance of MDA decreases
drastically in all settings when ¢ increases from 0 to 1, because of the smaller sample size
when calculating the MDA measures.

In Table 4, LS-BY exhibits a slightly higher error rate than 7 = 0.2 for Model 3 with
n = 0.95. In addition, it is inapplicable to high-dimensional time series applications when
n < p, such as our real data example in Section 5, due to the lack of a reliable p-value
calculation method. It is important to emphasize that obtaining valid p-values under
high-dimensional linear or nonlinear time series models, such as Models 1-3, presents a
highly challenging and currently unresolved issue. Such a challenge is also reflected by
the deteriorating performance of LS-BY when p becomes comparable to n. On the other
hand, Table 5 highlights that adalasso demonstrates the highest overall selection powers
among all four methods. However, adal.asso fails to control error rates under Model 1,
which is expected because it is developed for the linear model and focuses on consistent
model selection instead of FDR control.

To sum up, the additional simulation results in this section support our conclusion in
Section 4. For implementation, we suggest that practitioners working on time series infer-
ence with limited sample sizes initiate their diagnosis using TSKI-LCD with parameter ¢

set to either 0 or 1, along with our knockoffs sampling procedure (8).

Remark 2. Regarding the subsampling parameter q, we remark that by the construction
of (5) in Algorithm 1, TSKI may have decent asymptotic power only when the number of

*

relevant features is no less than ;' = (¢ + 1)/7*. To see the intuition, let us consider
an ideal scenario when the number of relevant features is less than 7' and these relevant
features’ knockoff statistics are the largest (positive) among all knockoff statistics. Then,

even if the other knockoff statistics are all zero, we have T* = oo in (5), and, hence the

knockoff filter screens out all features. It is worth mentioning that a similar requirement
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1s assumed in Condition 7 for the asymptotic power.

A.4.3 Additional simulation results for Model 1 with ¢ = 2

Method n/p/n/t g FDR Power n/p/n/t g FDR Power
TSKI-LCD 0 0.157 0.698 0 0.164 0.870
TSKI-LCD 1 0.026 0.051 1 0.075 0.413
TSKI-LCD 2 0.000 0.000 2 0.007 0.012
TSKI-MDA 200/270/0.2/0 0 0.173 0.456 800/270/0.2/0 0 0.157 0.718
TSKI-MDA 1 0.026 0.028 1 0.041 0.102
TSKI-MDA 2 0.000 0.000 2 0.005 0.005
TSKI-LCD 0 0.139 0.287 0 0.160 0.514
TSKI-LCD 1 0.023 0.019 1 0.032 0.048
TSKI-LCD 2 0.000 0.000 2 0.000 0.000
TSKI-MDA 200/270/0.2/5 0 0.138 0.215 300/270/0.2/5 0 0.196 0.506
TSKI-MDA 1 0.012 0.011 1 0.038 0.036
TSKI-MDA 2 0.000 0.000 2 0.000 0.000

Method n/p/n/t g FDR Power n/p/n/t g FDR Power
TSKI-LCD 0 0.176 0.939 0 0.222 0.975
TSKI-LCD 1 0.099 0.872 1 0119 0.946
TSKI-LCD 2 0.047 0.216 2 0.126 0.879
TSKI-MDA 500/270/0-2/0 0 0.181 0.922 1000/270/0-2/0 0 0.178 0.971
TSKI-MDA 1 0.092 0.550 1 0.107 0.939
TSKI-MDA 2 0.027 0.053 2 0.067 0.432
TSKI-LCD 0 0.141 0.634 0 0.186 0.755
TSKI-LCD 1 0.086 0.267 1 0117 0.613
TSKI-LCD 2 0.004 0.006 2 0.022 0.054
TSKI-MDA 500/270/0.2/5 0 0.166 0.679 1000/270/0.2/5 0 0.199 0.849
TSKI-MDA 1 0.084 0.216 1 0.115 0.649
TSKI-MDA 2 0.000 0.000 2 0.027 0.068

Table 6: The simulation results on the empirical FDR and power for the TSKI with
71 =7/(¢+ 1) and 7" = 0.2 under Model 1 in Section 4.1. The results in this table are
the same as those in Table 1, except for the experiments with ¢ = 2 or n € {300, 1000}.

In this section, we present additional simulation for Model 1 with ¢ = 2 and n €
{300, 1000}. The results with ¢ = 2 and n € {300, 1000} in Table 6 complements those in
Table 1; the other results in these two tables are the same.

Let us begin with commenting on the results of ¢ = 2 in Table 6 here. For all simulation
experiments reported in Table 6, both TSKI-LCD and TSKI-MDA with ¢ = 2 control the
FDR in finite samples below the target value of 7* = 0.2, but at the cost of lower selection
power compared to the case of ¢ € {0,1}. When ¢ = 2 and the sample size is small, TSKI
becomes overly conservative with both low FDR and low power in most cases, with the

MDA-based method suffering more severely from these issues. On the other hand, the
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additional results for n € {300, 1000} provide a clearer understanding of how the selection
power increases with larger sample sizes. These results also suggest that the subsample
size needs to be reasonably large for TSKI to have good power.

In summary, given the simulation results in Table 6, we recommend the use of ¢ = 1
in practice as we are considering finite samples with limited sample sizes in our real data

applications.

A.5 Augmented Dickey—Fuller test for unit roots

We run the augmented Dickey—Fuller (ADF) test implemented with the R package aTSA
to test for unit roots. The null hypothesis of the ADF test is that the time series contains
a unit root and is non-stationary, while the alternative hypothesis is that the time series
is a stationary linear AR model. The unit root AR models considered by the ADF test
may include b lags, where b > 0 is a tuning parameter. The unit root model of the ADF
test also encompasses a drift term and a trend term. For more details, we refer to the R
package aTSA. It is noteworthy that the ADF test with no lags (i.e.,b = 0) is equivalent
to the Dickey—Fuller test for the unit root.

The ADF test result for each rolling window is displayed in Figure 6. From Figure 6, it
is observed that most periods do not exhibit clear numerical evidence of non-stationarity
with unit roots (at p-value significance level 0.05), except for 4/1/2020, when COVID-
19 occurred. In addition to the tests for rolling windows, we run the ADF test for the
entire inflation series from 5/1/2013 to 1/1/2023 and rejected the null hypothesis of non-

stationarity at o = 0.01 for b € {0, 1}.
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Figure 6: The results of the augmented Dickey-Fuller (ADF) test, where the unit root
AR models include b lags. The y-axis displays the p-values of the tests. The top panel
displays the results of the ADF test with one lag (b = 1) for each rolling window. The
bottom panel displays the results of the ADF test with no lags (b = 0).
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B Proofs of Theorems 1-2, Corollaries 1-2, and

Proposition 1

B.1 Proof of Theorem 1

For simplicity, in this proof we use the notation U, ﬁ, V to denote a generic subsample
of {xy, x;, Y}, or their independent and identically distributed (i.i.d.) counterparts
{x],z], Y7}, where their exact meaning will be made explicit whenever confusion is

possible. Let us define

_ fo oo . o vU;u,,u_;U_;;V
KLfElog< UJ,UJ,U,],U,],V<~J J J - J ) ’ (A.11)
Uj,ﬁj,U,j,ﬁ,j,V<Uj7Uj’U7j7U7j7V)

where U = (x;,i € Hy)', U = (@;,i € Hy)", and V = (Y;,i € Hy)". We can use (A.37)

in the proof of Theorem 3 in Section B.3 to conclude that for each k € {1,---,q+ 1},

E(Z e? X 1{KALfgs}) < pxe.
J€Ho

Then it holds that

E(Y ef) <pxe,

Jj€Ho
where
q+1
(&) _ -1 k
e;” =(¢g+1) Zej X 1{@?35}'
k=1

Denote by §E be the set of selected features when applying the e-BH method to e§-€)’s

at the target FDR level 7. Then using similar arguments to those for (A.38) in Section

B.3, we can show that

E (M) < 7% x €.
(#5:) v 1
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Thus, it follows that

(#S) V1 (#5.) v 1

<7 x e+ IP’(lrgachL]>5)
ISP

Lig_gy + 1{%&@})
(A.12)

~ A ——k
in view of {S # S:} C {maxj<p<gi1 maxicjc, KL; > e}, Since (A.12) holds for each

€ > 0, we can further obtain that

g g+1
E (M) <inf {7""66 + » P(max KL > 5)}

(#S) \VA T e>0 1<5<p
il (A.13)
— km
+Z< 1111ja<)§3KL > ) — P(gfngLj >5)>.

It remains to bound the second term on the right-hand side of (A.13) above. Recall
— km
that KL; is defined analogously to (A.11) but based on ii.d. sample {x],z}, Y;"}i_;.

With U = (27, t € Hy) , U = (&],t € H,)", and V = (Y7, i € Hy,)", we can deduce that

ﬁfﬁ = log (fXj’)?j’a:jvij (X5 X5, 27y, wtj))

~ T ™
X;,Xj,x_; i_j(XtyX € tj’m—tj)

— log <ij,ij,Uj,t7 (U U U—JJU ))
fU~,fJ U_;,U_; (U U U,J,U )
(fuj,ﬁj,u_j,ﬁ -,v(Ujan7U—jaU—j7V)>
fo.0,0 0. vUULU U5 V) )

(A.14)

where the third equality above follows from similar analysis to that of (A.7) in Theorem 1.
The conditional column independence required by (A.7) holds for each j € H, because
(A.14) involves i.i.d. samples.

We can now see that ﬁf is well-defined thanks to Condition 1. Moreover, by the fact
that the supports of (z,x) and [, Zswap({;}) are the same (as guaranteed by Condition 1)

and the definition of (], &} )’s, Ki;ﬁr is well-defined. Hence, in light of (A.11) and (A.14),
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&k
there exists some measurable function g : R##>*2r+1) 3 R such that KL; = g(&}) and
— kT
KL, = g(XF) for each € > 0, which entails that there exists some D € R#¥H:x(+1) such

that

{X, € D} = {max ﬁf > ¢},

=r=p (A.15)
—~ kT
{X e D} = {gjangLj > e}
With the aid of (A.15), it holds that
—~ k — km
[P(max KL; > ¢) — P(max KL; > ¢)]
1<j<p 1<j<p
(A.16)

< sup |IP(X, € D) — P(X] € D)|.

DER#H]C X (2p+1)

Therefore, from (A.13)-(A.14) and (A.16) we can obtain the desired conclusion, which

completes the proof of Theorem 1.

B.2 Proof of Theorem 2

Proof of (15). We aim to prove the second assertion (15) of Theorem 2, and will defer

the proof of (14) to the end. Let the knockoff thresholds T%’s, knockoff statistics TW)"’s,

k
J

statistics €7’s, and e-values e;’s be given as in Algorithm 1. Let us first outline the
proof idea for (15) as follows. Using the inclusion-exclusion principle, we will show that
ﬂz;rll{ 7 ef > 0} includes most features in S* with high probability. We then prove that
each e; with j in N1 {; - e;? > 0} is sufficiently large to be selected by the e-BH procedure;
that is, ﬂii {j: ef >0} C S. Combining all these results will complete the proof of (15).
We will provide the full details of the proof next.

First, recall that S = {j : e; > p(m* % k)1 with k& = max{k : ey > p(T* x k)7'},

where e(;)’s are the ordered statistics of e;’s such that ey > --- > e(,). Let K > 1 be the
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constant specified in Theorem 2. Let us consider two events given by

NI #{G - WE > TF) < K(#57)) (A.17)

and

o {#(S* SRVERLAEAD)
k=1

e >1-(1+ ¢>cok;,3} , (A.18)

where cq is given in Condition 5 and that ¢ > 0 is some real constant such that ¢ —¢—1 =

0. We will show that conditional on the two events in (A.17) and (A.18) above, it holds

that
es) = mine; = p(T(#85)) 7", (A.19)
where
S = {j Wk =1 (A.20)

Then it follows from (A.19) and the definition of k that k& > #8 and S C 5. Such
results along with an application of the inclusion—exclusion principle entail that conditional

on the intersection of events (A.17) and (A.18), we have

#(5*NS) _ #(5'NS)
#5 T #ST

>1—(q+1)(1+ @)coky,,. (A.21)

Since it holds that

#é(i*—ﬁ} > (1 —(¢+ 1)1+ <Z5)Cokfnl)

#(S* N S)
X IP’( 75

|
> 1= (q+ )1+ G)eoki)) (.22

> (1 —(g+1)(1+ qzﬁ)cokfnl)IP’(event in (A.17) Nevent in (A.18)),

to establish (15) we need only to prove (A.19) and construct the probability lower bounds
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for events in (A.17) and (A.18).
To show (A.19), note that by the definition of T*’s and the assumption that T* < oo,

we have that conditional on event given in (A.17),

L+ #{j W) < =T <m(#{j - W) > T*)

(A.23)
< K (#57)
for each k € {1,--- ,q+ 1}. In view of (A.23), it holds that for each nonzero ef,
ek = P
T s WE< Tk} +1
> P (A.24)

— nK(#5%)

p

F X (= L+ @)L+ G)eoky)) x (5’

where we have used the definitions of e?’s, ¢, and 7. Then from (A.24) and the definition

e; = (g+1)"1 301 ¥, we can deduce that conditional on event (A.17),

| p
e S U= (L )+ )eokiy]) X (#57)

which establishes (A.19).

It remains to provide the probability upper bounds for the complementary events of
(A.17) and (A.18), which are given in (A.27) and (A.25), respectively, below. By the
assumptions (Conditions 6-7 and that Condition 5 is satisfied for the Lasso estimates

applied to each subsample in Hj, in Algorithm 1), we can show that

P(complementary event of (A.18)) < (¢ + 1) X (ko + k3n) (A.25)

for all large n. We postpone the detailed proof of (A.25) to a later part.
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On the other hand, it follows from the assumption of #S* > 0 that conditional on

event {#{j : WF>T"} > K(#5%)},

#G: WF 2T N (S #ld: W > T — #5857
#WE=TH VI = W= TH v
#{ W >TR —#{j W > T} x K
#jWE>TH V1

(A.26)

K—-1
P K .

Therefore, from (16) and (A.26) some simple calculations give that

P{#{j : W} > T"} > K(#5%)}) x K1, P({#{j : WF > T"} < K(#5)}) x 0

K
#({j - WF>T*} N (5%)°)
SE( 4 WE> T V1 )

S T1 —’—85,

which yields that

(n+0) K (A.27)
K—1

P(complementary event of (A.17)) < (¢ +1) x

This establishes the desired conclusion in (15) of Theorem 2.

Proof of (A.25). We need to prove for each k € {1,---,p + 1} that conditional on

event {37, |B; — 31 < co#S5)A} M {#{j : WE > T*} > ¢ (#5%)}, it holds that

#(S N {j:Wf =T
75"

>1— (14 ¢)coky) (A.28)

In»

where we recall that ¢ is from Condition 5 and that ¢ > 0 is a real constant such that
$* — ¢ —1=0. Then (A.25) follows from Conditions 5-6.

We now proceed with establishing (A.25). Without loss of generality, we consider the
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case k = 1, and omit the superscripts “k” on e;?’s, VV;“’S, and T*’s for simplicity.

Assume without loss of generality that

(WA = - > W

Let j* € {1,--- ,p} be given such that j* € {s: |[W| = T}. Such j* always exists because

of the assumption that 7" < co. Then it follows that

-T< Wj*—H <0

by the definition of 7' (because otherwise 7" would take a smaller value than |W,.|) and
the assumption that there are no ties in {|W;| : |W;| > 0}. We will analyze two cases
separately, where the first case considers Wj«1; = 0 and the second case considers —7" <
Wiy < 0.

Let us consider the first case of Wj«.; = 0. Denote by ¢ = pcok;,t with ¢ > 0
and ¢* — ¢ — 1 = 0. We will discuss the scenarios of #{j : W; < 0} < q(#5*) and
#{j : W; <0} > q(#S5*) separately, where the former case will be examined here and the
latter one will be left to a later part. For the scenario of #{j : W, < 0} < q(#5S™), some
simple calculations together with W, = 0 give that

#{TW; 2 TN S") =#{j - W;| >0} NS*) —#({j : W; <0} N 5S7)
(A.29)

> #({J - W51 > 0} N S7) — q(#57).

We will deal with the term #({j : [IW;| > 0} N .S*) on the RHS of (A.29) below. On the
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event {Zj‘il |BJ — B5| < co(#S*)An}, we can deduce that

cM(#57) > Y 18]

jESINS*

> 4(5, N S* i
_#(SMS)><(Jr‘1glsr*1

il

where §; = {j | EJ] = 0}. Such result and Condition 6 entail that
o #S ki, = #(S1n 5.

Hence, it follows from the assumption that there are no ties in {| B\]] ) EJ] > 0} that

#({7 1 Wy >0} nS") = #((S)°N 57
(A.30)

> (1= coky,, ) x (#5%).

Then combining (A.29)—(A.30), we can obtain that conditional on event {Z?Z . B\j -

Bi < co(#5%)Ant,

W >TEN S* ~
* (A.31)
=1— (14 d)coky,
which establishes (A.28). Moreover, observe that the second scenario of #{j: W; < 0} >

q(#5*) when Wj-;; = 0 implies that
#{7 Wy < =T} =4{j : W; <0} > q(#5"),

which reduces to the same form as in (A.32) below. Thus, the proof provided below can
be applied here to conclude the proof for the first case Wj-1 = 0.

We now consider the case of =T < Wj«;; < 0. From the definition of 7" and the
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assumption that there are no ties in {|W;| : |W;| > 0}, it holds on event {#{j : W; >
T} > ¢ (#5%)} that

B W < —Th+2> 7 x #{j: W; > T}
(A.32)

> Tic1 (#57).
Meanwhile, on the event {Z?’;l |§] — B5| < co(#S5%)An}, since 37, , = 0 for all j > 0 and
|B\j+p| >T+ |,§J| for all j € {s: W, < =T}, we have that

cM(#S) > D 1Biun — Byl

JW;<—=T

= > 1Bl (4-33)

]WJS—T
> 4{j W, < -T} x T.
Then from (A.32)-(A.33) and Conditions 6-7, we can obtain that conditional on event

{#{7:W; 2T} Z er(#57) ) 0 {# - W; > T} > ea(#57)},

coln(#S™) —1
T< W < kinAn@ (A.34)

for all large n.

Further, conditional on event {Zj‘il ]B] = Bi] < co(#S )} N {FT : W; 2T} >
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c1(#5%)}, we can deduce that for all large n,

Codn (#5%) > > (B =B+ 1B

jes*N({j:w;=T})e

> Y (B =B +IBI-T)
jeS*N({5:W;>T}he (A.35)

> > BI-1)

jes* N({j:w;=T})e

> #(S" N ([ Wy = TH) x kiall = 67DAn,

where the second inequality above is from the fact that | B\j+p| > | BJ| —Tforjin{j: W; >
T'}¢, the third inequality above is due to the triangle inequality, and the last inequality
above results from Condition 6 and (A.34).

In light of (A.35), it holds on event {Z?il |B\] = Bl < co(#S )M} N {FG - W, >

T} > c1(##5%)} that for all large n,

BSTNG W 2TY | #8050 2 TH)

4G .G
_ “ A.36
> 1 =y (A.36)
=1—(1+¢)coky,,

where the second equality above follows from the definition of ¢. This establishes (A.28).

Thus, combining the above results concludes the proof for (A.25).

Proof of (14). Finally, we show the second assertion (14) of Theorem 2. Let us observe

that by the construction of Algorithm 1 and the definition of S in (A.20), it holds that
P{S=0}u{Sc S} =1
Then by (A.18)-(A.21), (A.25), and the fact that ¢ < 3 (recall that ¢ is defined at the

24



beginning of this proof), we can obtain the desired result in (14). It is worth mentioning

that we do not require 7 < 7* here. This completes the proof of Theorem 2.

B.3 Proof of Theorem 3

Let us first make a useful claim that with ﬁj’s given in (A.6), it holds that for each

e >0,
Z Ee; X 1y, <) <X € (A.37)
J€Ho

Then we consider an application of the e-BH method [40] to 65.6) = e; X 15 ., with the

target FDR level 7*, yielding a set of selected features :9\5 C {1,---,p} defined as

with . = max{k : e > p(7* x k)~'}. Here, eE g s are the ordered statistics of eg-s)’s such
that eE 3 . E )) It is easy to see that #S = k

In view of the definition of /156, we can deduce that

E (#(é\iﬂ Ho)) _E (Zjéi—lo 1{j€§a}>
(#S.)v1 k. V1

* (e)
<E (ZJEHO Lijegy X 77 X ¢ )

p

< 7""p_1 x E <Z 6§6)>

Jj€Ho

(A.38)

<7_*6E

— Y

where the last inequality above is from (A.37). Then combining (A.38) and {§ #+ §a} C
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U?Zl{ﬁj > e} leads to

#(5 1 Ho) #(S. N Ho)
E <<#§T(1)> <E (1{§§6} X (#@ﬁ + 1{§¢§6})

< 77e® + P(max KL > ¢)
1<j<p

for each ¢ > 0. This concludes the proof for the desired result (A.5). We will provide the

proofs of (A.37) and (A.7)-(A.9), separately.

Proof of (A.37). Let us define

1 Wi<—t
szmin{tel/\/i i CR } 7_1}7

#{s - Wi>ttvi
where W, = W, if k # j and VVT W, W = {|Wi| : [Wi| > 0}, and min {) is defined as
infinity. We further define X 5-0) and X 5-1) such that X§0) = X, and Xg.l) = fj it W; >0,
and Xg-l) = X, and X;O) = f)\(/j it W; <0.

For each ¢ > 0, we can deduce that

Lowzry X Ly, <
> E :
T+ 0 Ywe<-my

Jj€Ho

Liwery X L, <o
- Z E P
14>

s=1 ]‘{VVsS_Tj}

Low,>ry X Ly, <o
je€Ho s=1,s#] {Ws<-T}}

_ Z E Liw;>0p X 1w, =153 X 1{]@].35})

j€Ho L+ 25:1,5# 1{W5§—Tj}
=) E P(W; > 0.KL; < ¢| X", X1V X X, Y) x 1yw,o1,)
Jj€Ho L+ Zgzl,s;ﬁj 1{WS§7TJ‘}

where the first three equalities above hold because when low,>ry = 1, we have W; >
0, T = Tj, and lpy,<—7,3 = 0, and the last equality above holds since |W;|, T}, and
Wi, o Wiy, Witq, -+, W, are functions of (X(-O) X( ) , X X Y) due to the sign-

7 —J —J
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flip property (4).

From the definitions of X§~O), Xgl), and ﬁj, we can obtain that

P(W; > 0,KL; <¢| XV, X" X, X_,Y)

(01)
J

=P(W; >0,KL; < X" xW X ;X ,Y) (A.40)

where
0 1 ~
— (01) I, %, % v X0 X X X Y)
KL; " =log e O <O —
fXij,X,j,EZ,j,Y(Xj , X X5 X5, Y)
Furthermore, we will show that it holds almost surely that
PwW; >0l XV xM X ;X _,Y)
(0) (1) X
_ Fx, %, x % v(X;, X3, X5, X _;Y)
- (1) x(0) x
fXj7}j7X*j7’X/*j7Y(Xj ’X] ’Xﬁj?X*j’Y) (A41)

< P(W; <0 X XV X_;, X_;,Y)

=5 (01)

0 1 v
:eKLJ XP(VVj<O} X(-)7X§')7X—j7X—ij)’

J

where Condition 1 is assumed to avoid division by zero on the right-hand side (RHS) of
the second inequality above. The proof of (A.41) is deferred to right after the proof of

(A.37).
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By (A.40)-(A.41), it holds that

RHS of (A.39)

(01)

M Py < 0] X XWX 5 X Y Ty ery 1

= (01)
{KL; ' <e}
< E ;
jEZH:o 1+ Z]s)zl,s;sj 1{Ws§—Tj}
<ef iE ( Liw,<-1) )
- p
= A 2 L) (A.42)

Z?:l 1{WjS—Tj}
1 _'_ Zi:l,s;ﬁj 1{Ws§_Ts}
c T ( > i1 Lwy<omy )

1 v (Zf::l 1{WSS*T8})

where RHS is short for the right-hand side, and the third inequality above follows from

Lemma 6 in [4]. Hence, by resorting to (A.39), (A.42), and the fact that

> Bl % 1y, e) =0 % S

J€Ho J€Ho

(1{Wj>T} X I{KALJSE}>
L+30  Yweeny)

we can establish (A.37).

Proof of (A.41). Denote by
Foo(XW, XWX _;,X_;Y) and Foo(X", X" X ;X _,,Y)
the versions of

—~

]P)(VV] > 0|X§'0)7X§‘1)7X*j73(/ j Y) and P(m < 0|X§'0)7X(1)7X*J’7X*]'7Y>7

-5 j

respectively. We will show that functions F.q : R*®*D 5 R and F : R 5 R
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satisfiy that

]-w-EOXf.N. ¥ . (Z)
Foo() = {w; (2)>0} X, X;,X ;X ;Y

— )
fxg"),X;“,X,j,S?,j,Y ()

) (A.43)
C Lwaen<o) X Ix, %, x %, v (Fwap)

fx0 x0 x % y(?) 7
¢ :

respectively, where 2’ = (21, 52, 53, 54, 55), gswap = (gg, 51, 53, 54, 55) with 51 € an 52 S Rn,
Zy e RMP-U 7 e R~V 7 € R*, and w; : R*2*D +— R denotes the knockoff statistic

function of W;. From the definitions of X§O), xW

;, and w;(+) along with the sign-flip

property (4), we have that almost surely,
U}](X§O), X§1)7 X—ja /—*\X/—jﬁ Y) Z 07

(A.44)
(xW x0 x_ X_,Y)<0
w;( ;X 5, X 5,Y) <0.

J

Then an application of (A.43)—(A.44) and the fact that the probability density function

is nonnegative yields that

5 f X X (X(0)7X('1)7X7‘,/X\:7'7Y)
Fao(X\0 X1 X 5 X 5 v) < PR it
Fxo xo x % (X X X5 X Y)
) x(0) v
¥ f X X (X(17X 7X—'7X—"Y>
Fool X X X X, Y) = iRl
oty XU XD X X Y)
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which entail that

]P(VV] > 0|X('0)7X§‘1)7X—j7/—X/—j7Y)

J

—~

= Fo(XW, XM X ;X _,Y)
fxxx 3% yXV XV X X_,Y)

Xj,Xj,X_j,X_]',Y J 7 J 7 - =7
fx<.0>,x<.1),x,j,i,j,Y(X§0)> Xg'l)’ X X;Y) |

7 (A.45)

P(VVJ < 0|X§0)7 X§'1)7 X—ja /—X/—jv Y)

<

= Foo( X", XWX, X ,)Y)

1 0 ~
‘fij(/j,X_j,Y_]-,Y(Xg' )7 X; )7 X_j, X_j, Y)

—

0) 3 (1) '
fx;.o),X;l),X,j,}(:j,Y(Xj ) Xj ) X*j? X*j? Y)

Hence, a combination of (A.45) and Condition 1 (which ensures that the denominator is

nonzero) establishes the result in (A.41).
It remains to prove (A.43). To this end, observe that for any Borel sets A; € R”,

Ay € R™, Ay € RM=1 A, € RV and A5 € R”, it holds that

/ Foo(D)fxo x x % y(2)dZ
ZEA1 XX A5 VAt B b AR
=P(W;>0,X, €A, X, €A, X_; €A, X_; €AY € As)
(A.46)
=P(W; > 0,X§0) € A1,X§1) €Ay, X ;€ A3, X ;€AY €A;)

= P(W; >0l X\, XV X_;, X_;,Y)dP,

/{X§°>eA1,X§.1>eA2,X_j €A3,X €A1 YEAs)

where the second equality above holds by the definitions of X 5-0) and X §1). Similarly, for
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any Borel sets A1 € R”, Ay € R, A3 € R"P~D A, € R and A; € R", we have

/ FooD)fxo x x5 . y(2)dZ
ZeA1 XX A5 VAR bl B bl A

=P(W; < O,F{/j €A, X; €A, X ;¢ Ag,f_j € A,Y € A;)
(A.A47)

=P(W; <0, X" e A, X" e 4y, X ;€ A3, X_; € ALY € As)

X

—j>

Y)dP,

—js

/ N P(Ww; <0 XV, x"M x
{(xWea; xMedp X _jeAs X_jeAsYeAs)

where the second equality above holds by the definitions of XE-O) and X§1). With the
aid of (A.46)—(A.47), we can resort to the 7 — A Theorem [16] and the definition of the

conditional expectation to obtain (A.43). Thus, we have established (A.41).

Proof of (A.7). We now aim to show (A.7) under Condition 2 and the assumption that
X is independent of Y conditional on X _; for each j € H,. First, in light of Condition 2
and Definition 2 of the knockoff generator, we see that Y is independent of X conditional

on X. Next, we can deduce that

fXj,Sc'j,X_j,’X'_j,y(gl’52753754a55)

= fx(21,3) X fx, % vix (% 2 35|71, 3)

= fx(31,2) ¥ fyx (5|5, %) ¥ fxx (%2, 2|5, ) (A.48)
= fX7}(51,53,52, 54) X fY|X(55\51, 53)

=[x %21, 73, 22, Z1) X fyix_;(%5]%),

where the second equality above follows from the conditional independence property of
the knockoffs, and the last equality above holds because of the column-wise conditional

independence assumption on the null features.
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From (A.48), it holds that

fX.N. X ;| (XjanaX—]aX—]aY)

= fX]',/)\(/j X /X/ (XJ’XJ7X_]7X_j) X fY|X (Y|X_.7)

and

inZXBZ~y( JorAh gy —jy A —j,

=Ix,%,x_,%_ (X X X*J7X*J)XfY|X (Y]X ),
which establish (A.7).

Proofs of (A.8) and (A.9). The proof of (A.8) is straightforward using the additional
assumption of i.i.d. observations and hence, is omitted here for simplicity. We now focus
on proving (A.9). Fixing a feature index j, let us consider a random vector (X T_j, Z)
such that X ; is generated by the jth coordinatewise knockoff generator x;(x_;,) given
x_; and that z = (Ej, z_;) is a knockoff vector of ()?]T, x_;) generated from the knockoff
filter x((X}, X! x_;),), where k; and ~ are as given in Condition 3. In view of Condition 3,
we see that ()?j, Z; x_;,%_;) and (Z;, XT ,&_;, z_;) have the same distribution and the
corresponding density functions exist, which entail that for each (21, 2o, 75, Z1) € R?,

fg},zj,w—j,z—j (217 22, 537 Z4> = fg;’Zj’w7j7§7j (22, 21, 537 Z4> (A49)

Next, it follows from the definition of (5(: ;, Zj, x_j,z_;) that

th i (21722723724) fm_j(g?))ff(}‘m_ (21|Z3) J‘XT (22754|21,53)

(A.50)

= Jfa_, (Zz)f;?;\wfj (21|53)f5<'j,5,j|xj,w,j(22, Zy|z1, 23),
where f’z'j,z_]-|)?]ﬂzc_j<22’ 24|21, Z3) = f)?]@_j‘xj’m_j(227 Z4|21, Z3) because a knockoff generator
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outputs random vectors with the same distribution if the input values are the same due

to Definition 2. Similarly, it holds that

XT i (22721,53,54) = fm_j(zs)f)}}‘ (Z2|Z3)fz 3 ]‘X . (Z17Z4|Z2,Z3)

(A.51)
= fo;(B) fx1_ (2]25) f5 5

7.7|X‘77w,](217 Z_)4|22’ 23),

From (A.49)-(A.51), we can deduce that

fstw (123 5w, (P2 2l20 3) = frip (223) f3 5 x50 70l 22, 28),
which results in

fXj,)?j,zc_]-j_j(ZhZZ:gSa54) . fi}7m_j(22753) X X]',:B_j(zl7z3)

— .

fx, %m 5, (22,21, 73, 21) - fg}’m_j(zl,%) X fx, (22, Z3)

(A.52)

Setting (21, 22, 25, 24) = (Xij, Xij, T_ij, ©_;j) in (A.52) above, we can obtain that

oy, (Xti Xij, T, ®_ij)
t=1 fX (th» th; L_tj, fz—tj)

X —j, @
n
= Z log
t=1

3

Ix;e; (Xij, w—tj)f;};‘@ij (X5, x_4j)
Ix; x_](Xwm—tj)f)z;@_j(th#B—tj)

9

which establishes (A.9). This concludes the proof of Theorem 3.

B.4 Proof of Corollary 1

The conclusion of Corollary 1 follows from the proof of (A.9) in Theorem 3 given in

Section B.3.
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B.5 Proof of Corollary 2

Under Condition 2 and the assumptions that {x;}:>1 satisfies Condition 4 with h-step and
constants Cy > 0 and 0 < p < 1 and Y; is s 1-measurable, we will prove in Section C.1

that for each 1 <k < q+1,

sup  |P(X, € D) — P(XT € D)| < #H, x p? x Co, (A.53)

DER#Hk X (2p+1)

where we recall that X, = {@:, @1, Yi}ien, and X7 = {x], @z, Y }ien, for cach k €
{1,---,q+1}. Combining (A.53) and S ¢7. #H). < n leads to the desired result in (9).
Next, we deal with the second assertion of Corollary 2. When Condition 2 holds and
{Y;, &}, is also an i.i.d. sample, {Y}, &;, @, }}, is an i.i.d. sample. Therefore, it follows
from the fact that (Y™, &7, x;)’s are i.i.d. with (Y;", ], ;) having the same distribution

as (Y1, 1, ;) that (A.53) holds with p = 0, which concludes the proof of Corollary 2.

B.6 Proof of Proposition 1

For the reader’s convenience, we provide some basic knowledge about time-homogeneous
Markov chains here. Two sufficient conditions for a process {Q,} to admit a transition

kernel are 1) for each Borel set A and each ¢,

P(Q, € AlQ,,) =P(Q, € A|Qt—j7j <1),

the so-called the “Markov property;” and 2) the conditional distribution of Q, given Q,_,
are the same for each t. Processes satisfying these two conditions are known as time-
homogeneous Markov chains. A useful sufficient condition for verifying that a process
is a time-homogeneous Markov chain is to check whether the process can be written

as Q, = F(Q,_,,e;) for some measurable F'(-,-) and identically distributed innovative
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random vectors {g;} such that €, is independent of @, ; with j > 1. It can be shown
that {x;} in Example 3 is a time-homogeneous Markov chain, and we omit the details on
proving such claim for simplicity.

Next, let us consider Example 6 below, which is more general than Example 3. In

particular, {x;} in Example 3 is a special case of {z;} in Example 6.

Example 6 (Gaussian linear processes). Let {z; = (Yi1,---,Yy) } be such that for
=1, ,p, Yy = 32 (i(1) 8:_i, where wi(l) is an t-dimensional coefficient vector
such that for each h > 0,

max » _ [[d;(D)]|; < Cre~" (A.54)
i>h

1<I<
SUsp >

with some positive Cy and s1, and &;’s are i.i.d. 1-dimensional Gaussian random vectors
with zero mean and covariance matriz X. In addition, assume that Apmax(X) < L3 and
)\min(E(zlzf)) > Iy for some positive Ly and ly, where Ayax(+) and Apin(-) denote the

largest and smallest eigenvalues of a given matriz, respectively.

We use Propositions 3.1.1-3.1.2 of Brockwell and Davis [11] to obtain the stationarity
of Example 6; the details on this are omitted. Thus, {x;} in Example 3 is a stationary
time-homogeneous Markov chain; equivalently, the stationary distribution and transition

kernel of {x;} exist.

Remark 3. Notice that time-homogeneous Markov chains are not always stationary; par-
ticularly, a random walk process can be a time-homogeneous Markov chain. Also, note
that Example 6 may not be a time-homogeneous Markov chain. With reqularity conditions
assumed, for a stationary QQ; = Z;io Bjer—j to be a time-homogeneous Markov chain, it is
usually required that QQ; can be written as Qy = 25:1 v;Qi—j + € for some positive integer
k. Without further assumptions, the linear processes in Fxample 6 may not admit such

representation.
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Let {zgh)} in Example 6 with dimensionality p, and stationary distribution 7,(-) be
given. Note that we do not assume a transition kernel for Example 6 and that all pa-
rameters (except for constant Ci, si, I, and L3) in Example 6 may change for each h,
but we drop the superscript or subscript h for simplicity of presentation whenever there
is no confusion. Since Example 3 admits a transition kernel and it is a special case of
Example 6, to prove Proposition 1 it suffices to show that for all large h, there exist some
constants 0 < p < 1, 0 < Cy < oo, and measurable functions Vj, : RP» — [0, 00) such

that for each integer t,

sup |P(2(}), € D) = P(}), € D | )| < Vi(2{")p"Cs (A.55)

DeRPR

almost surely for some constant C3 > 0, and

Co > SUP/ Vi(z)mn(dz).
RPh

h>0

To facilitate the technical presentation, we first introduce some necessary notations.

For each h, denote by

T

Ul(?) = ( ( ( 675 iy """ 72 wz ph 5t—i) )
i\P

i=h i

=" ., (A.56)
h—1 h—1
Uz(? = (Z 51& it 7Zw h 5ti> )
=0 =0

and let Vl(th) and VQ(th) be independent copies of Ul(f ) and UQ(,? ), respectively, where the
superscript or subscript h represents the truncation length. Observe that Ul(f )+ UQ(f )is an
instance of z; in Example 6. Due to the Gaussian innovations, the stationary distribution
7y, is the distribution of V11 , which is the same as that of Vu M Vgt for each t and h.

Let us repeat the needed statement (A.55) with the newly defined notation. For all
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large h, there exist some constants 0 < p < 1, 0 < Cy < 0o, and measurable functions

Vi, : RPr — [0, 00) such that for each integer t,

h h h h h h
sup [PV + Vi) € D) = (U, + Usitoy €D | USY + USY)

DERPh (A.5T)
< Vi(Uy + Ugt)p"Cs

almost surely for some constant C3 > 0, and

Co > sup /Rp Vi(z)m,(dx). (A.58)

h>0

If (A.57) holds for some t, it holds for each integer ¢ because the process is stationary.
Notice that the technical analysis here does not depend on the Markov property. For
the remaining proof of Proposition 1, we tend to omit the term almost surely when the
equality or inequality holds clearly almost surely.

Let us begin with establishing (A.57). In view of assumption (10), let s3 > 0 and
0 < dp < 1 be given such that 0 < s3 < s; and sy < dygs3. For each positive integer h, we

have

prexp (—dpssh) < Cyexp ((s2 — dops3)h). (A.59)

We claim that for all large h and each ¢, it holds that for each D € R,

h h h h h h
‘P (‘/1(75 '+ e D) - P (Ul((t)-',-h) + U2((t)+h) €D ’ Ul + U2(t)>)

<P <‘ ‘/’1(1h) ‘ > e*ssh) + ]P)(HUl(Z)-Fh)H > 6(*8311) | Ul(?) + UQ(:L)) (A60)
+ ZP (‘ ‘/2(1h) ‘ > 6(1_50)53h _ 2€—S3h> + %6—5083h
oo c )
where ¢ > 0 is some constant and ||Z]|_ = maxj<;< || for 2= (2, -- ,Zk)T c R*. The

proof of claim (A.60) above is presented in Section C.2.

We next construct some upper bounds for the first and third terms on the RHS of
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(A.60). Tt follows from |-||* > |-||> and (A.54) that for each ¢ and t,

Var Z’U} 6t z Z sz HQ max Eh)

i>h i>h

(Z ||wz H1> max(2h>

i>h

< (Crexp (=517)* Aax (En),

where ¥;, denotes the covariance matrix of the underlying Gaussian random vectors d;’s
(the superscript h is dropped) associated with {zgh)} in Example 6. Combining this, the
fact that ;’s are Gaussian random vectors, and Markov’s inequality, it holds that for each

h>0,

P (Vi) 2 exp (—sam)
< piP (Crexp (—510)y N (50| 2] > exp (—s3h) (A.61)

-1

< DB x| (Cov/ D) e (51— )]

where Z denotes a Gaussian random variable with zero mean and unit variance. Similarly,

we can show that for all large h, it holds that

P(]
< P (Cry DB 2] > exp (1 do)ssh) — 1) (A.62)

< () exp | = (Cov/RnE) 030 (1 = d)san) - )]

h
vyl

Lo > exp (1 — 8)s3h) — 2exp (—83h))

We are now ready to construct the V), function. Let g be a measurable function such

that g(U + UMY is a version of P( HU > e(=sh) | U™ 4 UM, Tt follows from

|
the assumption that Ap..(Xp) is bounded by a constant, E(el?!) < oo, (A.59), (A.61), and

(A.62) that there exist some constants C5 > 0 and 0 < p < 1 such that for each positive

38



h, Csp" is larger than the summation of the first, third, and fourth terms on the RHS of

(A.60). For each h, let us define function V}, as

2 1f9()<03p>

207"C;t otherwise.

Then combining (A.60) and the definitions of p, Cs, and V}, leads to (A.57).
Finally, we deal with (A.58). By Markov’s inequality, the definition of g, and
Vl(lh)

IP(‘ > exp (—s3h)), we can deduce that

2 oo = (et

/ Vi(@)dmy(z) = E(V,(UP + UPY)
<24 2(Cyp") T P(g(UL + USY) > Csph) A
<24 2(Cyp") 2E(g(U) + USY))

— 2.+ 2(Cyp") 2P (|1

LO > exp (—53h)> .

For the first equality, recall that Ul(? )+ UQ(? ) has the stationary distribution. Therefore,
by (A.63), (A.61), and (A.59), for all large h, it holds that [ Vj(z)dmy,(z) is bounded by

a constant, which leads to (A.58). This completes the proof of Proposition 1.

C Some key lemmas and additional technical details

In this section, we will provide additional technical details and some key lemmas. In par-
ticular, we rely on measure theory for valid arguments for the manipulation of integration

when conditional distributions are involved.

39



C.1 Proof of Claim (A.53)

Let us first make a simple observation. For any ¢;-dimensional random vectors X1, Y; and
¢2-dimensional random vectors Xy, Y, such that Xy, = F(X;) and Y, = F(Y}) for some
measurable F': R? —— R%_ it holds that

sup |, (D) = ia(D)] = sup |ux, (F~ (D)) — oy (F~ (D))
b, Dern (A.64)

< sup |px, (A) — py, (A)],
AER‘Il

where F71(-) denotes the inverse mapping of F(-). With the aid of (A.64), we now deal
with the case of k = 1 below. Let M be given as in (A.86) with [ =2, h = ¢ — 1, and
z; = x;. Similarly, let M™ be given as in (A.86) with [ =2, h = ¢ — 1, and i.i.d. random
vectors (277, z5')’s such that (z7', 25') and (x1,2) have the same distribution. Then it
follows from Lemma 1 in Section C.3 that

sup  |P((xiy1, 2,0 € Hy) € D) —P((25, 27,1 € Hy) € D)|
DeR#H1x(2p) (A.65)

S#HlquXCO.

By the assumption that Y; is x;,-measurable, we have that (Y;,x;) = F(xi1,x;)
for some measurable F' : R? —— R!'*P. Then it follows from the assumption that each
(Y7, «T) and (Y7, ;) have the same distribution and the assumption that each (27°, 23")

(2

and (@1, x2) have the same distribution that

{F(z3", 27 Fioy and {(YV7, 27) e, (A.66)
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have the same distribution. Hence, from (A.64)-(A.66), we can deduce that

sup ‘P((Y;,ZB“Z € Hl) € D) - P((Y;ﬂ7m?>z € Hl) € D)|

DeR#H1x(1+p)

= sup IP((2i41, 2,0 € Hy) € F7Y(D)) —P((2}, 27, i € Hy) € F7(D))| (A.67)

DeR#H1x(1+p)

S#Hl qu XC().

Finally, we can apply Lemma 7 in Section C.9 to control the distributional variation
results from the inclusion of knockoffs. Using Definition 2 and Conditions 1-2, we can show
that 1) (Y;, x;, @;)’s are identically distributed; 2) (@;,7 € H;) are independent conditional
on (x;,i € Hy), and that ; is independent of (x,,¢ € H,\{i}) conditional on @; for each
i € Hy; 3) (Yi,i € Hy) is independent of (x;,i € H;) conditional on (x;,i € H;); and 4)
the above results also hold for (Y, T, @] )’s. By these results, an application of the first
assertion of Lemma 7 concludes the proof of (A.53) for the case with k = 1. The other
cases with 2 < k < ¢+ 1 can be dealt with similarly. This concludes the proof of Claim

(A.53).

C.2 Proof of Claim (A.60)

We denote by f,(z) the density function of \/2(1h ). that is,

= —1 ex —lmT NVl
)= o (5 (5) ),

where Y} is the corresponding covariance matrix and |A| stands for the determinant of a
given matrix A. By the assumptions of Gaussian linear processes (this is where we need
Amin(E(zgh)(zgh))T)) > 1), there exist some constant ¢ > 0 and positive integer h such
that

min Apin (E(VPVE )Y > ¢ > 0. (A.68)
k>h
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In view of (A.68), for all h > h we have A\ (X)) > c.

To support the technical analysis, we will make use of the following facts.

1) For all x < 1.79, it holds that
exp (z) < 14z + 22 (A.69)

To get the specific value of 1.79, we use the first and second order derivatives of
exp (r) and 1 + z + 22 to conclude that there exists some positive number z, such
that when = < zg, (A.69) holds, and when x > z, it holds that exp (z) > 14z + 2%
Then a direct calculation shows that exp (1.79) < 5.994 < 1 + 1.79 + 1.79?, which

gives xg > 1.79.

2) By (A.68), for all large h, we have that for each A,z € RP» with [|All, < ||z|],,
1
" (Z) A+ §AT(E}{)*1A| < 2]zl [|A]l,e™" (A.70)
If furthermore 2 ||z, [|All, ¢! < 1.79, then it follows from (A.69)—(A.70) that

|fu(z +A) = ful@)] < fulo)

exp (—xT(ZZ)_IA - lAT(E}‘f)_IA) — 1‘
2 (A.71)
< f@) 2zl 1Al e + @Izl Al e 7).

3) We show that for each D € RP*, p,m) (D — Vl(th)) is a version of IP’(Vl(th) + Vg(th) €
21

D | Vl(th)) and in particular, for each t, h > 0, and D € RP»,

h h h h
PV + Vay” € D | Vi) = g0 (D = Vi),

To this end, let us define a measurable function g(z) = prh Mv(h)<dx2)1x2€p_x
21

42



wit —r =2 —x:z € and write [, (n) — =g to see that

ith D D} and write 1,0 (D — V" A% h

fy, 0 (D — Vl(th)) is a(Vl(th))—measurable. Observe that if we can show that for each
21

A € RPh,

/ oy (dz1) o0 (D — 1) = / PV + Vy € D | Vi)dP,  (A.T2)
At 21 {Vl(th)eA}

then we can apply the change of variables formula to the left-hand side of (A.72) and
use the definition of conditional expectation to obtain the desired result. It remains

to prove (A.72).

Since Vl(th) and VQ(th) are independent for each ¢ and ~ > 0, it holds that for each

D, A € RPn,

PV + Vi) e DYN{VY € A})

/ Hy(r) V(h)(dxl X dx2)1171+12€D1I1€A
R2p, 1t V2t

/’LV(h) (dxl):uv(h) (de) 1$1+£L“2€’D15L“1 eA
R2Ph 1t 2t

|
.

= | Llaeapym(dr) / fy 0 (d2) Loyep—a, (A.73)
Ph 1t RPh o
= 1(9616A):“V1(th) (dII)MVQ(th) ('D _ Il)

e

(21 €Ay () (diU1)/LV2<lh) (D — )

pryy o () oy, 00 (D = 1),

where the second equality above is due to independence. Moreover, since IP’({Vl(th) +

Vy) € DYV € A} | Vi) = 1y PORY + V5 € D | V), by the law of
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total expectation we have that

PV + Vo e Dy n{V{ € A})
=EP{VY + 1) e DIn (W) e A} | V) (A.74)

— [ o ROV D Vi
vieay

Hence, combining (A.73)—(A.74) leads to (A.72).

Observe that U." is independent of U ™+ ul ana U™
2(t+h 1t 2

1(t+h) Thus, for each

D € RPr, we have that

(h
IP)(U((tJrh) + U2(t+h) €D | Uu + U2t Uy t)+h))

(h
_P<U((t+h + U, t)+h €D| U(t—i—h)

Using such representation, similar arguments as in 3) above, and the fact that s
2(t+h)

is identical to oy 0, WE can show that
21
(h
P(Ul((tJrh +U 2(t+h) €D ’ Ul( + U2t 7U1(t)+h)) UV;{L) (D U1(t+h))

5) Denote by @ = {HVl(th)

‘ > el- 53h} and G = {HU( H > e(*s3h)}. Then it

1(t+h)

follows from the definition of fhy (1) that for each D € R,
21

h)
1genge (MVQ({L) (D - Vl(t ) — Hy (D - U1(t+h))>

(A.75)
/DA2 (fh(x + Ay —Ay) — fh(x))d:(:‘

< sup
Al oo <e™®3"

We are now ready to establish the desired upper bound. For each integer A > 0, ¢, and
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D € RPr it holds that

‘1@ (Vi + Vi) € D) ~ B (U, + Ulflpy €D ’ vl + ul) ]

— E [P0 + v e D V)| (A.76)

h) h) h h
—E|P(U}{)y + Usiloy €D | U + U, U, | U + U

h)
1(t+

By 3) and 4) above, for each D € R we have

RHS of (A.76) = ‘E [“v;P (D — vl(th))} K [ pry 00 (D — ULf)

(h)
L(t+h)) ‘Ul + Uy ] ‘ (A.TT)

Since ‘G(th) is an independent copy, it follows that

RHS of (A.77) ’]E [ (D= Vi) = 00 (D = UY})

1(t+h)

‘ ) | o™ Uz(f)] ) (A.78)
Next, we separate the expectation according to events () and G as

RHS of (A.78)

(A.79)
= [E[(1qua + o) (1 (D = Vi) = pyoo (D = U,)) | U+ Uf] |.
Then by (A.75) and some simple calculations, we can show that
RHS of (A.79)
(A.80)

P(GUQ U + U+ sup

Al oo <e™s3™

/ (fulz + Ay — Ay) — fh(x))dx(.
D—As

For the first term on the RHS of (A.80), it follows from the definitions of () and G and
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the stationarity of Vl(th) that

PGUQ| UL + Ui <P (V] = elmm)
%0 (A.81)
(o 00+ o).
For the second term on the RHS of (A.80), it holds that
sup / (fh(x + Ay — Ay) — fh(x))dx‘
HA¢||OO<6753h D—Ao
< 2P (Vi = exp((1 = d)sah) — 2exp (—soh) (A.82)
+ sup / (fh(x+A2 —Ay) —fh(x))dx‘.
|A:]l <e=53h | JzeD—Ag, ||z, <e(~%0)s3h

We proceed with dealing with the last term on the RHS of (A.82). Let x,z2 denote

two vectors in RP». Then, it follows from (A.59) that

lim sup sup 1]] ||22]l, ¢* = 0. (A53)
h=00 ||zg||,<2\/pre*3"
lz1]ly</Pret—00)s3h

Let us define A := Ay — A;. In light of the fact that ||z|[, < /ps ||2||,, for all z € RP»,

(A.71), (A.83), and the fact that [ ., fu(z)dz =1, it holds that for all large h,

sup
Al <e*3

Lo U+ 8= 80 = )]
z€D—-A2, ||z]| <e 1=4g)s3

< sup / (fh(a: + A) — fh(gj))dx’
Al <2653 [|Ag]|  <e=3h | JoeD—Ay, |la], <e(1—50)53h

< @l Al + @l AL
1Al <23 o 2 (A.84)
]|, < ph€(1*60)53h

= sup 4zl 1Al

Al <2y/Pre 3"
llzllo<y/Pre(t—00)s3h

< 8¢ 'ppexp (—dpszh).
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Therefore, combining (A.76)-(A.82), (A.84), and the stationarity of the process yields the

desired conclusion. This completes the proof of Claim (A.60).

C.3 Lemma 1 and its proof

The theoretical foundation of our subsampling method is provided by Lemma 1, which
concerns the asymptotic independence of the S-mixing random vectors in each subsample.
Since (A.86) below for Lemma 1 involves stacking up stationary elements column-wise
(there are [ elements in a row of matrices in (A.86) below), it is unclear whether we can
directly apply Lemma 4.1 of [42] to our setting. Thus, we provide our self-contained proof
for Lemma 1. Our technical analysis of Lemma 1 seems to be the first formal proof for
results on the asymptotically independent blocks due to the S-mixing and subsampling.
Consider a p-dimensional vector-valued stationary process {z;}. Let n, n, h, and [ be

positive integers such that

n=sup{s € N:s(l+h)—h <n}>0. (A.85)

We construct two 7 X (Ip) design matrices as

T T
Z1-1)x(I+h)+1> """ F@2=1)x(I+h)—h
M =
2! cee ozt
(A—1)x (I4+h)+1> ) “ax (lI+h)—h (A.86)
(21" (=)
and M7" = e ,
(27)", - (z7)"
where {(z7",---,2[")} is an 1.i.d. sequence such that (27*,---,2") has the same dis-
tribution as (z1,---,2;). Here, matrix M is obtained by removing h random vectors in
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the process after each consecutive [ random vectors, and then stacking up the remaining
random vectors. Lemma 1 below characterizes the distributional distance between M

with dependent rows and M™ with i.i.d. rows.

Lemma 1. Assume that the p-dimensional process {z.} satisfies Condition 4 with (h+1)-

step and constants 0 < p <1 and Cy > 0. Then it holds that

sup |P(M € D) —P(M™ € D)| < np"™Cy, (A.87)
DeRPn

where random matrices M and M™ are defined in (A.86).

Proof. 1f we view the rows of M as random mappings, a simple version of this problem
is to establish an upper bound of the total variation distance between the distributions of
Ui, -+, Uy and their i.i.d. counterparts denoted as U7, --- ,UZ. The main technique used
here is to separate the total variation distance into TVy,--- , TV introduced below and

control them separately as

U17U27U37'” JU'FL ,?, U17U27U37 7Uﬁ ,<T—>, U17F7U27r7U37 7Uﬁ
Vi Ve (A.88)
— «— U, U;,---,U.
~—~
TV3 TVz

By the technique in (A.88) above, for each step, we can focus on the total variation
distance between two processes with only one distinct part. For example, for the jth and
(7 + 1)th processes, the distinct part is U; and U 7. We will present the formal proof next.

To facilitate the technical presentation, let us first introduce some notations. Denote
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the distributions as

1= B 201y (1 h)+1 0 104R) =k 2= 1) 4R 41 5 iRy —hs™ 2 (A1) (I+h)+1 : A(+h)—h)
M1 = (271 .. 2™a), (A89)
Hj = M(Zﬂl,“',z(j_l)(l-s-h)ﬂ c R =Ry E(R—1)(I+h)+1 : A(+h)—h)

for j = 2,--- ,n. Observe that we have un = pz41 since the process is stationary. With the

notation introduced above, the desired conclusion is an upper bound for % |11 — a7y -

For completeness, we state some important properties of the transition kernel p :
R? x RP — [0, 1] of a stationary Markov chain with stationary distribution 7. 1) For
each integer t and D € RP, p(z, D) is a version of P(z;,1 € D|z;). 2) For each measurable
function f and D € R?, [, p(Z,dy)f(y) is a measurable function of Z, and hence for each

Dy € R?,

/Dlﬂ-(dfl)/DQp<fl7d52)"'/ka(fk—hdfk)f(fk)

is a well-defined integral. 3) For each measurable function f and D € R?,

| wtas) [ ptaz.ans = [ wtan s, (A.90)

4) We have an expression of 4, as given in (A.91) below, where we indicate each part of

the distribution of p; according to

U

z PRI z _1 1 . . _ DY Z __1 1 .7 _ .
R , ) 15 €] )(H—h);i—r J(l+h) }i, 1 5 (n )(H_h)j, a(l+h)—h
Ist part jth part nth part

Such representation follows from the first two properties, and the details on deriving it

can be found in Section 5.2 of [16]. For each D € R"", u;(D) admits the following
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representation

.

uj(p):/w(d:z-a) X oo p(Frrs dE) X -
D

~
1st part

X W(df(j—1)(l+h)+1) XX p(fj(urh)—h—l,dfj(l+h)—h) Xoeee

J/

'tl:rart
e (A.91)
X D" 1y AT jaimy41) X o0 X DTG0 t+h)—h1s ABGa1) (k) —h) X - -
G+ 1;t,h part
X P"TUE ey @ m) - AT -1y army+1) X X D(Trrn)—h—1, ATasn)—n);
ﬁt}?gart
where T, -+, T, Tr-1)(@+n)+1, " " * » Ta(+h)—n stand for the corresponding running vari-
lst‘[,)art ﬁt}:;art
ables with 7, € R? for each k.
Let us make use of a critical observation that
1 n
5 I = pasallry <D sup |5(D) = pij4a(D)]. (A.92)

-
=] DeRlpn

We will bound each term in the above summation separately. Let us fix 1 < j < n. We no-
tice that p; and ;41 are almost identical except for the (j41)th part in (A.91). By a care-
ful comparison, we see that for 4;, the (j+1)th part starts with ph+1(fj(l+h)_h, dZ(41)+1),
whereas the (j41)th part of ;1 starts with 7(dZjg4n)41). To see the difficulty for bound-
ing each term on the right-hand side (RHS) of (A.92) using such observation, note that
Jp |1 (dz) — po(dz)] is not a well-defined integral for a Borel set D and two measures iy
and p9 since there are two dx’s inside the integration. To have a valid argument for this
bound, we use the Radon—Nikodym theorem [16] to replace the underlying measures with
measurable functions (the Radon—Nikodym derivatives). The arguments follow mainly
those for the proof of Lemma 5 in Section C.7.

By Condition 4, for each ¥ € RP it holds that p(Z,-) is dominated by the Lebesgue
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measure. Since p is the transition kernel of the stationary Markov chain, this entails that
1) p"*1(Z,-) is dominated by the Lebesgue measure for each ¥ € RP and 2) n(-) is also
dominated by the Lebesgue measure. By 1) and the Radon-Nikodym Theorem, there
exists a nonnegative measurable function on R?", which is denoted as r, such that for each

Z € RP and D € R?,

This measurable function is simply the Radon-Nikodym derivative [16], and r(Z, ) is also
called the probability density functions of z;,,.1 conditional on z,;. In particular, for each

D1, Dy € RP, we have that

]P)((Zt,ZH-}H-l) € Dy x DQ) = /

—

xT

7(dT) / (&, y)dy.
€D, y€Dy

For more details on the conditional probability density functions, see Example 4.1.6 of
[16]. Furthermore, by 2) we denote by r,(Z) the Radon-Nikodym derivative such that for

each D € RP,

Thus, we can obtain that

o= [ -

X P (Zjam) s Tjeem+) gm0 X - X PE G @en -1 AT G4 -n) (A.93)

(j + 1)th part

X oo X P E ey ) e AT -1y gy +1) X 0 X D(Eaen)—h—1s AT nasn)—n) -

(. s

~
nth part

A similar expression also holds for ;41 with rr. We will bound |u;(D) — ptj11(D)| next.
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It follows from (A.93) and the fact of p < 1 that for each D € R'P",

1115(D) — pj1(D)]

/ (r(Zjn)—hs Tjasny+1) — o (Fiaen)+1)) dTj0en+1 X -
7 : 7.7
(A.94)
< /D 1' : " X }T(fj(lJrh)fh? fj(z+h)+1) - Tw(fj(l+h)+1)| dfj(z+h)+1 Xowes
PR

< /Rlpj+p "o X ‘T(fj(wh)fm Tj(h)+1) — Tﬂ(fj(l+h)+1)} AT j(14n)41-

1st,---,jth parts

To bound the RHS of (A.94), we separate the modulus into positive and negative parts

and get rid of the modulus operation. Let D, and D_ be two disjoint Borel sets such that

/l . e X ‘T(fj(wh)fh, fj(z+h)+1) - Tn(fj(l+h)+1)| dfj(z+h)+1
Riritp V¥

[

= /Dﬂg',;; X< (r(@jaem-n Fjaen+1) = re(Eien1)) djaen+ (A.95)
/ X (rﬂ(fj(Hh)H) — T(fj(l+h)7ha fj(l+h)+1)) dfj(Hh)H'
t,---,jth parts

To proceed, we exploit arguments involving “cross-sections.” For any D € R¥+#2 and
€ R* with k; and ky some positive integers, let us define the cross-section at 7 as

Dz = {y: (Z,y) € D}. See Section C.4 for more detail on cross-sections. Then it holds

that

/D X (P (@aeny - Tiarnye1) = re(@jen+1)) AT+

= s Xp ((L’ l+h —hadx'l-‘rh +1) - / 71'(dx’l—‘,-h +1)
/D+hf/~ J(l+h) J(l+h) D+1\/ j(l+h)

) 5J

— [ @ (0 = [ (D))

JETEN RTEN

B /le \/ X (ph+1<fj(l+h)—h7 (D—l-)z) - W((D-l-)z)) )

1st,---,jth parts

(A.96)
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where 2 represents (ff, e ,:E'JT.(Z +h)_h)T in the integration. Here, we have used the defi-

nition of the Radon—Nikodym derivative to get the first equality in (A.96). The second
equality in (A.96) is justified by the fact that 7 is a distribution and hence a transition
kernel, and an application of Lemma 3 in Section C.5. To apply Lemma 3 in (A.96), we can
regard z;jiqn)+1 as X3, Zju4+n)—n as X, and the remaining variables as X; in Lemma 3,
and notice that (A.99) is satisfied due to the Markov property. Similar arguments can be
applied to D_ too.

In view of (A.95) and (A.96), it follows from the fact of D, ND_ = 0, (A.90), and

Condition 4 that

RHS of (A4.94) = X [ (0" (Zjasn)—n, (D1):) — 7((D4)z))

Ripj 1\’/
— (" (e (D)) = w(D).)) |

S/ o <P @eenn) = 7Oy (A.97)
Rlpj >
1st,---,jth parts

- /Rp (dZjem—n) [P (Zjaemy—ns ) = 7() ||y

< / V(@)r(dD)p e,
Rp

where C' > 0 is given in Condition 4. By Condition 4, we can further show that
RHS of (A4.97) < Cop"™,

where Cj > 0 is a constant such that [, V(Z)7(dZ)C < Cp. Therefore, combining (A.92),
(A.97), and the fact of i < n, we can see that the upper bound is given by np"*1Cj, which

concludes the proof of Lemma 1.
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C.4 Lemma 2 and its proof

To facilitate the technical presentation, let us first introduce some necessary notation. For
any D C R¥M*%2 and x € R™ with k; and k, some positive integers, we define the cross-
section at  as D, == {y : (z,y) € D}. A standard operation on D, is described as follows.
If Dy C Dy, then we have that for each x, (D;), C (D), and (D2\D1), = (D2),\(D1).. In
addition, for any set D C R* and x € R*, we denote by D —x the set {y —z : y € D}. The
expectation [ f(z)u(dz) for a measurable function f with respect to some random vector
X with distribution p is written as ka fdu whenever the running variables are obvious.

We also use the product notation in the integration to specify the running variables such

as [ f(xa)p(dry x dxs).

Lemma 2. Let X and'Y be ki-dimensional and ko-dimensional random vectors, respec-
tively. Assume that h : R¥ x R* — [0,1] is a transition kernel such that for each

D e R™, h(X,D) is a version of P(Y € D | X). Then it holds that
1) For each D € R*™*2 and x € R* | D, € RF2.
2) For each D € R¥**2 h(. D)) is R* -measurable.
3) For each D € R¥+% P((X',Y") € D) = [o, px(dz)h(z,D,).

Proof. We begin with showing part 1). Let L be the collection of sets in R***2 satisfying
the required conditions; that is, for each D € L, it holds that for each z € R*, D, € R*=.
Then it is easy to verify that L contains all the rectangles of form A x B, where A € R* and

B € RF2. By the basic set operations, it holds that for each x € R* and E, E; € R¥+k2,

a) (B,) = ({y: (x,y) € B} ={y: (v,y) € B} = (E)q;

b) Ui(Ei)z = Ni((Ei)z) = Mi(Ef)e = (MiEf)2 = (UiEi)z
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Thus, for F, F; € L, we have that £°,U;E; € L. This shows that L is a o-algebra. Since
L contains all the rectangles, we obtain the conclusion in part 1) of Lemma 2.

We next proceed to establish part 2). Since D, is a measurable set, h(x, D,) is a well-
defined function of x. Let L be the collection of sets such that for each D € L, h(-,D.) is

RF-measurable. Since for each A € R* and B € R*2, it holds that

h(l‘, (A X B)x) = h('raB)l{xGA}v

which is a measurable function of x, we can see that L contains all such rectangles.
Moreover, if Dy, Dy € L with Dy C Ds, then it follows that for each z, (D;), C (D), and

(D2\D1)z = (D2)2\(D1)2, and hence

W, (D\D1)z) = h(x, (D2)a\(D1)x) = h(, (D2)x) — h(z, (D1)a).

Observe that the RHS of the equality above is measurable since the subtraction of mea-
surable functions is still measurable. Next, if D; € L and D; C D,,1, by the continuity of
measure, we have that for each x € R* | lim,, ,o, h(z, (UL, D;).) = h(z, (U2,D;),). Thus,
h(z, (U2, D;),) is a measurable function of z, and we have U°, D; € L. This shows that L
is a A\-system containing the set of all the rectangles. Hence, by Lemma 8 in Section C.12,
we see that L contains the o-algebra generated by the set, which concludes the proof for
part 2) of Lemma 2.

Finally, let us show part 3). Note that the RHS of the assertion is well-defined due
to part 2) of Lemma 2. By the definition of the conditional expectation, the change of

variables formula, and the fact that for each x € R*, A € RF, B € R*2,

1{x€A}h<x78> = h(.T, (A X B>CE)7
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we can deduce that

P(X", Y )eAxB) = [ lixcq P(Y € B| X)dP

1ixea h(X,B)dP
(A.98)

\:J\:o\

MX d:17 1{azeA} h(x B)

_ /R ix(de) b, (A x B),),

where () represents the underlying probability space.

Denote by L the collection of sets in RF1+*2 satisfying the required condition; that
is, for each D € L, it holds that P((X ,Y ") € D) = [oy, ux(dz) h(z,(D),). In view
of (A.98), L contains all the rectangles in R¥*™*2. In addition, we will make use of the

following two facts.

a) If D1, Dy € L and Dy C Ds, then an application of similar arguments to those in the

proof for part 2) of Lemma 2 leads to

P(X',Y' ) eD\D)) =P((X Y )eDy) —P(X ,Y ) eD)

which shows that Dy\D; € L.

b) Assume that D; € L for each n and D; C D;y1. Then it follows from the continuity
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of measure, the definition of L, and the monotone convergence theorem that

P(X',Y')euU®,D) = lim P(X ,Y )eD,)

= lim px (dx) h(x, (Dp)s)

n—00 Jpky

n—oo

RF1
Rk1
which shows that U, D; € L.

Therefore, using the aforementioned facts, an application of Lemma 8 leads to the con-

clusion in part 3) of Lemma 2. This completes the proof of Lemma 2.

C.5 Lemma 3 and its proof

Lemma 3. Let X1, Xs, and X3 be ki-dimensional, ko-dimensional, and kz-dimensional

random vectors, respectively, such that for each D € R*3,

P(X3e€D | X,)=P(X;3€D| X, X1). (A.99)
We define a transition kernel h : R x R¥ — [0, 1] such that for each D € R*, h(X o, D)
is a version of P(X3 € D | X3). Then it holds that

1) For each D € R*, (X4, D) is a version of P(X3 € D | X4, X1).

2) For each D € R¥ %k "h(X 5, Dx, x,)) is a version of P((X1, X2, X3) € D | Xo,

Xl).

Proof. We first show part 1). Since h(X2, D) is a version of P(X3 € D | X3), h(X5, D) is
0(Xs)-measurable, and hence o(X 1, X5)-measurable. In conjunction with (A.99) and

the definition of conditional expectation, we see that h(Xs,D) a version of P(X; €
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D | X5, X1). This yields the conclusion in part 1) of Lemma 3. We then establish part 2).
Let us first verify that h(Xs, Dx, x,) is 0(X 1, X3)-measurable for each D € RMThths,

We start with an observation that for each D; € R, D, € R*2, Dy € R*, it holds that
h(X 3, (D1 X Dy X D3)x, x,) = h(X2,D3)1ix,ep,} 1 {x,eD0)

which is o0(X;, Xs)-measurable. ~ This shows that for each Borel rectangle D,
h(Xs,,Dx, x,) is 0(X 1, X2)-measurable. In conjunction with similar arguments to those
in the proof of Lemma 2 in Section C.4, the desired result follows.

Let D € RFiFF2tks he given. Then we will show that for each B € RF1+k2,

/h(X2>DX1,X2) 1{(X17X2)€B} dP
(A.100)

= /P((Xl,XQ,Xg) eD | XQ,Xl) ]-{(Xl,Xg)eB} dP.

The left-hand side of (A.100) is well-defined since h(X,, Dx, x,) is measurable. To show
(A.100), we again apply similar arguments to those in the proof of Lemma 2. Specifically,
let L be the collection of sets in R*¥1+*2+*3 such that (A.100) holds. Since for each D; € R,

D, € RF2, Dy € R¥s, we have

P((XhXQ,Xg) € (Dl X DQ X Dg) | X2,X1)
= P(X?) € Dy ’ X27X1)1{X1€D1}1{X2€Dz}

= h<X27 D3)1{X1€’D1}1{X2€D2}

= h(X5, (D1 X Dy X D3)x,.x,),

it holds that L contains all Borel rectangles D € R¥**2+%3  The remaining arguments fol-
low those in the proof of Lemma 2. Finally, since h(X 2, Dx, x,) is 0(X 1, X3)-measurable,

by (A.100) and the definition of conditional expectation, we can obtain the conclusion in
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part 2) of Lemma 3. This concludes the proof of Lemma 3.

C.6 Lemma 4 and its proof

Lemma 4. Let {U,;} and {V;} be sequences of ki -dimensional and ky-dimensional random
vectors, respectively. Assume that (U;, V';)’s are identically distributed. Then there exists
a transition kernel g : R* x R* — [0,1] such that for each i and D € R*?, g(U;, D) is

a version of P(V,; € D | U;).

Proof. For each (U;, V), there exists a transition kernel g; : R¥ x R¥2 — [0, 1] such that
for each D € R*2, ¢;(U;, D) is a version of P(V; € D | Uy); see, for example, Theorem
4.1.18 of [16]. By this and the fact that puy, = py, for each i, we have that for each

A€ RM and B € RF2,

Lw,cay 9:(U;, B)dP

J
J
[ #0(d0) ey i, B) o
[ 1) Ve 1(.5)

[ v (d0) 1y 1.8

J

Li,cay 01(U;, B)dP,
Q

where 2 represents the underlying probability space, the third and last equalities above
follow from the change of variables formula, and the fourth and fifth equalities above are
due to the assumption of identical distributions. Therefore, it follows from (A.101) and
the definition of conditional expectation that g, (U;, D) is a version of P(V; € D | U;) for

each i and D € R*2. This completes the proof of Lemma 4.
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C.7 Lemma 5 and its proof

Intuitively, Lemma 5 below extracts the total variation distance from a difference of two
integrals. The results are natural, but the arguments are somewhat delicate. We note
that if the density functions fx and fy exist, then it holds that

sup | [ fu(z)as - / Frl2)de] < sup / Fx(2) = fr(2)ldz

DeR

=3 ||NX - MY“TV

However, the same calculation does not apply directly to distributions because the integral
[ lpx (dz) — py (dz)| is not well-defined due to the two dzs inside the integration. Lemma 5

provides valid arguments in such situations.

Lemma 5. 1) Let p1 and v be two probability measures and f : RE — R a measurable

function with 0 < f < 1. Then it holds that

Dseué)}( ) /Df(x)u(dz) — /Df(fB)V(de %Hu— vy -

2) Let p(-,-) : RET x RE2+—— [0, 1] be a transition kernel and p a probability measure
on RE2 such that for each v € RX1 | p(x,-) is dominated by ju. Further let v be a probability

measure on R¥' and 0 < f <1 a measurable function on R%2. Then it holds that

sup
DeRK1+K2

<5 [ vde) o) = nClry-

/ v(de)p(, di) f(2) / v(de)u(di) f ()
P P (A.102)

Proof. We start with proving the first assertion. By the definition of the total variation

distance, we can show that there exists some set A € R¥ such that

[ ) = [ viaa) = 5= vy
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Further it holds that for each B € R¥ with B C A,

/B u(dz) — /B v(dz) > 0.

Let us define D; = AN{x: &t < f(x) < L} for j=1,--+ , M +1 with M some positive
integer. Denote by f a step function such that on D, it holds that f = ﬁ Then we can

deduce that

iD; D; (A.103)
< % </U.D. p(dx) + /UVD V(d:l:))
2
< —.
- M

In light of the construction of D;’s and f above, we have that

fantdn) = [ fawtan =3 [ Fowtan - [ fapids

U;D;j U;D;

=3 ([ o= [ )
(. - [ van)

=5 ||u —Vllpy -

(A.104)

Then it follows from A = U,;D;, (A.103), (A.104), and the fact that the positive integer

M can be arbitrarily large that

)uldz) — /A f(@)w(da

1
)| <508 =Vl (A.105)
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Using similar arguments as above, we can show that

(A.106)

sup
DeRK

Ljumum—éj@W@m tﬁﬂ@mmwiéﬂmmmw

Therefore, combining (A.105) and (A.106) results in the desired conclusion in part 1) of
Lemma 5.

We now proceed with showing the second assertion. Since ||p(z1,-) — p(-)||lz 1S & mea-
surable function in x;, the RHS of (A.102) is well defined. Such a claim can be established
using similar arguments to those in Theorem 5.2.2 of Durrett [16]; for simplicity, we omit
the details. By the assumptions, let fi(z1,z5) be the Radon—Nikodym derivative such

that for each x; € Rt and D € R¥2,

[ e = [ o ouldan)

If ;1 is the Lebesgue measure and for each D € R¥2 p(X,D) is a version of P(Y €
D|X) for some random mappings Y and X dominated by the Lebesgue measure, such
a Radon—Nikodym derivative is usually referred to as the conditional (on the density
function of X') probability density function; for this, see also Example 4.1.6 in [16]. Thus,

for each D € R¥1752 we have that

‘/Dy(dl'l)p(l'l,dl'z)f(l’g)—/Dl/(d$1)ﬂ(d$2)f(x2))

(A.107)
= ‘/ v(dzy)(fi(z1, v2) — D)p(dzs) f(22)|-
D
Next let us define D* as
D imarg suwp [ v(den)(fan,mz) - D) (oo (A.108)
DeRE1+K2 JD
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such that for each A C D*, the integration of (A.108) over A is nonnegative. Then by

(A.107), (A.108), and the assumption of 0 < f < 1, it holds that

sup
DeRK1tK2

< / U(da)(Fo(z1, 32) — 1)paldara).

/ y(dey)p(z, dies) f(2) — / (diey)u(ds) f (z2)
P P (A.109)

Thus, it follows from the definition of f;, Lemma 2, and the definition of the total variation

norm that

[ vl (iaras) = tae)
= [ e plen (D)) - (D)) (A-110)
RA1
1
< [ wldm)s Ipn) = 60y
RE1
Here Lemma 2 is applicable to the integral with u since p can be seen as a transition kernel.

Therefore, combining (A.109) and (A.110) yields the conclusion in part 2) of Lemma 5.

This concludes the proof of Lemma 5.

C.8 Lemma 6 and its proof

Lemma 6. Let {(Y;, X;)} and {(V;,U;)} be two sequences of identically distributed
random vectors with Y ; and X ; ki-dimensional and ko-dimensional, respectively. Assume

that there exists some positive integer K such that for each D; € R* withi=1,--- | K,
PNE{X, €D} | Y, j=1, K)=TLP(X; €Di | Yy),
PNVE U €D} | Vyj=1, K)=TIL,PU, € D; | Vy).

T T

Let us define Y == (Y|, Y, ) and V :=(V|,-- V)", and X and U are defined

simalarly. Then it holds that
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1) There exists a transition kernel h : RE?M x REF2 — [0,1] such that for each B €
REk2 (Y, B) and h(V,B) are versions of P(X € B|Y) and P(U € B | V),

respectively.

2) We have

sup
DeRK(k1+ka)

P((Y".X") eD) —B((V'.U") €D)| < 5l = vy

N | —

where jy and py denote the distributions of Y and V', respectively.

Proof. By assumption, it holds that for each A € RX* and B; € R* withi=1,--- , K,

K

(Y, X") € Ax (X B) =E[liyen P( N, {X; € B} | Y)]
i=1 (A.111)
- E[l{YEA} Hf;IP’(XZ- € B, | Y)}
where Xfil B; = (By,- -, Bg). Similarly, we can show that
T T K
P(V',U") € Ax (X B;)) = E[l{VGA} HfilIP’(U,- € B | Vﬂ (A.112)
i=1

Since (YZ-T,X j) and (VZ-T, Uj) with ¢ > 1 are identically distributed, by Lemma 4 in
Section C.6, there exists a transition kernel hy such that for each i and D € R*2, hy(Y;, D)
and hy(V;, D) are versions of P(X,; € D | Y;) and P(U; € D | V), respectively.

Let us define hy : RE# x REF2 — [0, 1] such that for each 2 = (2, --- ,xy) € REM,

hy(z,-) is a probability measure such that for each D; € R* with i =1,--- | K,

K
ho(x, X D;) = 11X hy (z, D). (A.113)

=1

We make a useful claim below.
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Claim 1. hy is a transition kernel satisfying (A.113).

The proof of Claim 1 is provided in Section C.10. Then it follows from (A.111), (A.112),

and Claim 1 above that for each B; € R* withi=1,--- , K,

K

B(Y'. X") € Ax (X B) = E[Lyyew TEP(X € B, | V)]
=1 -
—E|Lyen T i (Y5 B;)| (A114)
ﬁ K
=E _1{YeA} ha (Y, Z>:<1 Bz>:| ;
and similarly,

K K

P(V',U" ) e Ax (X Bi) =E [1{%4} hy (V, X BZ-)} . (A.115)

i=1 i=1
By the construction of he, (A.114), (A.115), and Lemma 8 in Section C.12, it holds
that for each A € RE* and B € RE*2,

P(Y , X' )eAxB)) = E[l{YGA} ha (YvBﬂ’ (A.116)

P(V'.U") € Ax B) =E[Live ho(V.B)].
Since hy is a transition kernel, we see that for each B € RE*2 hy(Y,B) is o(Y)-
measurable. Thus, in view of (A.116) we have that for each B € R¥* hy(Y,B) is a
version of P(X € B |Y). A similar result for V' and U can also be obtained, which leads
to the first assertion.

Finally, by Lemma 2 and Lemma 5 in Sections C.4 and C.7, respectively, we can deduce
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that for each D € REki+k2)

(Y, x")eD)-P(V'.U") D)
_ ‘ /R o, D2, D)o (der) /R " hg(x,D)uV(dg;)) (A117)

< = lpy = ooy,

N | —

which yields the second assertion. This completes the proof of Lemma 6.

C.9 Lemma 7 and its proof

Let U and V be the knockoffs counterparts of r x ¢ design matrices U and V', respectively.
The corresponding response vectors are denoted as w and v, respectively. Lemma 7 below
ensures that the knockoffs matrix construction does not cause additional variation in the

distribution in terms of the total variation distance.

Lemma 7. Assume that 1) the rows of (U,U) and (V, V) are identically distributed, 2)
the row vectors of U are independent random vectors conditional on U, 3) the ith row
of U is independent of the other rows of U conditional on the ith row of U, and 4) u
15 independent of U conditional on U. In addition, we assume the same for (v,V, ‘7)

Then it holds that

~ ~ 1
sup P((u, U,U) e D) - P((U, V.V)e D)‘ < 5 [, = to, v |y
DeRr(142c)
and
~ ~ 1
swp [P((,8) e D) ~B((V.¥) € D)| < 5 lluw — vy -
DeR?2re

Proof. We start with showing the first assertion. Denote the ¢th rows of U and U by ﬁi.
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and U, respectively. Then for each D; € R", we have that

P(ﬂgzl{ﬁi- € Di}U) = HleIP’(ﬁi, € D;|U)

= Hlep(iji. € Dz‘Uzo)a

where the first equality follows from assumption 2) and the second one is due to assumption
3). By this, an application of Lemma 6 shows that there exists a transition kernel h :
R x R" +— [0,1] such that for each D € R™, h(U,D) and h(V,D) are versions of
P(U € D |U) and P(V € D | V), respectively.

We will make use of the claim below.

Claim 2. For each D € R"1+29) it holds that

P((w,U,T) € D) = / B(22, D o) prus(dz1 X das),

Rr(1+c)

P((v,V,V) € D) = / W2, Dy, 2y) fho.y (dzy X day),

Rr(1+c)

where x1 and xo denote r-dimensional and (rc)-dimensional vectors, respectively.

The proof of Claim 2 is presented in Section C.11. Then it follows from Claim 2 above,

Lemma 5, and the fact of 0 < h < 1 that for each D € R"1+2¢),

‘IP’((’U,, U,U)eD)—P((v,V,V) e D)(

N )/ ( )h(xg’pm’“)uup(dxl x dzy) _/ h(22, Day ) pho,v (dr1 X dva)
RT 14+c

Rr(1+c)

S H,U/u,U - ,uv,VHTV y

N —

which leads to the conclusion in the first assertion. Using similar arguments as above, we

can establish the second assertion. This concludes the proof of Lemma 7.
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C.10 Proof of Claim 1

Note that given z, the existence of the probability measure ho(z,-) is guaranteed by
an application of Theorem 1.7.1 in [16]. Let L be the collection of sets such that if
D € L, hyo(x,D) is a measurable function of x. We will make three observations due to
the definition of he. (i) L contains all Borel rectangles since the product of measurable
functions is still a measurable function. (ii) For Dy, Dy € L with D; C D, it holds that
ha(+, D2\Dy) is measurable and hence Dy\Dy € L. (iii) For D; C Dyy1, D; € L, and
D = U2, D;, we have

hao(, D) = sup ha(-, D)

which is measurable, and thus D € L. Therefore, it follows from these facts and Lemma 8
in Section C.12 that for each D € R%*2_ hy(-, D) is measurable. This completes the proof

of Claim 1.

C.11 Proof of Claim 2

Let us first show the first assertion. For each Borel rectangle A; x A; x A3 € R"XR™XR"™,

it holds that

P((u,U, ﬁ) €A x Ay x A3) = E[l{(u,U)eAlez} P(ﬁ € As | u,U)
= ]E|:1{(u,U)EA1><A2} P(ﬁ - A3 | U)i|

= / o h(iL‘Q, (./41 X .AQ X Ag)th),uu’U(d.fl X dl’z),
Rr(1+c

where the second equality is due to the assumption of Lemma 7 and the last equality is

because of the definition of k. Let L be a collection of sets in R"1+2¢) such that if D € L,

P((u,U,U) € D) = / W22, Dy, ) fuw (day X diy).

Rr(1+c)
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Then we can see that L contains all Borel rectangles which collection is a 7-system.

Let us make a few observations below.

1) The set L contains R"(1+2¢),

2) If D;,Dy € L and D; C Dy, then some basic measure and integration operations as

well as the operation of D, give that

P((w,U,U) € D\Dy) = P((w,U,U) € Dy) — P((w,U,U) € D)
= /RT(HC) (h(l'% (D2>1’1,x2) - h([EQ; (Dl)th)) Mu,U(dJ71 X dx2)

= / h(QJ?? (DQ\Dl)zl,zz) ,uu,U(dl’l X dIQ)’
Rr(1+¢)

which leads to Dy\D; € L.

3) It D, € L and D,, C D,,1, then it follows from the continuity of measure and the

monotone convergence theorem that

P((u,U,U) € U,D,) =limP((uw,U,U) € D,)

= lim h(x2, (Dn)y as) Puu(dzy X dag)

n Rr(1+c)

= / h('];Z: (UnDn)xl,xg) ﬂu,U(dxl X dx?)a
Rr(l+c)

which results in U, D,, € L.

Therefore, using the aforementioned facts, an application of Lemma 8 in Section C.12
yields the conclusion in the first assertion. The conclusion in the second assertion can be

shown in a similar fashion, which concludes the proof of Claim 2.

C.12 Lemma 8

Definition (7-system and A-system). A collection of sets P is said to be a mw-system if

forany A,B€ P, ANB € P. A collection L of sets in ) is said to be a A-system if
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1) Qe L;

2) IfAC B and A,B € L, then B\A € L;

3) If A, € L and A,, C A,4q, then U, A, € L.

Lemma 8 (7 — A Theorem in [16]). If P is a w-system and L is a \-system that contains

P, then the smallest o-algebra containing P is also contained in L.
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