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This Supplementary Material contains a bootstrap estimator for the distribution of TDNN,
an application of TDNN in heterogeneous treatment effect estimation and inference, some
additional simulation results, and the proofs of all main results and key lemmas, as well as

some additional technical details.

A Bootstrap estimator for distribution of TDNN

We now provide an alternative bootstrap method for directly estimating the distribution
of the TDNN estimator. Denote by P* the distribution of a bootstrap sample (Z7,--- ,Z})
with replacement conditional on the original n observations (Zi,--- ,Z,). Let us define
0*=E [(I)*<X; Zi,---, Z;))‘Zl, e Zn] , where the expectation is taken with respect to the
resampling distribution P*. Recall that {(Xn), Y1), -+, (X(m), Yin))} is the ascendingly
ordered sample by the distance of X; to the given point x. Using the result in Biau et al.
(2010), we can show that
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The theorem below shows that the conditional distribution of the bootstrapped TDNN

estimator is asymptotically equivalent to the distribution of the TDNN estimator.



Theorem 7. Assume that all the conditions of Theorem 6 are satisfied. Then we have that
as n — oo,

sup P*{(sz/n)_l/Q[D;fL(sl, s9)(x) —0%] < u} A2
u€R .2

— ]P){(SQ/n)_l/2[Dn(81, So)(x) — pu(x) — A] < UH = 0,(1).

Theorem 7 lays the theoretical foundation for directly estimating the distribution of the
TDNN estimator with the bootstrap. The Glivenko—Cantelli theorem implies that the em-
pirical distribution of i.i.d. observations converges uniformly to the underlying true distri-
bution almost surely as the number of observations grows to infinity. Therefore, practically,
we can generate B i.i.d. bootstrap samples {(Z; ,--- ,Z;,,) hi<p<p from (Zy,--- , Z,) with
replacement for a relatively large value of B. Then we can approximate the distribution
P{D,(s1,52)(x) — u(x) — A < u} using B~ 1{DY (51, 55)(x) — 6* < u} with 1{}
representing the indicator function, which is the empirical distribution of DZ(sq, s2)(x)
based on the B bootstrap samples. As a consequence, any quantile of the distribution of
D, (s1, 82)(x)—pu(x)—A can be approximated by that of the empirical bootstrap distribution
B 'SP 1{Dx(s1,52)(x) — 6* < u}. Accordingly, for each given o € (0,1), the two-sided
(1 — a)-level confidence interval for the mean regression function p(x) can be constructed
as [Dy(s1, $2)(x) — (a,a/g —0%), Dy (51, 82)(x) — (Ea/z —0*)] , where Ea/z and é\l,a/g denote
the ath and (1 — a)th sample quantiles of the bootstrap samples {D,(lb)(sl, $2)(x) h<v<,

respectively.

B Application to heterogeneous treatment effect esti-
mation and inference

As an application, we discuss in this section how to exploit the suggested TDNN method to

estimate and infer the treatment effects in the potential outcomes model framework (Rubin,
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1974; Imbens and Rubin, 2015). The problems of treatment effect estimation and inference
have broad applications in a wide variety of scientific areas, ranging from economics to
medical studies. In particular, the estimation and inference of the heterogeneous treatment
effect (HTE) which focuses on the unit level effect by considering the treatment effect
conditional on the pre-treatment covariates have received rapidly growing attention in
recent years because of their ability to provide information that the average treatment
effect (ATE) cannot provide. For some recent developments, see, e.g., Crump et al. (2008);
Lee (2009); Wager and Athey (2018); Wager et al. (2014); Shalit et al. (2017); Hahn et al.
(2020); Powers et al. (2017); Zaidi and Mukherjee (2018).

Among the existing literature, the causal k&-NN (Hitsch and Misra (2018)) is most closely
related to our approach. This method estimates the treatment effect function by taking
the difference of two separate k-NN regression function estimates for the treatment group
and control group, respectively. The tuning parameter of neighborhood size k was chosen
by minimizing the squared difference between the estimated treatment effect function and
the propensity score weighted response. However, there lacks theoretical justification for
the causal £-NN estimator.

Let Yr—; € R and Yr—y € R represent the potential outcomes for the treatment and
control groups, respectively, where T' denotes the treatment indicator with 7" = 1 repre-
senting treated and 7" = 0 being untreated. Then the observed scalar response can be
written as

Y =TYr_ 4+ (1=T) Yr_.

Denote by X € R? the random feature vector for an individual. We consider the randomized
experiment setting which amounts to the choice of constant treatment propensity P(7" =
11X, Yr—1,Yr—y) = 1/2. Here, 1/2 can be replaced with any other constant in (0, 1). Given

a fixed feature vector x € RY, the heterogeneous treatment effect (HTE) of treatment 7" on



response Y is defined as

7(x) = E[Yro1 — Yr—o|X = x]. (A.3)

Since the setting of randomized experiments entails the unconfoundedness given by
(Yr—o,Yr—1) 1L T | X, our goal of HTE estimation and inference for (A.3) reduces to
the problem of nonparametric regression applied separately to the treatment and control

groups, giving rise to

7(x) = E[Yr—1|X = x] — E[Y7-9| X = X]

=EY|X=x,T=1-EY|X=x,T=0]. (A.4)
Specifically, let us consider the nonparametric regression model for the treatment group
Yror = p(X) + ¢,

where p(X) = E[Y7-1]|X] denotes the true mean regression function and the model error e
with zero mean and finite variance is independent of d-dimensional random feature vector
X. Similarly, we can introduce the corresponding nonparametric regression model for the
control group; see Section 3.2 for more detailed technical descriptions. We will separately
apply TDNN to the control and treatment groups and then combine the resulting estimators
together using (A.4) to estimate the heterogeneous treatment effect.

To formally present the asymptotic theory, let us first introduce some necessary nota-
tion. Denote by n; and ng the sizes of the i.i.d. samples from the treatment and control
groups, respectively. The assumption of completely randomized experiments entails that
ng/ny %5 1 as n — oo and the two samples for the treatment and control groups are
independent of each other. Let x € supp(X;) N supp(Xy) be a fixed feature vector, where
supp(X;) and supp(Xy) stand for the supports of the corresponding feature distributions
for the treatment and control groups, respectively. Similarly, denote by pus(-) and pg(+)

the true mean regression functions corresponding to responses Y7—; and Y7—g, respectively,
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and ¢; and ¢; the model errors, with the subscript indicating the treatment and control
groups, respectively. Then we can construct two individual two-scale DNN estimators
DY (sgl), sg))(x) and D%%)(sgo), séo))(x) separately based on the treatment and control sam-
ples with pairs of subsampling scales (sgl), sgl)) and (sgo), séo)), respectively.

In view of (A.4), the population version of the heterogeneous treatment effect at the

fixed vector x is given by
7(x) = p(x) = po(x). (A.5)

We estimate 7(x) using the following TDNN heterogeneous treatment effect estimator
7(x) = DY (st 55”)(x) = D) (51" 5”) (0. (A.6)

The theorem below characterizes the asymptotic distribution of the TDNN HTE estimator

7(x).

Theorem 8. Assume that Conditions 1-3 with the subscripts attached hold for both treat-
ment and control groups. Further assume that sgi) — 00, sg) = o(n), and there exist
some constants 0 < ¢; < ¢y < 1 such that ¢; < sgi)/s;i) < ¢y fori = 0,1. Then for any
fized x € supp(X;) Nsupp(Xy) C RY, it holds that for some positive sequence o, of order
{(s” + 537) /)2,

(DR (517, 85”)(¢) = D (5, )R =700 =& 2 o) (A7)

On

as n — oo, where A = O{(s{")=4/4 4 (s{V)=4/d 4 ($\)=4/d 1 (sOV-44Y for d > 2 and
A=Of(s”) 7+ ()2 + (57) 2 (52) 0} Jor d = 1.

As explained before, the sequence o, in Theorem 8 above is a generic notation rep-

resenting the asymptotic standard deviation of the TDNN heterogeneous treatment effect

)

estimator. We see that the subsampling scales need to satisfy that sg — 00 and sg) =o(n)



for i = 0,1. The asymptotic bias of the TDNN estimator 7(x) is only of the second or-
der O{(s\") 4/ 4 ({474 4 (=474 1 (s0)=4/d} for ¢ > 2 and O{(s{V) =3 + (s8)) 2 +
(s34 (s{)=3) for d = 1. The asymptotic variance identified in Theorems 3 and 8 de-
pends generally on the underlying distributions and the fixed vector x, whose complicated
form calls for a need to develop practical approaches to the estimation of the asymptotic
variance for the TDNN estimator.

For the practical implementation of TDNN for the HTE inference, we advocate the
use of the L-statistic representation. Since the single-scale DNN estimator is an L-statistic
as shown in Lemma 1, the two-scale DNN estimator, which is a linear combination of a
pair of single-scale DNN estimators, is still an L-statistic. We thus can construct a pair of
two-scale DNN estimators separately based on the treatment and control subsamples and
then take a difference. As suggested by Theorems 6 and 7, we can further bootstrap such
difference by resampling within each group to provide tight heterogeneous treatment effect
inference. Therefore, the two-scale procedure of TDNN coupled with the bootstrap enjoys

both theoretical justifications and computational scalability.

C Additional simulation results

C.1 Comparison with A-NN

We repeat the same simulation study as in Section 5.1 of the main text using the k-NN
estimator by varying the neighborhood size k from 1 to 200. The performance of the k-NN
estimator is shown in Figure 2. From Figure 2, we see that the finite-sample bias of k-NN
tends to increase with the neighborhood size k, which is sensible since moving further away
from the fixed test point incurs naturally inflated bias. The MSE plot in Figure 2 shows a

similar U-shaped pattern of the bias-variance tradeoff. In contrast, the minimum value of



the MSE attained by £-NN is 0.1273, which is outperformed by both the single-scale DNN
and TDNN.
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Figure 2: The bias and MSE results for k-NN in Section 5.1.

Fixed Test Point Random Test Points

Method MSE Bias? Variance MSE Bias? Variance

DNN  0.0402 0.0038 0.0270 0.1337 0.0815 0.0404
E-NN  0.0488 0.0024 0.0470 0.1826 0.1305 0.0499
TDNN 0.0259 0.0005 0.0252 0.1284 0.0388 0.0649

Table 4: A modified version of the comparison of DNN, k-NN, and TDNN in simulation
setting 1 as described in Section 5.2, but with the random feature vector X drawn from

U([0,1]3) instead of N(0, I3).

C.2 Simulation setting 1 with uniform design

We repeat simulation setting 1 as described in Section 5.2, but now with random feature

vector X ~ U([0, 1]7) as opposed to the Gaussian design used in the original model setting.
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All the parameter settings stay the same as in Section 5.2. From the results in Table 4, we
can see that TDNN improve substantially over both DNN and £-NN. Moreover, compared
to the results in Table 1 under the Gaussian design, the average MSEs for random test
points under the uniform design are now much smaller and closer to the MSE for the fixed

test point.

C.3 Simulation setting 3 for HTE estimation and inference

The first two simulation examples in Section 5.2 demonstrate the estimation accuracy
of TDNN for general nonparametric regression and the third one will focus on the het-
erogeneous treatment effect (HTE) estimation and inference with the confidence interval
coverage. We use a modified version of the second simulation setting for causal inference

in Wager and Athey (2018).

Setting 3. Assume that the treatment propensity e(x) = 0.5, the main effect m(x) = é(:r;l—
1) for the control group, and the treatment effect 7(x) = ¢(x1)s(x2)s(x3) with ¢(x) = 1+{1+
exp(—20(xz—3))} " for the treatment group, where x = (x1,--- ,x,)". Further assume that
the feature vector X ~ U([0,1]P) and the regression error e ~ N(0,1) independent of X for

both groups. We increase the ambient dimensionality p along the sequence {3,5,10,15,20}.

As with simulation setting 2, we evaluate the performance of the three nonparametric
learning and inference methods at a fixed test point chosen as x1 = 0.2, x5 = 0.4, z3 = 0.6,
and z; = 0.5 for j > 3 as well as for a set of 100 test points randomly drawn from the
hypercube [0, 1]?. For the TDNN estimator, the ratio ¢ = s5/s; is chosen from the sequence
{2,4,6,8,10, 15,20, 25,30} for random test points and we fix ¢ = 2 for the fixed test point
for simplicity. The subsampling scale s; is chosen from the interval [Sggn, 2Ssign] for each
given ¢, where sgg, is given by the sign-change tuning process introduced at the beginning

of Section 5. We apply the TDNN estimator to the treatment group and control group
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Fixed Test Point Random Test Points

Method p MSE Bias? Variance Coverage Width ~MSE Bias? Variance Coverage Width

DNN 3 0.1511 0.0414 0.0977  0.816 1.1541 0.3152 0.1580 0.1066  0.6727 1.2215
E-NN 3 0.1269 0.0517 0.0756 0.856 1.0702 0.3916 0.3130 0.0733  0.5340 1.0511
TDNN 3 0.0899 0.0145 0.0836 0.948 1.1236 0.3022 0.0672 0.1670  0.8196 1.5124
DNN 5 0.1706 0.0430 0.0967  0.801 1.1551 0.3204 0.1612 0.1061  0.6707 1.2188
E-NN 5 0.1320 0.0560 0.0752 0.852 1.0676 0.4013 0.3208 0.0731  0.5262 1.0499
TDNN 5 0.1008 0.0168 0.0833 0.915 1.1209 0.3063 0.0704 0.1668 0.8162 1.5112

DNN 10 0.1600 0.0364 0.0987  0.833 1.1647 0.3337 0.1718 0.1083  0.6635 1.2305
E-NN 10 0.1302 0.0489 0.0780 0.869 1.0866 0.4154 0.3325 0.0750  0.5251 1.0627
TDNN 10 0.1014 0.0113 0.0852 0.934 1.1318 0.3174 0.0764 0.1722  0.8143 1.5336

DNN 15 0.1687 0.0313 0.1019 0.825 1.1808 0.3428 0.1782 0.1093  0.6608 1.2361
E-NN 15 0.1287 0.0500 0.0782 0.872 1.0868 0.4291 0.3427 0.0759  0.5201 1.0682
TDNN 15 0.1021 0.0109 0.0888 0.923 1.1536 0.3237 0.0791 0.1746  0.8124 1.5445

DNN 20 0.1628 0.0382 0.0985 0.820 1.1669 0.3394 0.1757 0.1094 0.6642 1.2368
k-NN 20 0.1330 0.0497 0.0798 0.877 1.0981 0.4232 0.3366 0.0764  0.5248 1.0721
TDNN 20 0.1061 0.0125 0.0892 0.927 1.1564 0.3215 0.0772 0.1748  0.8144 1.5464

Table 5: Comparison of DNN, k-NN, and TDNN in simulation setting 3 described in
Section C.3.



separately, and then take the difference between the TDNN estimators for the two groups
to estimate the HTE. In addition, we also report the coverage probability of 95% confidence
intervals for the HTE constructed based on the asymptotic normality results established in
Section B. The DNN and k-NN estimators are similarly applied for estimation and inference
of the HTE. In particular, we see from the results in Table 5 that the TDNN estimator
indeed provides lower MSEs for HTE estimation and valid confidence intervals for HTE

inference with higher coverage compared to the DNN and k-NN estimators.

D Proofs of main results

D.1 Proof of Theorem 1

Let us investigate the higher-order asymptotic expansion for the bias term of the single-scale
distributional nearest neighbors (DNN) estimator D, (s)(x) introduced in (5) under the
asymptotic setting when the subsampling scale s — oo as the sample size n increases. Recall
that the target point x is a given vector inside the domain supp(X) C R? of the covariate
distribution, where the feature dimensionality d is assumed to be fixed for simplifying the
technical presentation of our work. The main idea of the proof is to first consider the specific
case of s = n in Lemma 5 in Section E.4, and then analyze the general case of s — oo by
exploiting the projection of the mean function u(X) = E(Y|X) onto the positive half line
R, = [0, 00) given by || X — x|| in Lemma 6 in Section E.5.

Since {i1, -+ ,is} is a random subsample of {1,--- n} with subsampling scale s, in

view of (4) and (5) we have
ED”(S>(X) :Eq)(x7zllu igy T 7Zis>
=E Df(l)(zin i2) """ le)]

=E [m(r(l))(zip Ly, -, Zis)]’ (A8)
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where the kernel ®(x; ) in the U-statistic representation of the DNN estimator is simply the
I-nearest neighbor (INN) estimator Y{;)(-) given by the response for the closest neighbor

Xi,, of x in the random subsample {X; ,---,X;, } with Z;, denoting (X;,,Y;,), m(r) =

i)
E(Y | ||X — x]|| = r) is the projection of the mean function p(X) onto the positive half line

introduced in (A.111) in Lemma 6, and 71y = || X;,, — x||. The representation in (A.8)

i(1)
provides a useful starting point for our technical analysis.

From (A.8) above, we see that it is necessary to first study the asymptotic behavior
of term r(;). Without loss of generality, for this step we can simply replace parameter
s with parameter n since both subsample size s and full sample size n are assumed to

diverge simultaneously. With such a notational simplification, the INN X, = of x in the

i(1)

subsample becomes the INN Xy of x in the full sample and thus ;) = || Xq) — x||. We
see from Lemma 5 that Er%l) = E||X(1) — x||? admits a higher-order asymptotic expansion
with explicit constants provided for the first two leading orders, which are n=2/¢ and n=%/¢,
respectively, for d > 2 as shown in (A.97) and (A.98), and n=2 and n~3, respectively, for
d =1 as shown in (A.98). To apply such an asymptotic expansion in Lemma 5 to the term

ray = || X5, — x| in (A.8), we now need to replace parameter n back with parameter s,

i(1)

which also diverges by assumption.
A natural next step is to consider the expectation on the right-hand side of (A.8) by

conditioning on 71y = | X x||. Indeed, this motivates us to investigate the higher-order

i
asymptotic expansion of the projected mean function m(r) = E(Y | || X—x|| = r) in Lemma

2 and r*

6, where r — 0 and some constants are given for the first two leading orders r
in (A.113). Observe that the asymptotic regime of » — 0 is reasonable since it has been

shown by Lemma 2.2 in Biau and Devroye (2015) that 71y = ||X;,, —x|| — 0 almost surely

i
as s — 00.
Based on the expansion of E||X ;) —x||* under different regimes of d provided in (A.96)-

(A.98) in Lemma 5, we can see that there are two cases for the expansion of E||X ) — x||?.
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Specifically, the first two leading orders are n=2 and n=2 for d = 1, while the first two
leading orders are n=2/? and n~=%? for d > 2. Thus, we calculate E D,,(s)(x) for d > 2 and
d = 1, separately.

First, for the case of d = 1, combining the arguments above using (A.96) and Lemma

6, from (A.8) we can deduce that

E Dy(s)(x) = p(x) + Jx)tr(p ”<);)c)l }L(i)u ) F(x)
B fEOtr(p(x) + 24/ (x)" f'(x)
= pu(x) 2d ()
" (F(z/d +1) 2 _ ( ['2/d+2) ) s(1+2/d>)
(f(x)Va)2/d d(f(x)Va)*
I'(4/d+1) Yl | (- (142/a)

(F)VayH’®
_ ix f)tr(p (%) + 2 4/ (x)" f'(x)
= u(x)+T(2/d+1) 2V f(xy2ra

+ Oy

s~ 4 R(s), (A.9)

where R(s) = O(s™%). In addition, I'(-) denotes the gamma function, V; = 1,(%;2/2), f(x)
and p/(x) represent the first-order gradients of f(x) and u(x) at x, respectively, p”(x)
denotes the Hessian matrix of u(-) at x, Oy is some constant given in Lemma 6, and tr(-)
stands for the trace operator.

We proceed to prove for the case of d > 2. In the same fashion of deriving (A.9),
applying (A.97)-(A.98) and Lemma 6, from (A.8) we can obtain that

E D, (s)(x) = u(x) + f)tr(p(x)) + 24 (x)" (%)

]ET(21) + O4ET?1)

24 1)
oy FOORG00) T 2T (TR e et
Heo+ 24 1) (e - 0t L)
I'(4/d+1) G (g1
FOG v
o PO 0) + 20 00" F) aga
= u(x)+I'(2/d+ 1) 2dVd2/df(x)2/d+1 + R(s), (A.10)
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where R(s) = O(s~%/%).

Therefore, combining the above results, we obtain the desired higher-order asymptotic
expansion for the bias term of the single-scale DNN estimator B(s) = E D,,(s)(x) — u(x).
This completes the proof of Theorem 1.

D.2 Proof of Theorem 2

We now proceed to prove the asymptotic normality of the single-scale DNN estimator
D, (s)(x). Recall that in Theorem 1, the higher-order asymptotic expansion for the bias
term B(s) of D, (s)(x) requires the assumption that the subsampling scale s — oo as sample
size n increases. As shown in the proof of Theorem 1 in Section D.1, the single-scale DNN
estimator D, (s)(x) reduces to the 1NN estimator when we choose s = n, since in such a
case, there is a single subsample with size s = n, i.e., the full sample. We immediately
realize that although the choice of s = n satisfies the need on the bias side, it does not
make the variance shrink asymptotically. Intuitively, we would need to form the empirical
average over a diverging number of such individual estimates in order to establish the
desired asymptotic normality. This naturally calls for the assumption of s = o(n), which
entails that the total number of these individual estimates (78‘) diverges as sample size n
increases. Thus we will work with the asymptotic regime of subsampling scale with s — oo
and s = o(n).

In view of the U-statistic representation of D, (s)(x) given in (5), a natural idea of
the proof for the asymptotic normality of the single-scale DNN estimator is to exploit the
asymptotic theory of the U-statistic framework. However, the classical U-statistic asymp-
totic theory is not readily applicable due to the common assumption of fized subsampling
scale s. In contrast, as discussed above, our asymptotic analysis needs the opposite assump-
tion of diverging subsampling scale s, i.e., s — 0o. Such a discrepancy causes additional

technical challenges when we derive the asymptotic normality.
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Let us first exploit Hoeffding’s canonical decomposition introduced in Hoeffding (1948),
which is an extension of the projection idea. For each 1 < i < s, we define the centered

conditional expectation

O,(x;21, - ,2) = E[®(X;21,+ ,2Zi, Lit1, , Ls) |21, -, Zi]

—EB(x;Zy, -, Zy), (A.11)

where ®(x; ) is the kernel defined in (4) for the U-statistic representation of the single-scale
DNN estimator. Then in light of (A.11), for each 1 < i < s we can successively define the
canonical term
i—1
gi(x;21, - - ,zi):;ﬁi(x;zl,--- ’Zi)_z Z 9i(X; Zay, -+ 5 Za,), (A.12)
J=1 1<a1 <--<a; <t
where g1(x;z,) = ®1(x;2;) by definition. Combining (4), (A.11), and (A.12), we see that
the kernel ®(x;-) can be rewritten as a sum of the canonical terms

O(x; 21, L) —BO(X; Zy, - Z) =Y Y gi(%5 %0y Zay). (A3)

J=1 1<a1 <--<a;<s

Moreover, it holds that

S

Var(®(x; Zy, -, Zy) = Y (8> Var(g;(x; Z1, -+, Z;)). (A.14)
A J
7j=1
The above Hoeffding’s canonical decomposition in (A.13) plays an important role in estab-

lishing the asymptotic normality.

In view of (5), (A.11), and (A.13), we can deduce that

Do(s) —E D, (s) = (Z)_l S (%2 2y, Z)

1< << <is<n

() UGS () 3 s

i1=1 1<i1<2<n

+ <Z:j) Z gs(x; Zilvziza"' 7Zis)}- (A.15)

1<i1<ig < <is<n
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From the above Hoeffding’s canonical decomposition in (A.15) for the single-scale DNN
estimator, we see that the Héjek projection introduced in Héjek (1968) of the centered
DNN estimator D,,(s) —ED,(s) is given by

D= (1) (")) Zg (%), (A16)

which is the first-order part of the decomposition in (A.15).
A useful observation is that the Héjek projection given in (A.16) involves the sum of

some independent and identically distributed (i.i.d.) terms. Denote by o2 the variance of

the Hajek projection. Then it follows from ¢;(x;z1) = ®1(x;2;) and (A.11) that

2 ~

o2 = Var(ﬁn(s)) = %Var(@l(x; Zy))

2 52

s

= EVar(él(x; Z,))) = I (A.17)

where the non-centered conditional expectation ®4(x;Z;) is defined later in (A.128) and

7y is defined as the variance of ®;(x;Z;). From (A.11), we see that each term ¢;(x;Z;) =

531(x; Z;) of the i.i.d. sum in (A.16) has zero mean. Thus by (A.17), an application of the
Lindeberg-Lévy central limit theorem in Borovkov (2013) leads to

Da(s)

On

5 N(0,1), (A.18)

which establishes the asymptotic normality of the Hajek projection ZA?n(s)

Finally, we aim to show that similar asymptotic normality as above holds when the
Héjek projection ﬁn(s) in the numerator on the left-hand side of (A.18) is replaced with
the centered single-scale DNN estimator D,,(s)(x) —E D, (s)(x) = D,(s)(x) — u(x) — B(s),
where B(s) is the bias term identified in Theorem 1. With the aid of Slutsky’s lemma, we

see that it suffices to show that

= op(1). (A.19)



Following Lemma 3.3 in Wager and Athey (2018) and replacing “tree in forest” with “kernel
in U-statistics” in the proof, we can easily see that

2

E[D,(s) —ED,(s) — ﬁn(s)}z < 8—2 Var(®(x;Zq,- -+ ,Zy)). (A.20)
n
It remains to bound the variance term Var(®(x;Zy,--- ,Z;)) above.

By Lemma 7 in Section E.6, we have an important result that
Var(®(x;Zy,- -+ ,Zs)) = o(nn). (A.21)

Combining (A.17), (A.20), and (A.21), it holds that

~

D,(s) - ED;:@ - Dn<s>>] . {é;—i(nm)}

n

E

n s

~0 {——(nm)} = o(1). (A.22)

21 n?
Therefore, we are ready to see that (A.22) entails the desired claim (A.19). Finally, by

(A.17) and (A.133) obtained in the proof of Lemma 7 in Section E.6, we see that o, is of

order (s/n)%/2, which concludes the proof of Theorem 2.

D.3 Proof of Theorem 3

We further prove the asymptotic normality of the two-scale DNN estimator D,,(s1, s2)(x)
introduced in (11). It is worth mentioning that Theorem 3 is not a simple consequence
of Theorem 2 since the marginal asymptotic normalities do not necessarily lead to the
joint asymptotic normality. This means that we need to analyze the two single-scale DNN
estimators involved in the definition of the two-scale DNN estimator in a joint fashion. To
this end, we will exploit the ideas in the proof of Theorem 2 in Section D.2. To facilitate
the technical analysis, some key technical tools are provided in Lemmas 8-10 in Sections

E.7-E.9, respectively.
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Without loss of generality, let us assume that s; < sy for the two subsampling scales.
In particular, we make the assumptions that s1, s5 — 00, $1, 50 = 0(n), and ¢; < s51/59 < o
for some constants 0 < ¢; < ¢ < 1. From Lemma 8 in Section E.7, we see that the
two-scale DNN estimator D,,(s1, s2)(x) is also a U-statistic of order s, with a new kernel
O*(x;Z1,Zs, - - - ,Zs,) introduced later in (A.135). Thus Hoeffding’s canonical decompo-
sition for U-statistics can be applied to derive the asymptotic normality of the two-scale

DNN estimator. For each 1 <17 < s, let us define

(P;jk(x;zh'” azi) :E[Cb*(x7zl7 7Ziazi+1a"' 7Z82)|Z17"' 7Zi]7 (A23>

g:(x;zlv"' 7Zz‘) :‘I)%k(x;zl,"' 7Zi)—Eq’f(X§Zla"' ,Z,»)

i—1
- Z Z g;k (X; Zay, 7Z0<]-); (A24>

J=1 1§a1<-~~<o¢j§i

where g7 (x;2z1) = ®j(x;21) — E®}(x;Z;) by definition. We further define
Var ®* = Var(®*(x;Z1,Zs,- -+ ,Zs,)) and nj = Var(®i(x;Z;)). (A.25)

In view of (11), (A.23), and (A.24), an application of similar U-statistic and Hoeffding’s
canonical decomposition arguments to those in the proof of Theorem 2 in Section D.2

entails that
(n™"s3n7) "/ (Dn(s1, 52) (%) — E[Dy (51, 52) (x)]) (A.26)

can be approximated by the first-order part of Hoeffding’s canonical decomposition that
converges to a normal distribution with the remainders asymptotically negligible, where 7]

is given in (A.25). More specifically, denote by

A~ S n
Dy (s1,55) = f > gi(x:Z), (A.27)
=1

17



where ¢} (x; Z;) is defined in (A.24). It follows from (A.25), (A.27), and the classical central

limit theorem for i.i.d. random variables that

Dn(31732> & N(O,l), (A28)
v/n~ts3ng
since it holds that Var(g;(x;Z;)) = Var(®i(x;Z,)) = ;.
Similar to (A.20), by (A.24), (A.25), and (A.27) we can deduce that

E[Da(s1,52) (%) = EDy(s1,52)(X) = Du(s1,55)]”

nisp;
n~2s3 Var ®* ~ Var ®* (A.29)
nTlsing o onnp '

Moreover, it follows from the upper bound on Var ®* obtained in Lemma 9 in Section E.8

and the asymptotic order of 1] established in Lemma 10 in Section E.9 that
Var ®* /(nn}) — 0 (A.30)

since so/n — 0 by assumption. Therefore, combining (A.28)-(A.30), an application of
Slutsky’s lemma yields the desired claim in (A.26), that is,

Dn(Sl, Sg)(X) — EDn<81, SQ)(X)

25 N(0, 1), (A.31)
On
where we define 02 = n~'s?n*. Finally, we see from Lemma 10 that o, = (n~'s2n})"/?
1/2

is of order (sy/n)'/? and from the higher-order asymptotic expansion of the bias term in

Theorem 1 that

O(s; "+ 53", d>2
A =ED,(s1,52)(x) — pu(x) =
O(s7? + 55, d=1.

This together with (A.31) completes the proof of Theorem 3.
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D.4 Proof of Theorem 4

The main idea of the proof is to apply the bias-variance decomposition for the mean-squared

error. Recall that D,,(s1, $2)(x) = wiD,(s1)(x) + wiD,(s2)(x) and

E[Dn(s1, 82)(x)] = wiE[pn(X1)(s1))] + wiE[pu(X1)(s2))],

where X(1)(s1) = X(1)(Xy, - - , X, ) denotes the 1-nearest neighbor of x among {X, - -+ , X, }

and similarly, X(1y(s2) = X(1)(X1, -+ , Xs,). Then we have the bias-variance decomposition
E([Dn(s1,52)(x) — u(x)]*)
=EJ (Dn(s1,52)(x) — wiE[pu(Xq)(s1))] — woE[p(X ) (s2 2
{(Da(s1,9:)(x) [u(2< (1)) — WX (52))))* } .
+ [E(Dn(s1, 52) (%)) — pu(x)]

Let us first deal with the bias term I3(x). Using the similar arguments to those in the

proofs of Lemmas 5 and 6, we can deduce that

R2(X.d,fp) —1 . —
1((671)12?#)0 1556, d=1,

L(x) <

RZ(X.d.f.u) —_o —8/d
2((0_1)J;M)c 232 / ’ dZ 2’

where R;(x,d, f,u) and Ry(x,d, f, ) are some constants depending on the bounds for the
first four derivatives of f(-) and p(-) in a neighborhood of x.

We now analyze the variance term [;(x). It holds that

1) < (w;)QE{(n)_l 3 <Y(1)(Zil,--- Z:,.) —Eu(X(1>(81))>}2

51 o .
1§11<22<--'<Zsl <n

cerE{(1) Y (Y ) - B o)

S2 o )
1§21<12<~"<152 <n

, (A.33)
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By the variance decomposition for the U-statistics shown in the proof of Theorem 2 in
Section D.2, we can obtain that

52 52
1) < (wi)? ( pvar(Yy (Za, -+, Zq,)) + var(EY o (Z, -+, Zi,) X))
2 2 (A34)

YA S
(w3 (Tvar(Yi(Z, - Z)) + “2var(EY 0 (2, -+ 2K ).

Observe that we have shown in the proof of Lemma 7 that

Varo/(l)(Xl? T 7X81)) = Var(:““(‘X(l)(Xl? T 7XS1)) + 6)

(A.35)
< p*(x) + 0%+ o(1).
Moreover, it follows from (A.132) that
Var(ED/(l)(le T 7X81)|X1]) < Sl_lvar(}/il)(Xla T 7X81))
< s7H (P (x) + 0 +o(1)).
Similar results also hold for terms related to s;. Thus, we have
1) < (12(x) + 0%+ o(1) | (wp)? - 2+ (w)? - 2. (A.36)

Finally, the desired results can be derived by combining the above bounds for the bias and

variance. This concludes the proof of Theorem 4.

D.5 Proof of Theorem 5

We now aim to establish the consistency of the jackknife estimator % introduced in (24)

for the variance o2 of the two-scale DNN estimator D, (s, s2)(x) as defined in (22). We

n

will build on the technique in Arvesen (1969) that expands and reorganizes the jackknife
estimator 0. However, a major theoretical challenge is that instead of an application of

the classical asymptotic theory for the case of fixed order, a more delicate technical analysis
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of the remainders is essential to proving the consistency under our current assumption of
diverging order s; — 00.

More specifically, we will show that the jackknife estimator 5% can be written as a
weighted sum of a sequence of U-statistics {U.}o<c<s, to be introduced in (A.42) later,
where Uy and U; are the dominating terms and the remaining ones are asymptotically
negligible under the assumption of s, = o(n!/3). Since U-statistics are symmetric with
respect to the input arguments, it follows from (21) and (23) that

S (" )e = s () Dutsnsao

i=1
which entails that

n! Z Uff_l = D, (s1, 82)(x). (A.37)
Thus, in light of the definition of the jackknife estimator 5% in (24) and (A.37), we can
deduce that

no% = (n — 1){ Xn: (U21)" = n(Da(s1, 82)(X))2}

=1
n—1\ "< . .
=1 1

-2
n X .
_n(52> Z(I) (X3 Ziays s Ly, )P (X5 Zgy s -+ ,Zﬂsz)}, (A.38)

where we use the shorthand notation ) for

> (A.39)

1§a§<a§<~~-<a§2 <n
1<pi<py<-<pi,<n
1,05, Qg 75 BT830 Be, Fi

and ) for

> (A.40)

1<ai<az<-<asy<n
1<B1<Ba<-<Bsy<n
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to simplify the technical presentation.
For each 0 < ¢ < s5, by calculating the number of terms with ¢ overlapping components

in ®*(x;Zay, Ly, )P*(X; Zg,, -+, Zg,,), we can obtain from (A.38)-(A.40) that

R 1 —2 s2
W?:(n—l){(n ) Y (n—25+0)> (X Zay, Lo Lsy, o Lp,, )

S
2 c=0

O (X; 2y s L,y L Z

s Doy
n —2 82
c=0

. (I)*(X, Zal’... ’ZOtch%"” ’Z752c)}

L) B b)) (e e

where we introduce a sequence of U-statistics {U, }o<c<s, defined as

= { G ) () ()

'ZCI)*(X; Loy, 7Zac’z/5’17"' ’Zﬁsrc)@*(X; Loy, 7Zach717"' ’szrc)' (A'42>

Here, with slight abuse of notation, ) is short for denoting the summation over all possible
combinations of distinct aq, -+, e, b1, ¢, Bsa—es Y15+ Vso—e satisfying that 1 < oy <
<o <N, 1<B << Bye <nyand 1 <y < v s < gme SN
Observe that by symmetrization, U, defined in (A.42) is indeed a U-statistic that can
be represented as
U:( " )_IZK(C)(X'Z o o Ty, T T T ), (A43)
c » Hags y Haey HBy s » HBsy—cs Hy1s » Hysy—c)s .

259 — ¢
2 0232—(:

where > represents the summation taken over all combinations of 1 < a3 < -+- < a, <

C2s2 —c

B < < Poyee <Y1 <o+ < Veyoe < n, and the symmetrized kernel function K(© is given
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K(C)(X; Zan"' aZac’ZﬁN"' vzﬁsrwzvn"' 72%2%)

_ 232_C 252_2C -1 Z (b*(XZ . Z Z Z )
c 52 —c ) 1 Y (2% Te410 Y 1sg

H252 —c

’ (I)*(XJ Z’i17 ) Zic7 Zi32+17 Tty Zisz,C) (A44>

with )" standing for the summation over all the (2526_‘3) (22 20) possible permutations
Hng—c

of (a1, , e, B1,7* , Bsg—es V1, » Vsa—c) that are not permuted within sets (g, -, ),
(Bh e 7ﬂ82—c)7 and (717 e 7’782—0)-

From (A.41)—(A.44) above, we can further deduce that as long as sy = o(y/n), it holds
that

52

77/03—Z(Cn—s%)<n_82_1)(n_82_2)'”<n_282+c+1>

— (n—2)(n—3)---(n— sg)c!
[s2(89 = 1) -+ (89 — ¢+ 1)]*UL
§2 32 = .52
:—sg[l—FO(ﬁ)]Uo—i—sQ[l—kO U1+ZO =) 2y,

4 S2 9 9
:S%(U1 U0)+O(_2)<UO+U1>+ZO(<‘;2)C 182U

|
c=2 ¢
which leads to

n 52 o2 1 U,
—g?f:Ul Uo+0(§)(Uo+U1)+;o(n) - (A.45)

By (A.42), for the mean we have

EU,. = ]E[@*(X; Zorr Loy Zp, ,Zggg_c)(l)*(x; Zoirr 3 Doogy Doy - ,Z%Q_C)}

where ®*(x;Z1, -+ ,Z.) = E[®*(x;Z1,- -+ ,Zs,)| 21, ,Z.].
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As for the variance, it follows from Lemmas 2 and 3 in Sections E.1 and E.2, respectively,

that for each 0 < ¢ < s, and fixed x, we have
Var(U,) = O(sa/n). (A.47)
Moreover, in view of (A.46) and Jensen’s inequality, it holds that for each 2 < ¢ < s,
EU, < E[(®*)?]. (A.48)

Consequently, it follows from (A.45)—(A.48) that

5(l g7

2}(x:2.)] )

{ ar(Uy) + Var(Uyp) + n—%[(E(I)) JF(E[CI)){(X;Zl)]Q)Z]
ZZ ()7 [Van(u) + (B@)7) " [Var(U;) + (B@)7] ), (A9

where C' is some positive constant. Recall the facts that E[®*] = O(1) and E[(®*)?] = O(1),
which have been shown previously in the proof of Theorem 3 in Section D.3. Combining

(A.49) with these facts yields

E( [%aﬁ — Var(®* (x; zl))] )2 < C(% + 3—3) (A.50)

n2

Furthermore, it has been shown in the proof of Theorem 3 in Section D.3 that
Var(®%(x;Z,)) > Csy* (A.51)

with C' some positive constant. Thus, when sy = o(n!/3), we can obtain from (A.50) and
(A.51) that

~2
— 7 51, (A.52)
2 Var (95 (x; Z1))
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In addition, it follows from (A.29) and the decomposition for the variance of the U-statistic
that as long as sy = o(n), we have

0.2

= Var(®%(x; Z1))

— 1. (A.53)

Therefore, combining (A.52) and (A.53) results in 62/02 -2+ 1, which establishes the

desired consistency of the jackknife estimator 5. This completes the proof of Theorem 5.

D.6 Proof of Theorem 6

We now proceed with establishing the consistency of the bootstrap estimator 8129771 intro-

duced in (26) for the variance o2 of the two-scale DNN estimator D,,(s1,s2)(x) as defined

2
n

in (22). Let us define the bootstrap version of the quantity o conditional on the given

sample {Zy, - ,Z,} as
6-\’2 - Var(DZ(sl, 52)(X)|Zlv ) Zn)7 (A54>

where D (s1, s2) defined in (25) denotes the two-scale DNN estimator constructed as in
(21) using the bootstrap sample {Z7,--- ,Z*}. In fact, the quantity introduced in (A.54)
above provides a crucial bridge. The main ingredients of the proof consist of two parts.
First, we will show that the bootstrap estimator 8129,71 is asymptotically close to 72 given
in (A.54) as the number of bootstrap samples B — oco. Second, we will prove that the

2

bootstrap version &2 is further asymptotically close to the population quantity ¢? under

the assumption of s, = o(n'/?). It is worth mentioning that the technical analysis for the
second part relies on the consistency of the jackknife estimator 5% established in Theorem
5.

For each 1 < b < B, denote by D,(Lb)(sl, S)(x) the two-scale DNN estimator D (sq, s9)

constructed using the bth bootstrap sample. It is easy to see from (A.54) that for each
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1<b<B,
Var(D® (s1, 89)(x)|Z1, - - -, Zy) = 5. (A.55)

n

Since the sample variance defined in (26) is an unbiased estimator for the population

variance, by (A.55) it holds that

E[a-\%,nlzlv Z27 ) Zn] = 82- (A56)

n

Thus, in view of (26) and (A.56), we can obtain
E[(G}, —0*)’] = El(65, — 6)°] + El(@, — *)’]. (A.57)

Without loss of generality, let us assume that E[D,(s1,s2)(x)] = 0 to ease our technical
presentation; otherwise we can subtract the mean first.
We begin with considering the first term E[(6%, — 07)?] on the right-hand side of

(A.57). Since {D,(Zb)(sl, S9)(x) h1<p<p are ii.d. random variables conditional on the given
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sample {Zy,--- ,Z,}, we can deduce that
E[(EB,n - 8721)2|Zla e >Zn]

- E[ﬁ(z (Y51, )00 = 2) — (BDY,, ) |20, 2]

ﬁ{ﬂ(i (DY o150 =33)) [0, 2]

IN

+% Z E[(DS)(SM32)(X))2(D£f)(31,52)(x))2}Z1,---,Zn}}

1<i#j<B

[(IDY (51, 52) (X)) = 52)°| 20, -+, Z]
(DO 1, 5200 21, 20])

[[DM (51, 82) (x)]*| 2, -+, B (A.58)

IN
5 5o

IA
wla T mAa

where the last inequality follows from the conditional Jensen’s inequality.

Let k = [n/sq] be the integer part of the number n/ss. We define

h(Zly' o azn) = k_l(cb*(x;zla' o azsz) +¢*(Xa Z82+17' o 7Z252)

o O Ly o1 Liksy) - (A.59)

Note that it has been shown in (2.1.15) in Korolyuk and Borovskich (1994) that
E[[DM (51, 82)(%)|Y| 21, -+, Zo) < EWNZT, - Z3)| 20, ] (A.60)
with the functional h(-) given in (A.59). Moreover, with an application of Rosenthal’s
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inequality for independent random variables, we can obtain that

E[h4(z>{’ e 7Z:L>|Z1’ T 7Zn}
< CEk'RE([O*(x; 23, -+ ZE))Y 21, -+, Zn), (A.61)

where C'is some positive constant. Then in light of (A.61), it remains to bound the quantity
E([®*(x;Z3,- - ,Z,)]"), which has been dealt with in Lemma 4 in Section E.3. Thus, it
follows from (A.58), (A.60)—(A.61), and Lemma 4 that

~ C -
E[(O—%n _0-7%>2 3222 22 Z X; 217"' 7Zi52)]4)

11=1 152—1

(A.62)

where M is some positive constant given in Lemma 4.
We next proceed with analyzing the second term E[(G2 — 02)?] on the right-hand side
of (A.57). Recall the definition of the bootstrap version o2 for the population quantity o2

introduced in (A.54). Let us define
my = E[®*(x; 27, -+, Z})|Zy, - -+, 2] (A.63)
and
hi(z) = E[®*(x;Z7,--- , Z},) — my|Z] = 7). (A.64)
Then applying similar arguments as for (A.20) in the proof of Theorem 2 in Section D.2,
we can deduce that
2
67 = ZEW(Z)|Z1, -+, Bl + Ay, (A.65)
where 0 < A; < Z—% Var(®*(x; Z7,- -+ ,Z},)|Zy,- - - ,Zy) and function h,(-) is given in (A.64)
and (A.63). Similarly, it holds that

02 = ZE[g}(Z1)] + s, (A.66)



where g1(Zy) = E[®*(x;Z1,- -+ ,Z,)|Z1] and 0 < Ay < Z—%Var(@*(x; Zy,---,Zg)). Hence,
by (A.65) and (A.66) we can obtain that
E[(@, — 07)7]

4

< CE(Z2[BIW(Z)|Z0, -, 2] — Blgi(Z)]]" + AT+ A3), (A.67)

52
n2
where C' is some positive constant.

Observe that

2 55
Ay =0(7) (A.68)
and
4

S * k * 2
< S—gE([Cb*(x- Zi,- 7)Y
=~ n4 ) 1 ) S92

Msj
< vaE (A.69)

where the last inequality follows from Lemma 4 with M some positive constant. In addition,
it holds that
1 n
EW(ZZy,- - Zy) = — h3(Z; A.70
(D2 2] = 1 DI (A.70)

and

n

h(Zi) =0y " N (x5 Z, Ly L)

i9=1 i32:1
Y S W (L L), (A1)
11=1 i52:1

Let us further define

n—1 ! *
Si = <S2 — 1) Z ® (X; Zi’ Zjl’ T ,st2,1)- (A72>

1<) <ja<<joy 1<
Jisg2, 7j52717£i
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From the equality ("8_21) U(i)1 + (")) S = (" )Dn(sl,SQ)(x) in view of (A.72), it is easy to

n so—1
see that the jackknife estimator 0% introduced in (24) satisfies that

n

72 (5= Dalsrs2)(x))’ (A.73)

=1

=2
noy  n—1

s2 (n— sy
Then the main idea of the remaining proof is to show that under the assumption of sy =
o(n'/3), hy(Z;) is asymptotically close to S; — Dy, (s1, s2)(x) and thus E[h2(Z})|Zy, - - - , Zy)
is asymptotically close to “%2. Observe that

S9 —

—1
n—52+1(n 1) (82_ 1)! — 1+O(3%/n)
and
—s n 2
n=* so! =1+ O(s3/n),
52
which entail that

(" - (” - 1) (s2 = D1)n=" = O(s3/m)

82—1

(n82 - (Z)SQ!)n—SQ = O(s2/n).

Thus, it follows from (A.71) and these facts that

and

hi(Z) = (14 O(s3/n)) [S; = Dals1, 52)(x)] + 021 0% (%24, Ziy, -+, Zi,)

I
n" Y 0N (x; Ziy s iy i) (A.74)
where 21 = {(ia, - - ,is,) : there is at least one pair that are equal or there is a component
that is equal toi} and P, = {(i1,- - ,is,) : there is at least one pair of components that are

equal}.
With an application of similar arguments as in the proof of Lemma 4 in Section E.3,

we can obtain that

E([®*(x; Ziy, Ziy, -+, Zi,,))|Y) < M (A.75)
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with M some positive constant, regardless of how many components of (i1,7s, - ,is,) are
equal. As a consequence, by (A.75) it holds that

1n 2\ 2
(23 (e Y 0 2 -1 2) )]
n
i=1 I

1=

1 S —so+1 * 4 OMS%
gﬁ;EK N (x; 2, Zy - zisg)) } <= (A.76)

1

and similarly,

E[(%i (n—822¢> (x: Zsy, Zosy -+ - ziSQ))>2} < Cﬁsg, (A.77)
i=1 Do

where C' represents some positive constant whose value may change from line to line. Hence,
combining (A.70), (A.74), and (A.76)—(A.77), we can deduce that as long as sy = o(n'/?),
it holds that

E([E[hf(zmzl, v ] — E[gf(Zl)]f)

< CE[(% zn:u +O(53/n))2[S; — Da(s1, 52)(x)]* — Var (@ (x; Zl>>>2]

n C'Msgiz1
< CE[(%Q + 0(s§/n)) 305~ Var(@i(x zﬁ))Q] + Cﬁsg

< C(1+ O(s3/m)E([ 553 WM@@zmm+%%mmm@mmf

2

CMsS
La—
n
2 8
§%+2+0M82§C(M+1>52, (A78)

where the second to the last inequality comes from (A.50) and (A.146) in the proof of
Lemma 10 in Section E.9.

Substituting the above bounds in (A.68)—(A.69) and (A.78) into (A.67) leads to

5

a
B((63 — o = 0( 5 + 2). (A79
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Thus, combining (A.62) and (A.79), we can obtain that

. s5 52
E((6%,, — 02)?] = o(n—g + B—;Q) (A.80)

Recall the fact that 0> = O(22) under the assumption of s, = o(n). Consequently, such

fact along with (A.80) entails that

E[(a’%’" - 1)2} _o4 (A.81)

s
Therefore, combining (A.81) and the assumptions of s, = o(n'/3) and B — oo yields

6% ,/02 = 1, which establishes the desired consistency of the bootstrap estimator 6%,

This concludes the proof of Theorem 6.

D.7 Proof of Theorem 7

The main idea of the proof is to show that both the TDNN estimator D,,(s1, $2)(x) and its

bootstrap version D} (s1, s2)(x) are asymptotically normal and in addition, their asymptotic

variances are close to each other. Then the conditional distribution of D} (s1, s2)(x) given

(Zy,--- ,7Z,) approaches the distribution of D, (s1,s2)(x) as the sample size n increases.

To this end, let us first recall that it has been shown in Theorem 3 that D, (sy, s2)(x) is

asymptotically normal. Since the normal distribution ®(-) is continuous, it follows that
sup [P(0,," (Dn(s1, 52)(x) — pu(x) — A) < u) — @(u)| = o(1), (A.82)
ue

where 02 = Var(D,,(s1, $2)(x)).

We next deal with the bootstrapped statistic D} (s1,$2)(x). In light of Hoeffding’s

decomposition for the U-statistic, we have

* * S - -~ * *
Dn(sl782)(x) — 0" = f ;gl(xv Zz) + Rn’
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where gj(x;z) = E*[®*(x; Z],- -+ ,Z}))|Z} = z] — 6" with the expectation E* taken with
respect to the bootstrap resampling distribution of (Z3,---,Z") given (Zy,--- ,Z,), and
R*

* is the higher-order remainder. Given (Zy,--- ,Z,), the Berry—Esseen theorem for the

sum of i.i.d. random variables (Berry, 1941) leads to

sup [ [n Vo (31, 22))) 2 316 20) < ) — ()

ueR
E*(|91(x; Z7)*)
~ V/nVar'(gi(x; Z7))’

where the variance Var® is again taken with respect to the bootstrap resampling distribution

given (Zy,--+ ,Zy,).

An application of similar arguments as in the proof of Lemma 10 yields
Var® (31(x; Z7)) ~ O,(s3 ).
It follows from Jensen’s inequality that
E*(19:(x: Z7)]*) < E*(|9*(x; 25, -+, Z,)I°).
Similar to Lemma 9, we can deduce that

E(|®*(x; 21, Zs,)") < M

Y S92

for some positive constant M. Hence, it holds that E*(|®*(x; Z7,- - ,Z,)?) = O,(1) and

E*(]71(x; Z7)]*) = Op(1). Consequently, the approximation error satisfies that

sup [P ([n\/ar*@(x; Z)) S G Z) < u) - @(u)’
ue i=1

= Oy(s2/v/n) = 0,(1) (A.83)

since sy = o(n'/?).
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Let us define 62 = Var[D}(sy, s2)(x)|Z1, - ,Z,]. Then the variance decomposition of

the U-statistic implies that
2

52 = 2 Var* (3 (x; Z})) + Var*(R?).
n
Note that from the similar argument as in (A.20), we see that the remainder R} above
satisfies that
2
* * S * * * *
Var (Rn> < n_zvar (q) (X7 Zl7 ) Zsz))'
Since it has been shown in Section E.8 that the second moment E{[®*(x; Zy, - - , Zs,)]*} <

M for some positive constant M, we have
Var®(®*(x; Zy,- -+, Zy,)) = Op(1),

and thus Var*(R%) = O,(s3/n?). Furthermore, it follows from Var*(gi(x; Z})) ~ O,(s3")
that

%g\/ar*(ﬁl(x; 7)))/5: 5 1.
Hence, (A.83) entails that

sup
u€R

P* (a,;l(D;;(sl, 50)(x) — 6%) < u) - @(u)‘ = 0,(1). (A.84)

Moreover, we have shown in Section D.3 that o, is of order (sy/n)'/? and in Section

D.6 that G,/0, — 1. Therefore, combining (A.82) and (A.83) results in

P* (a,;l(D;;(sl, s2)(x) —07) < u) - P(agl(Dn(sl, s2)(x) — p(x) — A)) ’

sup
u€R

= op(1).

1/2

Since o, is of order (so/n)"/* and unknown in practice, we can rewrite the above approxi-

mation error as

sup [P*((s2/n) /2(Dj (31, 52) (%) = 0°) < ) = P((s2/n)"2(Da(s1, 52)(x) = plx) = A))

u€R

= 0,(1).
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This completes the proof of Theorem 7.

D.8 Proof of Theorem 8

We now aim to prove the asymptotic normality of the HTE estimator
~ 1 ( 0 (0
7(x) = D)(s1”,55”) (%) = D (s 85”) (%)

introduced in (A.6), where Dgl)(sgl),sgl))(x) and Dg%)(sgo),sgo))(x) denote the two-scale
DNN estimators constructed using the treatment sample of size ny and the control sample
of size ng, respectively. Denote by n = ng + ny the total sample size. By the assumption
P(T = 11X, Yr—o,Yr—1) = 1/2, it is easy to see that ng/n, P51 asn — oco. For each
of the treatment and control groups in the randomized experiment, by the assumptions
a separate application of Theorem 3 shows that there exist some positive numbers o, of
order (s /n1)V/2 and o, of order (s3 /ng)!/? such that

DY sV, s (x) — E[DS (51",

On

55”) ()] 75 N(0,1) (A.85)

1

and 0)/(0) _(0) 0)/(0) _(0)
Dny (51 ) 59 )(X)_E[Dno (517,85

Onyg

0N 2, ngo, 1), (A.86)

In view of the randomized experiment assumption, the treatment sample and control
sample are independent of each other, which entails that the two separate two-scale DNN
estimators Dflll)(sgl), sgl))(x) and Dg%)(sgo), séo))(x) are independent. Thus it follows from
(A.85) and (A.86) that

i) (1", ) () = D (51 55”) (%) — BADL) (4", 5) () — D (1, 5”) ()
on

5 N(0, 1), (A.87)

where we define o, = (62, +02 )"/2. Moreover, from the higher-order asymptotic expansion

of the bias term in Theorem 1 applied to the potential treatment and control responses,
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respectively, and the definition of the heterogeneous treatment effect (HTE) 7(x) introduced
in (A.5), we see that

E[DV (s, s37)(x)] — E[DY (", s)(x)] = 7(x) + A, (A.88)

no
where A = Of(s{)=4/4 4 ({474 4 () =4/d 4 ({)=4/4} for d > 2 and A = O{(s{V) 3+
(sS4 ({3 4 ()73) for d = 1. Therefore, combining (A.87) and (A.88) yields
the desired asymptotic normality of the HTE estimator 7(x) based on the two-scale DNN

estimators. This concludes the proof of Theorem 8.

E Some key lemmas and their proofs

E.1 Lemma 2 and its proof

Lemma 2. Under the conditions of Theorem 5, we have that for each 0 < ¢ < s9 and fized
X?

289 — ¢

Var(U,) < Var(K©)), (A.89)

n
where U, is the U-statistic defined in (A.42) and K'© is the symmetrized kernel function

given in (A.44).
Proof. For notational simplicity, we will drop the dependence of all the functionals on the

fixed vector x whenever there is no confusion. For each 1 < j < 2s9 — ¢, let us define

KJ(C)(Zh o Z) =E[K9Z,, -, 7],

-1
gj('C)(Zla"' 7Zj) :KJ('C)_E[K(C)]_Z Z g£0)(za17"' ’Zai)’

i=1 1<a <-<a; <j

and V; = Var(gj(-c)(Zl, -++,Z;)). Then it follows from Hoeffding’s decomposition that

—1 2s9—c

_ RIK© n n—t I
U, =E[K ]+<282_C> ;(282_6_2,) > 0Ny, Za,) (A90)

1<a << <n
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Observe that Var(K(©) = $°2°27¢ (*279)},. Thus, in view of (A.90), we can deduce

i

that

which establishes the desired upper bound in (A.89). This completes the proof of Lemma
2.

E.2 Lemma 3 and its proof

Lemma 3. Under the conditions of Theorem 5, it holds that for each 0 < ¢ < sy and fized

X

Var(K') < Cf(wi)* + (w3)"] (1 (x) + 64° (x)o + 4pu(x) + Elei]), (A.91)

where K9 is the symmetrized kernel function given in (A.44) and C is some positive

constant.
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Proof. By the Cauchy—Schwarz inequality, we can deduce that

Var(K'Y) < E[(
{(252 — c) (232 — 2c ]
527 € Masy—c HQSQ_C
B{®"(x; Ziy, -+ B T+ Bis ) O (% Zary 2 2o By Ly, )
X (X Zj,, - Ly Ly Ly )N (X5 2y LG Ly g, ) )
<E{[®%(x;Z1,Zs, -+, Zs,)] "}, (A.92)

where ) denotes the summation introduced in (A.44). In light of the definition of ®*
HQS2—C
n (A.135), we have

B{[®%(x; Z1, Zo, -+, Zs,)]'} < 8(w}) B[O (x;Zy,- -+, Zy,)]

+ 8(wy) 'E[Q*(x; Zy, - -+ , Zs,)]- (A.93)

Let us make some useful observations. Note that

E[@4(X; Z, - ,7Z) [(Zyz@m) ]

= ZE[% gi,sl] = SIE[:U?CLSJ

i=1

and

E[yilCLsJ = ]E([M(Xl) + 61]451781)
= E[M4(X1)C1,81] + 6E[M2 (Xl)cl,sl]ag + 4E[:U’(X1)C1,sl] + E[E?L

where (; s represents the indicator function for the event that X, is the 1NN of x among

Xy, -+, X,. Moreover, it follows from Lemma 13 in Section F.3 that as s; — oo,

s1E[" (X1)Csy] = 1" (%)
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for k =1,2,4. Hence, it holds that

E[QY(x; Zy, -+ Za))] = 1E[Y1 o))

= 4" (%) + 62° (%) + 4pa(x) + E[e]]

as s; — oo.

Using similar arguments, we can show that as s, — 00,
R[04 Z, + Zo)] — (%) + 62(x)0 + 4p(x) + E[el].
Therefore, combining the asymptotic limits obtained above, (A.92), and (A.93) results in
Var(K) < O[(wi)" + (w3)"] (1! (x) + 6 (x)o. + 4p(x) + E[e1]),

where C' is some positive constant. This concludes the proof of Lemma 3.

E.3 Lemma 4 and its proof

Lemma 4. Under the conditions of Theorem 6, there exists some constant M > 0 depend-

ing upon wy, wy, X, and the distribution of € such that

E([®*(x; 25, ,Z2)]") < M. (A.94)
Proof. Since the observations in the bootstrap sample {Z3,--- ,Z*} are selected indepen-
dently and uniformly from the original sample {Zy,--- ,Z,}, we have

E([(I)*<X7 ZT? T >Z:2)]4) = E(E([(D*(Xu Zia e 7Z:2)]4|Zl7 e 7Zn)>
=n"" Z e Z E([q)*(x, Zi17 T >Zi52)]4)'
=1 dgy=1
Observe that for distinct iy, - - - ,44,, we have shown in the proof of Lemma 3 in Section E.2

that as sy — 00,

E([®*(x;Z1, -+ ,Zs,)]") = A
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for some positive constant A that depends upon wj, w;, x, and the distribution of e.
Furthermore, note that if iy, = i3 = - -+ = i, and the remaining arguments are distinct,

then it holds that
CI)(X7 Zi17 R Zi32) = CD(X, Zi17 Zic+17 R ZiSQ)‘

Therefore, there exists some positive constant M depending upon wj, wj, x, and the

distribution of € such that
E([(I)*(X, Zila e 7Zi52>]4) <M

forany 1 <4, <n,---,1 <14, <n. This completes the proof of Lemma 4.

E.4 Lemma 5 and its proof

In Lemma 5 below, we will provide the asymptotic expansion of E || X (1) — x||* with k& > 1

and its higher-order asymptotic expansion for the case of k = 2 as the sample size n — oc.

Lemma 5. Assume that Conditions 1-3 hold and x € supp(X) C R? is fized. Then the
1-nearest neighbor (1INN) X1y of x in the i.i.d. sample {Xy,---,X,} satisfies that for any

k> 1,
[(k/d+1)
(f (x) V) /e

as n — oo, where I'(+) is the gamma function and Vy = 1,(%;2/2).

E X — x| = 4 o H) (A.95)

In particular, when k = 2,

there are three cases. If d = 1, we have

E [ Xq) —x|* = %n” - (%) D 4 o(n /D). (A.96)

If d = 2, we have

o TR+ Ly (_o(PEOTE/d+D) | TRA+2) N
E X ==l = ogupe (f<x><f<x>w>4/dd<d+2> d<f<x>vd>2/d) :

+o(n~ YY), (A.97)
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where f"(-) stands for the Hessian matriz of the density function f(-). If d > 3, we have

, TEMAY) Ly [ G EITEA ) Y
E X =" = Gogvpr” _(f(X)(f(X)%)4/dd(d+2)>n /

+ o(n~Y%). (A.98)

Proof. Denote by ¢ the probability measure on R? given by random vector X. We begin
with obtaining an approximation of ¢(B(x,r)), where B(x,r) represents a ball in the
Euclidean space R? with center x and radius r > 0. Recall that by Condition 2, the
density function f(-) of measure ¢ with respect to the Lebesgue measure A is four times
continuously differentiable with bounded corresponding derivatives in a neighborhood of

x. Then using the Taylor expansion, we see that for any £ € S ' and 0 < p < r,

FOxt p8) = F(x) + /000" Ep + S€7 ' (EP" + ol ), (4.99)

where S%71 denotes the unit sphere in R, and f’(-) and f”(-) stand for the gradient vector
and the Hessian matrix, respectively, of the density function f(-). With the aid of the

representation in (A.99), an application of the spherical integration leads to
eBox) = [ s o)t wid) ap
S 1

/ /Sd : ( Jx) &p+ 5 fi(x >502+0(p2)> P u(d€) dp

-/ [f( V' + —(f";")mpd+1+o< )] dp

L Ve ar

2d 1 2) + o(r?t?), (A.100)

= J(x)Va

where v denotes a measure constructed on the unit sphere S ! as characterized in Lemma
11 in Section F.1 and d- stands for the differential of a given variable hereafter.

We now turn our attention to the target quantity E || X (1) — x|[|* for any £ > 1. Tt holds
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that
BIXw —xIF = [ P(IXo x> 6 d
_ /Ooo P (X — x| > %) dt
= [ =B )

= pk/d /Ooo l1 — (B (x, :1—2)”” dt. (A.101)

To evaluate the integration in (A.101), we need to analyze the term [1 — @ (B <X, :Lll—//];»] :

It follows from the asymptotic expansion of p(B(x,r)) in (A.100) that

1o (o ()]

tr(f"(X)Va 4(d+2) /k
o, SVt Teaiy —(1+2/d)) "
= - +o(n )] (A.102)

From (A.102), we see that for each fixed ¢ > 0,

i 15 (5 (x 2] = oot sinie

n—oQ

Moreover, by Condition 1, we have
tl/k‘ n tl/k‘ n
e (o)) = o (o)
< exp (—atl/k) .

Thus, an application of the dominated convergence theorem yields

00 tl/k n 00 tl/k n
By A S AT

= /00 exp(—f(x)Vat?*) dt

 T(k/d+1)

= v A
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which establishes the desired asymptotic expansion in (A.95) for any k& > 1.

We further investigate higher-order asymptotic expansion for the case of k = 2. The
leading term of the asymptotic expansion for E || X1y — x||* has been identified in (A.103)
with the choice of £k = 2. But we now aim to conduct a higher-order asymptotic expansion.
To do so, we will resort to the higher-order asymptotic expansion given in (A.102). In view

of (A.102), we can deduce from the Taylor expansion for function log(1 — ) around 0 that

t1/2 n
o (o 2)] <ot
tr(f" (X)) Vi 4(d+2) /2
f(x)Vgtd/? sdr2) ¢ _
— exp {nlog [1 _ ( )n _ Zi+2/d + o(n (1+2/d))

—exp { — f(x)Vat"*}
B KDVap(d12)/2 o0 \194d
212 fFx)V:t _
= exp {—f(X)thd/2 - ( 712/(1 - GV +o(n (Q/d))}

2n

— exp {—f(x)thd/2} (A.104)

as n — 00. To determine the order of the above remainders, there are three separate cases,
that is, d =1,d =2, and d > 3.
First, for the case of d = 1, it follows from (A.104) that

(s (e )] o

2 d
= exp {=povaet - TEE ot exp (- oVt

_ exp {— F(x)Vit?/2) <exp {—W N o<n—1>} . 1)

2n
= exp {— F()Vat#/?) < fix 2>an o o<n1)) (A.105)
as n — o0o. Furthermore, it holds that
0o T e A(fGVa)> e |
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where we have used the fact that for any a > 0 and b > 0,

o 1
/ 2% exp(—ba?) dx = —b_a/pf(g). (A.107)
0

p p
Therefore, combining (A.101), (A.103), (A.105), and (A.106) results in the desired higher-

order asymptotic expansion in (A.96) for the case of k =2 and d = 1.

When d = 2, noting that 2/d = 1, it follows from (A.104) that

{1 o (B (X’ ;11_//201))}” — exp {— f(x)Vat¥?}

WU COVay (@422 a0 12
. _ dj2 . 2(d+2) . f (X)‘/d t —(2/d)
= eXp { f(x)Vat n2/d on2/d o(n )

— exp {—f(x)Vyt*?}

Er(f7(X)Va 4 (d+2)/2 9 9.d
_ . d/2 _2(d+2) _ fAx)Vit —2/d\ |
= exp { f(x)Vat } (exp { 27d o 2/d + o(n ) 1
tr(f//(x))vdt(d+2)/2 2 2.4d
2(d+2 fAx)Vit B
= exp {—f(x)Vat"*} (— ( +;2/d - (2n)2/3 +o(n Wd))) (A.108)

as n — co. Applying equality (A.107) again yields
> tr(f"(x))Va
_ 14/2 _ $d+2)/2°) gt
/0 exp { ~f()Vat ™"} ( 2(d + 2)n2/

_ tr(f”(x))I'(4/d + 1) —y
B (d(d + 2)f(x)(f(x)vd)4/d> : (A.109)

Hence, combining (A.101), (A.103), (A.106), (A.108), and (A.109) leads to the desired

higher-order asymptotic expansion in (A.97) for the case of k =2 and d = 2.

Finally, it remains to investigate the case of d > 3. In view of n™! = o(n=%/) for d > 3,
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we can obtain from (A.104) that

{1 I (B (X’ 211_2))]” —exp {—f(x)Vat"*}

%t(d—kmﬂ
+ -
= exp {—f(x)vdt“’/2 - +on W‘”)} —exp {—f(x)Vat""}

tr(g/;l(xz))vdt(d+2)/2
= exp {— f(x)Vt"?} (exp {— ( +;2/d + o(n_(2/d))} — 1)

e
+ _
= exp {—f(x)Vat"?} <_ n2/d +o(n (Q/d))> : (A.110)

Consequently, combining (A.101), (A.103), (A.109), and (A.110) yields the desired higher-
order asymptotic expansion in (A.98) for the case of k = 2 and d > 3. This concludes the

proof of Lemma 5.

E.5 Lemma 6 and its proof

As in Biau and Devroye (2015), we define the projection of the mean function p(X) =
E(Y|X) onto the positive half line R, = [0, 00) given by || X — x|| as

m(r) = lim E[p(X) [r < X —x| <7+ =EY | [X —x|| =] (A.111)

for any r > 0. Clearly, the definition in (A.111) entails that
m(0) =E[Y | X =x] = u(x). (A.112)

We will show in Lemma 6 below that the projection m(-) admits an explicit higher-order
asymptotic expansion as the distance r — 0.
Lemma 6. For each fized x € supp(X) C R?, we have

SO tr(p"(x) + 24 (x)" (%) 4
2d () 7% 4+ Oyr (A.113)

45

m(r) =m(0) +




as v — 0, where Oy is some bounded quantity depending only on d and the fourth-order
partial derivatives of the underlying density function f(-) and regression function u(-). Here
g'(+) and ¢"(-) stand for the gradient vector and the Hessian matriz, respectively, of a given

function g(-).

Proof. We will exploit the spherical coordinate integration in our proof. Let us first
introduce some necessary notation. Denote by B(0,r) the ball centered at 0 and with
radius 7 in the Euclidean space R?, S?~! the unit sphere in R?, v a measure constructed
on the unit sphere S*! as in (A.100), and € = (§;) € S an arbitrary point on the unit
sphere. Let V; be the volume of the unit ball in R? as given in (A.95). The integration with

the spherical coordinates is equivalent to the standard integration through the identity

/ f(x)dx = / ' u?! f(ug)v(dg) du. (A.114)
B(o,r) 0 §d-1

From Lemma 11 in Section F.1, we have the following integration formulas with the spher-

ical coordinates

/Sd1 v(dg) = dVa, (A.115)
vl =0, (A.116)
[ 46019 = w)Va )
[ esertae = 0 foraw1<igik<a As)

where A is any d x d symmetric matrix. We will make use of the identities in (A.115)-
(A.118) in our technical analysis.

Let us decompose m(r) into two terms that we will analyze separately

m(r) = lim E[p(X) | r < [ X —x[| <7 +0]

0—0+
< — <
i EOLE < X = x| < 7 +9)

A1l
50+ Pir<|X-—-x|<r+9d) ( 2
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where 1(-) stands for the indicator function. In view of (A.114), we can obtain the spherical

coordinate representations for the denominator and numerator in (A.119)
Pir<|X-—x||<r+49d)= /T+5 ut - fx+ug)v(dg) du (A.120)
and
E[pX)L(r <X =x| <7 +9)]

= /T‘Jr udt /Sdl p(x+u€)f(x+ug)v(dé)du. (A.121)

Note that in light of (A.119)-(A.121), an application of L’Hopital’s rule leads to
50+ P(r<[X-—x|<r+9)
o o+ ) f (x4 ) v(d€)
Joar fx+18E) v(dE)

First let us expand the denominator. Using the spherical coordinate integration, we

(A.122)

can deduce that

- fx+ 7€) v(dE)
B /Sdl (f(x) aAC ) STty E fx 1<§;<d axlaXJ fzfjfkr
o' f(x+0rg)
55 2 Wézijfkfzr4> v(dg), (A.123)

1<z I,k U<d

where 0 < 0 < 1. Note that the fourth-order partial derivatives of f are bounded in some

neiborghhood of x by Condition 2, and

L. 3 labac vite) - /. (Zm) (d)
/Sd1d2<252> v(dg)

= d? / v(d§) = d*V,. (A.124)
§d—1

IN
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Thus, from (A.115)-(A.118) and (A.124) we can obtain

fx+7r€&) v(dE) = f(x)dVy+ %tr(f”(x))vd r? + Ry(d, f,x)r, (A.125)

§d—1

where the coefficient R;(d, f,x) in the remainder term is bounded and depends only on the
fourth-order partial derivatives of f and dimensionality d.

For the numerator, it holds that
[ txtrenrixrre) vide)
:/ [0) + o >Tsr+ S () €77

Ou(x + 01r¢) A
Z zeax] &gjgk 4 Z 8xiaxjaxk0xl§i§j§k€lr]

1<iyg.kl<d

x [f(x) + f’(X)T«E r+ —£Tf”(><) ert

ot )

1<i,j,k,1<d
where 0 < #; < 1 and 0 < 6, < 1. In the same manner as deriving (A.124), we can bound
the integrals associated with r* and the higher-orders r°, 7%, 77, and r® under Condition 2

that the fourth-order partial derivatives of f(-) and p(-) are bounded in a neighborhood of

x. Hence, we can deduce that
[ xeresx+re) viae
s [ vag+ M [ e reog viag

Sd-1 2 §d-1

et [ e e viag) + L0

i1 2

[ g vag)
+ Ro(d, f,x)r* + o(r?)
= pu(x)f(x)dVg + % [f () tr(i" (%)) + p(x) tr(f" (x))]Var?

+ i () f (X)Var? + Ro(d, f,x)r" + o(r?), (A.127)
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where the coefficient Ry(d, f,x) in the remainder term is bounded and depends only on

the fourth-order partial derivatives of f and dimensionality d. The last equality in (A.127)

follows from (A.115)—(A.118). Therefore, substituting (A.125) and (A.127) into (A.122)

leads to

f)tr(p"(x)) + 24 (x)" f'(x)
2df(x)

as 7 — 0, where Oy is a bounded quantity depending only on d and the fourth-order partial

m(r) = p(x) + r2 + Oyt

derivatives of f(-) and p(-). This completes the proof of Lemma 6.

E.6 Lemma 7 and its proof

Lemma 7 below provides us with the order of the variance for the first-order Hajek projec-
tion. To simplify the technical presentation, we use Z; as a shorthand notation for (X;,Y;).
Given any fixed vector x, the projection of ®(x;Zy,Zo, - ,Zs) onto Z; is denoted as

®,(x;21) given by

@1(X; Zl) =E [‘I)(X; 2,,Zy,--- 7Zs)|Z1 = Zl]
= E[®(x;21,Zo, - , Zy)]. (A.128)

Denote by E; and E;.; the expectations with respect to Z; and {Z;, Z;.1,- - - , Zs}, respec-
tively.

Lemma 7. For any fized x, the variance n; of ®1(x;Z;) defined in (A.128) satisfies that

when s — 0o and s = o(n),
Var(®)
lim

n—oo NI

=0. (A.129)

Proof. A main ingredient of the proof is to decompose Var(®) and 7; using the conditioning

arguments. Denote by (; , the indicator function for the event that X; is the INN of x
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among {X;,---,X,}. By symmetry, we can see that (;, are identically distributed with
mean

Egz',s — 8_1.

In addition, observe that ®(x;Zy,Zs, -+ ,Zs) = > ;_, ¥iGs- Then we can obtain an upper
bound of Var ® as

s

Var(®) < E[®*] = E [( i yiéi,s)2:| = ZE[%’?Q,S]

i=1

- SE[y%CLS]a

where we have used the fact that (; ;(j s = 0 with probability one when i # j.
Since E[e|X] = 0 by assumption, it holds that

SE[y%CLS] = SE[N2<X1)C1,S] + UESE[CLS]

= By [1*(X1) sEa.[C1,6]] + 07
A key observation is that Eqs[¢1s] = {1 — o(B(x, || X1 — x||))}*" and E;[sEa.s[¢1]] = 1.
See Lemma 12 in Section F.2 for a list of properties for the indicator functions ¢; ;. Thus,

sE2.5[C1,s] behaves like a Dirac measure at x as s — oo. Such observation leads to Lemma

13 in Section F.3, which entails that
Var(®) < p?(x) + o + o(1) (A.130)

as s — 00.
To derive a lower bound for 7, we exploit the idea in Theorem 3 of Peng et al. (2019).
Let B be the event that X is the nearest neighbor of x among {Xj,---, Xs}. Denote by
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X the nearest point to x and yj the corresponding response. Then we can deduce that

Q(x;Z1) =E[y115|Z1] + Ely; 15

Z]
=y E[lp|Z] + E[y; 15
= aE[1pXy] + u(X1)E[1p]X1] + E[u(X7) 1 s

Zl]

Xl]

= aE[1p|X4] + E[u(X7)[X].
Since € is an independent model error term with E[e|X] = 0 by assumption, it holds that

m = Var(®i(x; Z1)) = Var(e:E[15|X1]) + Var(E[u(X])[X1])
> Var(e,;E[15|X,]) = UEE [EQ[ILB‘Xlu

2
Ue

= A.131
7T’ ( )
where we have used the fact that

E[E?[15X1]] = E[1p|Xi] = ﬁ

with B’ representing the event that X; is the nearest neighbor of x among the i.i.d. obser-
vations {X;, Xg, -+, X, X5, -+, XL}
We now turn to the upper bound for n;. From the variance decomposition for Var(®)

given in (A.14), we can obtain

which along with (A.130) entails that
sm < Var(®) < p?(x) + o2 + o(1). (A.132)
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Consequently, combining (A.131) and (A.132) leads to
me~s (A.133)

where ~ denotes the asymptotic order. Finally, recall that it has been shown that Var(®) <
C' for some positive constant depending upon u(x) and o.. Therefore, we see that as long

as s = oo and s = o(n),
Var(®) s
nm n

which yields the desired conclusion in (A.129). This concludes the proof of Lemma 7.

E.7 Lemma 8 and its proof

Assume that s; < s9 for the two subsampling scales. Let us define

-1
WV (x:Z1, 29, ,Z,,) = (82> > O(x;Ziy, Ziy, -+ Zs,,) (A.134)

S1 o )
1<y <o <<ty <8z

and
O*(x;Z1,Zg, - Lgy) = w0V (x, 2y, Ly, -, Ly) +WED(X; 2y, Ly, -, Dy,),  (A.135)
where w} and wj are determined by the system of linear equations (9)—(10).

Lemma 8. The two-scale DNN estimator D, (s1, $2)(x) admits a U-statistic representation

given by

Da(s1, 82)(x) = (“)_ 3 O*(x; 21, Zo, -+, L), (A.136)

52 o :
1S21<12<-"<1S2 <n

where the kernel function ®*(x;-) is defined in (A.135).
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Proof. From the definition of the two-scale DNN estimator D,,(s1, $2)(x) introduced in
(11), we have

Di(s1, 82)(x) = ! <”>_1 Yoo exZy L)

1§i1<i2<'“<i51§n
n\ !
+w;(82) . Z ' (I)(szllv 7Z’i52)'
1<ty <i2<++<lsq <n
Thus, to establish the U-statistic representation for the two-scale DNN estimator D,,(s1, s2)(x),
it suffices to show that

-1
n
E O(x; 2y, 2
(Sl) (X7 1 Sl)

l§i1<i2<"'<i51 <n

-1
n

= § oW (x: 7y, 2y, -+ . L,
(52) (X; 1, &2, ) 2)

1§i1<i2<“'<i52gn
-1 -1
n s
- (S ) (32) Z Z CI)(X ZZM ZZJ2 ’ ’Zim ) (A'137>
2 1 1<y <ig <+ <isy <n 1<j1 <ja<-<jo; <52
Observe that for each given tuple 1 < wuy < ug < --- < ug, < n, it will appear a total of
(: 51) times in the summation
2—8
Z Z (I)(X Zln Z’Jz Zi].51).
1< i<+ <isy <n 11 <Ja <o+ <Jsy <2
Indeed, if (ij,,z,,- - , 45, ) = (u1,ug, -+, us,) are fixed, then there exist (" 5811) options for
the remaining s, — s1 places in (iq, 49, - - ,4s,). Consequently, it holds that

—1 —1
n 82
Z q) Zl Zz ‘ ; Zz
<32> <81) Z (X 317 jo? Jsq )

1<y <ig <o <igy <n 171 <Ja < <Jsy <82

—1 —1
= (n) (82> (n Sl) Z (b(x;zilv"' ’Zi51)
S9 S1 S2 — 51 1<y <ig<--<ig, <n
N
— @ N Zz y T Zl Y
(31> Z (x;Z;, sl)

1§i1<i2<'“<i51 <n

which establishes the desired claim in (A.137). This completes the proof of Lemma 8.
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E.8 Lemma 9 and its proof

We provide in Lemma 9 below the order of the variance of the kernel function ®* defined

in (A.135) for the two-scale DNN estimator D,,(s1, s2)(x), which states that the variance

of the kernel function is bounded from above by some positive constant depending upon

the underlying distributions. Denote by Var(®*) = Var[®*(x;Zy, - - - , Zs,)] for simplicity.

Lemma 9. Under the conditions of Theorem 3, there exists some positive constant C

depending upon c1 and cy such that
Var(®*) < C(p?(x) + 07 + o(1))
as 81 — 00 and Sy — 0.

Proof. Since Var(®*) < E[(®*)?], it suffices to bound E[(®*)?]. Tt follows that

E[(@7)%] < 2(wi)’E{[@V (x:Zy, -, Z,)]*}
+ 2(w3)*E[®*(x; Z1, -+, Zss,)]
< 2(wy)’E[®*(x; Z1, -+, Zs,)]

+ 2(w;)2E[@2(X7 Zl7 Ty ZSQ)L
where the last inequality holds since

E{[CD(”(X; Zy, -, Z )]2}

) S92

—2
= ($2> Z E{@(X, Zip"' 7Zis1)¢)(x; Zjl"“ ’stl)}

S1 1<i :
7’Ll<"'<lsl SSQ
1<g1<+<Jsy <2

1<y <-<igy <s2
1<j1<<jay <52

= E[0%(x; Zy, -, Zy,)]-

Y S1

o4

(A.138)

(A.139)



Since ®(x;Zy,- -+, Zs,) = > i1, ¥iGisy and (5, (5, = 0 with probability one when i # j,

we can deduce that

s1 S1

B0 Zi - Z0)) = E[(S06) ] = 303 0t
=1

i=1 j=1
s1

= Z yf@',sl = SlE[y%CLSl]
=1

= 51E[1*(X1)C1s,) + 07251 E[Crs, )

Note that $1E[¢1s,] = D1 Cis,- Furthermore, it follows from Lemma 13 in Section F.3
that

$1E[1*(X1) s ] — 4 (%)

as s; — o0o. Thus, we have that as s; — 00,

E[®*(x;Zy, -, Zs))] = p?(x) + 07 + o(1). (A.140)
Similarly, we can show that as s, — oo,

E[®*(x;Z1, -+, Zs,)] = p*(x) + 02 + o(1). (A.141)

Consequently, combining (A.139), (A.140), and (A.141) results in
E[(®)?*) < 2[(w])® + (w5)*] [1* (%) + o7 + o(1)]. (A.142)
Since ¢; < s1/s9 < ¢ by assumption, it holds that
(w})* < C and (w})’* <C

for some absolute positive constant C' depending upon ¢; and ¢y, which together with

(A.142) entails the desired upper bound in (A.138). This concludes the proof of Lemma 9.
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E.9 Lemma 10 and its proof

Lemma 10 below establishes the order of the variance for the first-order Hajek projection of
the kernel function ®* defined in (A.135). Recall that in the proof of Theorem 3 in Section
D.3, we have defined that for each 1 < i < s9,

q);k<x;z17”' JZi) :E[(I)*(X7Z17 7Ziazi+17"' 7Z$2>|Z17'” 7Zi]7

G (21, ,z) = P (x321, -, 2;) — BO*(x;Zy, -+, Zy)

i—1
_Z Z 95 (Zay, +*  Zay)s

J=1 1< << <i

and n; = Var(®j(x;Zy)).
Lemma 10. Under the conditions of Theorem 3, it holds that

n o~ syt (A.143)
where ~ denotes the asymptotic order.

Proof. We begin with the lower bound for 7. The proof follows the ideas used in the proof
of Lemma 7 in Section E.6. By definition, it holds that

-1
* « [ 52
DY(x;Zy) = w) (s ) > Ele(Zi, 2|2
! 1<y <<y <s2
+ UJ;E[(I)(X, Zil? Ty Zisz)lzl]
SS9 — S S
= ’LUT 2 IE[(I)(X; Zl7 e 7Z81)] + wik_l [(I)(X; Zla Tt ZSI)‘ZI]

59 S92

+ Wy B[®(x;Zy, - -+, Zs,)| 2]

Since the first term on the right-hand side of the above equality is a constant, we have
Var(®}(x; Z,)) = Var (w;ﬂE[cb(x; Zo, - Zs,)|Z4]
S92

+UBE[R( Za, - i) 2] )
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Denote by A; the event that X; is the nearest neighbor of x among {X;,--- , X, } and
A, the event that X, is the nearest neighbor of x among {Xy,---,X,,}. Let X} be the
nearest point to x among {Xy, -+, X, } and y] the corresponding value of the response.
Similarly, we define X, as the nearest point to x among {Xi,---,X,,} and ¢; as the
corresponding value of the response. Since ¢; 1l X; and E[¢;] = 0 by assumption, we can

write

E[CI)(X; Zh T 7ZSI)|Zl] - ]E[yl:H'Al |Z1] + E[yTlAf

Z1]
= aB[14,|Xy] + Efpu(X1)1a, [Xa] + E[p(X7)Lag [X4]

= alB[L4,[Xy] + E[pu(X7)[Xy].

Similarly, we can show that
El@(x; 21, , Zs,)|Z0] = e B[14,|Xa] + E[u(X1)[ Xy,
Thus, we can obtain

S
Var(®%(x; Z,)) = Var {61 (w{s—lE[ﬂAl IX,] + w;E[1A2|X1])
2

i EQOX)IX] + wiElp(X) X

which along with the assumption of ¢; 1L X; and Ele;] = 0 yields
s
Var(®; (x; 21)) = Var {1 (w} ZE[Ly, [ Xu] + wiE[Ly,[Xi]) |
2
«S1 * * v
+ Var {wi ZE[u(X)[X] + wiElp(X))1X1]}

S2

> Var {61 (w;z—;mm X, ] + w;‘E[]lA2|X1]) }

o7



Furthermore, we can deduce that

S
Var {61 (wfs—lxa[hl 1X1] + wiE[La, yxg) }
2

= o?E{ (wi ZE[La, [X4) + wiE[Le, X4]) |

2

51\2 s
= o2{ (wiZ) E[E*[L4, 1Xu]] + 20w 2 E[E[ L, X1 E[Lyy X,
2 2

(w3 PE[E2 (14, X)) |

Let us make use of the following basic facts

1
E[E?[1,4,|X4]] =
|: [ Al‘ 1]:| 281_17
1
E|E[1 4 [X{]E[T 4, | Xq]| = —————
B[4, X [ X)) = ———.
1
E[E?[1 4 X ]] = .
|: [ AQ‘ 1]] 282_1
Then it follows that
Var(®7(x;Zy)) > 02{ <w*i>2 + Qw*w*i;
I HL) = Be 182 251 — 1 ! 2<'32$1_|—52_1
1
*\ 2
+ (w3) 252—1}'

By (A.144) and the assumption of ¢; < s1/s9 < ¢o, we can obtain
Var(®%(x;Z,)) > Co?sy !

for some positive constant C' depending upon ¢; and cs.

We next proceed to show the upper bound for Var(®j(x;Z;)). Since

52
O (% Z1, L) ~BO (X Z1,+  Zgy) =Y Y G (L

j=1 1<a1 << <s2

we see that

Var(®*(x: Zy, -+, Zy,) = 3 (5]2) Var(g:(Zy, -+, Zj)).

(A.144)

(A.145)



Then it follows that
Var(®*(x;Zy,- -+ ,Zs,)) > s3 Var(®](x;Z1)).
Recall that it has been shown in Lemma 9 in Section E.8 that
Var(®*(x;Zq,- -+ ,Zs,)) < C,

where C' is some positive constant depending upon ¢y, ¢y, and the underlying distributions.

Therefore, we can deduce that
Var(®}(x;Z;)) < Csy (A.146)

which together with (A.145) entails the desired asymptotic order in (A.143). This completes

the proof of Lemma 10.

F Additional technical details

F.1 Lemma 11 and its proof
We present in Lemma 11 below some useful spherical integration formulas.

Lemma 11. Let S be the unit sphere in R, v some measure constructed specifically on
the unit sphere S, and € = (&) € S¥1 an arbitrary point on the unit sphere. Then for

any d X d symmetric matriz A, it holds that

/Sd_1 v(d§) = dVq (A.147)
SdilEV(dé) = 0, (A.148)
L § ALV = u()V (A.149)
| GGtw(de) =0 forany 1< i,k < d, (A.150)
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where Vi = denotes the volume of the unit ball in RY.

/2
T(1+d/2)
Proof. 1t is easy to see that identities (A.148) and (A.150) hold. This is because for each

of them, the integrand is an odd function of variable €, which entails that the integral is

zero. Identity (A.147) can be derived using the iterated integral

e [ - ([ 2 ([ )
- /S y(dé).

To prove (A.149), we first represent the integral in (A.149) as a sum of integrals by
expanding the quadratic expression in the integrand

EAgvde) = 3 Ay [ 66 vide) (A.151)

d—
§a-1 1<i,5<d

For ¢ # 7, we have by symmetry that
| &g v(dg) = /d —&i&; v(dg) = 0. (A.152)
i1 -1
Thus, it holds that
d
AV =Y Au [ & vlag)
i=1 -t

gd—1

= tr(A) & v(dg). (A.153)

gd-1
When d = 1, ST reduces to the trivial case of two points, 1 and —1. Then we can obtain

that for d =1,

ETAE v(dE) = 2tr(A) = tr(A)V, (A.154)
Sd*l

where the last equality comes from the fact that V; = 2 for d = 1. When d > 2, we now
use the spherical coordinates: & = cos(¢1), & = cos(¢x) HZ Usin(gy) for 1 <k <d—1,
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and &g = Hf;ll sin(¢;), where 0 < ¢g1 < 2m and 0 < ¢; < 7 for 1 <7 < d — 2. Then the

volume element becomes

(Hsmd (o ) IT d¢:.

It follows that

- & v(dg) = /27r /” e /W cos®(¢1) (ﬁ sind_l_i(qﬁi)) ﬁ de;

B f COS (§Z51)Slnd 2 §Z51 de; o d—1— 1

R L[] Hsm (49 Hd@
I cost (o) sint2(61) do

B Jy sin?(¢1) dg; /Sd 1 V(de)

B o cos 2(¢y) sin? (¢, deps
B Jo sin? % (1) do;

By applying the integration by parts twice to the numerator from the above expression,

dv. (A.155)

we can obtain

™

/7r cos®(¢y) sin?=2(¢y) depy = sind(qb]) dey.
0

d—1

In addition, using the trigonometric integration formulas, we can show that

Jo sin(¢1) dey _d-1
Jo sin?%(¢1) den d ’

which along with (A.153) and (A.155) leads to

§MAE v(dE) = tr(A)Vy

Sgd—1
for the case of d = 2. Also, it is easy to see that the same formula holds for the case of

d =1 by (A.154). This concludes the proof of Lemma 11.
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F.2 Lemma 12 and its proof

Let us define (; s as the indicator function for the event that X; is the 1NN of x among
{Xy, -+ ,Xs}. We provide in Lemma 12 below a list of properties for these indicator

functions ¢ .

Lemma 12. The indicator functions (; s satisfy that
1) For any i # j, we have (; sCjs = 0 with probability one;
2) Ef:1 Ci,s = 1;
3) ElGis) = s7";

4) Eos[Cis) = {1—p(B(x, || X1—x]))}* !, where ;.5 denotes the expectation with respect
to {Zza Zi+17 ce ,Zs}.

The proof of Lemma 12 involves some standard calculations and thus we omit it here
for simplicity. Let us make some remarks on Ey[(; 5] that can be regarded as a function
of X;. The last property in Lemma 12 above shows that Eo[(1 ] vanishes asymptotically

as s tends to infinity, unless X; is equal to x. Moreover, we see that

IEl [EQZS[CLSH = 3_1-

These two facts suggest that Eo.[¢; 5] tends to approximate the Dirac delta function at x,

which will be established formally in Lemma 13 in Section F.3.

F.3 Lemma 13 and its proof

Lemma 13. For any L' function f that is continuous at x, it holds that

lim El[f(Xl)SEQS[CLSH == f(X) (A156)

§—00
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Proof. We will show that the absolute difference |E;[f(X;)sEqo.[C1s]] — f(x)| converges to

zero as s — 00. By property 3) in Lemma 12 in Section F.2, we have
Ey[sEg.[C16]] = 1.

Thus, we can deduce that

B [f (X1)sBa:s[C1s]] = FOO)] = [Ea[(f(X1) = f(x)) sEa:s[Cs]]]
< B[ f(Xq) = f(x)|sBais[Crs])- (A.157)

Let € > 0 be arbitrarily given. By the continuity of function f at point x, there exists a

neighborhood B(x,0) of x with some § > 0 such that

f(X) = fx)] <€

for all X; € B(x,6). We will decompose the above expectation in (A.157) into two parts:

one inside and the other outside of B(x,d) as

Ei[lf(X1) = f(x)[sEa:[Cs]] = Ea[| f(X1) — f(%)]5E2:[C16] Lpx,5)(X1)]
+ Eq[| f(X4) = f(x)|5Ea:5[C1,6] L Be(x,6) (X1)] (A.158)

where the superscript ¢ stands for set complement in R,

The first term on the right-hand side of (A.158) is bounded by € since

Ei[[f(X1) = f(%)[sEa:s[Crs] L Bx.s) (X1)] < ErlesEas[Crs]Tpx.s)(X1)]
< Ey[esEy[Crs]] = €. (A.159)

To bound the second term on the right-hand side of (A.158), observe that
B(x,6) C B(x, || X1 —x]|)
when X; € B¢(x,4). Then an application of Lemma 12 gives
EoislCis] < (1= @(B(x,0)))""
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when X; € B¢(x,0). Thus, we can deduce that

Exflf(Xq) = f(3)[sEa:s[Cr,s] Lpe(x,6) (X1)]

< E[|f(X1) = f(x)]s(1 = @(B(x,0))) " Lpex.5) (X))

< s(1 = (B(x,0) " Eaf| f(X1) = f(x)]]

< s(1—(B(x0)) " (Ifller + f(x)), (A.160)

where || - || denotes the L'-norm of a given function.
Finally, we see that the right-hand side of the last equation in (A.160) tends to 0 as

s — 00. Therefore, for large enough s, the quantity

El[’f(Xl) - f(X)ISEQ:S[CLs]]lBC(Xﬁ) (Xl)]

can be bounded from above by 2¢. Since the choice of € > 0 is arbitrary, combining such
upper bound, (A.157), (A.158), and (A.159) yields the desired limit in (A.156) as s — oc.
This completes the proof of Lemma 13.
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