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Abstract

We propose a unified theoretical framework for studying the robustness of the
model-X knockoffs framework by investigating the asymptotic false discovery rate
(FDR) control of the practically implemented approximate knockoffs procedure. This
procedure deviates from the model-X knockoffs framework by substituting the true
covariate distribution with a user-specified distribution that can be learned using in-
sample observations. By replacing the distributional exchangeability condition of the
model-X knockoff variables with three conditions on the approximate knockoff statis-
tics, we establish that the approximate knockoffs procedure achieves the asymptotic
FDR control. Using our unified framework, we further prove that an arguably most
popularly used knockoff variable generation method—the Gaussian knockoffs generator
based on the first two moments matching—achieves the asymptotic FDR control when
the two-moment-based knockoff statistics are employed in the knockoffs inference pro-
cedure. For the first time in the literature, our theoretical results justify formally the
effectiveness and robustness of the Gaussian knockoffs generator. Numerical examples
are conducted to validate the theoretical findings.

Keywords: Model-X knockoffs; Gaussian knockoffs generator; moments matching; asymp-
totic FDR control; robustness

1 Introduction

The model-X knockoffs (Candes et al., 2018) is a flexible framework for high-dimensional

variable selection with theoretically guaranteed finite-sample false discovery rate (FDR)
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control bypassing the use of p-values. Without the need to know or impose assump-
tions on how the response variable Y € R depends on a high-dimensional feature vector
X = (X1, ,X,)" € R, model-X knockoffs provides a general framework to select rele-
vant features in set H; C {1,---,p}, where for each j € H{ = {1,--- ,p} \ H1, we have
X; LY | X_;. Here, X_; is the subvector of X with the jth component removed. The
core idea is to construct the knockoff variables X € RP that satisfy two conditions: i) ex-
changeable in distribution with the original features X, and ii) independent of response Y
conditional on the original features X. These knockoff variables act as a control group,
allowing researchers to identify the relevant original features in H; related to the response.

The exchangeability condition is key to controlling the FDR. Formally, it is stated as:

for any subset S C {1,---,p}, the joint distribution of (X, X ) satisfies
(XTu )?T)swap(S) i (XT7 XT)? (1)

where (X, X T)Swap(s) represents the vector obtained by swapping the components X; and
)?j for each j € S and 2 stands for equal in distribution. For the ease of reference, in this
paper we term the knockoff variables that satisfy the aforementioned two conditions as the
perfect knockoff variables. In principle, perfect knockoff variables can be constructed when
the feature distribution F' of X is known using, for example, a generic algorithm outlined in
Candes et al. (2018) (see Algorithm 1 therein).

Since the true covariate distribution F' is generally unknown, in practice, a working dis-
tribution F' is almost always used to replace the true distribution F' when generating the
knockoff variables in implementing the model-X knockoffs. For differentiation, we name the
resulting model-X knockoff variables X as the approximate knockoff variables since they

correspond to the working distribution F rather than the true distribution F , and the cor-



responding knockoffs inference method as the approximate knockoffs procedure. Because of
the discrepancy of F from F , the distributional exchangeability condition in (1) no longer
holds for X. Consequently, we lose the theoretical guarantee of finite-sample FDR control

as shown in Candes et al. (2018). This raises the first natural question:

e When can the approximate knockoffs procedure remain robust, allowing for (asymp-

totic) FDR control under a misspecified feature distribution F?

An important goal of this paper is to provide a unified theoretical framework to address
the above question. We identify three sufficient conditions, under which the approximate
knockoffs procedure can achieve the asymptotic FDR control; see Theorem 1 for the formal
statements of conditions and results. Such results equip researchers with a unified tool for
verifying whether some popularly used Fin practice can yield valid asymptotic FDR con-
trol. Our unified theoretical framework for the asymptotic FDR control by the approximate
knockoffs procedure is new to the literature.

In implementation, an arguably most popularly used method for generating the knockoff
variables is the Gaussian knockoffs generator (Candes et al., 2018; Chi et al., 2025; Zhu et al.,
2021; Bai et al., 2020; Lu et al., 2018), which we formally introduce as follows. Assume that
we have access to the first two moments of X: the mean vector p € RP (without loss of
generality, assume p = 0,,; otherwise consider X — p) and the covariance matrix Xy € RP*P.
The Gaussian knockoffs generator pretends that X followed Gaussian distribution A (0,, Xx),

and generates knockoff variables as
X = (I, — diag(r) 21 X + (2diag(r) — diag(r) X3 diag(r))"/?Z, (2)

where r € R” is chosen to ensure the positive definiteness of 2diag(r) — diag(r)X ' diag(r),

and Z € RP is a standard Gaussian random vector independent of all other variables. For the



Table 1: The empirical FDR and power results from applying the approximate knockoffs
procedure to the HIV data described in Section 4.2. The Gaussian knockoffs generator is
used to generate the approximate knockoff variables. The target FDR level is ¢ = 0.2. We
subsample data of size 200 from the full data set of size n ranging from 328 to 842, and
repeat the procedure 100 times to calculate the FDR and power.

APV ATV 1DV LPV NFV RIV SQV

FDR | 0.174 0177 0215 0244 0204 0233 0.196
MC power | 0351 0.322 0296 0367 0293 0341 0.311
FDR | 0.09 0.137 0.09 0.166 0099 0.096 0.154

DL power | 0154 0357 0100 0245 0142 0141 0.153
FDR | 0.125 0.198 0173 0212 0158 0.176 0.139
DC power | 0499 0.637 0441 0523 0446 0480 0.411

ease of presentation, we refer to X in (2) as the Gaussian knockoff variables. We emphasize
that the true distribution F' here can be different from Gaussian distribution A(0,, Xx).

To demonstrate the practical performance of the Gaussian knockoffs generator, we apply
the procedure to a semisynthetic data application: modeling the protease inhibitor (PI)-
type drug resistance of HIV-1 based on genetic mutation data, which was studied previously
in Rhee et al. (2006) and Barber and Candes (2015). Here, X is categorical data, which is
evidently non-Gaussian. Despite the distributional misspecification, the results indicate that
in almost all cases, the FDR is controlled near the prespecified level ¢ = 0.2, as summarized
in Table 1. Additional details are provided in Section 4.2.

It is seen that the Gaussian knockoffs generator relies on the first two moments matching
with the original covariates X. We note that the deep knockoffs method in Romano et al.
(2020) falls along the same idea of moments matching, with the major difference that it
also considers higher-order moments matching in generating the knockoff variables. The
popularity and practical success of the Gaussian knockoffs and deep knockoffs motivate us

to raise the second question:

e Are there conditions under which moments matching is sufficient for generating the



knockoff variables for achieving asymptotic FDR control?

Another important contribution of this paper is to provide an affirmative answer to the
second question above. By verifying the sufficient conditions provided in our Theorem 1,
we formally establish that Gaussian knockoffs can provide the asymptotic FDR guarantee
for some popularly studied and used choices of knockoff statistics, including the marginal
correlation knockoff statistics and regression coefficient difference (RCD) knockoff statistics.
The intuition behind such robustness is that these knockoff statistics are constructed based
on the first two moments of the data matrix, and thus, the Gaussian knockoff variables
constructed based on the first two moments matching are sufficient for providing asymptotic
FDR control. For knockoff statistics constructed based on higher-order data moments, we
conjecture that one needs to generate the knockoff variables via higher moments matching
for achieving the asymptotic FDR control. Since such extension is highly nontrivial, we leave
it for future investigation.

Our work in this paper falls into the general framework of robustness analysis of model-X
knockoffs with respect to the deviation of working distribution F from true distribution F.
Prior to our work, efforts have been made toward addressing the robustness concern (Fan
et al., 2020a,b). Notably, Barber et al. (2020) relaxed the distributional exchangeability con-
dition (1) and established an FDR upper bound. Their results show that the FDR inflation
(caused by using F ) depends on the Kullback-Leibler (KL) divergence of the conditional
distributions derived from F and F , and can asymptotically vanish provided that an in-
dependent large enough pre-training data set is available for very accurately estimating F'.
Recently, Fan et al. (2025) exploited a coupling idea to prove the asymptotic FDR control
for the approximate knockoffs procedure. Their results show that the procedure remains

robust for a broader class of F beyond those considered by Barber et al. (2020). However,
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neither of these studies applies directly to the Gaussian knockoffs to explain its strong prac-
tical performance observed in Table 1. The connections and differences between our work
and these two prior studies will be further discussed as the context becomes more clear in
subsequent sections.

The rest of the paper is organized as follows. Section 2 introduces our general framework
for the asymptotic FDR control by the approximate knockoffs procedure and the Gaussian
knockoffs generator. We delve into specific constructions of knockoff statistics based on the
first two moments matching and verify their asymptotic FDR control property in Section 3.
Section 4 presents several simulation and semisynthetic data examples. We discuss some
implications and extensions of our work in Section 5. All technical proofs and detailed

derivations are provided in the Supplementary Material.

1.1 Notation

For any positive integer m € Z*, let [m] = {1,--- ,m}. For a,b € R, denote by a Vb =
max{a, b} and a A b = min{a, b}. For any vector z, let ||z||, denote its f-norm (0 < ¢ < c0),
and we simply write ||z| = ||z||2. For any matrix M € R™*P | let | M||op be its spectral norm,
and ||M|12 = n~Y?max;cp||M. ;|| with M. ; the jth column of M. I, is reserved for an
m x m identity matrix. Throughout this paper, all asymptotic notation is considered in the
limit as n — oo and p diverges with n. We write a,, < b, or a, = o(b,) if a,,/b, — 0, and
a, > b, if a,/b, — oo. For random sequences, a, = op(b,) means a, /b, 20, and plim
stands for convergence in probability. Denote by C' an absolute constant, varying across lines
unless specified. We write a,, < b, (a, = O(b,)) and a,, 2 b, (a, = (b)) if a,, < Cb, and

a, > Cb,, respectively, and a,, < b, (a,, = ©(b,,)) if both hold (with different values of C).



2 A general framework

2.1 Model setting and approximate knockoffs inference

We assume that (X,Y") follows the flexible nonparametric regression model
Y = F(Xﬂng)’ (3)

where Xy, represents the subvector consisting of important features in H; C {1,---,p}
that contribute to response Y, F is an unknown function, and £ is the model noise that is
independent of X. It is seen that X; 1L Y | X_; for each j € Ho = {1,--- ,p} \ H1, and we
name such features as the null (noise) features. To ensure the model identifiability, we follow
Candes et al. (2018) in assuming that H; exists and is unique. This model is commonly used
for feature selection tasks, focusing on selecting the relevant feature set H;.

Assume that we are given n independent and identically distributed (i.i.d.) observations

(X1, -, X, Y)) drawn from the joint distribution of (X,Y’). Let Sc {1,---,p} be

i€[n]

the set of features selected by some algorithm applied to (X1, -+, X;,,Y;) We say

i€[n]”

that S achieves the FDR control at some prespecified level ¢ € (0, 1) if

o N . o #{j:jeSNH)
FDR(S) = E |FDP(S h FDP(S) = _ .
(S) [ ()]ngn; (5) #{jjedtvi

Let X = (X )icin]jep) € R™*? be the data matrix containing all the feature vectors, and

Y = (Y1,---,Y,)" € R” the response vector. Additionally, denote by & = (&;,--- ,&,)" €
R™ the model noise vector, which collects the noise associated with each observation.
We follow Fan et al. (2025) to introduce the approximate knockoffs procedure, which

consists of three main steps:

(1) Generation of approximate knockoff variables: Specify or estimate (using either in-

sample or out-of-sample data) a working distribution [ for covariate vector X. Pretend
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that I were the true distribution of X , and generate the approximate knockoffs data
matrix X using F. An example of a generic algorithm that can be used is the sequential

conditional independent pairs algorithm in Candes et al. (2018).

(2) Construction of knockoff statistics: Treating X as though it were the perfect knock-
off variable matrix, compute knockoff statistics analogously to the perfect knockoffs
procedure in Candes et al. (2018). Specifically, calculate the feature importance statis-
tics as (Q1, -+, @p, @1, e ,@p) =T(X, 5(\, Y), where T is a measurable function of
(X, X ,Y'), and @; and @j represent the importance of the jth feature and its knock-

off counterpart, respectively. The approximate knockoff statistic I//‘\/J for each original

feature is then defined as ﬁ\/} = f;(Qj, @3) for some antisymmetric function f;.

(3) Feature selection: For a prespecified FDR level ¢ € (0,1), select important features as

S={jelp: ‘//1\/] > T,}, where threshold T, for the FDR control is given by

= == 1 ':W-<—t
Tquin{te{|Wj|:|Wj|>o,je[p]}~ FHl WSt }

' #{j:ﬁ\/th}\/l

with the convention that 7, = oo if the set above is empty.

It is seen that the only distinction between the approximate knockoffs procedure and the
model-X knockoffs framework in Candes et al. (2018) lies in how X is generated. Indeed,
when the true distribution F' is used in Step (1) above, we recover the (perfect) model-X
knockoffs procedure. For the ease of presentation, from now on we denote by X € R™*P,
{ij}j:l,...’p, and Tq the perfect knockoff variable matrix, knockoff statistics, and knockoff
threshold using the true distribution F', respectively. In practice, the true covariate distribu-
tion F' is generally unknown. We have discussed in the Introduction a most popularly used

algorithm for practically generating knockoff variables, the Gaussian knockoffs generator. An



important goal of our study is to provide a general framework for verifying the robustness of
model-X knockoffs in terms of FDR control with respect to various practical choice of F , and
we achieve this goal by studying the FDR property of the approximate knockoffs procedure.

Our general framework is presented in the next subsection.

2.2 General framework for asymptotic FDR control

A critical condition for (perfect) model-X knockoffs to achieve finite-sample FDR control is
the distributional exchangeability condition presented in (1). Under this condition, it can be
shown that the resulting perfect knockoff statistics ﬁvfj for null features enjoy the following

distributional symmetry property

YW <3 £ > 1w, > 1 (4)

JEHo J€Ho

for any t € R. Such a property is key to establishing the finite-sample FDR control re-

sult for the perfect model-X knockoffs. It ensures that for the data-adaptive threshold T, 0

Zje?—to 1{Wj ZTq}
1+216H0 I{Wj S*Tq}

E < 1, a critical result in proving the FDR control by model-X knock-

offs; see Candes et al. (2018) for more details.

With the approximate knockoff statistics ﬁ\/j’s introduced in the last subsection, we lose
the distributional symmetry property as in (4). The theorem below guarantees that under
the three sufficient conditions on null ﬁ\/}’s, the approximate knockoffs procedure enjoys the

asymptotic FDR control.
Theorem 1. Fiz g € (0,1) and assume that the following conditions hold for some c, > 0:

(1) (Asymptotic approzimate symmetry for W ):

o P(W; >t
sup R (,\] = 1) — 1| =o0(1).
t€(0,0t0] P(W; < —t)

JE€Ho
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(2) (Approximation for indicator functions):

sup {‘ZjGHO 1{W = t} ‘ ‘ZJEHO - S '} — 1‘}
S jeno POW; 2 1) P(W; < —t)

te(0,an) ]GHQ

(3) (Localization of T,): P (T, > o) = o(1).
Then for 8 = {j € [p : ‘//1\/] > T,}, we have

plim sup FDP(g) <gq and limsup FDR(S'\) <q.

n—oo n—o0

Here, plimsup,_,.. FDP(S) < ¢ means that for any ¢ > 0, P(FDP(S) > ¢+ ) — 0.

Remark 1. In the original model-X paradigm (Candés et al., 2018), FDR control relies solely
on feature modeling without any assumption on outcome modeling. That is, one assumes full
knowledge of the covariate distribution and imposes no restrictions on the outcome model
Y | Xy, ; see also the discussion in Niu et al. (2024). By contrast, Theorem 1 imposes three
sufficient conditions directly on the knockoff statistics ﬁ\/} for asymptotic FDR control. As
will be shown in concrete examples in later sections, such ﬁ\/j—modelmg has both elements
from feature modeling and outcome modeling. On the feature modeling side, we assume
access to the first two moments of feature X and use this partial information to construct
Gaussian knockoffs, which is the main focus of our paper. On the outcome modeling side,
we use model assumptions to prove that some popular constructions of ﬁ\/J are of reasonable
qualities so that the three sufficient conditions hold. The shift from feature modeling toward
outcome modeling in our paper can be understood as the cost we pay for misspecified feature
distribution. We do not claim the necessity of these three conditions; establishing the minimal

set of conditions remains as a challenging, longer-term objective.

Remark 2. Conditions (2) and (3) in Theorem 1 are not entirely new; they have been previ-

ously established in Fan et al. (2025) for perfect knockoff statistics W/J s resulting from perfect
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knockoff variables X . While the technical details may differ, these conditions share essential
conceptual similarities. Condition (2) requires the sum of indicators Y.y, l{ﬁ\/} >t} to
concentrate sharply around its mean. In effect, this demands p — oo and weak dependence
among ﬁ\/j ’s so that a uniform concentration bound is valid. Condition (3) imposes implic-
itly a signal strength requirement: a non-vanishing fraction of “strong” signals is needed so
that with high probability, the random denominator in the definition of T, remains strictly
positive so that the localization of T}, can be established. In the subsequent section, we will
demonstrate how these conditions can be verified for specific examples of ﬁ\fj ’s.

Remark 3. Condition (1), on the other hand, is novel. It requires that the knockoff statis-
tics ﬁ\/} exhibit asymptotic approrzimate symmetry over a suitable range of t wvalues for
null features. For perfect knockoff statistics ﬁv/] that satisfy the so-called flip-sign prop-
erty (Candés et al., 2018), this condition is inherently satisfied. Using this property, we
may construct symmetric random variables 20; such that 27, < ﬁ\/j, and consequently,
IP’(ﬁE >t) =~ P, >t) =P < —t) = IP’(‘/}V’] < —t), thereby confirming condition

(1). Then using condition (2) on the approzimation for indicator functions, we can prove

Y jemg UW, <t}
Yjen, HW;=t}

that with high probability, null I//‘\/] s satisfy that ~ 1 for a suitable range of t
values. It is seen that the above result is parallel to (4). Using this result, we can establish

the asymptotic FDR control for the approximate knockoffs procedure.

We end this section with the proof of Theorem 1. In the subsequent section, we will
provide concrete examples of the approximate knockoff statistics and demonstrate how the

conditions of Theorem 1 can be verified.

Zje?—(o 1{#‘7‘7]‘275} .
Zje?—to P(#W;>t)

1! < e for # € {+, —}} for ¢ > 0. Conditions (2) and (3) above ensure that P(B{) — 0

Proof of Theorem 1. Let us define By = {1, < a,,} and By = {supte(oﬂn] |
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~

and P(B5_) — 0 for each ¢ > 0. In addition, it holds naturally that 0 < FDP(S) < 1. Then

. ~ Sy H{W,>T,)
foll hat FD <E | =1
it follows that FDR(S) < VS ey 10W,5T,]

-1{B1}1{By.}| + o(1). From the definition of

T,, we can deduce that on event B; N B,
jeng UWWi 2 Tob 2 jen, W, 2 To} ) L+ 3o, UW; < —T5}
IV e W, > T 1435, UW, < =T} 1V Y, UW, > T}

) ZjE’HO 1{‘/‘/J > Tq}
1+ Zje?—to 1{vVJ < _Tq}

<q ~{B1}1{By .}

Furthermore, it holds on event By N By that
L3, UW, < =T} teanl 1430500, HW; < —t}

L P(W, >t
§<1+€)- sup Z]EHO (/\]— ) §<1+8)~(1—|—0(1)).
=€) team Z]EHO P(W; < —t) 1—¢

~

This proves the conclusion for FDP(S), and consequently, for any € > 0 we can obtain that

~

FDR(S) < ¢ (3£) 4 0(1), which completes the proof of Theorem 1.

2.3 Approximate knockoffs via moments matching

As discussed in the Introduction, the moments matching method has been popularly used
in the literature to practically generate knockoff variables. In particular, the Gausssian
knockoffs generator defined around (2) is arguably the most popularly implemented method
for knockoff variables generation. As also demonstrated in the Introduction, the Gaussian
knockoffs appears to achieve the FDR control in the semisynthetic data application even
when the features are binary, a significant deviation from Gaussian distribution. We will
provide theoretical justification for its asymptotic FDR control property in the next section.
Our results are the first in the literature to theoretically verify the validity of moments
matching methods for generating model-X knockoff variables in achieving asymptotic FDR

control.
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A notable property of the Gaussian construction in (2) is the exchangeability of the
covariance structure. Specifically, for any permutation matrix P € R?**? encoding the

swaps in the exchangeability condition in (1), the covariance matrix satisfies that
PCov [(XT,XT)T]P =Cov [(XT,X")7T]. (5)

It is worth noting that the verification of condition (1) in Theorem 1 in this paper relies
critically on the exchangeability property (5).

We are now ready to discuss the major distinctions of our study with the work by Fan
et al. (2025). Our Theorem 1 provides a unified framework for verifying the robustness
of the knockoffs procedure. At a high level, Fan et al. (2025) proved the robustness of the
knockoffs procedure through verifying conditions (1)—(3) in our Theorem 1 by using the proof
technique of coupling. The salient idea is to couple the practically constructed approximate
knockoff variable matrix X with a realization of the perfect knockoffs data matrix X ; if
X and the coupled X can have asymptotically vanishing distance in realization with high
probability, the latter can be used as a bridge to verify conditions (1)—(3) in Theorem 1 and
to further prove the asymptotic FDR control using X. The existence of such coupled X is
the key for the coupling idea to work.

Although the coupling idea can be applied to general distribution F', it can only be used
to prove certain type of deviation of F from F. Indeed, the success of Gaussian knockoffs in
the semisynthetic data example mentioned in the Introduction cannot be verified using the
coupling idea in Fan et al. (2025). To formally characterize this point, and to better illustrate
the significance of our study in this paper, we provide two examples below. We note that

the first example is designed to mimic the semisynthetic data example in the Introduction.
Fzample 1. Consider X, ---, X, as i.i.d. Rademacher random variables. In this case, the
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perfect knockoff random variables X PR ,)N(p are also i.i.d. Rademacher random variables.

Let )A(l, _ ,)?p R N(0,1), and denote by {)?i,.}ie[n] R it and {E,.}ie[n] R f. Then

there exists some universal constant ¢ > 0 such that

inf P - - iid. <maxn’1/25(\.-—3(/.-2>c>>c
~el' (1, ) {(Xi,, X4, ) e Nd’Y J€p] H 7 ’]” - -7

where T'(f, ;1) is the set consisting of all couplings of iz and ji. Since ¢ is a constant that
does not asymptotically vanish with sample size, the above result indicates that there does
not exist an ideal knockoff variable matrix that can be coupled with Gaussian knockoffs X
with the required accuracy by the coupling idea for ensuring the asymptotic FDR control.
On the contrary, our Corollary 1 (presented in Section B of the Supplementary Material),
proved by verifying the three conditions in Theorem 1, shows that Gaussian knockoffs can

indeed achieve the asymptotic FDR control under some regularity conditions.

FEzample 2. Consider X, ---, X, as i.i.d. random variables following the ¢-distribution with
v > 3 degrees of freedom, normalized to have variance 1. Let )/51, e ,)A(p bR N(0,1). To

ensure effective coupling, the theory in Fan et al. (2025) requires v to diverge to infinity
at certain rate, cf. (Fan et al., 2025, Proposition 2). In contrast, our Corollary 1 provides
the asymptotic FDR control result for finite v > 3 by taking any moment order q € [3,v),

significantly relaxing the requirement on the tail behavior of the t-distribution.

We end this section by emphasizing that while we adopt the Gaussian knockoffs via
two moments matching for simplicity, our general framework is not constrained to this
particular choice. Our theoretical analysis does not rely on the Gaussianity of knockoffs in
(2); random vector Z in (2) can be replaced with one from any distribution that meets the
required moment conditions. This approach eliminates the need for a fully specified feature

distribution, streamlining the knockoffs generation process.
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3 Two-moment-based knockoff statistics

In this section, we present three concrete constructions of knockoff statistics and verify that
each satisfies conditions (1)—(3) of Theorem 1, thereby achieving asymptotic FDR control. It
is important to note that in all examples in this section, i) the Gaussian knockoffs generator
(2) is used to generate X, and ii) the limiting distribution of the knockoff statistics ﬁ\/j’s

depend only on the first two moments of data matrix. Throughout the examples, we work

in the regime |Ho| =< p. Notation is local to each subsection.

3.1 DMarginal correlation knockoff statistics

We begin by considering the marginal correlation knockoff statistics. Given the original data

matrix X, the approximate knockoffs data matrix is generated via

o~

X = X (I, — 23 diag(r)) + Z(2diag(r) — diag(r) Y5 diag(r))"/?

with Z € R"*P consisting of i.i.d. N (0, 1) entries that are independent of X and Y. It follows
that the joint covariance of (X, )A() is ¥ = Cov [(XT,)A(T)T} = [y, Zy — diag(r); Sx —
diag(r), ©x].

With X and and its knockoff X at hand, the knockoff statistics based on the marginal

correlation difference are defined as

e XY
LYl 1Yy

j € [pl.

This statistic measures the marginal linear dependence of each feature on the response vari-
able. The normalization by ||Y || ensures the scale invariance, making these statistics robust
to variations in the response magnitude. The marginal correlation statistics have also been

studied in Barber et al. (2020); Fan et al. (2025); Niu et al. (2024).
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We will work with the following moment conditions:

(D1) The response Y is sub-exponential with cy < EY? < c{,l. The covariate X is centered,

has covariance matrix X x, and is uniformly sub-exponential. Moreover, X4, 1L Xy, .
(D2) IZ]lop V 1Z7H|op < M for some constant M > 0.

The block independence assumption X3, 1L X3, is imposed so that for every 7 € Hy,

T Sl
X‘,jY and XAij
gl Y]]

are independent and have approximately matched distributions conditional
on Y. The match in conditional distributions is important for proving the asymptotic FDR
control here. The block independence assumption can be relaxed to some extent; in Section
G.7 of the Supplementary Material, we provide a signal-driven generalization that relaxes this
assumption while preserving enough structure so that the conditional distributions can still
approximately match. The counterexample below shows that, arbitrary covariate dependence
can cause FDR severely inflated, suggesting that some assumption is needed to regulate

covariate dependence structure for marginal-correlation-based knockoff statistics to achieve

asymptotic FDR control.

Ezample 3. Fix ¢ € (0,1), 8 # 0, and ¢ > 0. Let p = py + p1 with py — o0, p1 = 0(py),
and p;log?p = o(n). For each i € [n], let Z; ~ N(0,1,,) and let U; € {£1}? have i.i.d.
Rademacher coordinates, and let & ~ AN(0,1). Assume that Z;, U;, and & are mutually
independent. The feature vector is generated as X; = (Z,',G,U,")" with G; = ]9171/21;1 Z;
and the outcome model takes the form Y; = (G; + ¢&;. The marginal-correlation-based

knockoff statistics have FDR — 1 as n — oo, when the Gaussian knockoffs generator is

used. A detailed proof is given in Section G.6 of the Supplementary Material.

Under conditions (D1) and (D2), a central limit theorem heuristic implies that conditional
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on Y, for each j € Ho,

XT-Y/||Y||> d
"J ~ N (0,2 101 Giito})
= » = {g,5+p}{d.3+p} ) -
(XT]Y/HYH

The invariance of the covariance structure in (5) is reflected here by the equality that ejTEej =

ejTﬂ)Eejﬂ,. Consequently, we expect that for each j € H,,

P(W; > t) = Pi(t) = P, 0 (1G] — |G| > 1)

TN (0.2, 4} (i+p})

= P(Gl,GQ)TNN(O,E{j’j_;rp}’{j’j_Fp})(lGll - |G2‘ S _t> ~ P(u/] S _t)7 (6)

which leads to the verification of condition (1) in Theorem 1. It is important to note that
the approximation above is understood in the sense of ratios, i.e., IP’(‘/)VJ > t)/P;(t) ~ 1 and
]P(ﬁz < —t)/P;(t) =~ 1. This ratio-based formulation can be interpreted as a moderate devi-
ation result, providing an effective approximation across a broad range of ¢ values. Proving
the ratio-based approximation is much more challenging than proving the difference-based
approximation, because the denominator can take vanishingly small values over some range
of t values. A rigorous statement and proof of these results can be found in Theorem 12 in
the Supplementary Material, where the proofs are included therein as well.

The proposition below presents the concentration of the approximate knockoff statistics.

Proposition 1. Assume that conditions (D1) and (D2) hold. Then if logp = o(y/n),
there exists some constant C = C(cy,M) > 0 such that for any j € [p], P (‘ﬁ\fj — w;| >

C0,) < p '+ exp(—nE*Y?/C), where w; = /n(|EX;Y| — IEX;Y|)/EY?Y? and 6, =

log p + 10g2p
EY/2y2 ' VpEY?'

The quantity w; in Proposition 1 above can be interpreted as the signal strength. Clearly,

w; = 0 for each j € Hy. For knockoff statistics, one expects large and positive signals for
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Jj € Hi, cf. Barber and Candes (2015); Candes et al. (2018). Specifically, we impose the

following conditions on the class of approximate knockoff statistics:

(D3) For a sufficiently large constant C' > 0 independent of n, a, = #{j € H; : w; >
C6,} — oo. Additionally, m,/a, — 0. Here, m,, = max;ey,|M (j)| with M(j) = {{ €

Ho \ {J} : Zje{j,j+p} (|2j,f’ + ’2i7€+p|) # 0}-

(D4) For any ¢ € (0, 1), (qan) ™" > ,cp, P(W,; < —P~1(%2)) — 0. Here, for any z € [0,1/2],

2p

P~Hz) =sup{t > 0:P(t) >z} with P(t) = [Ho| ' > P;(t).

JE€Ho

Intuitively, the two conditions above characterize the desired quality for the approximate
knockoff statistics ‘/7[7] as a variable importance measure. Our study reveals that the accuracy
of I//‘\/j’s as variable importance measure has a great implication on the robustness of the
knockoffs procedure. Ideally, accurate ﬁ\/j’s should possess the following properties: i) ﬁ\fj’s
for signals to concentrate around large, positive values with small variation; and ii) ‘/47]"5 for
null features to concentrate around 0 with small variation. The higher quality the I//I\/'j’s, the
more robust the knockoffs procedure is with respect to the deviation of F from F.

Both conditions (D3) and (D4) serve as the signal strength requirements needed to localize
the data-driven threshold 7 (i.e., to verify condition (3) of Theorem 1). Recall the definition
of T, in Section 2.1. From a technical standpoint, condition (D3) provides a lower bound
control over the denominator of the ratio in defining 7}, ensuring the denominator bounded
away from zero, while condition (D4) offers an upper bound on its numerator by controlling
the frequency of large negative statistics. Together, these conditions guarantee that with
high probability, T}, stays below a suitably chosen upper bound, which in turn allows us to
prove asymptotic control of the FDP, and hence of the FDR. Below we discuss two special

cases when condition (D4) is satisfied:
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e Assume that there are sufficiently many strong signals such that |Hi| — a, = o(a,).

Then from the concentration result in Proposition 1, we have
1 an Hi| — ay, 1 —
—ZP<W< —P- (q ))SL—F— > P (W; < 0) — 0.
qay, - 2p QG qan . ..
JE€EH1 Je{i'€H1wy >0y}

e Assume that on average, the probability of a relevant feature having a negative valued

ﬁ\/j is smaller than the corresponding probability for an irrelevant feature. Specifically,

assume that |H;|7' > ]P’(W < =P~ (qa")) < [Hol ™' X en ]P)(W < =P (qa"))

JEH

Then from the moderate deviation result in (6), we have

w2 P (T () < B (W< (5)
gﬂP(Pl<%>)-(1+o(1)): ’2p| (1+0(1)) — 0.

qan

A similar assumption regarding the tail probability of the relevant feature is made in

Fan et al. (2025); see Condition 10 therein.

We are now ready to present the result for the asymptotic FDR control of marginal

correlation knockoff statistics.

Theorem 2. Assume that conditions (D1)~(D4) hold. Then for any q € (0,1), if logp =
o(n®) for some small enough constant ¢ > 0, conditions (1)—(3) in Theorem 1 are satisfied for

=P (q“") Consequently, for S = {j € [p] : ﬁ\/j > T,}, we have plimsup,,_,.. FDP(S) <

¢ and limsup, .. FDR(S) < q.

3.2 Regression coefficient difference with ordinary least squares

Different from the case of marginal correlation knockoff statistics which does not need a model

assumption on how Y depends on Xy, , the case of regression coefficient based knockoff statis-

19



tics needs a regression model assumption to verify conditions (1)—(3) in Theorem 1. Specif-
ically, we consider the linear regression model Y = XT3, + &, where 8, = (B, , Bip)
with 8,; = 0 for each j € H,. The above model is a special case of (3). We consider
the knockoff statistics based on the differences in regression coefficients estimated using the
ordinary least squares (OLS) estimator. The knockoff statistics using the debiased Lasso
estimator, which shares conceptual similarity, is provided in next section.

Recall that &€ = (&;,---,&,)" € R™ denotes the noise vector. Given the original data
matrix X and the knockoffs data matrix X in (2), let Z = [X, )/(\] € R™?. The knockoff

statistic based on the OLS estimator is defined as

W, = 351~ 1Bl € bl wieh 5 = 35 X1, v) = = (

Z7Z\ ',
) zZ'y. (7

n

Note that our definition of 'S differs from the conventional definition by a factor of V.

Here, we impose the the following working assumptions:
(O1) n/2p > 1+ 7 holds for some 7 € (0,1).

(02) Z = QX" is independent of the normalized noise vector & = &/ o¢. The components
of & are i.i.d., mean-zero, unit-variance, and uniformly sub-Gaussian. The rows of @
are i.i.d. isotropic sub-Gaussian random vectors. In addition, either (i) the entries of
each row are independent or (ii) the rows satisfy a convex concentration property: there
exists some constant ¢, > 0 such that for any 1-Lipschitz convex function ¢ : R? — R,

and cach ¢ > 0 and i € [n], P(|¢(Q:.) — Elp(Q:.)]] > t) < 2exp(—t2/cy).
(03) IZlop VIZ Hlop < M, and o¢ € [M™!, M] for some constant M > 0.

It is important to note that we no longer require > to be diagonal, allowing for dependent

covariates. The technical motivation for condition (O2) above is to establish the concentra-
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tion of quadratic forms of Q\Z and ensure that the smallest eigenvalue of AN /n is bounded
from below. These results, in turn, play a crucial role in enabling the approximation of the
precision matrix (2 TZ /n)~! to its population counterpart. We note that by Herbst’s argu-
ment, the convex concentration property holds for random vectors satisfying a log-Sobolev
inequality (Boucheron et al., 2013, Theorem 5.4), with strongly log-concave random vectors
(including Gaussian vector) being a special case (Ledoux, 2001, Theorem 5.2).
Heuristically, to see why ﬁ\/} is asymptotically approximately symmetric for each j € Hy,

we define, with slight abuse of notation, for 7 € Hy and ¢ > 0,

Pi(t) = P(Gl,G2)T~N(0’U§E$}7)) (|Gl| —[Ge| > t)? (8)

where £ = (1 — 2p/n) " E e g 4ey- Recall that ¥ = Cov [(XT,X'T)T]. Using the
invariance of the covariance structure in (5), and letting P; be the permutation matrix that

swaps the jth and (5 + p)th rows, we have

e; X lej = ¢ (P)XP;)) e = e PyX ' Pyje; = €], N ey (9)

Jj+p
Here, {e)}repy is the canonical basis of R*. Consequently, for any j € H, and t > 0,

Pilt) = Bg, pyrnioorsg (161 = 62| < =), (10)

The asymptotic approximate symmetry of ﬁ\f] is established through two steps: the
Gaussian approximation and the covariance approximation.
For the Gaussian approximation, conditional on Z , a central limit theorem heuristic

suggests that for any 7 € H,,

<@LS) 1(e;<2T2/n>12Ts
55 Ve (272 /n) 7 27

approximating the joint distribution of B}S and

d 7T 7 —
) ~N(0,6¢0(Z" Z /) iawhtiirn ) (11)

aLs

~p Dy a multivariate Gaussian despite the

non-Gaussian nature of noise §.
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For the covariance approximation, we can show that [(2T2/n)*1}{j7j+p}7{j,j+p} ~ Zg),
where the shrinkage factor (1—2p/n)~! accounts for the overestimation of eigenvalues in the
high-dimensional sample covariance matrix, ensuring accurate calibration of the covariance
structure. Consequently, [(2T2/n)*1]{j7j+p},{j’j+p} in (11) can be replaced with 9.

A combination of the two steps above yields that

P(ﬁ\/} >t) &

~

(Gl,Gz)TNN(o,a§2£5'>) (|Gl| - |G2| > t)

—~

8)&

—

10) —~
P(Gl,GQ)TNN(o,agzg)) (|Gl| =[G < _t) ~P(W; < 1),

which ensures that condition (1) in Theorem 1 can be verified. A formal statement of this
result is provided in Theorem 9 of the Supplementary Material.

The proposition below provides the concentration of the approximate knockoff statistics.

Proposition 2. Assume that conditions (O1)—(O3) are satisfied. Then there exists some
constant C' = C(M,1,c.) > 0 such that for any j € [p| and p > C, IP’(|‘/7[7] — /n|B. || >

CVlogp) < Cp~10.

Since stronger signals are easier to separate from the noise, when the signal strength
is large, even a lower-quality knockoff statistic (as the variable importance measure) suf-
fices for the FDR control. We impose conditions below to quantify the desired qual-

ity of the approximate knockoff statistics. Recall that P(t) = [Ho|™' > .5 Pi(t) and

Jj€Ho

P~H(x) =sup{t > 0: P(t) > z}.

(04) a, = #{j € H1 : V/n|Bs;| > VIogp} — oo and m,/a, — 0. Here, m, measures

the sparsity in precision matrix X' and is defined as m,, = max;cy,|N(j)| with

N@G) = {0 Ho\ i} : Xiegigun (BNl +1Eiewsl) # 0}

(05) For any q € (0,1), (ga,)™* > icH IP’(f)[\/'J < =P H%z)) — 0.

2p
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Conditions (O4) and (O5) above mimic those of (D3) and (D4), which are introduced
in the context of the marginal correlation knockoff statistics in the previous subsection. Al-
though conditions (O5) and (D4) share an identical form, we emphasize that the definitions
of ay, ﬁ\fj, and P~!(z) here differ from those in (D4), as they depend on the context un-
der consideration. Compared to condition (D3), which regulates feature dependence via
covariance matrix ¥, condition (O4) operates through precision matrix X~!. In the marginal
correlation setting in the previous section, knockoff statistic correlations stem directly from
¥; in the OLS case, they instead arise from X 7!. As these correlations grow stronger, it
becomes more difficult to distinguish null features from non-null ones, and thus we need
condition (O4) to counteract this effect and maintain the asymptotic FDR, control.

We are now ready to present the asymptotic FDR control result for knockoff statistics

based on the differences in regression coeflicients estimated via the OLS estimator.

Theorem 3. Assume that conditions (O1)~(O5) hold. Then for any q € (0,1), conditions
(1)-(8) in Theorem 1 are satisfied for o, = P’l(q;—;). Consequently, for 8 = {j €[p]:

~

I//‘\/j > T,}, we have plimsup,,_, FDP(S) < ¢ and limsup,,_,.. FDR(S) < ¢.

3.3 Regression coefficient difference with debiased Lasso

The OLS estimator, though conceptually simple, is not well-defined when the number of
features exceeds the number of observations, specifically when p > n, as discussed in the
previous section. In this section, we turn to the debiased Lasso estimator (Zhang and
Zhang, 2014), which is particularly suited for high-dimensional sparse linear regression with
p > n. The debiased Lasso estimator overcomes the rank deficiency issue inherent in high-

dimensional settings and naturally adapts to the sparse signal structure, where the true
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regression coefficient vector (3, contains many zero components. The covariates are allowed
to be correlated in this section.
We now formally define the debiased Lasso estimator. Given regularization levels {A;};c2p),

let the initialization B ) € R? and the score vector z; € R" be defined as

~ -~ — A~

1 ~ _
B0 = 50X, X],Y) = arg min {2—||Y — Zb|* + )\0|\b||1} L 2 =Z,-7Z A
n

beR2p

for j € [2p], where the regularization parameter Ay = Cy\/n~1log(2p) for some sufficiently
large constant Cy > 0 and 7; = 7;([ X, X)) = arg minbeR2p71{(2n)_1||2.7j_2.’_jb||2+Aj||b||1}
with \; = Cj\/Wg(Qp) for sufficiently large constants C; > 0. The debiased Lasso
estimator BdL is then given by

z,Y — ZpO)

</z\.77 Z:j

B = X Xy = 30 Lie bl (12)

The knockofl statistics based on the debiased Lasso estimator is then defined as
7 — AdL AdL .
VVj = \/ﬁ‘ﬁj |_ \/ﬁ‘ j+p|7 IS [p]

Here, the scaling factor \/n ensures that ﬁ\/j’s are order 1 random variables for j € Hg. Let

s = ||B.lo. and b, = maxjepy |5 [lo. We will work under the following condition:

(L1) Z = Q¥"? is independent of the normalized noise vector & = &/ o¢. The components
of &y are i.i.d., mean-zero, unit-variance, and uniformly sub-Gaussian. The rows of CAQ
are i.i.d. isotropic sub-Gaussian random vectors. Moreover, the restricted eigenvalue

property holds for AV /n with high probability: there exist large enough constants

Cy,Cy,C3 > 0 such that P (min||6||0§C1(svbn) % > C;l) >1-—Csp 10

Condition (L1) above is commonly imposed in the literature to ensure the consistency

of the Lasso estimator. This consistency facilitates the Gaussian approximation for the
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debiased Lasso estimator. Specifically, for each j € Hy, we can establish that
P (W; > t) =P (Val"| = ValBik,| > t) = P, )T enoozen) (1G1] = [Go > t) = Pi(1),

where X =[S 1 1j4py- 1t follows from (9) that P;(t) = P (61,62) T~ (0,025 (1G] -
|G2| < —t). Consequently, it also holds that P (ﬁ\/} <—t)=P (\/ﬁ]@“ﬂ —\/ﬁ|Aj'ip| < —t) &
P;(t). Combining these expressions yields the asymptotic approximate symmetry of ‘//T\/j; see
Theorem 10 in the Supplementary Material for a formal statement.

Recall that P(t) = [Ho| ™' > .y Pi(t) and P71(z) = sup{t > 0 : P(¢t) > z}. In this

Jj€Ho
subsection, conditions (04)—(05) are understood with the debiased-Lasso statistic defined
above and with the present definitions of P;(t) and P(t). We have the asymptotic FDR con-

trol result for knockoff statistics based on the differences in regression coefficients estimated

via the debiased Lasso estimator.

Theorem 4. Assume that conditions (O3)—(0O5) and (L1) hold. Then for any q € (0,1), if

byslog” (np)//n = o(1), conditions (1)-(3) in Theorem 1 are satisfied for a, = P~1(%2).

2p

~

Consequently, for § = {j € [p] : ‘/7[7] > T,}, we have plimsup,_,. . FDP(S) < ¢ and

~

limsup,,_,.. FDR(S) < g.

3.4 Gaussian knockoffs generator using estimated moments

So far we have assumed exact knowledge of u = EX and Q = X}'. However, in practice,
they are typically estimated from observed data X. See, e.g., Fan et al. (2016) and the
references therein for an overview of precision matrix estimation methods. Let us define the

two-population-moment matched knockoffs data matrix as
X = 1" + (X — 1,u7)(I, — Qdiag(r)) + Z(2diag(r) — diag(r)Qdiag(r))/2.  (13)
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Assume that we have estimators for u and €2, which may depend on data X, denoted as 1

and (AZ, respectively. Let us consider a fully sample-based knockoffs data matrix
Xt = 1,47 + (X — L,a") (I, — Qdiag(r)) + Z(2diag(r) — diag(r)Qdiag(r))"/%.  (14)

We show in this subsection that using Xt above can also lead to asymptotic FDR control,
leveraging the coupling proof technique established in Fan et al. (2025). More specifically, the
knockoffs data matrices in (14) and (13) can be coupled closely, provided that the identical
realization for Z is used in both places. The proposition below formally characterizes their

coupling accuracy.

Proposition 3. Let S, = 2diag(r)—diag(r)Xy diag(r) and S, = 2diag(r)—diag(r)ﬁdiag(r).
Let » € RP be chosen such that ¢; < Amin(S2) < Amax(Sz) < ¢! for some constant c; > 0.
Then on event {cy < )\min(§2> < /\max<§Z> < c; '} with some constant c; > 0, we have that

with Pz-probability at least 1 — 2p exp(—n/32),
12X = X2 < [I7floo - (X = Lup ") (2 = Q)12 + 127 (1 — p1)l|0)
+6(c v &)l - 1€~ Qlop.

Proposition 3 above allows us to verify Condition 6 in Fan et al. (2025), provided that
Q and [i are good estimators in the sense of |[(X — Lp )(Q — Q)12 127 (1 — )]s, and
||(AZ — Q|lop all being small. We have verified in the previous subsections that X can lead
to asymptotic FDR control. Proposition 3 guarantees that Xt and the coupled X can be
close in realization. Thus using X asa bridge, the coupling framework in Fan et al. (2025)
can be applied to show that knockoff statistics based on Xt also satisfy the conditions in
Theorem 1 under some additional assumptions, thereby ensuring asymptotic FDR control.

Below we recall three popular knockoff statistic constructions based on Xt Note that

for the linear model, we assume p = 0, (but unknown).
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I(X.;—A;1,)TY] (XS —f,10) 'Y
1yl (hgl

1) Marginal correlation knockoff statistic: ‘/7[7;3“ =

2) RCD with OLS: Wt = |BYS([X, X, Y)| — |35, ([X, X1, Y)|.

Jj+p

3) RCD with debiased Lasso: W = /n|B3-([X, X*1,Y)| — v/n| B2, (X, X, Y)]

Jj+p
We make the following assumptions related to the coupling accuracy:

(M1) There exists some A,, — 0 such that IP’(HX\eSt - X\HLQ + = o = Ay) = 0(1).

(M2) For t € (0,CV10gp), [Ha| ™" X ep, PIW; < —t) < [Hol 20, B(W < —).

Condition (M1) guarantees the accuracy of the coupling, while condition (M2) is essen-
tially the same technical condition as used in Fan et al. (2025)-slightly stronger than our
earlier conditions (C4) and (O5)-and helps localize the knockoff threshold after coupling.
Under these additional conditions, the theorem below formalizes the asymptotic FDR control

using all three knockoff statistics above.

Theorem 5. Fiz a target FDR level ¢ € (0,1). Let {I//‘\/'f“}je[p] be one of the three knock-
off statistics introduced above, and T;* the corresponding knockoff threshold. Assume that

condition (M2) holds, and in addition that each statistic satisfies its respective assumptions:

1) (Marginal correlation statistic) The conditions of Theorem 2 hold for the demeaned
feature X — p and centered data matriz X — 1,u", and condition (M1) holds with

vV, (log p)/?+17 = o(1) for some v € (0,1).

2) (OLS-based coefficient difference statistic) The conditions of Theorem 3 hold, and con-

dition (M1) holds with \/pA,(logp)' /7 = o(1) for some v € (0, 1).

3) (Debiased-Lasso coefficient difference statistic) The conditions of Theorem 4 hold, and

condition (M1) holds with sA,(logp)'+/7 = o(1) for some v € (0,1). Moreover, with
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probability 1 — o(1), |supp(B©(|X, X],¥)) U supp(3* ([ X, X*],Y))| = O(s) and

max; gy [supp(3; ([ X, X])) U supp(F;([X, X*1))| = O(b,) with b, = O(s).

Then for Sest — {j € [p] : ﬁ\/}est > Tgt}, we have plimsup,,_, FDP(§eSt) < q and

limsup,_,.. FDR(S*) < q.

From a broader perspective, the above procedure indicates that establishing asymptotic
FDR control does not necessarily require coupling the approximate knockoffs data matrix
with the ideal knockoffs data matrix. In some cases, coupling the approximate knockoffs data
matrix with another well-structured knockoffs data matrix, such as a Gaussian knockoffs data
matrix, is sufficient, provided that the knockoff statistics constructed using the Gaussian

knockoffs are regular enough, i.e., satisfying conditions (1)—(3) in Theorem 1.

4 Numerical studies

In this section, we demonstrate the finite-sample performance of the Gaussian knockoffs with

two moments matching via simulations and a semisynthetic data application.

4.1 Simulation examples

In the following simulation settings, we consider a p-dimensional discrete covariate vector
denoted as X = (X1,---,X,)T, where X; = 1(Z; > a;) with (Z1, -, Z,)7 £ N(0,,027Y).
Here, = (Q; ;)i jep € RP*P with Q;; = pl=911{|i — j| < 5} for some AR(1) correlation p €
0,1), and (a4, -+ , ;) are a sequence of p cutoff points evenly located on [—1, 1]. Based on
this covariate setup, we evaluate the performance of the two moments matched approximate
Gaussian knockoffs (i.e., the second-order Gaussian knockoffs) under two distinct models for

generating response variable Y: the linear model and the nonlinear model, as detailed below.
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Setting 1. Let Y = X "B + ¢, where ¢ 4 N(0,1) and the true coefficient vector 8 € RP is

sparse with 40 nonzero components randomly distributed in [p] and generated from {+3}.

Setting 2. Let Y = 5(]X T 8])"/2 tanh(X T ) +¢ with £ and 3 set similarly as in Setting 1. The
Setting 2 model lies outside the scope of our current debiased Lasso theory, but we include

it to assess the robustness of Gaussian knockoffs under outcome-model misspecification.

We consider two constructions of the knockoff statistics: one based on the marginal
correlation (MC) difference and the other based on the debiased Lasso (DL) coefficient
difference. The regularization parameters involved in the DL regression are selected via the
10-fold cross-validation procedure. When the AR(1) correlation p = 0, the exact true mean
and covariance of covariates are applied to generate the approximate Gaussian knockoffs. For
p > 0, due to the challenge in computing the exact true covariance matrix of covariates, we
apply the out-of-sample estimation of the mean and covariance with sufficient (10°) training
observations of covariates. Tables 2 and 3 present the simulation results for the FDR and
power of the approximate knockoffs inference under various combinations of (n,p) and p for
Settings 1 and 2, respectively. The simulation results indicate that the Gaussian knockoffs
with matched first two moments generally leads to desired FDR control across all settings—
aligning with our theoretical results. Results from Setting 2 demonstrate that even in the
misspecified outcome-model scenario, the procedure remains robust; exploring companion
theoretical guarantees is a valuable direction for future work.

We include additional simulation results in Section A of the Supplementary Material
to demonstrate the performance of the Gaussian knockoffs generator when the first two
moments are estimated in sample. Overall, we observe that the knockoff statistic constructed

from the debiased Lasso regression coefficient difference provides more robust FDR control
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Table 2: The empirical FDR (power) for the Gaussian knockoffs under Setting 1, with
targeted FDR level ¢ = 0.2. Results are averaged over 100 replications.

(n,p)

, Statistics | (150,300) | (300,300) | (300,600) | (600,600)
MC | 0.168 (0.143) | 0.176 (0.525) | 0.180 (0.364) | 0.183 (0.799)

0 DL | 0.199 (0.602) | 0.185 (1) 0.208 (1) 0.189 (1)
MC | 0.146 (0.127) | 0.193 (0.503) | 0.188 (0.380) | 0.216 (0.798)

0.3 DL | 0.177 (0.625) | 0.207 (1) 0.197 (1) 0.198 (1)
MC | 0.120 (0.084) | 0.174 (0.303) | 0.194 (0.221) | 0.190 (0.617)

0.7 DL | 0.175 (0.657) | 0.181 (1) 0.184 (1) 0.192 (1)

Table 3: The empirical FDR (power) for the Gaussian knockoffs under Setting 2, with
targeted FDR level ¢ = 0.2. Results are averaged over 100 replications.

, (:P) | Spatisties | (150,300) | (300,300) | (300,600) | (600,600)
MC | 0.163 (0.136) | 0.175 (0.468) | 0.176 (0.300) | 0.183 (0.734)

0 DL | 0.190 (0.365) | 0.212 (0.999) | 0.195 (0.934) | 0.201 (1)
MC | 0.128 (0.107) | 0.188 (0.452) | 0.180 (0.289) | 0.197 (0.721)

0.3 DL | 0.153 (0.338) | 0.194 (0.998) | 0.186 (0.929) | 0.185 (1)
MC | 0.143 (0.068) | 0.184 (0.264) | 0.164 (0.155) | 0.200 (0.542)

0.7 DL | 0.156 (0.326) | 0.194 (0.996) | 0.192 (0.906) | 0.186 (1)

than the marginal correlation based knockoff statistic.

This observation aligns with the

theoretical results in Fan et al. (2025) that the marginal correlation statistics are of lower

quality and less robust.

4.2 Semisynthetic data application

In this section, we provide details of the results presented in Table 1 in the Introduction. The
data set contains information of genetic mutations and the drug resistance for seven Pl-type
drugs: APV, ATV, IDV, LPV, NFV, RTV, and SQV. We will select the associated mutations
for each drug. The design matrix X = (X, ;) consists of binary entries and encodes the
mutation information, where X ; = 1 if mutation #j is present in the 7th observation and

X ; = 0 otherwise. The response variable Y; is defined as the log-fold increase of lab-tested
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drug resistance in the ¢th sample. Following the pre-processing steps in Barber and Candes
(2015), for the data set of each drug, we remove the observations with missing Y values
and exclude the mutations (i.e., corresponding columns in the design matrix) that appear
less than 3 times in the entire sample. After the pre-processing procedure, the numbers of
observations (n) and genetic mutations (p) vary across drugs: APV (n = 767, p = 201),
ATV (n =328, p=147), IDV (n = 825, p = 206), LPV (n =515, p = 184), NFV (n = 842,
p=207), RTV (n =793, p = 205), and SQV (n = 824, p = 206).

Following Barber and Candes (2015), we adopt the mutation positions identified in the
treatment-selected mutation (TSM) panel for the PI-type drugs as the groundtruth for calcu-
lating the FDR and power. We subsample 200 observations from the entire data set and run
100 replications. It is seen that for most drugs we have dimensionality exceeding the sample
size n = 200. The approximate knockoffs procedure with second-order Gaussian knockoffs
is applied to the subsampled data in each replication, and the empirical FDR and power are
obtained by averaging over 100 replications. The target FDR level is set as ¢ = 0.2.

Table 1 summarizes FDR and power for three knockoff statistics: marginal correlation
difference (MC), regression coefficient difference with debiased Lasso (DL), and distance
correlation difference (DC). MC and DL measure linear association, while DC captures both
linear and nonlinear dependence (Székely et al., 2007; Gao et al., 2021). All three methods
generally control the FDR at the target level ¢ = 0.2 in most cases. MC has slightly inflated
FDR in a few cases, but the violation can be considered minor when accounting for the
Monte Carlo error. DL controls the FDR in all cases but exhibits the lowest power among
the three methods, while DC achieves the highest power. These results suggest that the
dependence between the drug resistance and associated mutations can be highly nonlinear.

Overall, we observe from this semisynthetic data application that the approximate knockoffs
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procedure using Gaussian knockoffs with two-moment matching can achieve effective FDR
control in practice. Finally, we emphasize that the relatively low power is also due to the

small subsample size (n = 200).

5 Discussions

We have developed a unified theoretical framework for studying the asymptotic FDR con-
trol of the approximate knockoffs procedure that generates knockoff variables using a user-
specified covariate distribution. We have focused on a widely used knockoff variable genera-
tion method: the Gaussian knockoffs generator based on the first two moments matching of
covariates. With such Gaussian knockoff variables, using our unified theoretical framework,
we have formally verified that some commonly used knockoff statistics, constructed based
on matching the first two moments of data, can achieve asymptotic FDR control. While our
formal results assume mainly known first two population moments in generating Gaussian
knockoff variables, our theory can be extended to scenarios when moments are estimated.
In Section B of the Supplementary Material, we have considered both light-tailed and
heavy-tailed covariates, where for the latter, we need to assume p < /n. We conjecture
that if a robust construction of knockoff statistics (with respect to the tail distribution) is
exploited, the dimensionality constraint can be relaxed. We leave this for future investigation.
Based on our study, we recommend the following approach for practitioners using model-X
knockoffs: (i) first select the knockoff statistic ﬁ\/] that best suits the application, and (ii)
if ﬁ\/} depends on the first m moments of data, generate the knockoff variables X using
m-moments matching. The theoretical justification of such procedure with general m is left

for future research.
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6 Data availability statement

The data that support the findings of this study are openly available in HIV Drug Resistance

Database at https://hivdb.stanford.edu/pages/published analysis/genophenoPNAS2006/.
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Supplementary Material to “Asymptotic FDR Control
with Model-X Knockoffs: Is Moments Matching
Sufficient?”

Yingying Fan, Lan Gao, Jinchi Lv and Xiaocong Xu

This Supplementary Material contains additional simulation results and all the technical
proofs as well as detailed derivations for the theoretical results. Section A provides simulation
results when the first two moments of covariates are estimated in sample. In Section B, we
treat the warm-up case of marginal correlation knockoff statistics under independent features,
and also discuss the extension to heavy-tailed covariates. Section C presents the proofs for
Section B (marginal correlation), Section D presents the proofs for Section 3.2 (ordinary least
squares), Section E presents the proofs for Section 3.3 (debiased Lasso) and Example 1, and
Section F presents the proofs for Sections 3.4. Further, Section G includes additional proofs
and some additional technical details, including the proof of Example 3 and a signal-driven
relaxation of the block-independence assumption for marginal-correlation statistics.

Additional notation. For any two integers m,n, let [m :n] ={m,m+1,--- ;n}. Fora €
R, let ax = (Fa) V0. For vectors z = (x;) and y = (y;) € R, let (z,y) = 2"y = > icin) Tili-
We use {e;} to denote the canonical basis of the Euclidean space, whose dimensionality
should be self-clear from the context. For a random variable X, we use Px,Ex (respec-
tively, P*, E¥) to indicate that the probability and expectation are taken with respect to X

(respectively, conditional on X).

A Simulation results under estimated moments

In this section, we extend the simulation study from Section 4.1 to a setting when the approx-
imate Gaussian knockoffs are generated using in-sample estimates of the first two moments of

the covariates. Specifically, we employ the commonly used group Lasso approach to estimate



Table 4: The empirical FDR (power) for the Gaussian knockoffs with in-sample estimated
moments under Setting 1, with targeted FDR level ¢ = 0.2. Results are averaged over 100

replications.

, (:P) | gpatistics (150, 300) (300, 300) (300, 600) (600, 600)
MC | 0.159 (0.147) | 0.170 (0.509) | 0.183 (0.394) | 0.188 (0.795)

0 DL | 0.186 (0.706) | 0.190 (1) 0.211 (1) 0.187 (1)

MC | 0.183 (0.149) | 0.203 (0.526) | 0.190 (0.390) | 0.226 (0.829)

0.3 DL | 0.184 (0.698) | 0.196 (1) 0.196 (1) 0.185 (1)

MC | 0.188 (0.128) | 0.260 (0.481) | 0.243 (0.353) | 0.315 (0.784)

0.7 DL | 0.201 (0.754) |  0.220 (1) 0.195 (1) 0.226 (1)

the precision matrix €2, implemented via the R package “CVglasso”, with the regularization
parameters selected by the 5-fold cross-validation. The covariate design remains the same
as in Section 4.1. Simulation results under model settings 1 and 2 are presented in Tables 4
and 5, respectively.

Parameter p controls the dependence strength among covariates. When the dependence
is weak (e.g., p = 0 or p = 0.3), both marginal correlation and debiased Lasso knockoff
statistics exhibit FDR control at the target level ¢ = 0.2 across most settings, with only
slight infaltion in a few settings likely due to the Monte Carlo error. Under stronger depen-
dence (e.g., p = 0.7), the debiased Lasso knockoff statistic remains stable in the asymptotic
FDR control, whereas the marginal correlation knockoff statistic can fail to control the FDR.
Such phenomenon arises because marginal correlation becomes inaccurate in measuring co-
variate importance in the presence of covariate dependency. This observation aligns with the
theoretical findings in Fan et al. (2025) that when covariates are dependent and the approx-
imate knockoff variables are generated based on in-sample estimated covariate distribution,
the marginal correlation knockoff statistics may lose the asymptotic FDR control. Over-
all, the simulation results suggest that the knockoff statistic constructed from the debiased
Lasso regression coefficient difference provides more robust FDR control than the marginal

correlation based knockoff statistic.



Table 5: The empirical FDR (power) for the Gaussian knockoffs with in-sample estimated
moments under Setting 2, with targeted FDR level ¢ = 0.2. Results are averaged over 100

replications.

, (:P) | gpatistics (150, 300) (300, 300) (300, 600) (600, 600)
MC | 0.127 (0.109) | 0.174 (0.467) | 0.186 (0.345) | 0.190 (0.754)

0 DL | 0.172 (0.370) | 0.176 (0.998) | 0.193 (0.987) |  0.178 (1)

MC | 0.172 (0.128) | 0.227 (0.496) | 0.187 (0.337) | 0.212 (0.792)

0.3 DL | 0.157 (0.362) | 0.203 (0.996) | 0.192 (0.981) |  0.197 (1)

MC | 0.171 (0.103) | 0.252 (0.407) | 0.224 (0.284) | 0.307 (0.734)

0.7 DL | 0.176 (0.342) | 0.229 (0.99) | 0.188 (0.965) | 0.217 (1)

B Marginal correlation knockoff statistics with inde-

pendent features

We begin with a warm-up case when X consists of independent features. The proofs of
the results in this section are deferred to Section C. The dependent feature case treated in
Section 3.1 uses the same framework, and its proof appears in Section G.5.

Let o; = Var'/?(X;) for each j € [p]. For the independent case, it holds that Yx =
diag({07}jepp)), and we may simply set 7 = (07, ,02)" in (2). In this setting, the knockoff
variable matrix X is given by X = QZ;/Q, where Q € R™*? consists of i.i.d. N(0,1) entries
that are independent of X and Y. Recall that the knockoff statistic based on the marginal

correlation difference is defined as

o XTY XY
T

j € [pl,

We impose the following moment conditions:

(C1) The response Y is sub-exponential with ¢y < EY? < c{,l. The covariate X is centered,
has covariance matrix Xy, and its coordinates are independent and uniformly sub-

exponential.

(C2) o1, -+ ,0, € [M~1 M] for some constant M > 0.



Under conditions (C1) and (C2), a central limit theorem heuristic implies that conditional

on Y, for each j € Ho,

e

(X.;Y/HYH> N(0.02L).

XLY/Y]

The invariance of the covariance structure in (5) is reflected here by the equality that

Xy

—
Var ( Wl |Y) = Var (—ﬁ;ﬁ, ]Y) = 0]2. Consequently, we expect that for each j € H,

P(W; > t) = Pj(t) = P(e, 607 ~n(0.021) (|G1] = [G2| = 1)
= P61,60) TN (0021 (G1| = [Go| < —1) = P(W; < 1),
which leads to the verification of condition (1) in Theorem 1.

The proposition below, analogous to Proposition 1, establishes a concentration result for

the approximate knockoff statistics and quantifies the signal strength.

Proposition 4. Assume that conditions (C1) and (C2) are satisfied. Then iflogp = o(y/n),

there exists some constant C' = C(cy, M) > 0 such that for each j € [p],

P (|W; —w,| > C6,) <p~'° + exp(—nE*Y?2/0),

where w; = /n|EX;Y|/EY?Y? and 6, = %2 j%

To ensure robust performance, we impose the following conditions on the class of approx-

imate knockofl statistics:

(C3) For a sufficiently large constant C' > 0 independent of n, a, = #{j € H1 : w; >

Céo,} — 0.

(C4) For any g € (0,1), (gan)™" 32 cs, P(W,; < —P~1(%2)) — 0.

2p

The sub-exponential tail assumption in condition (C1) rules out the t-distribution in
Example 2. Yet, simulation studies as in Fan et al. (2025) show that the approximate

knockoffs procedure achieves the FDR control even when the degrees of freedom for the
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t-distribution is as small as q = 5. Motivated by this, we extend our theoretical analysis to
establish asymptotic FDR control for heavy-tailed covariates. To this end, we introduce the

following conditions tailored for heavy-tailed settings:

(C1’) The response Y is sub-exponential with cyy < EY? < ¢!, The covariate X is centered,
has covariance matrix ¥y, and its coordinates are independent with uniformly bounded

moments of order greater than q.

(C3%) For a sufficiently large constant C' > 0 independent of n, a, = #{j € H; : w; >

2/4 1, 2/9 1002
— P ogp p og-p
Cbpyq} — 0. Here, dpq = Bl + —LL.

We are now ready to present the result for the asymptotic FDR control of marginal

correlation knockoff statistics with independent features.
Theorem 6. Assume that either of the following conditions holds:
1) Conditions (C1)—(C4) hold and logp = o(n®) for some small enough constant ¢ > 0.

2) Conditions (C1’) and (C3’) hold for some q > 3, conditions (C2) and (C4) hold, and
plogn = o(y/n).

Then for any q € (0,1), conditions (1)-(3) in Theorem 1 are satisfied for o, = 73_1(‘12“—;).

Consequently, for S = {j € [p] : ﬁ\f] > T,}, we have

plim sup FDP(A) <q and limsup FDR(S'\) <gq.

n—oo n—o0
Remark 4. In the heavy-tailed setting, additional requirements are imposed compared to the

light-tailed case:

1. Condition (C3’) requires that the signal strength increases as the tails of the entries
in the knockoffs data matrixz become heavier. Technically, heavier tails introduce larger
variation in the knockoff statistics ﬁz ’s, making it more challenging to distinguish

true signals from the noise, and as a consequence, makes it difficult to derive a suitable
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localization for threshold T,. Imposing a stronger signal-strength condition restores this

localization and ensures asymptotic control of the FDP (and hence the FDR).

2. The restriction of plogn = o(y/n) limits the allowable growth of p relative to n. This
condition arises because the moderate deviation result for ﬁ\/] 's used in the light-tailed
case (e.g., Theorem 7 in Section C.2) may not hold for heavy-tailed distributions. In-
stead, we have to rely on the Berry—Esseen Theorem to prove condition (1) in Theorem
1, which is evidently less precise than the moderate deviation result when t is moder-
ately large, specifically for t = ©(logp). We conjecture that if a robust construction of
ﬁ\/'j s (with respect to heavy tails) is used, the dimensionality assumption here can be

further relaxed. We leave this for future investigation.

The corollary below is to formally justify the asymptotic FDR control using Gaussian

knockoffs in the settings presented in Examples 1 and 2 in Section 2.3.
Corollary 1. Assume that Y is sub-exponential and either of the following holds:

1. Xy,---,X, are i.i.d. Rademacher random wvariables, conditions (C3) and (C4) are

satisfied, and logp = o(n®) for some small enough constant ¢ > 0.

2. Xy, -+, X, are i.i.d. t-distributed random variables with v > 3 degrees of freedom. For

some q € [3,v), conditions (C3’) and (C4) are satisfied, and plogn = o(y/n).

Then for 8 = {j € [p] : ﬁ\(, > T,}, we have

plim sup FDP(§) < ¢ and limsup FDR(g) <q.

N5 00 n—oo

Note that in the t-distribution case using marginal correlation knockoff statistics, al-
though our theory can accommodate finite q, Corollary 1 above requires plogn = o(y/n).
In comparison, Fan et al. (2025) can handle the high-dimensional regime of p > n by using
the coupling technique. This tradeoff between the range of allowable q and p reflects the

inherent challenges in balancing tail robustness and dimensional scalability, highlighting the

6



complementary strengths of the coupling proof technique in Fan et al. (2025) and our new

theoretical framework here.

C Proofs for Section B (marginal correlation)

Recall that in the case of marginal correlation knockoff statistics, for any 5 € Hy and ¢ > 0,
Pi(t) = Pio, 607 ~n(0021) (1G] = [Go| > ¢), and for any z € [0,1/2], P~} (z) = sup{t > 0

P(t) >z} with P(t) = [Ho| ™' X9, Pi(t)-

C.1 Proof of Proposition 4
Note that from Lemma 31 in Section G.9, we have
P (51 - {||YH2 > nEY2/2}> > 1 — exp(—nE2Y?/0),

where positive constant C' is a universal constant whose value may change from line to line
hereafter. By the concentration of the norm for the sub-exponential random vector (Sambale,

2023, Proposition 2.2), it holds that
P (&= {lIY] - VAE"Y?| < Clogp}) 21—,

Since X ;Y; and )/(\i,jY; are both 1/2-sub-exponential random variables, we can again apply
the concentration inequality for 1/2-sub-exponential random variables, cf. (Gotze et al.,

2021, Corollary 1.4), to derive that for logp = o(y/n),

— ~1yxT —13T % log p ~10
P <53 = {|n XY -EX;Y|V|n ' XY -EX;Y|<C NG }) >1—p '

Hence, on event & N & N &3, we can deduce that

’|X.}Y| Vv - |EX;Y|

Yl EZy?
n2XTY| - /i [EX;Y| X7yl Y| — VrnE/2Y?|
a E/2y? " VoY | -EYV2y?




Clogp C'logp

E1/2 + (n |EX Y|+ C'\/_logp) nEY?2
<Cl L [EXY] +logp/vin
ogp- E1/2 Y2 EY?
EW X2EY2y? 41
< Clogp. ( ; + ogp/\/ﬁ)
]El/2 Y2 EY?

log p )
< Clo + .
s (JEW Y2 VnEY?
Similarly, we can obtain that on event & N & N &,

XY _ XLY| a-[EXY]
Y] 1Y E'/?y?

1 1
N

+
E2Y2  VnEY?
where in the first step above, we have used the fact that for each j € [p], X ; is independent

of Y and IE)/(\']- =0, so E X ;Y = 0. The conclusion now follows from an application of the

triangle inequality, which completes the proof of Proposition 4.

C.2 Proof of Theorem 6: light-tailed case

The results presented below are established under the assumption of logp = 0(n¢) for some
¢ € (0,1/50), and this assumption will not be reiterated further. The proof of Theorem
6 for the light-tailed case relies on three key steps: the distributional approximation, the
approximation for indicator functions, and the localization of 7j. These three steps verify
the three conditions in Theorem 1. We present the intermediate results for these steps here,

while the proofs of these results are deferred to Section G.1.

Distributional approximation

We will first establish the asymptotic approximate symmetry property (i.e., condition (1) in
Theorem 1) of I//I\/'J for j € Ho.

Theorem 7. Assume that conditions (C1) and (C2) are satisfied. For each j € Hy, it

holds that for W € {ﬁ\f, —ﬁ\f}, there exists some constant C' = C(cy,M) > 0 such that for



nAp>C andt e (0,n/7/0),

Foe | s (RE B

Remark 5. The probability estimate p~'° above can be replaced with p= for any D > 0.

The cost will be a possibly enlarged constant C' that depends further on D. This convention
applies to other statements in the following sections where the probability estimates p~1°,

n~10 appear.

An important consequence of the moderate deviation result in Theorem 7 above is that
both IP’(‘/J\/J > t) and P(ﬁ\f] < —t) are approximated by the same quantity P;(¢). This
suggests that while ‘/)[7] is not perfectly symmetric, it exhibits the asymptotic approximate

symmetry over a broad range, as formalized in the corollary below.

Corollary 2. Assume that conditions (C1) and (C2) hold. Let o, < 1/2 satisfy P~ () =

o(n''7) and p'°a,, — 00 as n A p — oco. Then we have

sup Z]EHO P (VI/J = t)

1P an)] | Y seq P (W) < 1)

Corollary 2 above states that I/i[\/] admits the asymptotic approximate symmetry for
t € (0,P~*(a,)]. The upper bound for ¢ is carefully chosen to ensure that p='°/P(t) = o(1)
within this range. As will be clear later, under additional conditions (C3) and (C4), it
can be shown that 7} is localized within this domain for some «,, < a,/p with asymptotic
probability 1. Consequently, this range is sufficient for achieving the goal of asymptotic FDR

control.

Approximation for indicator functions

As outlined in the general framework for the asymptotic FDR control in Theorem 1, we will
approximate the indicator functions using the tail probabilities of the knockoff statistics.
This approximation then enables the use of Corollary 2 to prove asymptotic FDR control.

The lemma below establishes the validity of this approximation.

9



Lemma 1. Assume that conditions (C1)~(C3) hold. Let o, < 1/2 satisfy P~ () = o(n'/7)

and pa,, — 00 as n A p — oo. Then we have that for # € {+,—},

sup Djen, UH#W; 2t} 1| = op(1).

te(0,P~(an)] ZjE'HO P(#ﬁ\[j 2 t)

The proof of Lemma 1 above builds upon the approach used in (Fan et al., 2025, Lemma
3), which focuses on bounding Var(d_; 1{#‘/4\/']- > t}). At a high level, this involves
exploring the weak dependency between ﬁ\fj and ﬁ\/g for 7 # (. A natural strategy is
to approximate ﬁ\fj with statistics that have explicit distributional properties, making the
analysis more tractable. While Fan et al. (2025) frequently employed coupling to replace
P(#‘f/ﬁj > t) with the tail probability of the perfect knockoff statistic, a critical technical
modification here is the approximation of P(#ﬁ\/} > t) by P;(t). This shifts the focus from
analyzing the weak dependency of ﬁ\/j and ﬁ\/g to studying the weak dependency between

Gaussian random variables, which facilitates obtaining the desired result.

Localization of T,

Lemma 2. Assume that conditions (C1)—~(C4) hold. Then for any q € (0,1), iflogp = o(n°)

for some small enough constant ¢ > 0, we have that P‘l(qza—;) = O(logp) and

P (Tq > p (%)) = o(1).

We are now ready to prove Theorem 6 for the light-tailed case. Building on the asymptotic
approximate symmetry for ‘/7[7] (cf. Corollary 2), the approximation of indicator functions
(cf. Lemma 1), and the localization of T, (cf. Lemma 2), the three conditions in Theorem
1 follow immediately, and thus the asymptotic FDR control is proved. This completes the

proof of Theorem 6 for the light-tailed case.
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C.3 Proof of Theorem 6: heavy-tailed case

As in the light-tailed case, we present the intermediate results for the distributional approx-
imation, the approximation for indicator functions, and the localization of T} here. These
results verify the three conditions in Theorem 1 and thus establish the asymptotic FDR

control. The proofs of these intermediate results are deferred to Section G.2.

Distributional approximation

Theorem 8. Assume that conditions (C1’) and (C2) hold for some q > 3. For any j € Ho,
it holds that for W € {ﬁ\/, —ﬁ\/}, there exists some constant C' = C(cy,M,q) > 0 such that

forn > C,

logn
P(W;>t)—P;(t) < .
e |F W2t =P < O

An immediate corollary is the following asymptotic approximate symmetry property of
I//‘\/j’s.
Corollary 3. Assume that conditions (C1’) and (C2) hold for some q > 3. Then there

ezists some constant C' = C(cy, M, q) > 0 such that for n > C and any o, € (0,1/2],

Hol ™ > eny P(ﬁ\fg > 1) Hol ™ > jen IP(‘/)[\/’] < 1) logn
{' P d P ‘1‘}“

sup

- 1‘
te(0,P~1(an)]

Vna,
Approximation for indicator functions and localization of T}

Recall that for any j € [p], w; = vn|E XY/ EY2Y2. We now present a weaker concentra-

tion result for the knockoff statistics, in comparison to Proposition 4.

Proposition 5. Assume that conditions (C1’) and (C2) hold for some q > 3. Then there
ezists some constant C' = C(cy, M, q) > 0 such that for any j € [p],
P (’f/‘\/j —wj| > C’én;q) <p?+exp(—nE*Y?/0),

— p¥logp | p*/log?p
94— El/2y2 VnEY?2 *

where 0,

11



As discussed in Section 2, achieving the FDR control relies critically on the localization
of T,. To maintain this localization, we need the signal strength to increase as the tails of

the entries in the knockoffs data matrix become heavier, as formalized in condition (C3’).

Lemma 3. Assume that conditions (C1) and (C3’) hold for some q > 3, and conditions

(C2) and (C4) hold. Then for any q € (0,1), if plogn = o(\/n) we have that
qan\\
P (T > P~ ( % )) =o0(1), (A1)

‘ZM L{#W, > 1}
) #W > t)

and for # € {+, -},

- 1‘ — op(1). (A.2)

(0 P- q geHo
The proof of Lemma 3 above follows similar arguments as for the light-tailed case. For
brevity, we omit the full proof and instead provide a proof sketch in Section G.2.3.
Finally, we can prove Theorem 6 for the heavy-tailed case. The asymptotic FDR control
follows from Theorem 1, upon noting that the asymptotic approximate symmetry for ﬁ\/j, the

approximation of indicator functions, and the localization of T}, are satisfied; see Corollary

3 and Lemma 3. This completes the proof of Theorem 6 for the heavy-tailed case.

D Proofs for Section 3.2 (ordinary least squares)

Recall that for knockoff statistics based on the differences in regression coefficients estimated

using the OLS estimator, for any j € Hg and ¢ > 0,

Pi(t) =P |G| — |G| > 1),

(G1,G2) T~N(0,0255) (
where £ = (1 — 2p/n) S G jphtj4py- For any x € [0,1/2], P71 (z) = sup{t > 0 :
P(t) >z} with P(t) = [Ho| ™' X290, Pi(t)-

For notational simplicity, let us write 7=2 /\/n, Q= @/ v/n. By introducing the

augmented coefficient vector ¢ = (5, 0; )T € R*, we can rewrite that

= VB +¢](Z'2)7'Z7¢, j € 2], (A.3)

12



We will mostly use this form in the technical analysis below.

D.1 Proof of Proposition 2

We will apply the following form of Hanson—Wright inequality, taken from Rudelson and
Vershynin (2013) and Adamczak (2015).

Lemma 4. Assume that conditions (02)—(O3) hold. Then there exists a universal constant

C > 0 such that for any matriz A € R?***? 4 € [n], and t > 0,

PN 2 t
IF’(ZTAZi.—t $A >t><2 — Cmi , .
202, —uEA) 2 1) < eXp{ mm(eﬁuzl/mwu% cE||21/2A21/2||0p)}

The following result is a direct consequence of (Pillai and Yin, 2014, Theorem 3.6).

Lemma 5. Assume that conditions (O1)—(O3) hold. Then for any large constant D > 0,

there exists some constant C' = C(M, 1,c., D) > 0 such that for any n > C,
P (c-l < nin(Z7Z) < Aaen(277) < 0) >1-CnP.

Lemma 6. Assume that conditions (O1)—(03) hold. Then there exists some constant C =

C(M,T,¢c) > 0 such that for any p > C,

P(|e](272)7'27¢[ > CVomp) < Cp 0, j € 2]

Proof of Lemma 6. Observe that by the general Hoeffding’s inequality, it holds that for some

c=c(M) >0,

. PN R t?
P2 (|e](Z72)'27¢| 2 1) < 2exp (- c—>

e (Z7Z) e,

An application of Lemma 5 and the law of total probability leads to

P (|ej(2T2)—12T5| > t) <E, [IFQ (|e}(2T2)—12T5| > t)1{Amm(2T2) > 0—1}}

+E; [ P?(|e] 272)'27€| 2 1) 1{Ainl(Z72) < 7Y

13



2

t
< 2exp < — %) +Cn 10,

where C' is the constant in Lemma 5. The claim follows by setting ¢ = C’+y/log p for some
large enough C" = C’'(M,7,c.) > 0 and adjusting constants, which completes the proof of
Lemma 6.

Recall from (A.3) that for j € [2p],

A[LS au T(ZTH-17T
B; =Vn *,j+ej(z )&

Using the facts that 52 = 8, ; for j € [p] and 32 = 0 for j € [p+ 1 : 2p|, we can rewrite

the knockoff statistics ﬁ\fj as
W, = Vb +e¢] (Z72)'27¢| ] ,(272)'Z"¢|.
Therefore, we can obtain that
(W, = Vil < 1] (2727 Z7¢] + lef,,(272) 7' Z7¢)

The conclusion follows immediately from Lemma 6, which completes the proof of Proposition

2.

D.2 Proof of Theorem 3

We present the intermediate results for the distributional approximation, the approximation
for indicator functions, and the localization of 7j here, while the proofs of these results are

deferred to Section G.3.

Distributional approximation

Recall that for any t > 0, P(t) = |Ho| ™" > .y, Pi(t), and for any z € [0,1/2], its inverse

function P~ (x) = sup{t > 0: P(t) > z}.

14



Theorem 9. Assume that conditions (O1)—~(03) hold. For any j € Ho, it holds that for any
sufficiently small 0 > 0 and W € {ﬁ\/, —‘/}[\/}, there exists some constant C' = C(M, T,c.,d) >
0 such that forn > C and t € (0,n"/7/C),

P se( e

The asymptotic approximate symmetry for ﬁ/} follows directly from Theorem 9 above.

Corollary 4. Assume that conditions (O1)—(03) hold. Let oy, < 1/2 satisfy P () =

o(n''7) and p'°a,, — o0 as n — oo. Then we have
ZjEHoP(VI/j > t) . 1‘ _ 0(1)
Zje?—lo P (W/J < _t)

sup
te(0,P~1(an)]

Approximation for indicator functions

Lemma 7. Assume that conditions (O1)~(03) hold. Let av,, < 1/2 satisfy P~ () = o(n/7)

and pay, /(m, +1) — 0o as n — oo. Then we have that for # € {+, -1},
sup > jen, UW#W; > 1} B

te(0 P ()] | 3 cpy, PHW; > 1)
Under conditions (O4) and (O5) on the signal strength, as we will show later, T}, can be

1| = Up(l).

localized in the interval (0, P~!(a,)] with o, < a,/p. In this case, condition pa,,/(m,+1) —

oo simplifies to (m,, + 1)/a,, — 0, which is ensured by condition (O4) and a,, — oco.

Localization of T,

Lemma 8. Assume that conditions (O1)—(O5) hold. Then for any q € (0,1), we have that

i (Tq > pl (%)) = o(1).

Finally, we are ready to prove Theorem 3. The asymptotic FDR control follows from

P(Ln) = O(log"? p) and

2p

Theorem 1, upon noting that the asymptotic approximate symmetry for I//‘\/J (cf. Corollary
4), the approximation of indicator functions (cf. Lemma 7), and the localization of T (cf.

Lemma 8) are satisfied. This completes the proof of Theorem 3.
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E Proofs for Section 3.3 (debiased Lasso), Sections 3.4,
and Example 1

We present the intermediate results for the distributional approximation, the approximation
for indicator functions, and the localization of 7j here, while the proofs of these results are

deferred to Section G.4.

E.1 Proof of Theorem 4

Recall that for knockoff statistics based on the differences in regression coefficients estimated

using the debiased Lasso estimator, for any j € [p] and t > 0,
Pj(t) = P6, 65T~ (0,0250)) (|Gi] — |G| > 1)
with %0) = (S b g4y - It follows from (9) that
Pi(t) = P(Gl,cg)m/\/(o,agzm) (|G1] = |Go| < —1).

Recall also that, in the present debiased-Lasso setting, a, = #{j € H; : v/n|Bs ;| > VIogp}.

Distributional approximation

The same as for the case of the OLS estimator, the key to proving the asymptotic FDR

control is the following moderate deviation result.

Theorem 10. Assume that conditions (O3) and (L1) hold. For any j € Hy, it holds that
for W € {W,—W}, there exists some constant C = C(M,Cy,Cy,C3) > 0 such that for

nAp>C andt € (0,nY5/(Cb,slog*(np))/* An'/7/C),

P, 1) - pyo] < o () p 4 pt).

Consequently, for any q € (0,1), if

(o () 5
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we have

W — 1’ =o0(1). (A.5)

Approximation for indicator functions

Recall that for any j € [p],

NG) = {e cHNGY: S (ISl + 2 eel) # o}.

j€{d.d+p}

It is easy to see that maxey,|N(j)| < by.

Lemma 9. Assume that conditions (O3) and (L1) hold, and that my/a, — 0. Then for

any q € (0,1), of

(o () 2

we have that for # € {+, -},

sup — 1| =op(1).

(OP q“" ]G

o PG, =

The proof of Lemma 9 above follows similar arguments as those for Lemma 7, with some
book-keeping calculations on the distributional approximation error. We will provide some

details in Section G.4.2.

Localization of T},

We first record the following concentration result for I//I\fj’s in (Fan et al., 2025, Lemma 12).

Lemma 10. Assume that conditions (O3) and (L1) hold. Then if s\/b,logp/n = o(1)

there ezists some constant C' = C(M, Cy, Cy, C3) > 0 such that

S"P(|W; = Val.l| = C/logp) = o(1)

J€lpl
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With the above concentration on ﬁ\/j’s, an argument as in the proof of Lemma 8 estab-

lishes the following localization of 7.

Lemma 11. Assume that conditions (O3)—(O5) and (L1) hold. Then for any q € (0,1), if
sy/bnlogp/n = o(1), we have P~ (%2) = O(log"? p). Furthermore, under the additional

2p

assumption that b,slog’ (np)//n = o(1), we have

i (Tq > p-l (%)) — o(1).

Finally, we are able to prove Theorem 4. The asymptotic FDR control follows from
Theorem 1, upon noting that the asymptotic approximate symmetry for ﬁ\/'] (cf. Theorem
10), the approximation of indicator functions (cf. Lemma 9), and the localization of T} (cf.

Lemma 11) are satisfied. This completes the proof of Theorem 4.

E.2 Proof of the claim in Example 1

Note that for any v € I'(iz, ) and any ¢; > 0,

o R - K> )

P{(xi,,Xi,)}ie[n]mdw(?é%p}fn 1 X — Xl > a

>P, o~ e (07X - X 2>2). .

SRET S B BT (” X = Xoally 2 (A.6)

Using the Paley—Zygmund inequality, we can show that

—_~ —_~ 1 —_~ —~
X; ., X, i - —X.4l3> — = > i .1 — X 2)
P{(X¢,~,X¢,~)}ie[n] Ry (n 11 = Xoallz 2 2n E{(Xi,-vxi,~)}i6[n] '*d")/HX’l Xl
n2E? __ _ X =X
> - {(Xi,, X4, Yien) ‘&d‘fyH /\,1 A-il‘|24. (A7)
in E{@,.x,.)}ie[nf%‘iwHX'vl — Xl
We will provide a lower bound for n_lE{(E”z_;)}ie[n]i%iwHX.J — X 1||3. Let pg and p, be

the standard Gaussian distribution and Rademacher distribution, respectively. It holds that

n_l E i.kd.)y”-/X\-,l - YJH%

(X, X1, ) }icn]
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1 — —
= Z Ex % ) (Xia — Xi1)? > W; (g, pir)- (A.8)

i€[n]
The Wasserstein distance between pg and p, can be computed explicitly. Let F,~ 1(.) and

F1(-) be the inverse cumulative distribution functions of pz and p,, respectively. It holds

that

1
W2 (g, 1) = / Fo @) — F- Vo)
1

1/2
_ / F'(q) + 112dq + / F-(q) — 1]%dg
0

1/2

— [ e 1Puo + [ k= 1Pyl > <o (A.9)

—00 0
for some universal constant c; > 0. Moreover, it is easy to show that for some universal

constant cg > 0,

" E{(E,.,Z,.)}ie[n]i'kd-wHX-J = Xall; S cs. (A.10)

Therefore, by setting ¢; in (A.6) as y/c2/2, we can obtain that

P& X e ity (%ﬁ}fn_mnx” - Xl 2 Ver?)
Y (n 1K~ Xl 2 2)
— (XX Dem) <y K iz =2
e (IR XA B o e [ - Xl
. (X X Vbiem = (n 1% "1H2_2n {(X’ivaiw)}iG[n]Li;‘d.'YH ot "1”2)
(A.7)—(A.10) c%
> ic;

The claim follows by adjusting the constants, which completes the proof of the claim in

Example 1.
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F Proofs for Section 3.4

F.1 Proof of Proposition 3

By the definitions of Xt and the coupled X , and the triangle inequality, we can obtain

that
1X = X [12 < [|1a(fi — )" Qdiag(r)|[10 + (X — L,uT)(Q — Q)diag(r)] 2
+112(5) = 8/ |12
R ~ (A.11)
<l - (11X = 1apT)Q = Q)10 + Q7 (1 — )]0

12 1/2
+masen 2 2(8* = 5/%)ej]|.

In addition, it follows from the standard concentration inequality for the chi-square random

variables that for any j € [p],

o~ n
Pr (1 N2(SY" ~ 8 )es1? 2 31(SY? - 8 el/2) < 2ewp (- 22 ).
An application of Lemma 32 in Section G.9 yields that
108> = 8/%e;l <1187 = 8% lop = 18/2(82 — 82)8,* + (S5 — 5/%)5, |op
< 187%(S7 — 82)5; lop + 11057 — 8587 [lop
< (i 3 PV e IS, — Sallop

—3/2 PN —
<4V ) % 192 = 25 o

Therefore, combining the above estimates completes the proof of Proposition 3.

F.2 Proof of Theorem 5 for marginal correlation

The main idea of proof follows the same coupling techniques used in Fan et al. (2025). First,

we observe that

2 max [ W - Wl < 2] — plloe + [ X - X1 (A.12)

JE[p]
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The above upper bound shows that the knockoff statistics and their coupled counterparts
are close. Next we present two key lemmas for the proof. Denote by T ;St the data-driven

threshold obtained from the estimated statistics {ﬁ\/'f“}je[p].

Lemma 12. Under conditions of Theorem &5 for marginal correlation, we have that for

# S {+7 _}7

sup

1e(0,P=1( 4 )]

ZjGHQ 1(#‘/‘//55 2 t) . 1‘ — UP(l)' (Al?))
Zje%o IED(#W/J 2 t>

Lemma 13. Under conditions of Theorem 5 for marginal correlation, for any q € (0,1), we

have that

i (T;—St > Pl (%)) — o(1). (A.14)

2p

The proofs of Lemmas 12 and 13 above are deferred to Section G.8. Now we are ready

to prove Theorem 5 for marginal correlation. By definition, it holds that
e LW 2 %) |

LV Y e U = Te)
d i LW 2 T57) | Vs UWS < —T57) |

Zje?{o LWy < =T5) 1V Zje[p} U
o Zien LW 2 T%) 3y LW < -T5) |

X e WP < 1) 1V 5,0 1(Wee = T3
D jen, LW > T5%)
Z]’e?—to 1(‘/}‘7;“ < _T;St)
e WV 2 1) 50 POW, < T2 55,00, B(W, 2 T2%)

FDR:]E{

IN

(A.15)

SqE{

{ 2jer POWG 2 T0%) 2 jen, VW™ < =T 3 ey, P(W; < —T5%)

Therefore, the desired asymptotic FDR control follows from Lemmas 12-13 and Corollary

2. This concludes the proof of Theorem 5 for marginal correlation.

F.3 Proof of Theorem 5 for OLS
Let Z*t = [X, Xt € R™% and Z°* = Z=t/,/n. Note that
|1Z%° = Z||op = |X*=" — Xlop < /npl| X*=F — X |12
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Hence, on event {[| X — X |15 < A3 N {CT" < Aain(Z7Z) < Amax(Z7Z) < €4}, it follows

from Weyl’s inequality and the fact /pA, = o(1) that for some constant C5 > 0,

Oy < Anin(Z%5TZ%) < Ay (Z5TZ5) < Oy, || 25572 — Z7Z]|op < Con/PA.
Moreover, on the same event, by the standard subgaussian concentration, we have that with
Pe-probability at least 1 — p~2,

o] (Z7Z) 712057 —(272)'27T)¢
< CVlog(p) - I(Z57Z) 12T —(Z72) 27 |lop < O/plog(p)As.

Then on the same event, with P¢-probability at least 1 —p~, it holds that for all j € [2p],
A2 (X, X, Y) - (X, X].Y))|
— |6;|' (/Z\est;T/Z\est)—l/Z\est;TY o 6;—(/2\T/Z\)_1/Z\TY|
S |e;|'(’Zest;TZest)—l’Z\est;T(Zest o 2)6:u| + |e;r((/z\est;T/Z\est)—1/Z\est;T o (2T2)—12T)£|
— ’e;r((/z\est;T/Z\est)fl/Z\est;T . (/Z\T/Z\)fl/Z\T)é| S C plOg(p)An

Combining the above estimates, we can obtain that

P (max|ﬁ7j — ‘//I\/jes"| > C/plog(p)A,) = o(1).

JEP]

This shows that the knockoff statistics and their coupled counterparts are close. Next we

present two key lemmas for the proof.

Lemma 14. Under conditions of Theorem 5 for OLS, we have that for # € {+, -},
S LHEW 2 1) 1‘

ZjE'HO ]P)(#m = t>

Lemma 15. Under conditions of Theorem 5 for OLS, for any q € (0,1), we have that

P (T;St > pl (%)) = o(1).

The proofs of Lemmas 14 and 15 are deferred to Section G.8. Therefore, in view of

sup

te(0,P—1(%n)]

(A.15), the desired asymptotic FDR control follows from Lemmas 14-15 and Corollary 4.

This concludes the proof of Theorem 5 for OLS.
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F.4 Proof of Theorem 5 for debiased Lasso

By (Fan et al., 2025, Lemma 11), we have that

P (max|ﬁ\7j - I//‘\/J?St| > Csy/log(p)A,) = o(1).

J€lp]
This shows that the knockoff statistics and their coupled counterpart are close. Next we

present two key lemmas for the proof.

Lemma 16. Under conditions of Theorem & for the debiased Lasso, we have that for # €

{+7 _}7

sup

te(0,P—1(%n)]

St6Brz0_|

Lemma 17. Under conditions of Theorem 5 for the debiased Lasso, for any q € (0,1), we

P (qust > P! (%)) = o(1).

The proofs of Lemmas 16 and 17 are deferred to Section G.8. Thus, in light of (A.15),

have that

the desired asymptotic FDR control follows from Lemmas 16-17 and Theorem 10. This

concludes the proof of Theorem 5 for the debiased Lasso.

G Additional proofs and technical details

G.1 Proofs for Section C.2
G.1.1 Proof of Theorem 7

We first adapt the proof of the moderate deviation result from (Fang and Koike, 2023,
Theorem 4.2) to address a special class of sets in two dimensions (i.e., d = 2 therein).

Specifically, let us consider sets

Six ={(,y) - (|2 = ly]) = t} (A.16)
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for any ¢ > 0.

Theorem 11. Let W =n~Y/2 " | Xi € R2, where {X,--- ,X,} are independent, EX; = 0

ieln
for all i € [n], and Var W = Sy,. Assume that ||X;l|ly, < b for all i € [n] and |y} op V
|1 Zwllop < K for some constant K. Then there exist some constants Cy,Co,C5 > 0 that
depend only on K such that if C1b*(1 + t3)logn < \/n, we have that for # € {+,—} and
t € (0,nY7/Cy),

Toens | sor B

where G ~ N (0, Zy).

Proof of Theorem 11. We only show the proof for the case when # = +, and the proof for
the case of # = — is similar so we omit repetitive details. The constant C' below may depend
on K and may change from line to line hereafter. For t < 4, since P (G € St#) is bounded
below by a positive constant depending only on K, the same coupling argument below, with
q =< logn, gives the desired bound. As such, we will focus on the case when t > 4.

First note by (Fang and Koike, 2023, Theorem 4.1) that for any q > 2,

1/2 1/2 q q5/2
We(S5 W, £,12G) < 0(% + T)bQ = By,

where Wy (-, -) denotes the q-Wasserstein distance. Hence, we can couple W and G such that

EHE;VINW — Z;[}/QGH“ < (Bpq)%. Then for any ¢ > 0 and ¢ € (0,t/2), it holds that

P(W € &) =P(|W| — [Wa| > 1)
<P(|Gy| — [Go| >t —e) + P (||[Wi| — [Wa| — |Gi] + |G| > ¢)
=P(|G1] — [Go| > 1) + P(t — & < |Gy — |G| < 1)

+P(||W1| — |W2| — |Gl| + |GQ|| > 6).

We will bound the last two terms above separately.
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Term P (||Wh] — [Wa| — |Gi| + |Ga|| > €): Since
[[Wi] = [Wa| = [Ga| + [Gal| < [[Wa] = [Gul| + [[Wal — [Gol| < KV [|S3//°W — 53/2G,
it holds that for any q > 2,

P (|[Wh] — [Wa| = |Gi| + |Gal| > &) <P (|0 "W — /%G| > ¢/K?)

< (e/ KM E|S, P — %6

Hence, we have that

P (W3] = [Wa| = [Ga| +[Gof[ > 2) _ (¢/K?) 9(Bug)"
P(|Gy| = G2 > 1) ~ PG = [Ge| 2 )

Setting ¢ = K'/2eB,, 4 and q = [logP(|G;| — |G2| > t)| + [log A| for some A > 0, the bound

above becomes

P ([[Wh] = [Wa| — |G| 4 |Ga|| > ¢)
< A. A.17
PGl — 1G] = 1) < (A.17)

This establishes the bound for P (||W;| — [Wa| — |Gi| + |G2]] > €).

Term P (t — e < |Gy| — |G| < t): We first decompose P (¢t — e < |Gi| — |Go| < ¢) as
P(t—c<|Gi| =[G <t)= Y  P(t—e<|Gi|—|Gof <Gy > 0,6y >0).
sk E{+,—}
We will only show how to bound the case when x = +, % = 4, and the other cases can be
handled similarly. After relabeling the two coordinates if necessary, write x; for the smaller
coordinate and x5 for the larger one; the corresponding precision matrix, whose eigenvalue

bounds remain the same as those of 2‘},1, is denoted by A. To this end,

oo rx1tt _ zAx
P (t — e < |Gy = |Gy| € t,G; > 0,Gy > ()) B fo f:c1+tfg exp ( 5 )dwzdwl
P(|Gy| — |G| > ¢,G; > 0,G, > 0 o oo o7 A '
(‘ 1| ‘ 2‘ = 1 2 ) fO fm1+t exp ( — —T2A )dmgdml

Obviously, f(0) = 0. In the denominator below, we lower bound the inner integral by

fle) =

integrating only over the interval [x; +t, @) +t+¢']. Since this interval has length ¢t~ and
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the eigenvalues of A are bounded above and below by constants depending only on K, the
resulting lower bound is valid up to a multiplicative constant depending only on K, which

will be absorbed into C' below. Taking the derivative yields that
fooo exp ( — ((:1:1 +t—e)?Ny +2(xy +t — )T Aip + :B%Agg)/2> dxz,

fooo f:fﬂ exp ( B N%) daada,

t fooo exp < — ((111 +t— 8)2A11 + 2(331 +t— 6)331/\12 + w%A22)/2> dazl

£l =

fooo exp ( — ((3131 +t+ t71)2A11 + 2(:1:1 +t+ til)wlAlg + w%AQQ)/Q)dwl .

Using the facts that

e exp ( — ((331 +t—¢e)?Ay +2(xy +t —&)x A + w%AQQ)/Q) < exp ( — Amin(A) (1 +
t—e)?+xi)/2),
® ¢eXp ( — (((El —f-t—}-t*l)zAll + 2((131 +t+t71)$1A12 + m%AQQ)/Q) Z €xXp ( — )\maX(A)((ml +
t+t')? +27)/2),
we can show that for z; to be chosen later,

t [ exp ( — (@1 +t —2)?A1s + 2(m1 +t — €)@ Aip + w%A”)/z) d,

e < —
fO exp < — ((iBl +t+ til)QAll + 2(%1 +t+ til)mlAlg -+ w%Agg)/2> dacl
- A

tLexp (— (W)@ +t =< +ad)/Dder
fot exp (= Amax(A)((m1 +t +t1)2 + 23)/2)dz; 1+ fo

For f,, choosing z; such that z; > \/ 10 A max(A) /Amin(A), with some calculations we can

obtain that

texp (= Auin(A)(216)/2) L5 exp (= Amin(A) (@1 + t — €)2/2)dy
exp (— Amax(A) (2t +¢71)2 +12)/2)
texp (= Awin(A)(211)°/2)
exp ( — Amax(A) (2t +t71)2 + t2)/2) -

2 >

For fi, let us consider two cases: Ajs > 0 and Ajp < 0. If A5 > 0, it holds that

texp (8(1 -+ Zl)tAH + €thA12)

<
fl - exp ( — (2 -+ Zl)AH — 21A12>

<texp ((et + 1)[(2 + z1) A1 + z1A12)).
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If Ai; <0, we have that

t exp (5(1 + zl)tAH)
~ exp ( — (24 zl)All)

Hence, an application of the fact that [|Al|max < Amax(A) leads to

< texp ((525 +1)(2+ zl)All).

f1 < texp (4Amax(A) (et + 1)(1 + 21)).

Combining the estimates for f; and f, above, we can obtain by the first-order Taylor expan-

sion that
P(t—€< |Gll_|G2| St,Gl ZO,GQZO) :]P)(|Gl|_|62| Zt,Gl ZO,GQZO)JC(ZE)
< Cetexp (Clet +1)) - P(|G1| — |Go| > ¢,G1 > 0,Gy > 0).

Similar bounds hold for other cases when «, x € {+, —}. Combining the above results yields

that

P(t—e < |Gi| — G| <t) =P(|Gi| — [Go| > t) - f(e)

< Cetexp (Clet + 1)) - P(|Gy| — |G| > ¢). (A.18)

This establishes the bound for P (t — e < |G| — [Gs| < t).
Moreover, we can deduce that

x Ax

ex — dxodx
QW\/detEW/ /x1+t p( 2 ) o

1 maX(A)wl) /°° < )\maX(A)a:§>
> ex _ ex D dw daz
= 27\ /det( EW / p( 2 P 2 201

P(|Gy| — [Go| > 1)

2 2
>3 / T +t) " exp ( _ Aua(A)(i + (@1 17) ))d:cl
max \/ det EVV 2
2 2
>3 / x1 + 1) exp ( A (A) (@1 1 (@1 1) )>dzc1
max \/det EW 2
< 5)\maX(A)t2>
> exp| — ———— ).
47T)\max(A) det(Ew) 2

Now with A = n~!, it holds that
q = [logP(|Gy| — |Gs| > t)| + logn
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1 5Amax (A) 2

= % i (M) /det (5r) p( 2

log

)‘ +logn < C(logn + t2).

Then as long as

5/2 241 £ 1 1oe?/?
at:Ce(iJrq—)b?thb%( + osn | o8 n)
n

N vn n
3
§0b2~w§1,
N4

we can combine (A.17) and (A.18) above to obtain that

P((Wh| — [Ws| > 1)

P(|G1| — |Ge| > 1)

P(t — e < |Gi| — |Go| < t) + P (|[Wh] — [Wa| — |G| + |Ga|| > ¢)
P(|Gi] — [Gz| > 7)

(1+t3)logn

NG

A similar argument establishes the converse, which completes the proof of Theorem 11.

<1+

<14 Cete+A<1+CH-

We will focus on the case when W = ﬁ\/, since the other cases can be dealt with similarly.
The constant C' below can depend on M, whose value may change from line to line. First

note that by the standard sub-exponential concentration, we have that

_ [ maxey| Y| log np _10
P = < >1_p 10, Al
(5Y { i = ) o

Since X ;, 5(\.7j, and Y are independent for any j € Hy, we can apply Theorem 11 by letting
X; therein be (\/HX”Y;/HYH,\/HJ/C\Z]Y;/HYH)T for any 7 € [n]. This yields that on event

Ey, for any j € Hy and t € (0,n7/C),

PY (W, > 1)
P;(t)

1 4 %) log®(np)

7 :

- 1‘ <ol (A.20)

Using the law of total probability, we can deduce that
‘IP’(V/I\/jzt) 1‘ ’ [Py(ﬁ\/}zt)}
2= | = |By |——L = —

(1) Pi(t)

<[ [P e [

R,
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- [ W—é;t) _ 1‘ | HEY}} " ‘EY {PY (ﬁ@;(;)l{sﬁ}} ‘ + Ey 1{€5}
< C(l + t?/lgjg?)(np) N £;<1:) o g0 J

Therefore, the desired conclusion follows, which completes the proof of Theorem 7.

G.1.2 Proof of Corollary 2

For any ¢t € (0,7 ()], Theorem 7 and the assumptions on «,, give, uniformly over this

range,

|H0|71 ZjE'HO ]P)(V‘/J > t) B 1' v ' |H0|*1 ZjeHO ]P)(VV] < _t> _ 1l = 0(1)

P(t) P(t)
Indeed, the multiplicative error is o(1) and the additive term is negligible since P(t) >
P(PYay,)) > a, and p°a, — oo. The desired ratio bound follows immediately. This

completes the proof of Corollary 2.

G.1.3 Proof of Lemma 1

Lemma 18. Assume that conditions (C1) and (C2) hold. Then for W € {W, —W}, there

exists some constant C' = C(M) > 0 such that forn > C and t € (0,n7/C),

Var ( 3w, > t}) < ST PW, > 1) +(J{ (1 +t3z/1%g3(np) ( SoP (Wj > t>)2 +p_10}‘

JE€EHo LeHo Jj€Ho

Proof of Lemma 18. We show only the bound for W = 1/47, while the other cases can be

dealt with similarly. Observe that by the law of total variance, we have

Var(Zl{ﬁG-Zt}):E[Var<21{ﬁ\/j2t}‘Y>}

j€Ho j€Mo
+Var[]E<Z 1{‘/4\73 Zt}‘Y)] =V + V.
j€Ho

We will bound terms V; and V5 above separately. For term Vj, it holds that

Vi — Ey [IEY ( S YW, > t})Q - (IEY ( S 1w, > t}>)2]

J€Ho J€Ho
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- Y Ey {EY (1{v/17j > 11{W, > t})

JL€Ho

_EY (1{17[7]- > t}) EY (1{17[7@ > t})} < S P(W, > ).

LeHo

For term V5, we have that

S KEY<Z W, Zt}))Q_]E?(Z W, zt})}

J€Ho JEHo

- Y By {]EY (1{vaj > t}) EY (1{@ > t}) ~E (1{vAvj > t}> E (1{% > t})].

J:t€Ho

If (X, X ;) follows a normal distribution, the distribution of ﬁ\/} becomes independent of Y,
which entails that V5 = 0 in this case.

For the general case, we can apply (A.20) in the proof of Theorem 7 to deduce that

Vs 3 By [POP (Wi )1er) - (W) 2 1) P (Wi 2 )

JLEHo
(1+¢*)log’(np) { Y (7 —10
+C > By |Pj(t)PY (We>t)| +Cp
\/ﬁ JLEHo ( )
<D TPWe =) Y |Pit) - P(W, > 1)
LeHo JjE€EHo
(1+t3) 10g3(np) { Y (117 ~10
+C > Ey |P,(t)PY (W, >t)| +Cp
\/ﬁ jL€Ho ( >
3
SC(1+t log np) (ZP(W >t>) Lo,
Jj€Ho

Here, recall & defined in (A.19). Thus, combining the estimates for V; and V5 above
completes the proof of Lemma 18.

Proof of Lemma 1. The proof largely adapts from that of (Fan et al., 2025, Lemma 3); we
spell out some details below. We focus on the case when # = +, as the case of # = — can
be analyzed in a similar fashion. Let G, (t) = |Ho| ™! > icHo ]P’(ﬁ\fj > t) for simplicity. We

define a sequence 0 < zp < z; < - -+ < 2z, = P(0) and



where

Y

for i€ [l,]

P(0 A\ h
ln: (IOg (%_Z—>) 3 20 = O, Zi =20+ ‘

with 0 < v < 1 and h,, = (pa,,)" for some n € (0,1). For t € (0,P~!(a,)), we can find some

i € [l, — 1] such that t € [t;;1,t;] and

’ZJGHO 1{‘/‘/] > t} _ 1‘ < {‘Zjeﬂo 1{‘4/] > ti+1} — 1‘ V ’ZjEHO ]‘{“/] = tl} — 1‘}

Ho| - G4 (1) Ho| - G4 (t,) Ho| - G (ti)

Since P(t) is continuous and strictly decreasing, it holds that

sup |P(t;)/P(tiy1) — 1| = sup |zi/zi41 — 1| — 0. (A.21)

1€([ln—1] 1€l —1]

In view of Theorem 7, we have that

Combining (A.21) and (A.22) above, some straightforward algebra leads to
{‘zm UW; = tin} 1' y ‘Zj% HW, >t} 1‘}
[Hol - G+ (t:) [ Hol - G (tit1)

v | Wi 2 ) 1‘} +o(1)
[Hol - G+ (t:)

dien, UWj > tiga} B
[Hol - G4 (tiy1)

< (1+0(1))-{‘

Thus, to prove the desired result, it is sufficient to show that

W, >t
oo lCH 20| o)
[Hol - G4 (t:)

D, = sup

0<i<ly,

For any € > 0, it follows from Lemma 18 that

o Vor (5, (LW, 2 1)
<Z |7'[0|2 it -2

=0

—10 ln
P 1 (1 —|—t0)log (np)
< E + . E = +C2

‘7'[0| G+ i) € [Hol? - & i=0 Gi(h‘) 62\/_
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Further, with the aid of Theorem 7, we have that

“ “ P(t;) — @Jr(ti)
Z |7'l0| Z |H0 Z [Ho| - P(t:) - é+(ti)

i=0 i=0
1 1+0(1) 1
- |Ho ; +Zi - |350| Zpan + h,et’ (1+0(1)) < C'h;l =0
and
1 i: PA(t;) — G2 (t;)
i=0 éi(tz) N i=0 P2 Z i=0 é\i z‘ (tz)
L N @2 t —1
) Z; ; . :no P2(tl)/6j;(tl) 1 (a22) g 1+Z;<1) _ 0,

Therefore, combining the estimates in the above two expressions concludes the proof of

Lemma 1.

G.1.4 Proof of Lemma 2

Let Cy be the positive constant given in Proposition 4. In condition (C3), take the fixed
constant C' sufficiently large so that C' > 3Cy, and denote by A, = {j € H, : w; > C6,}, so
that | A, | = a,. It follows from Proposition 4 that
P (ﬁ% < 2C9,, for some j € An> < Z P (lﬁ\/j —w;| > 005n> =o0(1).
Jj€lp]
Thus, with asymptotic probability one,
ST H{W; > 2006} > a,. (A.23)
J€lp]
Moreover, since w; > 0 for all j in the independent marginal-correlation setting,

ZIP’(W< YN ) ZP(lW—wJ|>CO ):o(n.

JEP] JEP]
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Applying Theorem 7 at 2Cyd,, gives

P(2Cy6,) = —— § P;(2Co6,) < +o(l) § P(W; < —2Cd,) =o(p").
|Ho| |Ho|
Jj€Ho JE€Ho
Since a, — 00, it follows that
_ -1 9%n

By (A.23) and (A.24), with asymptotic probability one,
S W, > 0} > an (A.25)
j€lp]
Choose a fixed ¢, € (¢, min{2¢,1}) and set 8, = P '(qra,/(2p)) < a, By Theorem
7, Lemma 1 applied at f,, and condition (C4) applied with the level ¢;, we have with
asymptotic probability one

L D0 H{W, < =4} < gan. (A.26)

Jj€lp]
Indeed, the null part is asymptotically |Ho|P(8,) < (1 + 0(1))g+a,/2, the non-null part is
op(qya,) by condition (C4), and ¢, /2 < q.

It remains only to match the grid-valued definition of 7. Since

P(8,) - Play) = %

Theorem 7 and Lemma 1 imply that, with asymptotic probability one,

S 1B < W, <} > elgs — q)an(l +0p(1) > 0

J€Ho
for some constant ¢ > 0, where we used |Hy| < p and a, — oo. Hence there exists an
observed grid point ¢, € {|ﬁ\7j| :j € [p]} with B, < t, < «,. For this ¢,, (A.25) and (A.26)
give

LH#{ Wit} 1+ W< =} _
W >tV T # W >a vl

Therefore T, < t, < oy, which proves the desired localization.

33



G.2 Proofs for Section C.3
G.2.1 Proof of Theorem 8

We will focus on the case when W = ‘//17, since the other cases can be treated similarly.
Notice that for any j € Ho, X, 5{\'73‘7 and Y are independent. For i € [n], denote by
Ci(j) = (X,,;Y/|Y|, )/E”Yz/HYH ). Using the multidimensional version of the Berry—Esseen
theorem, we have that for any j € Ho,

PY (Z 9 e U) —P <G(j) € U)‘ <CY EY|¢VIP. (A.27)

i€[n] i€[n]

Here, GY) ~ A/(0, UJQ-IQ) and C is the collection of all (measurable) convex sets in R?. Further,

sup
Uec

we can deduce that

<X2.Y.2 5(\2.1/2)3/2
0,5 i,5 "1

EY ¢ =D EY +
2 2B vt e
1€[n] 1€[n]
X, 'Y’ X P Y maxicp, Y|
< 4 EY |”—’ EY | 2ol 122l < o—/——=n7
: ZH (IIYH?’ i YE )| =

(A.28)

The conclusion follows from the sub-exponential tail of Y;’s and the following bound

using the law of total probability

]P’(Zgi(j)eU) —P(G(j)GU>‘

sup
vec 1€[n]
vec 1 ~ e

i€[n]

The proof is concluded by observing that sets S; 1 defined in (A.16) are unions of disjoint
convex sets, which completes the proof of Theorem 8.
G.2.2 Proof of Proposition 5

The positive constant C' may depend on ¢y, M, g, and may change from line to line hereafter.

Note that from Lemma 31, we have
P (51 = {HYH2 > nEY2/2}> > 1 — exp(—nE2Y?/C).
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It follows from the concentration of the norm for the sub-exponential random vector (Sam-

bale, 2023, Proposition 2.2) that

P (52 = {\IIYII —VnE?Y?| < Clogp}) >1-p

We next consider the concentration for X TJY Let us rewrite

XY -EXLY =) (X,;,Vi—EX;;Y;) = > A7,

i€[n] i€[n]

and thus, Agj ), e ,Ag ) are iid. mean 0 random variables. Using Rosenthal’s inequality,

cf. Lemma 30 in Section G.9, we can show that for any q > 2,

()
: ‘ Zie[n} Al

Applying the Markov inequality yields that for any ¢t > 0,

q q/2
<C EIAWV T 4 EIAY)|2 < O(n +n"?) < On¥2.
< Zidn] 1A Zie[n] 1A < C( ) <

E| Vi A
(v/nt)?

<

: C
P (||X,TjY| - EXLY|| > \/ﬁt) <P <| ZZEM AY| > \/ﬁt) < =

Similarly, for any ¢ > 0, it holds that

P (}|5FJY| ~EXY]|| > \/ﬁt) < t%

Choosing ¢t = p*/91og p, we can obtain that

~ 2/a]
N 1T p~logp -
P (53 = {\n 'XTY —EX;Y|V|[n ' XY —EX;Y| < CT}) >1—o(p?).

Therefore, on event £ N & N &3, we can deduce that

‘!X-,Tle V- |[EXGY
Yy E'/2Y?
nXTY| - - [EX;Y| . Y| — vrnEV?Y?|
Sy + |X'j - 1/2
E!/?y?2 ’ Va||Y || - EY2y?
Clogp
nEY?2

1 |EX;Y| +logp/y/n
]El/2 Y2 ]EYQ

Cp*logp
- EY2y?

< Cp*logp - (

+ (n- [EX;Y|+ Cvnp*logp) -
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1 EY2 X2EY?2y2? 1+ 1o n
< O logp - N ; gp/Vn
]El/2 Y2 ]EYQ

1 log p
< Cp*ogp - ( + )
=P 08P T iy VnEY?

Similarly, it holds that on event & N & N &,

/\r ~
XY E XY 1 1
| J |_\/ﬁl|2 ;Y §0p2/q10gp'( 7 + o8P )
1Y E'/?y?2 E2Y2  VnEY?

The conclusion follows from an application of the triangle inequality, which completes the

proof of Proposition 5.

G.2.3 Proof of Lemma 3

The proof follows similar arguments as those for Lemmas 1 and 2, so we only sketch the

differences here. We will first prove the following variance bound: for W € {ﬁ\/, —ﬁ\/} and
any t > 0, there exists some universal constant C' > 0 such that

Var ( 3ex, LW, > 1}) log n

Zje?-lo P (Wj 2 t) \/ﬁ '

The proof of the above variance bound is similar to that of Lemma 18, where we will invoke

<1+ CHo|- (A.29)

Theorem 8 to bound V5 therein as

(A.27)&(A.28) __ _ _

1% < E [P-(t)IP’Y W, >t)-P W-zt]P’WZt}
T S [ ()2 (202 (72
max;en | Yi| =

il 3o B8 (W)

<ZIP’WZ>t > Pi) P(W; > 1))
LeHo Jj€Ho

max;en | Yi| =
+C|H0|'£§)EY[”€T” Y(sztﬂ
< C[H,| - 087 S B(W, > 1),

\/ﬁ LeHo

With the variance bound above, we can then follow the proof of Lemma 1 to prove the

indicator approximation in (A.2). The main difference is that we will bound P(D,, > ¢)
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therein as follows. Using the variance bound in (A.29), we have that
~p ('zj% (L(W; = t) — (W, > m)’ . )
Hol - G+ (%) B
Var (Y jcqy, (LW > 1))
i=0 [Hol? - G2 (L) - €2
<. (1 4 C|H0|10g"> - i L
Vi) ol - G (1)

From Corollary 3, it follows that

N N P(t) = Gy(t)
Z [Ho| - Z |Hol - P Z [Hol - P(t:) - é+(ti>

=0 =0

~

P(D, > ¢)

™

=0

s

IN

1+o0 1
1 1)) < Cht 0.
IHOIZ ; mo|2qan/z+hen (1 o(1) < Ot

Finally, with (A.2) established, the localization of T}, can be derived using the proof of Lemma
2, substituting ¢,, in that proof with 6,.;, and utilizing Proposition 5. This completes the

proof of Lemma 3.

G.3 Proofs for Section D.2

G.3.1 Some a priori estimates

Lemma 19. Assume that conditions (O1)~(O3) hold. Then for any deterministic unit
vectors u, 0 € R? and any sufficiently small § > 0, there exists some constant C' =

C(M,7,c,6) > 0 such that forn > C and anyn > n=?,

-1

PR PR 0
P <|<u, (Z7Z +nly) o) —E(u, (ZTZ +nly,) o) > C%) <Cn

Proof of Lemma 19. The constant C' below is independent of n,p,n and may change from

line to line. Let us define for any j € [n],

~

Dj =E [(u, (/Z\T/Z\ + T]IQP)_10> | /Z\l,‘; cee ,/Z\jJ —E [(u, (/Z\T/Z\ + nlgp)_:lU) | /Z\L., ety Zj—1,~] .
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Denote by /Z\_j7. € R D*2 the matrix obtained by removing the jth row of Z. Then it
holds that

D; =E [(w, (ZTZ+nly) o) — (w, (21,75 4+ nlsy) " 0) | Zu,,--- . 2]
Y E[(u, (27,2 +nly) " 0) = (u, (Z7Z + nls) " '0)| Zy,, -+, Zj-1,] = Dy + Dy
Using the Burkholder inequality, we have that for any integer p > 1,
E[|(w, (ZTZ + nlyy) o) — E(w, (ZTZ + nly,) " o)™

& { S b, Qp] <CE KZW)‘J]

J€ln] Jj€n]

<cs[(Smar) ] rez[(Tpar)]

Jj€n] Jj€ln]

We next bound the moments of D;; and D;,. An application of the Sherman-Morrison

formula gives that

1] SE[[(u, (Z7Z +nly,) o) — (u, (2T, Z_;. + i) 0)|| 21y, 2]
] (21,75 +nlp) 2,00, (27,75 4+ nlsy) 2, 55
U+ (2., (20,25 +nly) " 'Z;) v
<SE[[(u, (25,7 +nly) 2,00, (21,2 +nly) 2 ) | 20y, 23]

By the convex concentration in condition (02), it holds that for some ¢ = ¢(c.) > 0,

~ ] ~ ~ 71/\ = . o~ A~ ,1 -~
oo (|, (20,25, +nly) 230 2 ) = P2 (I, (20,25 + nhy) ' 22Q;)| > 1)

< ent?
=GP T 1/2(7T7 7 ey
IRV2(21; Z 5. 4 nly)  ull

By Lemma 5 applied to the leave-one-out matrix /Z\_L., whose aspect ratio is still bounded

away from one for all large n, we have

~

Aain(Z1 Z_;) > C!

D

with probability at least 1 — Cn~". On this event,
5T 5 -1
ISV2(Z1, 7. +nly,) > < C.
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Hence, using the preceding conditional concentration bound and the law of total probability,

we can show that for any large constant D > 0 and large enough n,

n

JE s 1
P (55) <cn P, &= {\<u, (27,7, +nly) 2, <C Og”}. (A.30)

For any integer p > 0, using the crude bound that ]E[||/Z\j,.||8p] < Cn®, we can deduce

that for large enough D,

E [|(u, (/Z\l—j,-/z\—jf + 77[2p)_12j,~>|4p}
=E ([, (Z7;.Z-; +nl) )" 1] +E ([, (27,25 +nls) 250" - Leg]

2p - 2p 2p
< (S08) Bz < (SE8) T onter < (SRR s
n

n n

Similarly, it holds that

o~ i~ 1 2
B (o, (2, 25+ nky) 2,017 < (27 ) (A.32)

Combining the above moment estimates, it follows from Jensen’s inequality that
E[D;1|*] < E [[(u, (Z1;.Z-;. +nloy) Z; )0, (21,25, +nla) Z;.)|7]
<EY2 [, (21,25 +nlap) " Z; )PTEY? [[(0, (21,25 +nlyy) ™~ Z;)™]]
< (Clog n)QP'
n

Then we can obtain that

JEM]

Similarly, for large enough n, it holds that

(o] ()"

JE[n]

By the Markov inequality, for any sufficiently small 4 > 0 and p > 0, we can show that

IP’( > D;

J€[n]

Z Cn6—1/2>
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2p
<CnPE|) Dy
JE[n]
P p
< CnP=20. (E K Z|Dj,1|2> } +E K Z|Dj,212) D < Cn~%.
JE[n] J€[n]

Therefore, choosing p = 10/4, we have that

A~ _

P (|, (Z'2)"0) ~ E(w, (2'2) '0)| = Cnf2) <o,

This completes the proof of Lemma 19.

Lemma 20. Assume that conditions (O1)~(O3) hold. Then for any deterministic unit
vectors u,v € R? there erists some constant C' = C(M, 7,¢c.) > 0 such that for any n > 0

and any n > C,

‘]E(u (ZTZ—i— L) o) — 777 -1 log™* n —2. 10
s n 2p) U> E(u, (Z Z+ 77]21)) U>’ <C \/ﬁ +n n .

Here, Z=(Zy., - ,Z,.)" € R™% with {\/nZ;_}icp) N0, R).

)

Proof of Lemma 20. Let Z) = (Zy,.,--- ,Zi,.,2i+1,-, e ,/Z\m.)T, GO = (20 TZ20) + nlzy) 1,
and Q(_ZZ = ((Z@ )TZ(_ZZ + nly,)~" for simplicity. We define gﬁ; Y analogously; note that

—,

g(_’; Y= 6" Let us first rewrite our target into the following telescoping sum

3

|E(u, (Z7Z +nly) o) — Elu, (ZTZ +nly,) " o)| =

> E(u,G%0) — E(u, G Vo).

1€[n]

With the aid of the Sherman—Morrison formula, we can deduce that

(u, g(%) _ (u, g(i71)0>
(u, 697, Mv,6%Z,.)
1+(Z,.,6%z,.)
(,6"Z )(0,69Z; ) (1,692, )(v,G")Z: )
1+(Z:..69Z.)  1+(2..6Yz.)
W G6YZ 0,697, (,69Z,)(0,69Z,.)

1+ EZ«’, <Zi,~v gﬂ'zz’;) I+ Ezi,‘ <Zi,‘, g,izi,.>

(w,6"7VZ, (0,677,

— (u, ng”n) + — L
1+ (Z;.,67VZ,.)

= (1,G"v) —

40



where
o _ wG97)(0.6"Z,) (. G"Z)(v,6"Z,)
142,697 1+E; (zl,g32>
e - (6NZ:)00.652,)  (.6%97:)(0.617,)
1+(2,,6%9Z,)  1+Eg, <zl,g Z.,)

Using the facts that
o Bz, (Z:.,6%2:) =By, (Z,,6")Z;.),
(@) @7 v _m. (07 D7
o Bz, (u,G5Z; )(v,GZ;.) = ]Ezi"(u, GZ; )(v,GZ;.),

we can show that

Thus, it remains to bound Igr\rz and Err;.

Observe that

(Z:..6%Z;.) — By, (Z:.,69)Z,.)] )

Erm| = |(u,GZ; )(0,GYZ,.)]| - ( =5 505
11+(Z;,., G252 )| - |1+ Eg, (Z,.,G23Z:.)]|

< |, 69Z;)] (0,692, )| - 1(Z;.,61)Z: ) — By, (Z;.,G1)Z;)].

Similar to (A.30), there exists some constant C; = C1(M, 7,c.) > 0 such that

N 1 N 1
P <\<u, G9Z,) > C1y/ Oi”) VP (|<n,g<lgz,,.>| e Oi”) <Om % (A33)

Moreover, it follows from the Hanson—Wright inequality, cf. Lemma 4, that there exists some

constant Cy = C3(M, 7,¢.) > 0 such that for large enough n,
Py, (l(Z-,., G"1Z:.) —Es, (Z:..6Y)Z,.)]

logl/2 n () 1/2
> (S pgeey,) ) < cant

n
k.Le[2p]
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The same bound holds with Z replaced by Z; ..
In light of Lemma 5, there exists some constant C3 = C5(M,7,c ) > 0 such that
P(||S2G0512||,, < C3) > 1 — C3p~1°. Hence, using the law of total probability, it holds

for some (large) constant Cy = C4(M, 7,¢c.) > 0 that for large enough n,

- N - N 1
P (|<z,,., 617, ~ By (Z,.,69Z,) > C4 Og”) < O, (A.34)

o n
The same unconditional bound holds with Z replaced by Z;.. By (A.33) and (A.34), there

exists some (large) constant Cs5 = C5(M, 7, c.) > 0 such that for large enough n,

~ logn 3/2
P (‘Erri’ > 05( ) ) < Cyn 10
n

and similarly,

logn 3/2
P <|EI’I’Z‘ > 05( n ) ) < 0577,710.

Therefore, using the crude bound of E|Err;|? Vv ]E|I§r\rl|2 < Cun~?, we see that there exists

some (large) constant Cs = C(M, 7, c.) > 0 such that for large enough p,

E|Err;| V E|Err;| < C@(( ogn) + 77_271_10).
n

The conclusion then follows by the triangle inequality, which completes the proof of Lemma

20.

Lemma 21. Assume that conditions (O1)~(03) hold. Then for any deterministic unit
vectors u,v € R? there exists some constant C = C'(M, 7,¢c.) > 0 such that for any n > 0
and anyn > C

1 u'Y 1o
0) — ————
1—2p/n

PN _ 1 3/2
E<u7 (ZTZ + 7][21)) < C( o8 o + ?77277,710 -+ ?7> .

N

Proof of Lemma 21. From Lemma 20, it suffices to calculate E{u, (Z7Z + nIQP)_lu) for

Z = QxY? and {Qij }icpyjers) "% N((0,n7Y). Note that with i = X2y and © = $~1/2p,

1

10— pEE T (QTQ+727) ) = E@ Q' Q(QTQ + %) o)
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= 3 G EQuRQTQ+1ET)

i€[n],j,k€[2p]

By Stein’s lemma, it holds that

EQuQ(QTQ+ ™) = n~ Edo, {[Q(QTQ+ ) u}
= - E{QEQTQ+7=) QQTQ + 75 ) u )
—n ' E{QQTQ 1) QTLQTQ + r ) )
+r E{((QTQ+ 72 7)

Combining the equations in the above two expressions yields that

U0 =E@T, (QTQ+721) ')

1

—n'ErQ(QTQ+ 7 ) 7R (@, (QTQ 4+ =) o)

1~

—n'E@ (QTQ+727) TQTQ(QATQ + %) o)

FEE Y QTQ4+ 7)) B =BT, (QTQ+ S ) ) + L+ L + L.
For term I;, we have that

L=-n'ErQ QQTQ+mm ) @ (QTQ+ y= ) %)

1~

=BG (@@ 9+ e @) @ @) )

n
_ _% (@ (QTQ +7571) 7'8) + O(nE[(QTQ + 1= |12,
For term Iy, it follows that
L=-n"E®T (Q"Q+72") '8) + gm, QTQ+72™Y) "= H(QTQ+1E 1) )
= O(n"E[(QTQ+727") o+ TE[(QTQ+ 5271 2,)
For term I3, it is easy to show that

I = O(EN(QTQ+1=") " lop).
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Furthermore, we can estimate by (Rudelson and Vershynin, 2009, Theorem 1.1) that for

¢ € [2] and sufficiently small constant ¢ > 0,

E[(QTQ+757") 5 =EIH(QTQ+727) [, - 1{A(QTQ) > )}
FE[QTQ+ 7= ) - 1{mn(QTQ) < ¢}

<ct4ntP <)\min(QTQ) < c> = O(1+n*'n™19).
Combining the above results leads to
T 2 ~ 1~
o= (1 — §> -E(u, (QTQ + 772’1) ln) + (9(77 + 7 tn 0 4 n’l).

The conclusion follows from rearranging the terms and applying Lemma 20, which completes

the proof of Lemma 21.

G.3.2 Proof of Theorem 9
We need the following a priori estimates to prove Theorem 9. Recall that for j € [2p],
BYS = \/np 4+ el (2'2)7'Z¢.

Lemma 22. Assume that conditions (O1)—(03) hold. Then there exists some constant
C=C(M,1,c.) >0 such that forn > C,

logn

P ( [max |6T(2T2)*1/Z\Tei| >C
€

i€ln].je2p] ’

) < Cn 10,

n

Proof of Lemma 22. Using the Sherman—Morrison formula, for any ¢ € [n] and j € [2p], we

have that

. e T@ET2EITET )
@2 el < e @170 ) 7, |+ [ Gt 5 e —

<2le](21,2.,.)7'Z,.

The conclusion then follows by (A.30) and an union bound argument, which completes the

proof of Lemma 22.
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We will focus on the case when W = W. The constant C' below may depend on M, 7, ¢,
which may change from line to line. Let us define j = j + p for any j € [p]. Denote by

GO ~ N (0,02 - 59) with

Applying Lemmas 19-21 with 7 therein chosen to be sufficiently small, i.e., n = n=2, we can

show that for any sufficiently small 4 > 0 and large enough n,

n5
P& = <C— >1-0n '
(e={ L, <o) =1-cn

On event &;, ||§J§f) — Zg)HmaX < Cn®/\/n. Since 59 is a principal submatrix of (/Z\T/Z\)*l, an

u'Slp

(u, (zTi)_1°> T 2p/n

application of the Cauchy interlacing theorem gives that

~ ~ 1
Amax(E9) € Anax(Z72) ) = ———-,
) < @D = 1
~ ~ 1
)\mm an) > )\min ZTZ = ==
E0) 22D = s
Thus, it follows from Lemma 5 that
P ((g; = {C—l < Amin(E9)) < Apax (B9 < C’}) >1-Cn . (A.35)

Moreover, by Lemma 22, we have that

ST5_15 1
P ((’Ej = { max e/ (Z7Z)7'Z7e;| < O/ Ogn}) >1-Cn '
i€[nl,je{s.g} n

In the sequel, we will work on event £;N&;NE;. Recall that for j € Ho, B, ; = B

invoking Theorem 11 and setting X; therein as (y/ne; (Z72)1Z7 i€, \/ﬁejT (Z7Z2) 7T e;&)T

for any i € [n], we can obtain that

~ 2 ~ . .
P (155 - 18} > t) = (1 + O(M#» PGV - [65) > 4).  (A.36)

We next proceed with the covariance approximation. On &; N &, set
A= |B9 =P lop < Cn’/+/n,
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Since both covariance matrices have eigenvalues bounded above and below, a standard Gaus-

sian density perturbation argument over the tail set

St = {(2,y) : |z| = [y| >t}

gives

ngg’>{(G1> Go) € St}
P2g>{(G17 Go) € Si1}

Cn—m

! Pj(t)

< O(1 4 ¢ +logn)A; +

Indeed, the Gaussian integral is first truncated to ||(z,y)||*> < C(t* + logn). On this region,
the likelihood ratio of the two Gaussian densities differs from one by at most C(1 + ¢? +
logn)A;, while the contribution of the complement is at most Cn~'%P;(t) by the Gaussian

tail bound and the lower tail bound for P;(t). Consequently,

-, s 1 3 51
P2 (1617 - 65 > t) = P, (1) [1+(9 <( “\)/% Og”)} +nl,

Therefore, combining the above estimate with (A.36), we can show that

P (|55 — 55| > 1) = Py(t) - (1 + (9((1 “?’%logn)) 0

The desired conclusion follows by a law of total probability argument, which completes the

proof of Theorem 9.

G.3.3 Proof of Lemma 7

Lemma 23. Assume that conditions (O1)~(03) hold. Then for any sufficiently small 6 > 0,

there exists some constant C = C(M,7,c(,8) > 0 such that forn > C and t € (0,n"/7/C),

Var ( Z 1{‘/7[\/] > t})

J€Ho

SC<Z(!N(J'>!+1)P(VTG > 1)+ (1“3%610’%"(211»(@ 2t))2+n10>.

JE€Ho J€EHo

Proof of Lemma 23. Observe that

Var ( 3N YW, > t}) -y (E1{ﬁ7j > 1}1{W, >t} —E1{W, > t} E1{W, > t})

J€Ho JEeHo
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= > (PWztWezt) P (W, > 1)P(W, > 1))

JAEH,jFAL
+ > (P(W, > 0) — P2 (W, > 1))

J€Ho
< Y (PWztWez)-P(W,20)P(Wezt))+ Y P(W;21)
JteMto,j#L J€Mo
=L+ Y P(W,>1).

Jj€Ho

A slightly generalized version of Theorem 9 yields that for ¢ ¢ N(j) U {j} and any t €
(0,n1/7/C),

P(W; >t W, >1t)

. . . : 1+*)n°l
=P (6] - 6] > 1165 ~ 6] 2 1) (14 O LEIEIER ) e

. ) . . 1+t3no1
=P (1G] — |G5”] = 1) P (1G5 - |G") zt)-(lw(( * j’; g”)) 0

=P (W, > t)P(W; > 1) (1+0<(1”i>/%610g”)) +n7",

where GU9 ~ A(0,57Y) € R* with

1

(0 = -1
E 1 - 2p/n [E }{j,j,f,Z},{j,j,E,Z}'

We can then bound I; as

(X X Y X ) (FWzeWz0 - F 207 (2 0)

JEHo LEN(HHU{j}  JE€Ho LEHNN (5
t#j

<Z{ DI+1)-B(W; > 1)

JEHo

. (P(VTszt,vaezt)—P(V/@Zt)P(VAVéztD}

CeHONN(5)°
#j
2
— — 14+3\nd1
< (|N(j)|+1)-IP(W}Zt)+<§:]P’(Vijt)) -o<( *tn Og”)+n—10.
Jj€Ho Jj€Ho \/ﬁ

This completes the proof of Lemma 23.
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With the aid of Lemma 23, the proof of Lemma 7 follows a similar structure to that of
Lemma 1. Below we will outline some key differences.

First, we will choose h,, = (pay,)'~"(m,,+1)" for some n € (0, 1), ensuring that h,,/(pa,) =
o(1) and h,, — oo. Such choice guarantees that both (A.21) and (A.22) remain valid. Hence,
it suffices to bound P(D,, > ¢).

It follows from Lemma 23 that

B(D, > &) < ZP <‘ 3 ens (102-0'; té)j;(ﬁf > 1,)) ‘ . )

< IZ" Var jEHO (1(‘/)[\/] > tz))
[Hol2 - G2.(:) -

=0 e?
_ ln
Smn+1ZA1 +Oln(1+t8)n510gn+ n—10 'ZAl '
Hole? = G (;) e2v/n [ Ho|? - &2 G (t;)

The latter two terms on the right-hand side above can be bounded similar to those in the
proof of Lemma 1. For the first term on the right-hand side above, it holds that
! l ~
m, + 1 mn+1 ~ 1 my, + 1 = P(t;) — Gi(t;
Py S iyt e 3 Sl
[Hole? &2 Gy (t;)  |Hole> & P(t)  [Hole* = G, (t)P(t:)

l
my, + 1= 1+0(1) my, + 1
= <(C — 0

|Ho|e? ; 2z hpe? ’

where the last inequality above follows from (Fan et al., 2025, equation (A.107)). This
completes the proof of Lemma 7.
G.3.4 Proof of Lemma 8

The proof follows similar to that of Lemma 2, upon applying Corollary 4 and Lemma 7 by
setting «, therein as ga,/2p and noting that pa,/(m, + 1) = qa,/(2(m, + 1)) — oo as

n — 00. This completes the proof of Lemma 8.
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G.4 Proofs for Section E.1
G.4.1 Proof of Theorem 10

The proof of Theorem 10 follows the same structure as that of Theorem 9. We outline the
key differences below.

We need the following a priori estimates to prove Theorem 10. Recall that for j € [2p],
z,=2Z,-7Z_A;,
and J; = arg mingegeo—1 {(2n) | Z.; — Z._;b||> + X;||b]|1}-
Lemma 24. Assume that conditions (O3) and (L1) hold. Then if b,logp/n = o(1), we
have that there ezists some constant C' = C(M, Cq, Cq, C3) > 0 such that forn Ap > C and

any j € [2p],

VnZji

< Chy/? log(np)
(z;, 2.1

Vn

Proof of Lemma 2. The constant C' below may depend on M, Cy, Cy, C3, which may change

P (max

1€[n]

from line to line. We first rewrite that

ViZii | _ 12l vrlZl (A.37)
(2j,Z.;)

Nzl |z, Z)

Under conditions (O3) and (L1), together with b, logp/n = o(1), the standard nodewise-
Lasso bounds used in (Fan et al., 2025, equations (A.16)—(A.19)) apply uniformly over j €

[2p]. It follows from (Fan et al., 2025, equation (A.18)—(A.19)) that

1zl |(z,Z,) ~ vn

holds with probability at least 1 — Cp~'°. For any i € [n], using (Fan et al., 2025, equa-
tion (A.16)), we can find some deterministic quantity -; satisfying max;cp,||v;|] < C and

maxX;ey)||Villo < by such that, with probability at least 1 — Cp~',

max ||7; — ;|| < C/b,logp/n, max ||5; — vl < Cb,+/logp/n.

J€[2p] J€[2p]
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Moreover, by the sub-Gaussianity of 21, we have P(maxie[n]jje[gpﬂziﬂ < Cy/log(np)) > 1—
Cp~19. Combining the above high-probability estimates, we can obtain that with probability

at least 1 — Cp~19,

Hel?)](‘zj il < maX{]Z”‘ + |Zz J7J|} < rnax{‘Z”] + ’ZZ ]7]‘ + |ZZ J( 7])’}

1 1
< C+/log(np) + CbL/%\/log(np) + Cb, %g(np) < Cb%log(np).  (A.39)

The desired conclusion follows by combining (A.37)-(A.39), which completes the proof of
Lemma 24.

We will focus on the proof for W = W below. The constant C' below may depend on
M, Cy, Cy, C3, which may change from line to line. Recall that 524 = (8., 0;) € R? and

the linear regression model for the data can be written in the following form

Y = ZB" +¢.
Since for any j € Ho, 52 = 52, = 0, we can then rewrite
a0, (B 2B - ZB0) (3,
ﬁfL:5§0)+<J f*/\ 6>+/<\JA€>
(25, Z.;) (), Z.;)
AO au AO 1 L > au AO <A7€>

=B+ 8 -B = Y (&2 (BN - B+
(%> Z.5) nefeon ) (%, Z.5)

z;, 1

= ifp + ——
<Zj, Z7]> <Zj, Z.j'

EAZ]'—Q—I—Errj.
<zj’Z',j>

—~
e

Similarly, with j = j + p, it holds that for j € H,,
(%5, §)

(77,

5‘“— + Err;.

W
With the above representations for Bf" and BJQL, a simple probability inequality yields

that

o~

]P’(I/ijt):IP(\/_ 25>> Err,| —

(z;
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2.¢ (27, €)
and conversely,
(2, Z.;) (2, 2.5

It follows from (Fan et al., 2025, equation (A.187)) that

Cby/*s1
P <€d" = {max|Errj| < ﬂ} >1-Cp®.
n

J€(2p]

Thus, we can deduce that for any ¢ € R,

and conversely,

P(W,>1)=1-P(W,<t)

>1-P (W, <t,E%) —P((E4))

(2, €) (2, €) Cb}zmslogp) s
Z P n—-———| — Vh|—=— Z t+——Frk | — C .
(f ezl ez, Vi !

Next we proceed with the Gaussian approximation. For any ¢ € [n] and j € [2p],
denote by ozz(j) = \/ﬁfjﬁi/(fz\j,éeﬁ and a) = (af ... of’). We further define 0) =
(&P, aNT (a) o). Tt follows from the discussion right before (Fan et al., 2025, equation

(A.221)) that

n

P (52 = {Hf}(i) _ E(j)Hmax <C bn 1ng}) >1- Cp*w.

Moreover, an application of Lemma 24 gives that

> 2
(enm{ s, [0 < DY) 5 e
i€[n],je{j.g} <Zj7Z-,j> \/ﬁ

51



Let GU) ~ N(0, 02 . i(j)). Then on event & N €y, we can resort to a similar argument

as in (A.36) to obtain that for t € (0,n/7/C),

pZ (\/ﬁ% _Jn % >t)
Z (IGY| — 16 > t) - (1 + O((l +t3)i’;ﬁlog3(np)>> +O0(p~®).

Further, by a similar covariance approximation argument as in the proof of Theorem 9, it

holds that
(\G -G J)\>t) (1+o(<1”3)b\/”ﬁl0g3(”p)))+0(p8).

Therefore, we can deduce that
Chy/*slogp (1 + 3)b, log® (np)
N it =L B | i - -8
Pl ) (o)) —ov

<P(W,>t) <P, (t - %jﬁlow> : (1 + 0(“ ”3)1\);%0%3(”]9))) +0(p®).

Then a Gaussian integral calculation as in the proof of Theorem 11 leads to

F(W; 20 =70 (140 L)) o,

which completes the proof for the moderate deviation result in (A.4). The asymptotic

approximate symmetry result in (A.5) then follows by some simple algebra. This completes

the proof of Theorem 10.

G.4.2 Proof of Lemma 9

Combining the proof of Lemma 23 and the error bound in (A.4), we see that there exists some

constant C' = C(M, Cy, Cs, C3) > 0 such that for nAp > C and t € (0,n'/%/(Cb,slog*(np))*/3A

nl/?/c«),

Var (- 1{W; > 1}) (A.40)
J€Ho
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< C( S NG + 1B (W, 2 1) + LD o ) (52

n
JE€EHO \/_ j€Ho

Then the desired conclusion follows from the proof of Lemma 7, which completes the proof

P (W, > t)>2> +0P™).

of Lemma 9.

G.4.3 Proof of Lemma 11

The proof of this lemma follows a similar approach to that of Lemma 2, involving a care-
ful bookkeeping of errors arising from the distributional approximation and the indicator

function approximation. For brevity, the details are omitted.

G.5 Proofs for Section 3.1
G.5.1 Proof of Proposition 1

The proof follows the same structure as that of Proposition 4, with minor modifications; we

omit repetitive details.

G.5.2 Proof of Theorem 2

The proof follows the same structure as that of Theorem 6; we provide some details below.
The constant C' below may depend on cy, M, which may change from line to line. In the
proof below, we assume that logp = o(n°) for some small enough ¢ > 0.

Distributional approximation

We first establish the asymptotic approximate symmetry property (i.e., condition (1) in

Theorem 1) of ‘//1\/] for j € Ho.

Theorem 12. Assume that conditions (D1) and (D2) are satisfied. For any j € Hy, it
holds that for W € {ﬁ\/, —ﬁ\/}, there ezists some constant C' = C(cy, M) > 0 such that for
nAp>C andtc (0,nY7/0),

S e (CRE s i)
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Proof of Theorem 12. Recall from (A.19) that

_ [maxe|Yi|  Clog(np) _10
P = < > 1 — .
(5Y { i S e )=t

For j € H,, Condition (D1) and the model assumption imply that (X, X ;) is independent of

Y and has mean zero. Moreover, the uniform sub-exponential condition on X, together with
Condition (D2), implies that both X; and )?j have uniformly bounded 1y norms. Hence,
conditional on Y, the summands below are independent and mean zero, with conditional
¢y radii bounded by C'log(np) on & . Then on event &y, for any j € Hy, we can apply
Theorem 11 by setting X; therein as (vnX,,;Y:/||Y ||, \/ﬁ)/(\”YZ/HYH)T This yields that on

event Ey, for any j € Ho and t € (0,n7/C),

1+ 3) log® (np)

Jn

It follows from the law of total probability that

7z = (1ol ) Ferearasiosissm s (6] - 16 2 )

(1 +t*) log*(np)

P (W, >t) = (1 + 0( NG )> -P;(t) + O(p19). (A.41)

A similar argument leads to

(1 +t%)1log®(np)

vn

P@%fQ%):(1+O( ))-guy+0@*%. (A.42)

This completes the proof of Theorem 12.
By some simple algebraic calculations, we can obtain that

ZJ'GHO P (Aj > t)
sup —
te(0p1 (22 )] > jeny P (W) < —t)

—420&) (A.43)

Approximation for indicator functions
In view of the proof of Lemma 23 and the error bound in Theorem 12, there exists some
constant C' = C(cy, M) > 0 such that for n Ap > C and t € (0,n"/7/C),
Var ( Z 1{‘/}[\/] > t}) (A.44)
J€Ho
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< C( S MG+ 1B (W, 2 ) + LR (5

J€Ho \/ﬁ J€Ho
Then we can follow the proof of Lemma 7 to conclude that for # € {+, -},

D jen, WHW; 2 1} 1‘ ~ op(1). (A.45)

P (W, > t))2> +0(p™").

sup —
tc (O,Pfl(qg—;)] Zje?—to P(#VVJ > t)

Localization of T,

With the aid of (A.41)-(A.45), we can invoke the grid-localization argument in the proof
of Lemma 2. In the present correlated setting, w,; need not be nonnegative for all j € Hy;
however, the step proving P~*(ga,/(2p)) < 2C4,, uses only null indices, for which w; = 0.
The final grid step uses a fixed ¢, € (¢, min{2¢q, 1}) exactly as in Lemma 2, and the negative

tail of non-null statistics is controlled by condition (D4) applied with the level ¢,. Hence,

i (Tq > Pt (%» = o(1). (A.46)

2p
Therefore, the asymptotic FDR control follows by applying Theorem 1 with (A.43),

(A.45), and (A.46). This completes the proof of Theorem 2.

G.6 Proof of Example 3

We prove the counterexample stated in Example 3. We construct a sequence of models for
which every null coordinate satisfies X; 1L Y | X_;, yet the Gaussian-knockoft filter based
on marginal-correlation statistics has asymptotic FDR equal to one.

Fix ¢ € (0,1), a nonzero constant (, and a constant ¢ > 0. Let py = po(n) and
p1 = pi(n) satisfy py — oo, p1/po — 0, and p;log?(py + p1) = o(n). For each i € [n],
generate independently

Zil? e 7Zip1 Z.}‘\‘Jd‘ N<07 1)7 Ui17 e 7U’ip0 Z}\Jd Rad(il)a él ~ N<07 1)7

and assume that all Z’s, U’s, and £’s are mutually independent. Define

p1
Gi=p*Y Zu, Xa=Zy (k€lp)), Xipse=UuG: (0 € [po)),
k=1

%)



and
Y; = BG; + o&;.

Then E X; = 0 and Cov(X;) = I,. Moreover, for each null index j = p; + ¢, the signal block
(Xi1,- -+, Xip,) is contained in X; _; and determines G;. Conditional on X_;, the response
has the form Y; = 8G; + 0¢&;, while X;; = U;G; depends on the additional independent sign
Uie. Since Uy is independent of & and of all other coordinates, we have X; 1L Y | X_; for
every j € H.

Since X x = I, the second-order Gaussian knockoff with r; = 1 for all j is an independent
N(0,1) copy. Thus the Gaussian knockoff matrix can be written as X=2z , Where Z € R"*P
has i.i.d. N(0,1) entries and is independent of (X,Y). Define the marginal-correlation
statistics by

Xy XLy
e hen

T W; = T3] = T3],

)

and let T, be the knockoff threshold.
Theorem 13. Under the construction above, FDR — 1.

Proof of Theorem 13. Fix a null index j = p; + £. Since X;; = G;U; and Y; = BG; + 0¢;

XY Y UkGY
S L G 5 )

(A.47)

Write a;, = G;Y;/ (X0, Y2)"?. Then Ty = S0, a;,Uy. Conditional on A, = o{(G;,&) :
i € [n]}, this is a weighted sum of independent Rademacher variables. By the strong law of

large numbers,

Lo, N GY? | E{GABG 06?3540
D S R (e Rary . Mo

a.s.,
i=1

where GG, ¢ are independent standard normal variables. Since § # 0, we have kK > 1. Also

maxi<i<n a;,, — 0 almost surely because G;Y; has sub-exponential tails, so max;<j<, G7Y;* =
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o(n) a.s., while n™* 3", Y;> — 3% + 0 > 0 a.s. Therefore, conditional on A, the Lindeberg-

Feller theorem for triangular arrays yields
T; = N(0,k) for each j € H,. (A.48)

On the other hand, conditional on Y, each 7/:] ~ N(0,1) and fj is independent of 7. Hence,

by Slutsky’s theorem,
W, = T3] = |T)| = Wo = V2| ~ | 2], (A.49)

where Z,, Z, are independent N (0, 1) random variables.
We next show that the limiting null law is strongly asymmetric in the upper and lower

tails. Let ¢, =P(|Z3] < 1) > 0. For ¢t > 0,

t+1>

P(Wo > 1) 2 P(VRZ| 2t +1, |2 <1) = . P (|17 > 7
KR

P(Wy < —t) < P(|Zs] > 1).

Since k > 1, by standard Gaussian tail bounds, there exists ¢ > 0 such that

PWo < —to) ¢
= ———= < -, P(Wy >ty >0. A50
Po P(Wo > to) 1’ (Wo > to) ( )
Let Ry = #{j € Ho : ﬁ\fj > to} and No = #{j € Ho : ﬁ\/J < —tp}. Conditional on A,
the null statistics {ﬁ\/j}jeyo are i.i.d. across j: each null column uses an independent sign

vector U.,, and each knockoff column )?J is an independent N (0, I,,) vector, independent

of everything else. Hence conditional on A,
Ry | A, ~ Binomial(po, p4+), No | A, ~ Binomial(pg, p— ),

where pi, = IP’(‘/JZ >ty | Ap) and p_,, = IP’(‘/)[\/] < —ty | A,). From (A.49) and the
continuity of Wy, we have py,, — py = P(Wy > ty) and p_,, — p— = P(Wy < —t;) almost

surely, and by (A.50), p, > 0 and p_/p, = po < q/4.
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Conditional variances satisfy

1 N 1

Var <%’An> < —, Var (—OI.AR> <
Po 4po Po

Thus, by Chebyshev’s inequality and the law of total probability,

R N,
05 Do, 0 R D_. (A.51)
Po Po

In particular, Ry = Op(pg) and Ny/ Ry R po < q/4.

Now let

R(to))=#{j € lp] : W; > 1o}, N(to) =#{j € [p] : W; < —to}.

Since there are at most p; signal indices, we have R(ty) > Ro and N (tg) < No+p;. Therefore,

on the event {Ry > 0},

1+ N(to) < 1+No+p1_%+1+p1

R(ty) — Ry Ry Ry

By (A.51), Ry = Op(po); since p1/py — 0, it follows that (1 + py)/Ro L0, Hence

14+ N(ty) p q
R(to) Po

1
Let t° = m1n{|ﬁ\/]| : |ﬁ\/}| > 1o}, whenever the set is nonempty. On the event {R(ty) > 0},

this set is nonempty. Moreover, by the definition of ¢, no statistic has absolute value in

[to, 1), and hence

R(t,) = R(to), N(t,) = N(to)-

n n

On the event {R(to) > 0} N{(1+ N(to))/R(to) < q}, the grid point ¢, is therefore admissible
for the knockoff threshold, because

1+ N(t) 1+ N(ty)
R@)V1  Ro) ¢

Since the event above has probability tending to one, we get
P (T, <t; and R(ty) > 0) — 1. (A.52)
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On the event in (A.52), every null variable with I//‘\/] > tg is selected, since ‘//1\/'] > to implies

I//‘\/j > to. Therefore, V = |§ﬂ Ho| > Ro and |§\ <V + py, which gives

FDP > Fo .
Ro+p1

Using again Ry = Op(pg) and p;/py — 0, we obtain

R
LIS |
Ry +pm

Combining this with (A.52) yields FDP 5 1. Since 0 < FDP < 1, the convergence FDP 51

implies FDR = E[FDP] — 1. This completes the proof of Theorem 13.

G.7 Signal-driven relaxation for marginal correlation statistics

This section records a generalization of the block-independent marginal-correlation result
in Section 3.1. Instead of assuming Xy, 1L Xj,, we allow the null block to contain a
signal-driven linear component and require only that the residual null block be independent
of the signal block and the response. The benchmark distribution is then shifted by the
signal-driven component.

We use the following conditions.

(D1*) The response Y is sub-exponential with ¢y < E Y2 < c;l. The covariate X is centered,
has covariance matrix Xy, and admits the following signal-driven decomposition. Let

Qx = X%' and partition Qx according to (Ho, H1) as

Q00 Q01
QX = s \PO = anl.
Q1() Q11

Define m(z;) = —Qg9 Qo121. The rows of (X.3,, R,Y) are i.i.d., and for each obser-

vation
XHO = m(XH1) + R7 <A53>
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where R 1l (X3,,Y), ER = 0, and Cov(R) = ¥,. By the standard block-inverse
identities, this decomposition is consistent with Cov(X) = Xx. The signal block
has mean zero, covariance (Xx ), #,, and uniformly sub-exponential one-dimensional
projections; the residual block also has uniformly sub-exponential one-dimensional
projections. These assumptions imply X; 1 Y | X_; for every j € Ho. Indeed,
conditional on X_;, both Xy, and R_; are fixed, while Y is independent of the residual

vector I? given Xy, .

(D2*) The joint covariance matrix ¥ = Cov[(XT, XT)7] satisfies 1Z]lop VI Hop < M for

some constant M > 0. In addition, with ¢ = [W,];;, there exists ¢y € (0,1) such that

co <1/ <2—cy, jEHo.

Remark 6 (Covariate examples for the relaxed block structure). The following examples
focus on the covariate structure that replaces the block-independence assumption Xy, 1L Xy, .
They show that the null block may contain a linear component driven by the signal block, as
long as the remaining residual block is independent of the signal block.

First, suppose X ~ N(0,Xx) with eigenvalues of ¥x bounded above and below. By the

Gaussian conditioning formula,
Xoo = =g Qo1 Xo, + R, R~ N(0,Q),

with R 1L X3, Thus the null block can contain the signal-driven linear component —QEOIQ(HXHI ;
the special case Qg1 = 0 reduces to block independence. If, for example, the Gaussian knock-
offs are generated with the equi-correlated choice S = sl,, where s = kK Amin(Xx) for a fived
sufficiently small k € (0,1), then 25 —SQxS = 0, the joint covariance of (X, )A() has bounded
eigenvalues, and rj/wf 18 bounded away from 0 and 2 uniformly over j € H,.

Second, let Xy, = Z}{2ZI and R = \Ifé/QZO, where Zy and Zy are independent centered

isotropic sub-Gaussian vectors. Let A be a deterministic matriz with bounded operator norm
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and define
Xy = AXy, + R.

If the eigenvalues of Y11 and Vo are bounded above and below, then X is centered, has

uniformly sub-exponential one-dimensional projections, and has covariance

AL AT + 0, AYy,
Yx =
S AT X

The block inverse identities give Qoo = Vy' and Qo = —V5'A, so m(x,) = Avy. When
A¥qy # 0, this covariate distribution is not block independent because Xy, contains the
signal-driven component AXy, . Under the same small equi-correlated knockoff choice S =

KAmin(Xx)1p, the covariance nondegeneracy condition above holds as well.

Let S = diag(r) and Sy = Sy, n,- For j € Ho, write m;(-) for the jth null coordinate of

m(-) and define
Fu=0(X3,,Y), w=Y/IY], M=) vmi(Xim,)
i=1
Conditional on F,,, define the shifted Gaussian benchmark

Pt | Fo) = P(|M; + G| — [Mj + Gy >t | Fp),

Pot| Fo) = [Hol " Y Prt| F), (A.54)

J€Ho
where, for each j € Hy, (Gij, Ga;) denotes an auxiliary centered Gaussian pair, independent

of F,, with
(G1j, G2j)T ~N 0, ’
V-1 Y3

For z € [0,1/2], define (P.)!(z) = sup{t > 0 : P.(t | F,) > x}. For each fixed realization

of F,, the random variable |M; + Gy;| — |M; + Gg;| has a continuous, everywhere positive
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Lebesgue density; hence ¢ — P, (¢ | F,) is continuous and strictly decreasing on [0, 00). The
equal diagonal variances in the benchmark imply the exact shifted symmetry P (t | F,) =
P (|M) + Gyl = |M; + Gy < —t | Fr).

As in the block-independent marginal-correlation result, define

_ V{EXY| - [EX;Y])

log p log2 P
w; = (EY?2)1/2 ’

(]EY2)1/2 + VnEY?2

The signal and threshold localization conditions are the following.

On

(D3*) For a sufficiently large constant C' > 0 independent of n, a, = #{j € H; : w; >
Cé,} — oo. Additionally, m,/a, — 0. Here, m,, = maxey,|M*(j)| with M*(j) =

{€eHo\{j}: [Volje # 0}.

*

(D4*) For any ¢ € (0,1), with o} = (7_771)_1(‘12“—;), it holds that (gan)™' Y ;cs, P(‘/JZ <
—a) — 0, where the probability is over all randomness, including the random cutoff

o inside the event.

Lemma 25. Assume Conditions (D1*)~(D2*%). Then iflogp = o(y/n), there exists a constant

C = C(cy,M) > 0 such that, for any j € [p],
P(IW; = wy| = C6,) <5+ exp{-n(EY*/C).

Proof of Lemma 25. Condition (D1*) gives uniformly sub-exponential one-dimensional pro-
jections for the signal block and the residual block. Since the Gaussian knockoff coordinates
are linear combinations of these blocks plus Gaussian noise with variances controlled by Con-
dition (D2*), both X; and X ; have uniformly sub-exponential tails. Hence X;Y and X ;Y are
uniformly sub-Weibull of order 1/2. The same concentration argument used in Proposition

1 gives, with probability at least 1 — p~!° for each fixed j,

- 1T % logp
' XLY —EX;)Y|VInT' XY -EX;Y|<C NG
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Combining this event with {||[Y[|> > nEY?2/2} and {|||Y|| — vn(EY?)/2| < C'logp}, whose
complements have probabilities exp{—n(E Y?)?/C} and p~'°, respectively, the same normal-

ization algebra as in the proof of Proposition 1 yields the stated bound.

Theorem 14. Assume Conditions (D1*)~(D4*). Then for any q € (0,1), iflogp = o(n®) for
a sufficiently small constant ¢ > 0, the marginal-correlation Gaussian-knockoff filter satisfies,
for §={j €lp): W; 2 T,},

plim sup FDP(§) <gq and limsup FDR(§) <q.

n—oo n—o0

Proof of Theorem 14

Throughout this proof we assume Conditions (D1*)—(D4*). Define

Xy -~ XLy

XY 7
wr Wm0

T

[
Let C be a fixed square root of 25 — SQx.S and write 7;; = ¢/ ZCe; for j € [p]. For j € H,,

let e? be the coordinate vector in R%ol corresponding to the null coordinate j, and set
n n
dj = 6? — T'jQ()Oeg, Aj = ZU,‘RZ‘]‘, Bj = sz{d;rRZ + T]U}
i=1 i=1

Lemma 26. Under Condition (D1*), for every j € Ho, we have T; = M; + A; and TA} =

M; + B;. Moreover, conditional on F,,
LR
i1y

Consequently, for every t > 0, Py(t | F,) = P(|M; + Guj| — | M + Gy < —t | Fy).

Cov{(A;, B;)" | Fn} =

Proof of Lemma 26. The null block of the Gaussian knockoff construction satisfies
Xito = Xito — So{Q00 X0 + Qo1 X0, } + M 300-
By Condition (D1*), X; 5, = m(Xiz, ) + Ri with m(z,) = —Qg) Qo121. Hence
Qoom(Xin,) + Qo1 Xim, =0,
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and therefore

~

Xino = m(Xip,) + Ri — SoQ00Ri + 14,

Taking the jth null coordinate, multiplying by v;, and summing over i gives the two de-
compositions. Conditional on F,, the weights v; and shifts M; are fixed. Since R; 1L F,,
E(R; | F.) =0, Cov(R; | F,) = Uy, and > v} =1, we get

Var(4; | F,) = (eg)T\Ifoe? = ?,
Cov(4;,B;j | F,) = (eg)T\IIOdj = (e?)T\Ifo(eg — Tonoeg) = @D? — .
Furthermore,

dj Wod; = 15 — 2r; + 5 [Qool 5,

Var ( z”: ViNij
i=1

Since [Qx]j; = [Qoolj; for j € Ho, Var(B; | F,) = 7. The last assertion follows by

]:n) = (25 — S 8);; = 2r; — r2[Qx];;.

exchangeability of the equal-variance Gaussian pair: swapping its two coordinates leaves the

conditional law unchanged and changes the sign of |M; 4+ Gy;| — |M; + Gy

Remark 7. The proof of Theorem 11 applies, without changing the rate, to the shifted sets

{(x1,20)  #(Im + 21| — [m + 22]) >}, #€{+,—},

uniformly over deterministic shifts m. The same Gaussian shell argument gives the same rate
uniformly over the common shift. The same argument also applies in any fized dimension;

below we use this for the four-dimensional vectors appearing in the variance calculation.

Lemma 27. Assume Conditions (D1*)<(D3*). Fiz q € (0,1) and set o, = (ﬂ)*l(%—;). If
logp = 0(n®) for a sufficiently small constant ¢ > 0, then, with probability tending to one,
Zje?—to P(#ij Z t | Fn)

su max — 1| = op(1). A .55
ogtgll; #e{+1,-1} Zje?{o Pj*(t | ]:n) P( ) ( )

Moreover, o = Op(y/logp).
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Proof of Lemma 27. The bound af = Op(y/logp) follows from the following uniform
Gaussian tail estimate. Conditional on F,, write (Gy;, Go;)" = L;Z with Z ~ N(0, I).
Conditions (D1*)-(D2*) imply sup; [|L;llo, < C. For every fixed m, the function z
Im—+e] Ljz| —|m+ey L;z| is C-Lipschitz uniformly over m and j. Because the two Gaussian
coordinates have the same variance and common shift, this random variable is symmetric
about zero. Gaussian concentration therefore gives

sup Pr(t | Fn) < 2¢7/C.

J€Ho
Since a,, > 1 and p is the total number of variables, the level ga,/(2p) is at least of order

1

p~. Taking t = Cv/logp with C large enough makes the preceding upper bound smaller

than ga,/(2p), and hence o < C'v/logp.

It remains to prove (A.55). On the event

ey = {maul < Clog(on)/vi .

which has probability tending to one by the sub-exponential tail of Y, the conditional sum-
mands \/n v; (Rij, djTRZ-—I—mj)T,i € [n] are independent, mean zero, uniformly sub-exponential
vectors conditional on F,, with conditional covariance equal to the covariance matrix in
Lemma 26. The spectral bounds in Condition (D2*), together with ¢o < r;/9? < 2 — ¢, im-
ply that these 2 x 2 covariance matrices have eigenvalues bounded above and below uniformly
in j. Also, ||d;]| < C and the conditional ¢, radii of the summands are at most C'log(np)
on & . Applying Theorem 11 conditionally on F,, to the shifted sets in Remark 7 gives the
following display uniformly over j € Hy, # € {+,—}, and 0 < ¢ < . The endpoint t = 0

follows from the same coupling argument, since the shifted Gaussian denominator is 1/2 and

the Gaussian shell near the boundary has bounded mass. Thus, uniformly over 0 < ¢ < aj,
PHW, >t | F,) = Pr(t| Fo)(1+0(1)) +p7,

where the 0(1) is uniform on the high-probability event under consideration. More precisely,
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conditional on F,, the moderate-deviation error is bounded by

(11 (a2)*) log*(np)
¢ NG

After summing over j, the additive term is negligible. Indeed, by the continuity of P (- | F,),

= Op(l).

_ [Hol gan _
p 2 — mny

> Pia) | Fo)

J€Ho

and by monotonicity the same sum at any 0 < ¢ < o is at least of this order. Since a,, = o0,

the accumulated additive error [Ho|p™'° is o(a,). This proves (A.55).

Lemma 28. Assume Conditions (D1*)~(D3*). Fiz q € (0,1) and define o, as in Lemma

27. If logp = o(n®) for a sufficiently small constant ¢ > 0, then for each # € {+, -},

Vi (1) ’
sup |— 2 | = op(1),
ostdos |14t | F) e
where Vy(t) = 3 5cn, 1{#‘/7[7} >t} and pg(t | Fo) =D en, P(#ﬁ\/j >t| Fn). In addition,
———— — 1| =o0p(1).
o<t<ar |- (t | Fn) p(l)

Proof of Lemma 28. The second display follows directly from Lemma 27 and the exact
symmetry of the shifted benchmark. We prove the empirical approximation for # = +; the
other sign is identical. Write P (t) = P.(t | F,) and 2o = qa,/(2p). Let n € (0,1) and
v € (0,1) be fixed and define h,, = a’~"(1 + m,)". Because m,/a, — 0, we have h,, — oo,
(1+m,)/h, — 0, and (1 +m,)/a, — 0. Choose grid levels as follows. For i > 1, define
Z = 2+ % Let L, be the smallest integer such that z; > 1/2, and set z; = Z; for
0 <i< Ly,and 2, = 1/2. Then L, = O((logp)'/") and supy<;;, |2i+1/2 — 1| = 0. Let
ti = (P2) " (z) for 0 < i < L, and set t,, = 0.

We first establish a conditional variance bound at a fixed threshold. Conditional on F,,
use the fixed-dimensional shifted moderate-deviation argument in Remark 7. If £ ¢ M*(j)U
{j}, then [¥¢];, = 0. For completeness, we record the off-block covariance calculation. For
J# 4L

Cov(A;, Ar | Fn) = [Wolje, Cov(Ay, By | Fr) = [Wolje,
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COV(Bj,Ag ’ fn) = [\1’0]]’4, COV(Bj, Bg ‘ fn) = [\Ifo]jg.
The last identity uses the cancellation
(6? — ’f‘ongeg)T\Ifo(eg — ’I"gQ()Oeg) —I— (2S — SQXs)jg = [\Ifo]jg,

since (25 — SQxS) e = —1r;7¢[Qo0]j¢ for distinct null coordinates. Thus all off-block covari-
ances of (A;, Bj, Ay, By) vanish when [V];, = 0, and the corresponding four-dimensional
shifted Gaussian benchmark is block diagonal. Therefore, uniformly over separated pairs

and 0 <t < aj,
P(W, >t W, >t|F)—P(W,; >t| F)P(W,>t|F)
< P(W; >t | F)P(We >t | F) +Cp ™, (A.56)

where, on the same high-probability event as in Lemma 27,

=it log’(n) _ )

For pairs with ¢ € M*(j)U{j} we use the trivial covariance bound. Summing the covariance

T

decomposition gives, uniformly on [0, %],
Var(Vi(t) | F) < C(1+my)uy(t| Fo) +ripe(t| Fo)* + Cp . (A.57)

The same bound holds for V_(t).

By Lemma 27, with probability tending to one,
inf p(t|Fo) AN inf p_(t|F,) > cqay, (A.58)

0<t<af, 0<t<aj,

for some constant ¢ > 0. Work on this event. Conditional Chebyshev’s inequality and (A.57)

)
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e

=0

Vi (t:)
pa(ti | Fn)

—1‘>5




<0L" l+m, C& *+Cp_8§: 1
S = — T .
e = i (ti | Fo) €24 ey (ti | Fo)?

Using Lemma 27 once more, p4(¢; | F,,) = (1+0p(1))|Ho|2; uniformly on the grid. Moreover,

since |Ho| =< p,

Ly 1 Ly 1
<C(at+h7Y), . < Ca?L,
2 gl = Ol ) 2 g < O

Consequently the preceding union bound is op(1). Hence

Vi ()
pg(ts | Fn)

max
0<i<L,

- 1’ — op(1). (A.59)

The same argument gives the corresponding bound for V_. Finally, for any t € [t;11,],

monotonicity gives

Viti) S Vilt) < Viltisa),  pa(ti | Fo) < pa(t | Fo) < p(tiga | Fa),

and the grid construction gives z;,1/2z; = 1 + 0(1) uniformly. Combining this mesh bound
with Lemma 27 and (A.59) extends the convergence from the grid to the whole interval

[0, a]. This proves the empirical approximation and hence the lemma.
Lemma 29. Under Conditions (D1*)-(D4*), we have P(T, > ) = o(1).

Proof of Lemma 29. Let Cy be the constant in Lemma 25. Since o) = Op(y/logp) and
dn 2 logp, we have P(of < Cyd,) — 1. By Condition (D3*), there is a strong-signal set
Sy C Hy with [S;| > a,, and w; > 3Cy0,, for every j € Si. Lemma 25 and a union bound

over this set yield

P (max|ﬁ\/j —wj| > Cgén) =o0(1),

JESE
after increasing Cj if necessary. On the intersection of this event with {«) < Cyd,}, every

J € S satisfies ﬁ\/j > . Consequently,

PIY 1{W,>ai} >a, | = 1. (A.60)
J€lp]
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*

Fix a constant x, € (1/2,1) such that 2k,q < 1, and define £} = (7_371)*1(%). Then
0 < ¢r < a7 with probability tending to one. Condition (D4*), applied at the FDR level

2K4q, gives
ST P(W; < —02) = o(ay). (A.61)
For the null tails, Lemmas 27 and 28 imply

—~ H
ST UW, < ) = (14 op (1) 2k ga,
JjE€Ho p

RIS ED BRI B (R IEC (TR )

J€Ho J€Ho

The second display is positive with probability tending to one, so at least one observed value

]ﬁ\/ﬂ lies in [¢}, o] with probability tending to one. Moreover, (A.61), Markov’s inequality,

n

and the first display above yield
L+ D HW,; < 4} < qay (A.62)
Jj€lp]
with probability tending to one. On the high-probability event where at least one observed

value |ﬁ7j| lies in [€}, ], define ¢} = m1n{|I//17j| sl < |ﬁ\7j| < ar}. Then t; < of.

Moreover,
S UW =) > YUYW, > a3} > a,,
Jj€lpl j€lp]
while
LY W, <3} <1+ > 1{W,; < =63} < qa,.
J€Elp] J€lp]
Therefore,

L+ 30,0 LW <~} _
Zje[p] 1{VVJ Z t:z} V1
Thus ¢}, is admissible in the knockoff threshold definition, and hence T, < 7 < aj with

probability tending to one. This completes the proof of Lemma 29.
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Completion of the proof of Theorem 14. Let Vi (t) = >y 1{1/4\/} >t} and V_(t) =
> icHo 1{1//[\/} < —t}. Lemmas 27-28 imply that, on an event whose probability tends to one,

(| F) p(t] ) a1 F)

Since p—(t | F) 2, a,, uniformly on 0 < ¢ < o with probability tending to one and a,, — oo,

sup
0<t<at

—1'~|— sup

*
=txCn

_1' — o(1).

the additive one in the denominator is negligible. Hence,
V(1)
sup ———— <1401 A.63
ogtglzy; 1+ V_(t) — (1) ( )

with probability tending to one. Lemma 29 gives P(T, < a}) — 1. On the intersection of

these high-probability events, the knockoff-threshold definition yields

o VaT) 1+#{jelp: W, <-T}
PSSV e W= 1y v

Therefore, for every fixed ¢ > 0, P{FDP(S) > ¢+ ¢} — 0, i.e. plimsup FDP(S) < ¢. Since

< g{1+0(1)}.

~

0 < FDP < 1, this high-probability control also implies limsup,,_,.. FDR(S) < ¢. This

completes the proof of Theorem 14 under Conditions (D1*)—(D4*).

G.8 Proofs for Section F
G.8.1 Proof of Lemma 12

The main idea of proof shares the same spirit as the proofs of Lemma 1 in this paper and
Lemma 3 in Fan et al. (2025). In the following proof, C' denotes a positive constant that can

take different values from line to line. Recall that P’l(‘g—;) < Cy/logp for some absolute

constant C' > 0 by the definition of P~!(-) and the property of sub-Gaussian tails. Denote
by
Go(t) = [Hol " Y~ B(W, > 1),

J€Ho
First, we observe from (A.44) that for ¢ € (O,P‘l(‘g—;)] and logp = o(n°) with a small
positive constant c,
(1 + %) log®(np)

NG

Var (Z (W, > t)> < Cmy|Ho| G4 (1) +c(

JE€Ho

101G ()] + p)
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< Omy|Ho| G (t) + o((log p) ™ [|Ho| G4 (1)]2), (A.64)

where v € (0,1) is a constant. Here, we have used the facts that

p 1% = o((logp) " p%a?)
and
|G (1) > |Ho|é+<7>—1<%>> - mow(?—%%))(l +o(1))
_ qan|H0|

(L o(1) 2 a,

for t € (0,P~1(%)).

Additionally, we make a claim that as \/nA,(logp)*/?*1/7 = o(1),

(logp)'/”  sup Gt = \/ﬁAnl_ Gyt + Vi) — 0. (A.65)

te(0,P~1 (%52 )] G+(1)

To prove (A.65) above, we will apply the result established in Theorem 12 that @+(t) can
be well approximated by the limiting probability P(t). Specifically, it is seen that for ¢ €

(0,P~H(%z)) and logp = o(n°) with a small constant ¢ > 0,

Gt = V/nd,) = Go(t + Vd,)

G (t)
(zﬂo (= VA, (1 + O D) 50y

Zje?—[op'(t)

4 m (1+(t+vnAn)3) log3 (np) -9
- zjeﬂopj(tﬂ/‘m)(; S(pj(t) 7 +p )>>(1+0(1)) (A.66)
[Zjeﬂo Pji(t — vnln) =3 icp, Pi(t + v/nAy)

> jens Pi(t)
. Pi(t —/nA, nA,)?) log3(n 9

Z]G}[Zo'itpjg)_ )((1+(t+\/_\/Aﬁ))lg(p)_‘_p >}(1+0(1)).

An application of similar arguments as for (A.9) in Fan et al. (2025) yields that

<

+C

A en, Pi(t +v/nA,
sup Z]eHo i(t — VA EJGHO it + Vindn) < CvnA,+/logp. (A.67)
te(0,P=1(%n)] ZjE'HO j(t>
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Similarly, we can deduce that

2 jen, Pilt = vnAn)

sup

eOP-1(Em) D jen, Pilt)

<1+  sup 2o Pt = VPAn) = 3 jen, Pit) (A.683)
te(0,P~1(%2n)] > iens Pi(t)

<14 Cv/nA,\/logp =

Hence, combining (A.66)—(A.68) leads to the desired result (A.65) when /nA,, (log p)/?+1/7 =
o(1).

Therefore, in view of (A.64) and (A.65), we can obtain (A.13) by following the same
techniques for proving Lemma 3 in Fan et al. (2025). This completes the proof of Lemma

12.

G.8.2 Proof of Lemma 13

By applying Proposition 1 and following the same techniques as in the proofs of Lemma 2
in this paper and Lemma 4 in Fan et al. (2025), when y/nA,, = o(logp), we can show from
condition (M1) and (A.12) that with asymptotic probability one,
Y1 (West > pi(Lin 5 )) > a,. (A.69)
J€lp]
Since P~1(5) + v/nA, = O(VIogp), it follows from condition (M2) and Theorem 12 that
as /nA,/logp — 0,

0l 30 B(W, < PG + VaA) < [Hol Y B(W < <P (E) + Vi)

JEH Jj€Ho
1,9an qan qan
= A =1 4 0(1)) < T2
P(P(G0) = Vb ) (Lt o(1) = T(14+o(1) £ &
Consequently, it holds that
1 == n
— ¥ ]P(Wj <-—p (L) 4 \/ﬁAn> Pl (A.70)
qan 2p
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Following the same techniques for proving Lemma 4 in Fan et al. (2025), we can obtain that

with asymptotic probability one,

1+ 1(VT/;st < —Pl(%D < qay. (A.T1)

j€lp]
Therefore, the desired result follows immediately from (A.69), (A.71), and the definition of

T7**. This completes the proof of Lemma 13.

G.8.3 Proofs of Lemmas 14 and 15

By resorting to Lemma 23 and Theorem 9, the proof of Lemma 14 follows exactly as for
Lemma 12, and the proof of Lemma 15 follows exactly as for Lemma 13. We therefore omit

the repetitive details.

G.8.4 Proofs of Lemmas 16 and 17

With the aid of (A.40) and Theorem 10, the proof of Lemma 16 follows exactly as for
Lemma 12, and the proof of Lemma 17 follows exactly as for Lemma 13. We therefore omit

the repetitive details.

G.9 Additional technical details

We need the following Rosenthal’s inequality:.

Lemma 30 (Rosenthal (1970)). Let Xy, --- , Xy be independent mean-zero random variables.

For any q > 2, there exists some constant Cy depending only on q such that

/2
> X q < Cq<Z]E|Xi|q+ (ZE%F)q )
1€[d]

i€ld] i€[d]

E

The large deviation inequality below for the sum of independent nonnegative random

variables is useful.
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Lemma 31. Let Xq,---,X,, be independent nonnegative random wvariables satisfying that

max;e(, EX? < 0o. Let piy = > ;e EX; and B, = Y, EXZ. Then for 0 < x < pi,, we

i€[n] i€[n]

have

P(ingx) gexp(—%)

i€[n]

Proof of Lemma 31. Note that for any a > 0, e™* < 1 —a+ a?/2. Thus it holds that for any
t>0and x < iy,
P (Z X; < a:) <" [[Ee™ < e [ E( — tX; + 2%} /2)
i€[n] 1€[n] i€[n]

< exp(—t(pn — x) + 2B, /2).

The conclusion follows by choosing t = (i, — x)/B,,, which completes the proof of Lemma
31.
We also need the following elementary matrix inequality.

dxd

Lemma 32. For any positive definite matrices A, B € R**%*  we have

142 = B2y < 3(1| Allop V[ Bllop) 2| A = Bllop.

Proof of Lemma 32. This result is provided in (Fukumizu et al., 2007, Lemma 7) for the
Hilbert—Schmidt norm. The proof for the operator norm is similar; we include it here for
completeness. Without loss of generality, we assume that ||Al/op V ||B|lop = 1. Define
functions f and g on {z € C: |z| <1} as f(2) = (1 — 2)*? and g(z) = (1 — 2)/2. We can
express the functions in terms of power series as

fl2) =) b2, glz) =) a2,
=0 :

7=0
where by = 1, by = —3/2, b; = [[}_,(5/2 — k) for j > 2, ¢y =1, and ¢; = — [[1_,(3/2 — k)
for j > 1. Moreover, it can be verified that for j > 1, j|b;| = 3¢;_1/2. Noticing that for any

JeN,
J

J
3 3 3 3
|bj|:1+§+§ |bj|§1+§+l;%1{f(x)—1+§}:3,

J=0 j=2
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we have that > 7% [b;[ < 3.
Similarly, it holds that 377 |c;| < 2 and thus, 7% j|b;| = 372, 3[¢;|/2 < 3. Further,
using the fact that ||(I — A)? — (I — B)||op < j||A— B||op for all j € N (proved by induction),

we can deduce that
432 = B2y = (T = (T = A2 = (1 = (I = B)**lp

=126 =AY = (I = BY oy

< D JlbilllA = Bllop < 3[[A = Bllep,

J=0

which completes the proof of Lemma 32.
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