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Abstract

We propose a unified theoretical framework for studying the robustness of the
model-X knockoffs framework by investigating the asymptotic false discovery rate
(FDR) control of the practically implemented approximate knockoffs procedure. This
procedure deviates from the model-X knockoffs framework by substituting the true
covariate distribution with a user-specified distribution that can be learned using in-
sample observations. By replacing the distributional exchangeability condition of the
model-X knockoff variables with three conditions on the approximate knockoff statis-
tics, we establish that the approximate knockoffs procedure achieves the asymptotic
FDR control. Using our unified framework, we further prove that an arguably most
popularly used knockoff variable generation method—the Gaussian knockoffs generator
based on the first two moments matching—achieves the asymptotic FDR control when
the two-moment-based knockoff statistics are employed in the knockoffs inference pro-
cedure. For the first time in the literature, our theoretical results justify formally the
effectiveness and robustness of the Gaussian knockoffs generator. Numerical examples
are conducted to validate the theoretical findings.

Keywords: Model-X knockoffs; Gaussian knockoffs generator; moments matching; asymp-
totic FDR control; robustness

1 Introduction

The model-X knockoffs (Candès et al., 2018) is a flexible framework for high-dimensional

variable selection with theoretically guaranteed finite-sample false discovery rate (FDR)

∗This work was supported in part by NSF grants EF-2125142 and DMS-2324490.
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control bypassing the use of p-values. Without the need to know or impose assump-

tions on how the response variable Y ∈ R depends on a high-dimensional feature vector

X = (X1, · · · , Xp)
⊤ ∈ Rp, model-X knockoffs provides a general framework to select rele-

vant features in set H1 ⊂ {1, · · · , p}, where for each j ∈ Hc
1 ≡ {1, · · · , p} \ H1, we have

Xj ⊥⊥ Y | X−j. Here, X−j is the subvector of X with the jth component removed. The

core idea is to construct the knockoff variables X̃ ∈ Rp that satisfy two conditions: i) ex-

changeable in distribution with the original features X, and ii) independent of response Y

conditional on the original features X. These knockoff variables act as a control group,

allowing researchers to identify the relevant original features in H1 related to the response.

The exchangeability condition is key to controlling the FDR. Formally, it is stated as:

for any subset S ⊂ {1, · · · , p}, the joint distribution of (X, X̃) satisfies

(X⊤, X̃⊤)swap(S)
d
= (X⊤, X̃⊤), (1)

where (X⊤, X̃⊤)swap(S) represents the vector obtained by swapping the components Xj and

X̃j for each j ∈ S and
d
= stands for equal in distribution. For the ease of reference, in this

paper we term the knockoff variables that satisfy the aforementioned two conditions as the

perfect knockoff variables. In principle, perfect knockoff variables can be constructed when

the feature distribution F of X is known using, for example, a generic algorithm outlined in

Candès et al. (2018) (see Algorithm 1 therein).

Since the true covariate distribution F is generally unknown, in practice, a working dis-

tribution F̂ is almost always used to replace the true distribution F when generating the

knockoff variables in implementing the model-X knockoffs. For differentiation, we name the

resulting model-X knockoff variables X̂ as the approximate knockoff variables since they

correspond to the working distribution F̂ rather than the true distribution F , and the cor-
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responding knockoffs inference method as the approximate knockoffs procedure. Because of

the discrepancy of F̂ from F , the distributional exchangeability condition in (1) no longer

holds for X̂. Consequently, we lose the theoretical guarantee of finite-sample FDR control

as shown in Candès et al. (2018). This raises the first natural question:

• When can the approximate knockoffs procedure remain robust, allowing for (asymp-

totic) FDR control under a misspecified feature distribution F̂?

An important goal of this paper is to provide a unified theoretical framework to address

the above question. We identify three sufficient conditions, under which the approximate

knockoffs procedure can achieve the asymptotic FDR control; see Theorem 1 for the formal

statements of conditions and results. Such results equip researchers with a unified tool for

verifying whether some popularly used F̂ in practice can yield valid asymptotic FDR con-

trol. Our unified theoretical framework for the asymptotic FDR control by the approximate

knockoffs procedure is new to the literature.

In implementation, an arguably most popularly used method for generating the knockoff

variables is the Gaussian knockoffs generator (Candès et al., 2018; Chi et al., 2025; Zhu et al.,

2021; Bai et al., 2020; Lu et al., 2018), which we formally introduce as follows. Assume that

we have access to the first two moments of X: the mean vector µ ∈ Rp (without loss of

generality, assume µ = 0p; otherwise consider X−µ) and the covariance matrix ΣX ∈ Rp×p.

The Gaussian knockoffs generator pretends thatX followed Gaussian distributionN (0p,ΣX),

and generates knockoff variables as

X̂ = (Ip − diag(r)Σ−1
X )X + (2diag(r)− diag(r)Σ−1

X diag(r))1/2Z, (2)

where r ∈ Rp is chosen to ensure the positive definiteness of 2diag(r)− diag(r)Σ−1
X diag(r),

and Z ∈ Rp is a standard Gaussian random vector independent of all other variables. For the
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Table 1: The empirical FDR and power results from applying the approximate knockoffs
procedure to the HIV data described in Section 4.2. The Gaussian knockoffs generator is
used to generate the approximate knockoff variables. The target FDR level is q = 0.2. We
subsample data of size 200 from the full data set of size n ranging from 328 to 842, and
repeat the procedure 100 times to calculate the FDR and power.

APV ATV IDV LPV NFV RTV SQV

MC
FDR 0.174 0.177 0.215 0.244 0.204 0.233 0.196

Power 0.351 0.322 0.296 0.367 0.293 0.341 0.311

DL
FDR 0.09 0.137 0.109 0.166 0.099 0.096 0.154

Power 0.154 0.357 0.100 0.245 0.142 0.141 0.153

DC
FDR 0.125 0.198 0.173 0.212 0.158 0.176 0.139

Power 0.499 0.637 0.441 0.523 0.446 0.480 0.411

ease of presentation, we refer to X̂ in (2) as the Gaussian knockoff variables. We emphasize

that the true distribution F here can be different from Gaussian distribution N (0p,ΣX).

To demonstrate the practical performance of the Gaussian knockoffs generator, we apply

the procedure to a semisynthetic data application: modeling the protease inhibitor (PI)-

type drug resistance of HIV-1 based on genetic mutation data, which was studied previously

in Rhee et al. (2006) and Barber and Candès (2015). Here, X is categorical data, which is

evidently non-Gaussian. Despite the distributional misspecification, the results indicate that

in almost all cases, the FDR is controlled near the prespecified level q = 0.2, as summarized

in Table 1. Additional details are provided in Section 4.2.

It is seen that the Gaussian knockoffs generator relies on the first two moments matching

with the original covariates X. We note that the deep knockoffs method in Romano et al.

(2020) falls along the same idea of moments matching, with the major difference that it

also considers higher-order moments matching in generating the knockoff variables. The

popularity and practical success of the Gaussian knockoffs and deep knockoffs motivate us

to raise the second question:

• Are there conditions under which moments matching is sufficient for generating the
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knockoff variables for achieving asymptotic FDR control?

Another important contribution of this paper is to provide an affirmative answer to the

second question above. By verifying the sufficient conditions provided in our Theorem 1,

we formally establish that Gaussian knockoffs can provide the asymptotic FDR guarantee

for some popularly studied and used choices of knockoff statistics, including the marginal

correlation knockoff statistics and regression coefficient difference (RCD) knockoff statistics.

The intuition behind such robustness is that these knockoff statistics are constructed based

on the first two moments of the data matrix, and thus, the Gaussian knockoff variables

constructed based on the first two moments matching are sufficient for providing asymptotic

FDR control. For knockoff statistics constructed based on higher-order data moments, we

conjecture that one needs to generate the knockoff variables via higher moments matching

for achieving the asymptotic FDR control. Since such extension is highly nontrivial, we leave

it for future investigation.

Our work in this paper falls into the general framework of robustness analysis of model-X

knockoffs with respect to the deviation of working distribution F̂ from true distribution F .

Prior to our work, efforts have been made toward addressing the robustness concern (Fan

et al., 2020a,b). Notably, Barber et al. (2020) relaxed the distributional exchangeability con-

dition (1) and established an FDR upper bound. Their results show that the FDR inflation

(caused by using F̂ ) depends on the Kullback–Leibler (KL) divergence of the conditional

distributions derived from F and F̂ , and can asymptotically vanish provided that an in-

dependent large enough pre-training data set is available for very accurately estimating F .

Recently, Fan et al. (2025) exploited a coupling idea to prove the asymptotic FDR control

for the approximate knockoffs procedure. Their results show that the procedure remains

robust for a broader class of F̂ beyond those considered by Barber et al. (2020). However,

5



neither of these studies applies directly to the Gaussian knockoffs to explain its strong prac-

tical performance observed in Table 1. The connections and differences between our work

and these two prior studies will be further discussed as the context becomes more clear in

subsequent sections.

The rest of the paper is organized as follows. Section 2 introduces our general framework

for the asymptotic FDR control by the approximate knockoffs procedure and the Gaussian

knockoffs generator. We delve into specific constructions of knockoff statistics based on the

first two moments matching and verify their asymptotic FDR control property in Section 3.

Section 4 presents several simulation and semisynthetic data examples. We discuss some

implications and extensions of our work in Section 5. All technical proofs and detailed

derivations are provided in the Supplementary Material.

1.1 Notation

For any positive integer m ∈ Z+, let [m] ≡ {1, · · · ,m}. For a, b ∈ R, denote by a ∨ b ≡

max{a, b} and a ∧ b ≡ min{a, b}. For any vector x, let ∥x∥ℓ denote its ℓ-norm (0 ≤ ℓ ≤ ∞),

and we simply write ∥x∥ ≡ ∥x∥2. For any matrixM ∈ Rn×p, let ∥M∥op be its spectral norm,

and ∥M∥1,2 ≡ n−1/2maxj∈[p]∥M·,j∥ with M·,j the jth column of M . Im is reserved for an

m×m identity matrix. Throughout this paper, all asymptotic notation is considered in the

limit as n → ∞ and p diverges with n. We write an ≪ bn or an = o(bn) if an/bn → 0, and

an ≫ bn if an/bn → ∞. For random sequences, an = oP(bn) means an/bn
p→ 0, and plim

stands for convergence in probability. Denote by C an absolute constant, varying across lines

unless specified. We write an ≲ bn (an = O(bn)) and an ≳ bn (an = Ω(bn)) if an ≤ Cbn and

an ≥ Cbn, respectively, and an ≍ bn (an = Θ(bn)) if both hold (with different values of C).
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2 A general framework

2.1 Model setting and approximate knockoffs inference

We assume that (X, Y ) follows the flexible nonparametric regression model

Y = F(XH1 , ξ), (3)

where XH1 represents the subvector consisting of important features in H1 ⊂ {1, · · · , p}

that contribute to response Y , F is an unknown function, and ξ is the model noise that is

independent of X. It is seen that Xj ⊥⊥ Y |X−j for each j ∈ H0 ≡ {1, · · · , p} \ H1, and we

name such features as the null (noise) features. To ensure the model identifiability, we follow

Candès et al. (2018) in assuming that H1 exists and is unique. This model is commonly used

for feature selection tasks, focusing on selecting the relevant feature set H1.

Assume that we are given n independent and identically distributed (i.i.d.) observations

(Xi,1, · · · ,Xi,p,Yi)i∈[n] drawn from the joint distribution of (X, Y ). Let Ŝ ⊂ {1, · · · , p} be

the set of features selected by some algorithm applied to (Xi,1, · · · ,Xi,p,Yi)i∈[n]. We say

that Ŝ achieves the FDR control at some prespecified level q ∈ (0, 1) if

FDR(Ŝ) = E
[
FDP(Ŝ)

]
≤ q with FDP(Ŝ) =

#
{
j : j ∈ Ŝ ∩ H0

}
#
{
j : j ∈ Ŝ

}
∨ 1

.

Let X = (Xi,j)i∈[n],j∈[p] ∈ Rn×p be the data matrix containing all the feature vectors, and

Y = (Y1, · · · ,Yn)⊤ ∈ Rn the response vector. Additionally, denote by ξ = (ξ1, · · · , ξn)⊤ ∈

Rn the model noise vector, which collects the noise associated with each observation.

We follow Fan et al. (2025) to introduce the approximate knockoffs procedure, which

consists of three main steps:

(1) Generation of approximate knockoff variables: Specify or estimate (using either in-

sample or out-of-sample data) a working distribution F̂ for covariate vectorX. Pretend
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that F̂ were the true distribution of X, and generate the approximate knockoffs data

matrix X̂ using F̂ . An example of a generic algorithm that can be used is the sequential

conditional independent pairs algorithm in Candès et al. (2018).

(2) Construction of knockoff statistics: Treating X̂ as though it were the perfect knock-

off variable matrix, compute knockoff statistics analogously to the perfect knockoffs

procedure in Candès et al. (2018). Specifically, calculate the feature importance statis-

tics as (Q1, · · · , Qp, Q̂1, · · · , Q̂p) = T (X, X̂,Y ), where T is a measurable function of

(X, X̂,Y ), and Qj and Q̂j represent the importance of the jth feature and its knock-

off counterpart, respectively. The approximate knockoff statistic Ŵj for each original

feature is then defined as Ŵj = fj(Qj, Q̂j) for some antisymmetric function fj.

(3) Feature selection: For a prespecified FDR level q ∈ (0, 1), select important features as

Ŝ = {j ∈ [p] : Ŵj ≥ Tq}, where threshold Tq for the FDR control is given by

Tq ≡ min

{
t ∈
{
|Ŵj| : |Ŵj| > 0, j ∈ [p]

}
:
1 + #

{
j : Ŵj ≤ −t

}
#
{
j : Ŵj ≥ t

}
∨ 1

≤ q

}
,

with the convention that Tq = ∞ if the set above is empty.

It is seen that the only distinction between the approximate knockoffs procedure and the

model-X knockoffs framework in Candès et al. (2018) lies in how X̂ is generated. Indeed,

when the true distribution F is used in Step (1) above, we recover the (perfect) model-X

knockoffs procedure. For the ease of presentation, from now on we denote by X̃ ∈ Rn×p,

{W̃j}j=1,··· ,p, and T̃q the perfect knockoff variable matrix, knockoff statistics, and knockoff

threshold using the true distribution F , respectively. In practice, the true covariate distribu-

tion F is generally unknown. We have discussed in the Introduction a most popularly used

algorithm for practically generating knockoff variables, the Gaussian knockoffs generator. An
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important goal of our study is to provide a general framework for verifying the robustness of

model-X knockoffs in terms of FDR control with respect to various practical choice of F̂ , and

we achieve this goal by studying the FDR property of the approximate knockoffs procedure.

Our general framework is presented in the next subsection.

2.2 General framework for asymptotic FDR control

A critical condition for (perfect) model-X knockoffs to achieve finite-sample FDR control is

the distributional exchangeability condition presented in (1). Under this condition, it can be

shown that the resulting perfect knockoff statistics W̃j for null features enjoy the following

distributional symmetry property

∑
j∈H0

1{W̃j ≤ −t} d
=
∑
j∈H0

1{W̃j ≥ t} (4)

for any t ∈ R. Such a property is key to establishing the finite-sample FDR control re-

sult for the perfect model-X knockoffs. It ensures that for the data-adaptive threshold T̃q,

E
[ ∑

j∈H0
1{W̃j≥T̃q}

1+
∑

j∈H0
1{W̃j≤−T̃q}

]
≤ 1, a critical result in proving the FDR control by model-X knock-

offs; see Candès et al. (2018) for more details.

With the approximate knockoff statistics Ŵj’s introduced in the last subsection, we lose

the distributional symmetry property as in (4). The theorem below guarantees that under

the three sufficient conditions on null Ŵj’s, the approximate knockoffs procedure enjoys the

asymptotic FDR control.

Theorem 1. Fix q ∈ (0, 1) and assume that the following conditions hold for some αn > 0:

(1) (Asymptotic approximate symmetry for Ŵj):

sup
t∈(0,αn]

∣∣∣∣
∑

j∈H0
P
(
Ŵj ≥ t

)∑
j∈H0

P
(
Ŵj ≤ −t

) − 1

∣∣∣∣ = o(1).
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(2) (Approximation for indicator functions):

sup
t∈(0,αn]

{∣∣∣∣
∑

j∈H0
1{Ŵj ≥ t}∑

j∈H0
P(Ŵj ≥ t)

− 1

∣∣∣∣ ∨ ∣∣∣∣
∑

j∈H0
1{Ŵj ≤ −t}∑

j∈H0
P(Ŵj ≤ −t)

− 1

∣∣∣∣
}

= oP(1).

(3) (Localization of Tq): P
(
Tq > αn

)
= o(1).

Then for Ŝ = {j ∈ [p] : Ŵj ≥ Tq}, we have

plim sup
n→∞

FDP(Ŝ) ≤ q and lim sup
n→∞

FDR(Ŝ) ≤ q.

Here, plim supn→∞ FDP(Ŝ) ≤ q means that for any ε > 0, P(FDP(Ŝ) > q + ε) → 0.

Remark 1. In the original model-X paradigm (Candès et al., 2018), FDR control relies solely

on feature modeling without any assumption on outcome modeling. That is, one assumes full

knowledge of the covariate distribution and imposes no restrictions on the outcome model

Y | XH1; see also the discussion in Niu et al. (2024). By contrast, Theorem 1 imposes three

sufficient conditions directly on the knockoff statistics Ŵj for asymptotic FDR control. As

will be shown in concrete examples in later sections, such Ŵj-modeling has both elements

from feature modeling and outcome modeling. On the feature modeling side, we assume

access to the first two moments of feature X and use this partial information to construct

Gaussian knockoffs, which is the main focus of our paper. On the outcome modeling side,

we use model assumptions to prove that some popular constructions of Ŵj are of reasonable

qualities so that the three sufficient conditions hold. The shift from feature modeling toward

outcome modeling in our paper can be understood as the cost we pay for misspecified feature

distribution. We do not claim the necessity of these three conditions; establishing the minimal

set of conditions remains as a challenging, longer-term objective.

Remark 2. Conditions (2) and (3) in Theorem 1 are not entirely new; they have been previ-

ously established in Fan et al. (2025) for perfect knockoff statistics W̃j’s resulting from perfect
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knockoff variables X̃. While the technical details may differ, these conditions share essential

conceptual similarities. Condition (2) requires the sum of indicators
∑

j∈H0
1{Ŵj ≥ t} to

concentrate sharply around its mean. In effect, this demands p → ∞ and weak dependence

among Ŵj’s so that a uniform concentration bound is valid. Condition (3) imposes implic-

itly a signal strength requirement: a non-vanishing fraction of “strong” signals is needed so

that with high probability, the random denominator in the definition of Tq remains strictly

positive so that the localization of Tq can be established. In the subsequent section, we will

demonstrate how these conditions can be verified for specific examples of Ŵj’s.

Remark 3. Condition (1), on the other hand, is novel. It requires that the knockoff statis-

tics Ŵj exhibit asymptotic approximate symmetry over a suitable range of t values for

null features. For perfect knockoff statistics W̃j that satisfy the so-called flip-sign prop-

erty (Candès et al., 2018), this condition is inherently satisfied. Using this property, we

may construct symmetric random variables Wj such that Wj
d
≈ Ŵj, and consequently,

P(Ŵj ≥ t) ≈ P(Wj ≥ t) = P(Wj ≤ −t) ≈ P(Ŵj ≤ −t), thereby confirming condition

(1). Then using condition (2) on the approximation for indicator functions, we can prove

that with high probability, null Ŵj’s satisfy that
∑

j∈H0
1{Ŵj≤−t}∑

j∈H0
1{Ŵj≥t}

≈ 1 for a suitable range of t

values. It is seen that the above result is parallel to (4). Using this result, we can establish

the asymptotic FDR control for the approximate knockoffs procedure.

We end this section with the proof of Theorem 1. In the subsequent section, we will

provide concrete examples of the approximate knockoff statistics and demonstrate how the

conditions of Theorem 1 can be verified.

Proof of Theorem 1. Let us define B1 = {Tq ≤ αn} and B2,ε ≡
{
supt∈(0,αn]

∣∣∑j∈H0
1{#Ŵj≥t}∑

j∈H0
P(#Ŵj≥t)

−

1
∣∣ ≤ ε for # ∈ {+,−}

}
for ε > 0. Conditions (2) and (3) above ensure that P(Bc1) → 0
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and P(Bc2,ε) → 0 for each ε > 0. In addition, it holds naturally that 0 ≤ FDP(Ŝ) ≤ 1. Then

it follows that FDR(Ŝ) ≤ E
[ ∑

j∈H0
1{Ŵj≥Tq}

1∨
∑

j∈[p] 1{Ŵj≥Tq}
· 1{B1}1{B2,ε}

]
+ o(1). From the definition of

Tq, we can deduce that on event B1 ∩ B2,ε,∑
j∈H0

1{Ŵj ≥ Tq}
1 ∨

∑
j∈[p] 1{Ŵj ≥ Tq}

=

∑
j∈H0

1{Ŵj ≥ Tq}
1 +

∑
j∈H0

1{Ŵj ≤ −Tq}
·
1 +

∑
j∈H0

1{Ŵj ≤ −Tq}
1 ∨

∑
j∈[p] 1{Ŵj ≥ Tq}

≤ q ·
∑

j∈H0
1{Ŵj ≥ Tq}

1 +
∑

j∈H0
1{Ŵj ≤ −Tq}

· 1{B1}1{B2,ε}.

Furthermore, it holds on event B1 ∩ B2,ε that∑
j∈H0

1{Ŵj ≥ Tq}
1 +

∑
j∈H0

1{Ŵj ≤ −Tq}
≤ sup

t∈(0,αn]

∑
j∈H0

1{Ŵj ≥ t}
1 +

∑
j∈H0

1{Ŵj ≤ −t}

≤
(
1 + ε

1− ε

)
· sup
t∈(0,αn]

∑
j∈H0

P(Ŵj ≥ t)∑
j∈H0

P(Ŵj ≤ −t)
≤
(
1 + ε

1− ε

)
· (1 + o(1)).

This proves the conclusion for FDP(Ŝ), and consequently, for any ε > 0 we can obtain that

FDR(Ŝ) ≤ q ·
(
1+ε
1−ε

)
+ o(1), which completes the proof of Theorem 1.

2.3 Approximate knockoffs via moments matching

As discussed in the Introduction, the moments matching method has been popularly used

in the literature to practically generate knockoff variables. In particular, the Gausssian

knockoffs generator defined around (2) is arguably the most popularly implemented method

for knockoff variables generation. As also demonstrated in the Introduction, the Gaussian

knockoffs appears to achieve the FDR control in the semisynthetic data application even

when the features are binary, a significant deviation from Gaussian distribution. We will

provide theoretical justification for its asymptotic FDR control property in the next section.

Our results are the first in the literature to theoretically verify the validity of moments

matching methods for generating model-X knockoff variables in achieving asymptotic FDR

control.
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A notable property of the Gaussian construction in (2) is the exchangeability of the

covariance structure. Specifically, for any permutation matrix P ∈ R2p×2p encoding the

swaps in the exchangeability condition in (1), the covariance matrix satisfies that

P Cov
[
(X⊤, X̂⊤)⊤

]
P = Cov

[
(X⊤, X̂⊤)⊤

]
. (5)

It is worth noting that the verification of condition (1) in Theorem 1 in this paper relies

critically on the exchangeability property (5).

We are now ready to discuss the major distinctions of our study with the work by Fan

et al. (2025). Our Theorem 1 provides a unified framework for verifying the robustness

of the knockoffs procedure. At a high level, Fan et al. (2025) proved the robustness of the

knockoffs procedure through verifying conditions (1)–(3) in our Theorem 1 by using the proof

technique of coupling. The salient idea is to couple the practically constructed approximate

knockoff variable matrix X̂ with a realization of the perfect knockoffs data matrix X̃; if

X̂ and the coupled X̃ can have asymptotically vanishing distance in realization with high

probability, the latter can be used as a bridge to verify conditions (1)–(3) in Theorem 1 and

to further prove the asymptotic FDR control using X̂. The existence of such coupled X̃ is

the key for the coupling idea to work.

Although the coupling idea can be applied to general distribution F , it can only be used

to prove certain type of deviation of F̂ from F . Indeed, the success of Gaussian knockoffs in

the semisynthetic data example mentioned in the Introduction cannot be verified using the

coupling idea in Fan et al. (2025). To formally characterize this point, and to better illustrate

the significance of our study in this paper, we provide two examples below. We note that

the first example is designed to mimic the semisynthetic data example in the Introduction.

Example 1. Consider X1, · · · , Xp as i.i.d. Rademacher random variables. In this case, the
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perfect knockoff random variables X̃1, · · · , X̃p are also i.i.d. Rademacher random variables.

Let X̂1, · · · , X̂p
i.i.d.∼ N (0, 1), and denote by {X̂i,·}i∈[n]

i.i.d.∼ µ̂ and {X̃i,·}i∈[n]
i.i.d.∼ µ̃. Then

there exists some universal constant c > 0 such that

inf
γ∈Γ(µ̂,µ̃)

P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
max
j∈[p]

n−1/2∥X̂·,j − X̃·,j∥2 ≥ c
)
≥ c,

where Γ(µ̂, µ̃) is the set consisting of all couplings of µ̂ and µ̃. Since c is a constant that

does not asymptotically vanish with sample size, the above result indicates that there does

not exist an ideal knockoff variable matrix that can be coupled with Gaussian knockoffs X̂

with the required accuracy by the coupling idea for ensuring the asymptotic FDR control.

On the contrary, our Corollary 1 (presented in Section B of the Supplementary Material),

proved by verifying the three conditions in Theorem 1, shows that Gaussian knockoffs can

indeed achieve the asymptotic FDR control under some regularity conditions.

Example 2. Consider X1, · · · , Xp as i.i.d. random variables following the t-distribution with

ν > 3 degrees of freedom, normalized to have variance 1. Let X̂1, · · · , X̂p
i.i.d.∼ N (0, 1). To

ensure effective coupling, the theory in Fan et al. (2025) requires ν to diverge to infinity

at certain rate, cf. (Fan et al., 2025, Proposition 2). In contrast, our Corollary 1 provides

the asymptotic FDR control result for finite ν > 3 by taking any moment order q ∈ [3, ν),

significantly relaxing the requirement on the tail behavior of the t-distribution.

We end this section by emphasizing that while we adopt the Gaussian knockoffs via

two moments matching for simplicity, our general framework is not constrained to this

particular choice. Our theoretical analysis does not rely on the Gaussianity of knockoffs in

(2); random vector Z in (2) can be replaced with one from any distribution that meets the

required moment conditions. This approach eliminates the need for a fully specified feature

distribution, streamlining the knockoffs generation process.
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3 Two-moment-based knockoff statistics

In this section, we present three concrete constructions of knockoff statistics and verify that

each satisfies conditions (1)–(3) of Theorem 1, thereby achieving asymptotic FDR control. It

is important to note that in all examples in this section, i) the Gaussian knockoffs generator

(2) is used to generate X̂, and ii) the limiting distribution of the knockoff statistics Ŵj’s

depend only on the first two moments of data matrix. Throughout the examples, we work

in the regime |H0| ≍ p. Notation is local to each subsection.

3.1 Marginal correlation knockoff statistics

We begin by considering the marginal correlation knockoff statistics. Given the original data

matrix X, the approximate knockoffs data matrix is generated via

X̂ = X(Ip − Σ−1
X diag(r)) + Z(2diag(r)− diag(r)Σ−1

X diag(r))1/2

with Z ∈ Rn×p consisting of i.i.d. N (0, 1) entries that are independent ofX and Y . It follows

that the joint covariance of (X, X̂) is Σ = Cov
[
(X⊤, X̂⊤)⊤

]
=
[
ΣX ,ΣX − diag(r); ΣX −

diag(r),ΣX

]
.

With X and and its knockoff X̂ at hand, the knockoff statistics based on the marginal

correlation difference are defined as

Ŵj ≡
|X⊤

·,jY |
∥Y ∥

−
|X̂⊤

·,jY |
∥Y ∥

, j ∈ [p].

This statistic measures the marginal linear dependence of each feature on the response vari-

able. The normalization by ∥Y ∥ ensures the scale invariance, making these statistics robust

to variations in the response magnitude. The marginal correlation statistics have also been

studied in Barber et al. (2020); Fan et al. (2025); Niu et al. (2024).
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We will work with the following moment conditions:

(D1) The response Y is sub-exponential with cY ≤ EY 2 ≤ c−1
Y . The covariate X is centered,

has covariance matrix ΣX , and is uniformly sub-exponential. Moreover, XH0 ⊥⊥ XH1 .

(D2) ∥Σ∥op ∨ ∥Σ−1∥op ≤ M for some constant M > 0.

The block independence assumption XH0 ⊥⊥ XH1 is imposed so that for every j ∈ H0,

X⊤
·,jY

∥Y ∥ and
X̂⊤

·,jY

∥Y ∥ are independent and have approximately matched distributions conditional

on Y . The match in conditional distributions is important for proving the asymptotic FDR

control here. The block independence assumption can be relaxed to some extent; in Section

G.7 of the Supplementary Material, we provide a signal-driven generalization that relaxes this

assumption while preserving enough structure so that the conditional distributions can still

approximately match. The counterexample below shows that, arbitrary covariate dependence

can cause FDR severely inflated, suggesting that some assumption is needed to regulate

covariate dependence structure for marginal-correlation-based knockoff statistics to achieve

asymptotic FDR control.

Example 3. Fix q ∈ (0, 1), β ̸= 0, and σ ≥ 0. Let p = p0 + p1 with p0 → ∞, p1 = o(p0),

and p1 log
2 p = o(n). For each i ∈ [n], let Zi ∼ N (0, Ip1) and let Ui ∈ {±1}p0 have i.i.d.

Rademacher coordinates, and let ξi ∼ N (0, 1). Assume that Zi, Ui, and ξi are mutually

independent. The feature vector is generated as Xi = (Z⊤
i , GiU

⊤
i )

⊤ with Gi = p
−1/2
1 1⊤

p1
Zi,

and the outcome model takes the form Yi = βGi + σξi. The marginal-correlation-based

knockoff statistics have FDR → 1 as n → ∞, when the Gaussian knockoffs generator is

used. A detailed proof is given in Section G.6 of the Supplementary Material.

Under conditions (D1) and (D2), a central limit theorem heuristic implies that conditional
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on Y , for each j ∈ H0, (
X⊤

·,jY /∥Y ∥
X̂⊤

·,jY /∥Y ∥

)
d
≈ N

(
0,Σ{j,j+p},{j,j+p}

)
.

The invariance of the covariance structure in (5) is reflected here by the equality that e⊤j Σej =

e⊤j+pΣej+p. Consequently, we expect that for each j ∈ H0,

P(Ŵj ≥ t) ≈ Pj(t) ≡ P(G1,G2)⊤∼N (0,Σ{j,j+p},{j,j+p})(|G1| − |G2| ≥ t)

= P(G1,G2)⊤∼N (0,Σ{j,j+p},{j,j+p})(|G1| − |G2| ≤ −t) ≈ P(Ŵj ≤ −t), (6)

which leads to the verification of condition (1) in Theorem 1. It is important to note that

the approximation above is understood in the sense of ratios, i.e., P(Ŵj ≥ t)/Pj(t) ≈ 1 and

P(Ŵj ≤ −t)/Pj(t) ≈ 1. This ratio-based formulation can be interpreted as a moderate devi-

ation result, providing an effective approximation across a broad range of t values. Proving

the ratio-based approximation is much more challenging than proving the difference-based

approximation, because the denominator can take vanishingly small values over some range

of t values. A rigorous statement and proof of these results can be found in Theorem 12 in

the Supplementary Material, where the proofs are included therein as well.

The proposition below presents the concentration of the approximate knockoff statistics.

Proposition 1. Assume that conditions (D1) and (D2) hold. Then if log p = o(
√
n),

there exists some constant C = C(cY ,M) > 0 such that for any j ∈ [p], P
(∣∣Ŵj − wj

∣∣ ≥
Cδn

)
≤ p−10 + exp(−nE2 Y 2/C), where wj ≡

√
n(|EXjY | − |E X̂jY |)/E1/2 Y 2 and δn ≡

log p

E1/2 Y 2 +
log2 p√
nEY 2

.

The quantitywj in Proposition 1 above can be interpreted as the signal strength. Clearly,

wj = 0 for each j ∈ H0. For knockoff statistics, one expects large and positive signals for
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j ∈ H1, cf. Barber and Candès (2015); Candès et al. (2018). Specifically, we impose the

following conditions on the class of approximate knockoff statistics:

(D3) For a sufficiently large constant C > 0 independent of n, an ≡ #{j ∈ H1 : wj ≥

Cδn} → ∞. Additionally, mn/an → 0. Here, mn ≡ maxj∈H0|M(j)| with M(j) ≡
{
ℓ ∈

H0 \ {j} :
∑

j∈{j,j+p}
(
|Σj,ℓ|+ |Σj,ℓ+p|

)
̸= 0
}
.

(D4) For any q ∈ (0, 1), (qan)
−1
∑

j∈H1
P(Ŵj < −P−1( qan

2p
)) → 0. Here, for any x ∈ [0, 1/2],

P−1(x) ≡ sup{t ≥ 0 : P(t) ≥ x} with P(t) ≡ |H0|−1
∑

j∈H0
Pj(t).

Intuitively, the two conditions above characterize the desired quality for the approximate

knockoff statistics Ŵj as a variable importance measure. Our study reveals that the accuracy

of Ŵj’s as variable importance measure has a great implication on the robustness of the

knockoffs procedure. Ideally, accurate Ŵj’s should possess the following properties: i) Ŵj’s

for signals to concentrate around large, positive values with small variation; and ii) Ŵj’s for

null features to concentrate around 0 with small variation. The higher quality the Ŵj’s, the

more robust the knockoffs procedure is with respect to the deviation of F̂ from F .

Both conditions (D3) and (D4) serve as the signal strength requirements needed to localize

the data-driven threshold Tq (i.e., to verify condition (3) of Theorem 1). Recall the definition

of Tq in Section 2.1. From a technical standpoint, condition (D3) provides a lower bound

control over the denominator of the ratio in defining Tq, ensuring the denominator bounded

away from zero, while condition (D4) offers an upper bound on its numerator by controlling

the frequency of large negative statistics. Together, these conditions guarantee that with

high probability, Tq stays below a suitably chosen upper bound, which in turn allows us to

prove asymptotic control of the FDP, and hence of the FDR. Below we discuss two special

cases when condition (D4) is satisfied:
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• Assume that there are sufficiently many strong signals such that |H1| − an = o(an).

Then from the concentration result in Proposition 1, we have

1

qan

∑
j∈H1

P
(
Ŵj < −P−1

(
qan
2p

))
≤ |H1| − an

qan
+

1

qan

∑
j∈{j′∈H1:wj′≥Cδn}

P
(
Ŵj < 0

)
→ 0.

• Assume that on average, the probability of a relevant feature having a negative valued

Ŵj is smaller than the corresponding probability for an irrelevant feature. Specifically,

assume that |H1|−1
∑

j∈H1
P(Ŵj < −P−1( qan

2p
)) ≤ |H0|−1

∑
j∈H0

P(Ŵj < −P−1( qan
2p

)).

Then from the moderate deviation result in (6), we have

1

qan

∑
j∈H1

P
(
Ŵj < −P−1

(
qan
2p

))
≤ |H1|

qan
· 1

|H0|
∑
j∈H0

P
(
Ŵj < −P−1

(
qan
2p

))

≤ |H1|
qan

P
(
P−1

(
qan
2p

))
· (1 + o(1)) =

|H1|
2p

· (1 + o(1)) → 0.

A similar assumption regarding the tail probability of the relevant feature is made in

Fan et al. (2025); see Condition 10 therein.

We are now ready to present the result for the asymptotic FDR control of marginal

correlation knockoff statistics.

Theorem 2. Assume that conditions (D1)–(D4) hold. Then for any q ∈ (0, 1), if log p =

o(nc) for some small enough constant c > 0, conditions (1)–(3) in Theorem 1 are satisfied for

αn = P−1
(
qan
2p

)
. Consequently, for Ŝ = {j ∈ [p] : Ŵj ≥ Tq}, we have plim supn→∞ FDP(Ŝ) ≤

q and lim supn→∞ FDR(Ŝ) ≤ q.

3.2 Regression coefficient difference with ordinary least squares

Different from the case of marginal correlation knockoff statistics which does not need a model

assumption on how Y depends onXH1 , the case of regression coefficient based knockoff statis-
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tics needs a regression model assumption to verify conditions (1)–(3) in Theorem 1. Specif-

ically, we consider the linear regression model Y = X⊤β∗ + ξ, where β∗ = (β∗;1, · · · , β∗;p)T

with β∗;j = 0 for each j ∈ H0. The above model is a special case of (3). We consider

the knockoff statistics based on the differences in regression coefficients estimated using the

ordinary least squares (OLS) estimator. The knockoff statistics using the debiased Lasso

estimator, which shares conceptual similarity, is provided in next section.

Recall that ξ = (ξ1, · · · , ξn)⊤ ∈ Rn denotes the noise vector. Given the original data

matrix X and the knockoffs data matrix X̂ in (2), let Ẑ = [X, X̂] ∈ Rn×2p. The knockoff

statistic based on the OLS estimator is defined as

Ŵj ≡ |β̂LS
j | − |β̂LS

j+p|, j ∈ [p] with β̂LS ≡ β̂LS([X, X̂],Y ) ≡ 1√
n

(
Ẑ⊤Ẑ

n

)−1

Ẑ⊤Y . (7)

Note that our definition of β̂LS differs from the conventional definition by a factor of
√
n.

Here, we impose the the following working assumptions:

(O1) n/2p ≥ 1 + τ holds for some τ ∈ (0, 1).

(O2) Ẑ = Q̂Σ1/2 is independent of the normalized noise vector ξ0 = ξ/σξ. The components

of ξ0 are i.i.d., mean-zero, unit-variance, and uniformly sub-Gaussian. The rows of Q̂

are i.i.d. isotropic sub-Gaussian random vectors. In addition, either (i) the entries of

each row are independent or (ii) the rows satisfy a convex concentration property: there

exists some constant cL > 0 such that for any 1-Lipschitz convex function φ : R2p → R,

and each t > 0 and i ∈ [n], P(|φ(Q̂i,·)− E[φ(Q̂i,·)]| ≥ t) ≤ 2 exp(−t2/cL).

(O3) ∥Σ∥op ∨ ∥Σ−1∥op ≤ M, and σξ ∈ [M−1,M] for some constant M > 0.

It is important to note that we no longer require Σ to be diagonal, allowing for dependent

covariates. The technical motivation for condition (O2) above is to establish the concentra-
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tion of quadratic forms of Q̂i,· and ensure that the smallest eigenvalue of Ẑ⊤Ẑ/n is bounded

from below. These results, in turn, play a crucial role in enabling the approximation of the

precision matrix (Ẑ⊤Ẑ/n)−1 to its population counterpart. We note that by Herbst’s argu-

ment, the convex concentration property holds for random vectors satisfying a log-Sobolev

inequality (Boucheron et al., 2013, Theorem 5.4), with strongly log-concave random vectors

(including Gaussian vector) being a special case (Ledoux, 2001, Theorem 5.2).

Heuristically, to see why Ŵj is asymptotically approximately symmetric for each j ∈ H0,

we define, with slight abuse of notation, for j ∈ H0 and t > 0,

Pj(t) ≡ P
(G1,G2)⊤∼N (0,σ2

ξΣ
(j)
n )

(
|G1| − |G2| ≥ t

)
, (8)

where Σ
(j)
n ≡ (1 − 2p/n)−1[Σ−1]{j,j+p},{j,j+p}. Recall that Σ = Cov

[
(X⊤, X̂⊤)⊤

]
. Using the

invariance of the covariance structure in (5), and letting P(j) be the permutation matrix that

swaps the jth and (j + p)th rows, we have

e⊤j Σ
−1ej = e⊤j (P(j)ΣP(j))

−1ej = e⊤j P(j)Σ
−1P(j)ej = e⊤j+pΣ

−1ej+p. (9)

Here, {ek}k∈[2p] is the canonical basis of R2p. Consequently, for any j ∈ H0 and t > 0,

Pj(t) = P
(G1,G2)⊤∼N (0,σ2

ξΣ
(j)
n )

(
|G1| − |G2| ≤ −t

)
. (10)

The asymptotic approximate symmetry of Ŵj is established through two steps: the

Gaussian approximation and the covariance approximation.

For the Gaussian approximation, conditional on Ẑ, a central limit theorem heuristic

suggests that for any j ∈ H0,(
β̂LS
j

β̂LS
j+p

)
=

1√
n

(
e⊤j (Ẑ

⊤Ẑ/n)−1Ẑ⊤ξ

e⊤j+p(Ẑ
⊤Ẑ/n)−1Ẑ⊤ξ

)
d
≈ N

(
0, σ2

ξ [(Ẑ
⊤Ẑ/n)−1]{j,j+p},{j,j+p}

)
, (11)

approximating the joint distribution of β̂LS
j and β̂LS

j+p by a multivariate Gaussian despite the

non-Gaussian nature of noise ξ.
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For the covariance approximation, we can show that [(Ẑ⊤Ẑ/n)−1]{j,j+p},{j,j+p}
P
≈ Σ

(j)
n ,

where the shrinkage factor (1−2p/n)−1 accounts for the overestimation of eigenvalues in the

high-dimensional sample covariance matrix, ensuring accurate calibration of the covariance

structure. Consequently, [(Ẑ⊤Ẑ/n)−1]{j,j+p},{j,j+p} in (11) can be replaced with Σ
(j)
n .

A combination of the two steps above yields that

P(Ŵj ≥ t) ≈ P
(G1,G2)⊤∼N (0,σ2

ξΣ
(j)
n )

(
|G1| − |G2| ≥ t

)
(8)&(10)
= P

(G1,G2)⊤∼N (0,σ2
ξΣ

(j)
n )

(
|G1| − |G2| ≤ −t

)
≈ P(Ŵj ≤ −t),

which ensures that condition (1) in Theorem 1 can be verified. A formal statement of this

result is provided in Theorem 9 of the Supplementary Material.

The proposition below provides the concentration of the approximate knockoff statistics.

Proposition 2. Assume that conditions (O1)–(O3) are satisfied. Then there exists some

constant C = C(M, τ, cL) > 0 such that for any j ∈ [p] and p ≥ C, P(|Ŵj −
√
n|β∗,j|| ≥

C
√
log p) ≤ Cp−10.

Since stronger signals are easier to separate from the noise, when the signal strength

is large, even a lower-quality knockoff statistic (as the variable importance measure) suf-

fices for the FDR control. We impose conditions below to quantify the desired qual-

ity of the approximate knockoff statistics. Recall that P(t) = |H0|−1
∑

j∈H0
Pj(t) and

P−1(x) = sup{t ≥ 0 : P(t) ≥ x}.

(O4) an ≡ #{j ∈ H1 :
√
n|β∗,j| ≫

√
log p} → ∞ and mn/an → 0. Here, mn measures

the sparsity in precision matrix Σ−1 and is defined as mn ≡ maxj∈H0|N(j)| with

N(j) ≡
{
ℓ ∈ H0 \ {j} :

∑
j∈{j,j+p}

(
|[Σ−1]j,ℓ|+ |[Σ−1]j,ℓ+p|

)
̸= 0
}
.

(O5) For any q ∈ (0, 1), (qan)
−1
∑

j∈H1
P(Ŵj < −P−1( qan

2p
)) → 0.
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Conditions (O4) and (O5) above mimic those of (D3) and (D4), which are introduced

in the context of the marginal correlation knockoff statistics in the previous subsection. Al-

though conditions (O5) and (D4) share an identical form, we emphasize that the definitions

of an, Ŵj, and P−1(x) here differ from those in (D4), as they depend on the context un-

der consideration. Compared to condition (D3), which regulates feature dependence via

covariance matrix Σ, condition (O4) operates through precision matrix Σ−1. In the marginal

correlation setting in the previous section, knockoff statistic correlations stem directly from

Σ; in the OLS case, they instead arise from Σ−1. As these correlations grow stronger, it

becomes more difficult to distinguish null features from non-null ones, and thus we need

condition (O4) to counteract this effect and maintain the asymptotic FDR control.

We are now ready to present the asymptotic FDR control result for knockoff statistics

based on the differences in regression coefficients estimated via the OLS estimator.

Theorem 3. Assume that conditions (O1)–(O5) hold. Then for any q ∈ (0, 1), conditions

(1)–(3) in Theorem 1 are satisfied for αn = P−1
(
qan
2p

)
. Consequently, for Ŝ = {j ∈ [p] :

Ŵj ≥ Tq}, we have plim supn→∞ FDP(Ŝ) ≤ q and lim supn→∞ FDR(Ŝ) ≤ q.

3.3 Regression coefficient difference with debiased Lasso

The OLS estimator, though conceptually simple, is not well-defined when the number of

features exceeds the number of observations, specifically when p > n, as discussed in the

previous section. In this section, we turn to the debiased Lasso estimator (Zhang and

Zhang, 2014), which is particularly suited for high-dimensional sparse linear regression with

p > n. The debiased Lasso estimator overcomes the rank deficiency issue inherent in high-

dimensional settings and naturally adapts to the sparse signal structure, where the true
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regression coefficient vector β∗ contains many zero components. The covariates are allowed

to be correlated in this section.

We now formally define the debiased Lasso estimator. Given regularization levels {λj}j∈[2p],

let the initialization β̂(0) ∈ R2p and the score vector ẑj ∈ Rn be defined as

β̂(0) ≡ β̂(0)([X, X̂],Y ) ≡ arg min
b∈R2p

{
1

2n
∥Y − Ẑb∥2 + λ0∥b∥1

}
, ẑj ≡ Ẑ·,j − Ẑ·,−jγ̂j

for j ∈ [2p], where the regularization parameter λ0 = C0

√
n−1 log(2p) for some sufficiently

large constant C0 > 0 and γ̂j ≡ γ̂j([X, X̂]) ≡ argminb∈R2p−1{(2n)−1∥Ẑ·,j−Ẑ·,−jb∥2+λj∥b∥1}

with λj = Cj
√
n−1 log(2p) for sufficiently large constants Cj > 0. The debiased Lasso

estimator β̂dL is then given by

β̂dL
j ≡ β̂dL

j ([X, X̂],Y ) ≡ β̂
(0)
j +

⟨ẑj,Y − Ẑβ̂(0)⟩
⟨ẑj, Ẑ·,j⟩

, j ∈ [2p]. (12)

The knockoff statistics based on the debiased Lasso estimator is then defined as

Ŵj ≡
√
n|β̂dL

j | −
√
n|β̂dL

j+p|, j ∈ [p].

Here, the scaling factor
√
n ensures that Ŵj’s are order 1 random variables for j ∈ H0. Let

s ≡ ∥β∗∥0. and bn ≡ maxj∈[2p]∥Σ−1
·,j ∥0. We will work under the following condition:

(L1) Ẑ = Q̂Σ1/2 is independent of the normalized noise vector ξ0 = ξ/σξ. The components

of ξ0 are i.i.d., mean-zero, unit-variance, and uniformly sub-Gaussian. The rows of Q̂

are i.i.d. isotropic sub-Gaussian random vectors. Moreover, the restricted eigenvalue

property holds for Ẑ⊤Ẑ/n with high probability: there exist large enough constants

C1,C2,C3 > 0 such that P
(
min∥δ∥0≤C1(s∨bn)

δ⊤Ẑ⊤Ẑδ
n∥δ∥2 ≥ C−1

2

)
≥ 1− C3p

−10.

Condition (L1) above is commonly imposed in the literature to ensure the consistency

of the Lasso estimator. This consistency facilitates the Gaussian approximation for the
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debiased Lasso estimator. Specifically, for each j ∈ H0, we can establish that

P
(
Ŵj ≥ t

)
= P

(√
n|β̂dL

j | −
√
n|β̂dL

j+p| ≥ t
)
≈ P(G1,G2)⊤∼N (0,σ2

ξΣ
(j))

(
|G1| − |G2| ≥ t

)
≡ Pj(t),

where Σ(j) ≡ [Σ−1]{j,j+p},{j,j+p}. It follows from (9) that Pj(t) = P(G1,G2)⊤∼N (0,σ2
ξΣ

(j))

(
|G1| −

|G2| ≤ −t
)
. Consequently, it also holds that P

(
Ŵj ≤ −t

)
= P

(√
n|β̂dL

j |−
√
n|β̂dL

j+p| ≤ −t
)
≈

Pj(t). Combining these expressions yields the asymptotic approximate symmetry of Ŵj; see

Theorem 10 in the Supplementary Material for a formal statement.

Recall that P(t) = |H0|−1
∑

j∈H0
Pj(t) and P−1(x) = sup{t ≥ 0 : P(t) ≥ x}. In this

subsection, conditions (O4)–(O5) are understood with the debiased-Lasso statistic defined

above and with the present definitions of Pj(t) and P(t). We have the asymptotic FDR con-

trol result for knockoff statistics based on the differences in regression coefficients estimated

via the debiased Lasso estimator.

Theorem 4. Assume that conditions (O3)–(O5) and (L1) hold. Then for any q ∈ (0, 1), if

bns log
7(np)/

√
n = o(1), conditions (1)–(3) in Theorem 1 are satisfied for αn = P−1

(
qan
2p

)
.

Consequently, for Ŝ = {j ∈ [p] : Ŵj ≥ Tq}, we have plim supn→∞ FDP(Ŝ) ≤ q and

lim supn→∞ FDR(Ŝ) ≤ q.

3.4 Gaussian knockoffs generator using estimated moments

So far we have assumed exact knowledge of µ = EX and Ω = Σ−1
X . However, in practice,

they are typically estimated from observed data X. See, e.g., Fan et al. (2016) and the

references therein for an overview of precision matrix estimation methods. Let us define the

two-population-moment matched knockoffs data matrix as

X̂ = 1nµ
⊤ + (X − 1nµ

⊤)(Ip −Ωdiag(r)) + Z(2diag(r)− diag(r)Ωdiag(r))1/2. (13)
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Assume that we have estimators for µ and Ω, which may depend on data X, denoted as µ̂

and Ω̂, respectively. Let us consider a fully sample-based knockoffs data matrix

X̂est = 1nµ̂
⊤ + (X − 1nµ̂

⊤)(Ip − Ω̂diag(r)) + Z(2diag(r)− diag(r)Ω̂diag(r))1/2. (14)

We show in this subsection that using X̂est above can also lead to asymptotic FDR control,

leveraging the coupling proof technique established in Fan et al. (2025). More specifically, the

knockoffs data matrices in (14) and (13) can be coupled closely, provided that the identical

realization for Z is used in both places. The proposition below formally characterizes their

coupling accuracy.

Proposition 3. Let SZ ≡ 2diag(r)−diag(r)Σ−1
X diag(r) and ŜZ ≡ 2diag(r)−diag(r)Ω̂diag(r).

Let r ∈ Rp be chosen such that c1 ≤ λmin(SZ) ≤ λmax(SZ) ≤ c−1
1 for some constant c1 > 0.

Then on event {c2 ≤ λmin(ŜZ) ≤ λmax(ŜZ) ≤ c−1
2 } with some constant c2 > 0, we have that

with PZ-probability at least 1− 2p exp(−n/32),

∥X̂est − X̂∥1,2 ≤ ∥r∥∞ ·
(
∥(X − 1nµ

⊤)(Ω̂−Ω)∥1,2 + ∥Ω̂⊤(µ̂− µ)∥∞
)

+ 6(c
−3/2
1 ∨ c

−3/2
2 )∥r∥2∞ · ∥Ω̂−Ω∥op.

Proposition 3 above allows us to verify Condition 6 in Fan et al. (2025), provided that

Ω̂ and µ̂ are good estimators in the sense of ∥(X − 1nµ
⊤)(Ω̂−Ω)∥1,2, ∥Ω̂⊤(µ̂−µ)∥∞, and

∥Ω̂ − Ω∥op all being small. We have verified in the previous subsections that X̂ can lead

to asymptotic FDR control. Proposition 3 guarantees that X̂est and the coupled X̂ can be

close in realization. Thus using X̂ as a bridge, the coupling framework in Fan et al. (2025)

can be applied to show that knockoff statistics based on X̂est also satisfy the conditions in

Theorem 1 under some additional assumptions, thereby ensuring asymptotic FDR control.

Below we recall three popular knockoff statistic constructions based on X̂est. Note that

for the linear model, we assume µ = 0p (but unknown).
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1) Marginal correlation knockoff statistic: Ŵ est
j =

|(X·,j−µ̂j1n)⊤Y |
∥Y ∥ − |(X̂est

·,j−µ̂j1n)⊤Y |
∥Y ∥ .

2) RCD with OLS : Ŵ est
j = |β̂LS

j ([X, X̂est],Y )| − |β̂LS
j+p([X, X̂est],Y )|.

3) RCD with debiased Lasso: Ŵ est
j =

√
n|β̂dL

j ([X, X̂est],Y )| −
√
n|β̂dL

j+p([X, X̂est],Y )|.

We make the following assumptions related to the coupling accuracy:

(M1) There exists some ∆n → 0 such that P(∥X̂est − X̂∥1,2 + ∥µ̂− µ∥∞ ≥ ∆n) = o(1).

(M2) For t ∈ (0, C
√
log p), |H1|−1

∑
j∈H1

P(Ŵj < −t) ≤ |H0|−1
∑

j∈H0
P(Ŵj < −t).

Condition (M1) guarantees the accuracy of the coupling, while condition (M2) is essen-

tially the same technical condition as used in Fan et al. (2025)–slightly stronger than our

earlier conditions (C4) and (O5)–and helps localize the knockoff threshold after coupling.

Under these additional conditions, the theorem below formalizes the asymptotic FDR control

using all three knockoff statistics above.

Theorem 5. Fix a target FDR level q ∈ (0, 1). Let {Ŵ est
j }j∈[p] be one of the three knock-

off statistics introduced above, and T est
q the corresponding knockoff threshold. Assume that

condition (M2) holds, and in addition that each statistic satisfies its respective assumptions:

1) (Marginal correlation statistic) The conditions of Theorem 2 hold for the demeaned

feature X − µ and centered data matrix X − 1nµ
⊤, and condition (M1) holds with

√
n∆n(log p)

1/2+1/γ = o(1) for some γ ∈ (0, 1).

2) (OLS-based coefficient difference statistic) The conditions of Theorem 3 hold, and con-

dition (M1) holds with
√
p∆n(log p)

1+1/γ = o(1) for some γ ∈ (0, 1).

3) (Debiased-Lasso coefficient difference statistic) The conditions of Theorem 4 hold, and

condition (M1) holds with s∆n(log p)
1+1/γ = o(1) for some γ ∈ (0, 1). Moreover, with
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probability 1 − o(1), |supp(β̂(0)([X, X̂],Y )) ∪ supp(β̂(0)([X, X̂est],Y ))| = O(s) and

maxj∈[2p]|supp(γ̂j([X, X̂])) ∪ supp(γ̂j([X, X̂est]))| = O(bn) with bn = O(s).

Then for Ŝest = {j ∈ [p] : Ŵ est
j ≥ T est

q }, we have plim supn→∞ FDP(Ŝest) ≤ q and

lim supn→∞ FDR(Ŝest) ≤ q.

From a broader perspective, the above procedure indicates that establishing asymptotic

FDR control does not necessarily require coupling the approximate knockoffs data matrix

with the ideal knockoffs data matrix. In some cases, coupling the approximate knockoffs data

matrix with another well-structured knockoffs data matrix, such as a Gaussian knockoffs data

matrix, is sufficient, provided that the knockoff statistics constructed using the Gaussian

knockoffs are regular enough, i.e., satisfying conditions (1)–(3) in Theorem 1.

4 Numerical studies

In this section, we demonstrate the finite-sample performance of the Gaussian knockoffs with

two moments matching via simulations and a semisynthetic data application.

4.1 Simulation examples

In the following simulation settings, we consider a p-dimensional discrete covariate vector

denoted as X = (X1, · · · , Xp)
⊤, where Xj = 1(Zj ≥ αj) with (Z1, · · · , Zp)⊤

d∼ N (0p,Ω
−1).

Here, Ω = (Ωi,j)i,j∈[p] ∈ Rp×p with Ωi,j = ρ|i−j|1{|i− j| ≤ 5} for some AR(1) correlation ρ ∈

[0, 1), and (α1, · · · , αp) are a sequence of p cutoff points evenly located on [−1, 1]. Based on

this covariate setup, we evaluate the performance of the two moments matched approximate

Gaussian knockoffs (i.e., the second-order Gaussian knockoffs) under two distinct models for

generating response variable Y : the linear model and the nonlinear model, as detailed below.
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Setting 1. Let Y = X⊤β + ε, where ε
d∼ N (0, 1) and the true coefficient vector β ∈ Rp is

sparse with 40 nonzero components randomly distributed in [p] and generated from {±3}.

Setting 2. Let Y = 5(|X⊤β|)1/2 tanh(X⊤β)+ε with ε and β set similarly as in Setting 1. The

Setting 2 model lies outside the scope of our current debiased Lasso theory, but we include

it to assess the robustness of Gaussian knockoffs under outcome-model misspecification.

We consider two constructions of the knockoff statistics: one based on the marginal

correlation (MC) difference and the other based on the debiased Lasso (DL) coefficient

difference. The regularization parameters involved in the DL regression are selected via the

10-fold cross-validation procedure. When the AR(1) correlation ρ = 0, the exact true mean

and covariance of covariates are applied to generate the approximate Gaussian knockoffs. For

ρ > 0, due to the challenge in computing the exact true covariance matrix of covariates, we

apply the out-of-sample estimation of the mean and covariance with sufficient (105) training

observations of covariates. Tables 2 and 3 present the simulation results for the FDR and

power of the approximate knockoffs inference under various combinations of (n, p) and ρ for

Settings 1 and 2, respectively. The simulation results indicate that the Gaussian knockoffs

with matched first two moments generally leads to desired FDR control across all settings–

aligning with our theoretical results. Results from Setting 2 demonstrate that even in the

misspecified outcome-model scenario, the procedure remains robust; exploring companion

theoretical guarantees is a valuable direction for future work.

We include additional simulation results in Section A of the Supplementary Material

to demonstrate the performance of the Gaussian knockoffs generator when the first two

moments are estimated in sample. Overall, we observe that the knockoff statistic constructed

from the debiased Lasso regression coefficient difference provides more robust FDR control

29



Table 2: The empirical FDR (power) for the Gaussian knockoffs under Setting 1, with
targeted FDR level q = 0.2. Results are averaged over 100 replications.

ρ

(n, p)
Statistics (150, 300) (300, 300) (300, 600) (600, 600)

0
MC 0.168 (0.143) 0.176 (0.525) 0.180 (0.364) 0.183 (0.799)

DL 0.199 (0.602) 0.185 (1) 0.208 (1) 0.189 (1)

0.3
MC 0.146 (0.127) 0.193 (0.503) 0.188 (0.380) 0.216 (0.798)

DL 0.177 (0.625) 0.207 (1) 0.197 (1) 0.198 (1)

0.7
MC 0.120 (0.084) 0.174 (0.303) 0.194 (0.221) 0.190 (0.617)

DL 0.175 (0.657) 0.181 (1) 0.184 (1) 0.192 (1)

Table 3: The empirical FDR (power) for the Gaussian knockoffs under Setting 2, with
targeted FDR level q = 0.2. Results are averaged over 100 replications.

ρ

(n, p)
Statistics (150, 300) (300, 300) (300, 600) (600, 600)

0
MC 0.163 (0.136) 0.175 (0.468) 0.176 (0.300) 0.183 (0.734)

DL 0.190 (0.365) 0.212 (0.999) 0.195 (0.934) 0.201 (1)

0.3
MC 0.128 (0.107) 0.188 (0.452) 0.180 (0.289) 0.197 (0.721)

DL 0.153 (0.338) 0.194 (0.998) 0.186 (0.929) 0.185 (1)

0.7
MC 0.143 (0.068) 0.184 (0.264) 0.164 (0.155) 0.200 (0.542)

DL 0.156 (0.326) 0.194 (0.996) 0.192 (0.906) 0.186 (1)

than the marginal correlation based knockoff statistic. This observation aligns with the

theoretical results in Fan et al. (2025) that the marginal correlation statistics are of lower

quality and less robust.

4.2 Semisynthetic data application

In this section, we provide details of the results presented in Table 1 in the Introduction. The

data set contains information of genetic mutations and the drug resistance for seven PI-type

drugs: APV, ATV, IDV, LPV, NFV, RTV, and SQV. We will select the associated mutations

for each drug. The design matrix X = (Xi,j) consists of binary entries and encodes the

mutation information, where Xi,j = 1 if mutation #j is present in the ith observation and

Xi,j = 0 otherwise. The response variable Yi is defined as the log-fold increase of lab-tested
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drug resistance in the ith sample. Following the pre-processing steps in Barber and Candès

(2015), for the data set of each drug, we remove the observations with missing Y values

and exclude the mutations (i.e., corresponding columns in the design matrix) that appear

less than 3 times in the entire sample. After the pre-processing procedure, the numbers of

observations (n) and genetic mutations (p) vary across drugs: APV (n = 767, p = 201),

ATV (n = 328, p = 147), IDV (n = 825, p = 206), LPV (n = 515, p = 184), NFV (n = 842,

p = 207), RTV (n = 793, p = 205), and SQV (n = 824, p = 206).

Following Barber and Candès (2015), we adopt the mutation positions identified in the

treatment-selected mutation (TSM) panel for the PI-type drugs as the groundtruth for calcu-

lating the FDR and power. We subsample 200 observations from the entire data set and run

100 replications. It is seen that for most drugs we have dimensionality exceeding the sample

size n = 200. The approximate knockoffs procedure with second-order Gaussian knockoffs

is applied to the subsampled data in each replication, and the empirical FDR and power are

obtained by averaging over 100 replications. The target FDR level is set as q = 0.2.

Table 1 summarizes FDR and power for three knockoff statistics: marginal correlation

difference (MC), regression coefficient difference with debiased Lasso (DL), and distance

correlation difference (DC). MC and DL measure linear association, while DC captures both

linear and nonlinear dependence (Székely et al., 2007; Gao et al., 2021). All three methods

generally control the FDR at the target level q = 0.2 in most cases. MC has slightly inflated

FDR in a few cases, but the violation can be considered minor when accounting for the

Monte Carlo error. DL controls the FDR in all cases but exhibits the lowest power among

the three methods, while DC achieves the highest power. These results suggest that the

dependence between the drug resistance and associated mutations can be highly nonlinear.

Overall, we observe from this semisynthetic data application that the approximate knockoffs
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procedure using Gaussian knockoffs with two-moment matching can achieve effective FDR

control in practice. Finally, we emphasize that the relatively low power is also due to the

small subsample size (n = 200).

5 Discussions

We have developed a unified theoretical framework for studying the asymptotic FDR con-

trol of the approximate knockoffs procedure that generates knockoff variables using a user-

specified covariate distribution. We have focused on a widely used knockoff variable genera-

tion method: the Gaussian knockoffs generator based on the first two moments matching of

covariates. With such Gaussian knockoff variables, using our unified theoretical framework,

we have formally verified that some commonly used knockoff statistics, constructed based

on matching the first two moments of data, can achieve asymptotic FDR control. While our

formal results assume mainly known first two population moments in generating Gaussian

knockoff variables, our theory can be extended to scenarios when moments are estimated.

In Section B of the Supplementary Material, we have considered both light-tailed and

heavy-tailed covariates, where for the latter, we need to assume p ≪
√
n. We conjecture

that if a robust construction of knockoff statistics (with respect to the tail distribution) is

exploited, the dimensionality constraint can be relaxed. We leave this for future investigation.

Based on our study, we recommend the following approach for practitioners using model-X

knockoffs: (i) first select the knockoff statistic Ŵj that best suits the application, and (ii)

if Ŵj depends on the first m moments of data, generate the knockoff variables X̂ using

m-moments matching. The theoretical justification of such procedure with general m is left

for future research.
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6 Data availability statement

The data that support the findings of this study are openly available in HIV Drug Resistance

Database at https://hivdb.stanford.edu/pages/published analysis/genophenoPNAS2006/.
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Supplementary Material to “Asymptotic FDR Control

with Model-X Knockoffs: Is Moments Matching

Sufficient?”

Yingying Fan, Lan Gao, Jinchi Lv and Xiaocong Xu

This Supplementary Material contains additional simulation results and all the technical

proofs as well as detailed derivations for the theoretical results. Section A provides simulation

results when the first two moments of covariates are estimated in sample. In Section B, we

treat the warm-up case of marginal correlation knockoff statistics under independent features,

and also discuss the extension to heavy-tailed covariates. Section C presents the proofs for

Section B (marginal correlation), Section D presents the proofs for Section 3.2 (ordinary least

squares), Section E presents the proofs for Section 3.3 (debiased Lasso) and Example 1, and

Section F presents the proofs for Sections 3.4. Further, Section G includes additional proofs

and some additional technical details, including the proof of Example 3 and a signal-driven

relaxation of the block-independence assumption for marginal-correlation statistics.

Additional notation. For any two integers m,n, let [m : n] ≡ {m,m+ 1, · · · , n}. For a ∈

R, let a± ≡ (±a)∨ 0. For vectors x = (xi) and y = (yi) ∈ Rn, let ⟨x, y⟩ ≡ x⊤y =
∑

i∈[n] xiyi.

We use {ek} to denote the canonical basis of the Euclidean space, whose dimensionality

should be self-clear from the context. For a random variable X, we use PX ,EX (respec-

tively, PX ,EX) to indicate that the probability and expectation are taken with respect to X

(respectively, conditional on X).

A Simulation results under estimated moments

In this section, we extend the simulation study from Section 4.1 to a setting when the approx-

imate Gaussian knockoffs are generated using in-sample estimates of the first two moments of

the covariates. Specifically, we employ the commonly used group Lasso approach to estimate
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Table 4: The empirical FDR (power) for the Gaussian knockoffs with in-sample estimated
moments under Setting 1, with targeted FDR level q = 0.2. Results are averaged over 100
replications.

ρ
(n, p)

Statistics (150, 300) (300, 300) (300, 600) (600, 600)

0
MC 0.159 (0.147) 0.170 (0.509) 0.183 (0.394) 0.188 (0.795)
DL 0.186 (0.706) 0.190 (1) 0.211 (1) 0.187 (1)

0.3
MC 0.183 (0.149) 0.203 (0.526) 0.190 (0.390) 0.226 (0.829)
DL 0.184 (0.698) 0.196 (1) 0.196 (1) 0.185 (1)

0.7
MC 0.188 (0.128) 0.260 (0.481) 0.243 (0.353) 0.315 (0.784)
DL 0.201 (0.754) 0.220 (1) 0.195 (1) 0.226 (1)

the precision matrix Ω, implemented via the R package “CVglasso”, with the regularization

parameters selected by the 5-fold cross-validation. The covariate design remains the same

as in Section 4.1. Simulation results under model settings 1 and 2 are presented in Tables 4

and 5, respectively.

Parameter ρ controls the dependence strength among covariates. When the dependence

is weak (e.g., ρ = 0 or ρ = 0.3), both marginal correlation and debiased Lasso knockoff

statistics exhibit FDR control at the target level q = 0.2 across most settings, with only

slight infaltion in a few settings likely due to the Monte Carlo error. Under stronger depen-

dence (e.g., ρ = 0.7), the debiased Lasso knockoff statistic remains stable in the asymptotic

FDR control, whereas the marginal correlation knockoff statistic can fail to control the FDR.

Such phenomenon arises because marginal correlation becomes inaccurate in measuring co-

variate importance in the presence of covariate dependency. This observation aligns with the

theoretical findings in Fan et al. (2025) that when covariates are dependent and the approx-

imate knockoff variables are generated based on in-sample estimated covariate distribution,

the marginal correlation knockoff statistics may lose the asymptotic FDR control. Over-

all, the simulation results suggest that the knockoff statistic constructed from the debiased

Lasso regression coefficient difference provides more robust FDR control than the marginal

correlation based knockoff statistic.
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Table 5: The empirical FDR (power) for the Gaussian knockoffs with in-sample estimated
moments under Setting 2, with targeted FDR level q = 0.2. Results are averaged over 100
replications.

ρ
(n, p)

Statistics (150, 300) (300, 300) (300, 600) (600, 600)

0
MC 0.127 (0.109) 0.174 (0.467) 0.186 (0.345) 0.190 (0.754)
DL 0.172 (0.370) 0.176 (0.998) 0.193 (0.987) 0.178 (1)

0.3
MC 0.172 (0.128) 0.227 (0.496) 0.187 (0.337) 0.212 (0.792)
DL 0.157 (0.362) 0.203 (0.996) 0.192 (0.981) 0.197 (1)

0.7
MC 0.171 (0.103) 0.252 (0.407) 0.224 (0.284) 0.307 (0.734)
DL 0.176 (0.342) 0.229 (0.99) 0.188 (0.965) 0.217 (1)

B Marginal correlation knockoff statistics with inde-

pendent features

We begin with a warm-up case when X consists of independent features. The proofs of

the results in this section are deferred to Section C. The dependent feature case treated in

Section 3.1 uses the same framework, and its proof appears in Section G.5.

Let σj ≡ Var1/2(Xj) for each j ∈ [p]. For the independent case, it holds that ΣX =

diag({σ2
j}j∈[p]), and we may simply set r = (σ2

1, · · · , σ2
p)

⊤ in (2). In this setting, the knockoff

variable matrix X̂ is given by X̂ = Q̂Σ
1/2
X , where Q̂ ∈ Rn×p consists of i.i.d. N (0, 1) entries

that are independent of X and Y . Recall that the knockoff statistic based on the marginal

correlation difference is defined as

Ŵj ≡
|X⊤

·,jY |
∥Y ∥

−
|X̂⊤

·,jY |
∥Y ∥

, j ∈ [p],

We impose the following moment conditions:

(C1) The response Y is sub-exponential with cY ≤ EY 2 ≤ c−1
Y . The covariate X is centered,

has covariance matrix ΣX , and its coordinates are independent and uniformly sub-

exponential.

(C2) σ1, · · · , σp ∈ [M−1,M] for some constant M > 0.
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Under conditions (C1) and (C2), a central limit theorem heuristic implies that conditional

on Y , for each j ∈ H0, (
X⊤

·,jY /∥Y ∥
X̂⊤

·,jY /∥Y ∥

)
d
≈ N

(
0, σ2

j I2
)
.

The invariance of the covariance structure in (5) is reflected here by the equality that

Var
(X⊤

·,jY

∥Y ∥ |Y
)
= Var

( X̂⊤
·,jY

∥Y ∥ |Y
)
= σ2

j . Consequently, we expect that for each j ∈ H0,

P(Ŵj ≥ t) ≈ Pj(t) ≡ P(G1,G2)⊤∼N (0,σ2
j I2)

(|G1| − |G2| ≥ t)

= P(G1,G2)⊤∼N (0,σ2
j I2)

(|G1| − |G2| ≤ −t) ≈ P(Ŵj ≤ −t),

which leads to the verification of condition (1) in Theorem 1.

The proposition below, analogous to Proposition 1, establishes a concentration result for

the approximate knockoff statistics and quantifies the signal strength.

Proposition 4. Assume that conditions (C1) and (C2) are satisfied. Then if log p = o(
√
n),

there exists some constant C = C(cY ,M) > 0 such that for each j ∈ [p],

P
(∣∣Ŵj −wj

∣∣ ≥ Cδn
)
≤ p−10 + exp(−nE2 Y 2/C),

where wj ≡
√
n|EXjY |/E1/2 Y 2 and δn ≡ log p

E1/2 Y 2 +
log2 p√
nEY 2

.

To ensure robust performance, we impose the following conditions on the class of approx-

imate knockoff statistics:

(C3) For a sufficiently large constant C > 0 independent of n, an ≡ #{j ∈ H1 : wj ≥

Cδn} → ∞.

(C4) For any q ∈ (0, 1), (qan)
−1
∑

j∈H1
P(Ŵj < −P−1( qan

2p
)) → 0.

The sub-exponential tail assumption in condition (C1) rules out the t-distribution in

Example 2. Yet, simulation studies as in Fan et al. (2025) show that the approximate

knockoffs procedure achieves the FDR control even when the degrees of freedom for the
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t-distribution is as small as q = 5. Motivated by this, we extend our theoretical analysis to

establish asymptotic FDR control for heavy-tailed covariates. To this end, we introduce the

following conditions tailored for heavy-tailed settings:

(C1’) The response Y is sub-exponential with cY ≤ EY 2 ≤ c−1
Y . The covariate X is centered,

has covariance matrix ΣX , and its coordinates are independent with uniformly bounded

moments of order greater than q.

(C3’) For a sufficiently large constant C > 0 independent of n, an ≡ #{j ∈ H1 : wj ≥

Cδn;q} → ∞. Here, δn;q ≡ p2/q log p

E1/2 Y 2 + p2/q log2 p√
nEY 2

.

We are now ready to present the result for the asymptotic FDR control of marginal

correlation knockoff statistics with independent features.

Theorem 6. Assume that either of the following conditions holds:

1) Conditions (C1)–(C4) hold and log p = o(nc) for some small enough constant c > 0.

2) Conditions (C1’) and (C3’) hold for some q ≥ 3, conditions (C2) and (C4) hold, and

p log n = o(
√
n).

Then for any q ∈ (0, 1), conditions (1)–(3) in Theorem 1 are satisfied for αn = P−1
(
qan
2p

)
.

Consequently, for Ŝ = {j ∈ [p] : Ŵj ≥ Tq}, we have

plim sup
n→∞

FDP(Ŝ) ≤ q and lim sup
n→∞

FDR(Ŝ) ≤ q.

Remark 4. In the heavy-tailed setting, additional requirements are imposed compared to the

light-tailed case:

1. Condition (C3’) requires that the signal strength increases as the tails of the entries

in the knockoffs data matrix become heavier. Technically, heavier tails introduce larger

variation in the knockoff statistics Ŵj’s, making it more challenging to distinguish

true signals from the noise, and as a consequence, makes it difficult to derive a suitable
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localization for threshold Tq. Imposing a stronger signal-strength condition restores this

localization and ensures asymptotic control of the FDP (and hence the FDR).

2. The restriction of p log n = o(
√
n) limits the allowable growth of p relative to n. This

condition arises because the moderate deviation result for Ŵj’s used in the light-tailed

case (e.g., Theorem 7 in Section C.2) may not hold for heavy-tailed distributions. In-

stead, we have to rely on the Berry–Esseen Theorem to prove condition (1) in Theorem

1, which is evidently less precise than the moderate deviation result when t is moder-

ately large, specifically for t = Θ(log p). We conjecture that if a robust construction of

Ŵj’s (with respect to heavy tails) is used, the dimensionality assumption here can be

further relaxed. We leave this for future investigation.

The corollary below is to formally justify the asymptotic FDR control using Gaussian

knockoffs in the settings presented in Examples 1 and 2 in Section 2.3.

Corollary 1. Assume that Y is sub-exponential and either of the following holds:

1. X1, · · · , Xp are i.i.d. Rademacher random variables, conditions (C3) and (C4) are

satisfied, and log p = o(nc) for some small enough constant c > 0.

2. X1, · · · , Xp are i.i.d. t-distributed random variables with ν > 3 degrees of freedom. For

some q ∈ [3, ν), conditions (C3’) and (C4) are satisfied, and p log n = o(
√
n).

Then for Ŝ = {j ∈ [p] : Ŵj ≥ Tq}, we have

plim sup
n→∞

FDP(Ŝ) ≤ q and lim sup
n→∞

FDR(Ŝ) ≤ q.

Note that in the t-distribution case using marginal correlation knockoff statistics, al-

though our theory can accommodate finite q, Corollary 1 above requires p log n = o(
√
n).

In comparison, Fan et al. (2025) can handle the high-dimensional regime of p≫ n by using

the coupling technique. This tradeoff between the range of allowable q and p reflects the

inherent challenges in balancing tail robustness and dimensional scalability, highlighting the

6



complementary strengths of the coupling proof technique in Fan et al. (2025) and our new

theoretical framework here.

C Proofs for Section B (marginal correlation)

Recall that in the case of marginal correlation knockoff statistics, for any j ∈ H0 and t ≥ 0,

Pj(t) ≡ P(G1,G2)⊤∼N (0,σ2
j I2)

(|G1| − |G2| ≥ t), and for any x ∈ [0, 1/2], P−1(x) ≡ sup{t ≥ 0 :

P(t) ≥ x} with P(t) ≡ |H0|−1
∑

j∈H0
Pj(t).

C.1 Proof of Proposition 4

Note that from Lemma 31 in Section G.9, we have

P
(
E1 ≡

{
∥Y ∥2 ≥ nEY 2/2

})
≥ 1− exp(−nE2 Y 2/C),

where positive constant C is a universal constant whose value may change from line to line

hereafter. By the concentration of the norm for the sub-exponential random vector (Sambale,

2023, Proposition 2.2), it holds that

P
(
E2 ≡

{∣∣∥Y ∥ −
√
nE1/2 Y 2

∣∣ ≤ C log p
})

≥ 1− p−10.

Since Xi,jYi and X̂i,jYi are both 1/2-sub-exponential random variables, we can again apply

the concentration inequality for 1/2-sub-exponential random variables, cf. (Götze et al.,

2021, Corollary 1.4), to derive that for log p = o(
√
n),

P

(
E3 ≡

{∣∣n−1X⊤
·,jY − EXjY

∣∣ ∨ ∣∣n−1X̂⊤
·,jY − E X̂jY

∣∣ ≤ C
log p√
n

})
≥ 1− p−10.

Hence, on event E1 ∩ E2 ∩ E3, we can deduce that∣∣∣∣ |X⊤
·,jY |

∥Y ∥
−

√
n · |EXjY |
E1/2 Y 2

∣∣∣∣
=

∣∣∣∣n−1/2|X⊤
·,jY | −

√
n · |EXjY |

E1/2 Y 2

∣∣∣∣+ |X⊤
·,jY | ·

∣∣∥Y ∥ −
√
nE1/2 Y 2

∣∣
√
n∥Y ∥ · E1/2 Y 2

7



≤ C log p

E1/2 Y 2
+ (n · |EXjY |+ C

√
n log p) · C log p

nEY 2

≤ C log p ·
(

1

E1/2 Y 2
+

|EXjY |+ log p/
√
n

EY 2

)
≤ C log p ·

(
1

E1/2 Y 2
+

E1/2X2
j E

1/2 Y 2 + log p/
√
n

EY 2

)
≤ C log p ·

(
1

E1/2 Y 2
+

log p√
nEY 2

)
.

Similarly, we can obtain that on event E1 ∩ E2 ∩ E3,

|X̂⊤
·,jY |

∥Y ∥
=

∣∣∣∣ |X̂⊤
·,jY |

∥Y ∥
−

√
n · |E X̂jY |
E1/2 Y 2

∣∣∣∣ ≤ C log p ·
(

1

E1/2 Y 2
+

log p√
nEY 2

)
,

where in the first step above, we have used the fact that for each j ∈ [p], X̂j is independent

of Y and E X̂j = 0, so E X̂jY = 0. The conclusion now follows from an application of the

triangle inequality, which completes the proof of Proposition 4.

C.2 Proof of Theorem 6: light-tailed case

The results presented below are established under the assumption of log p = o(nc) for some

c ∈ (0, 1/50), and this assumption will not be reiterated further. The proof of Theorem

6 for the light-tailed case relies on three key steps: the distributional approximation, the

approximation for indicator functions, and the localization of Tq. These three steps verify

the three conditions in Theorem 1. We present the intermediate results for these steps here,

while the proofs of these results are deferred to Section G.1.

Distributional approximation

We will first establish the asymptotic approximate symmetry property (i.e., condition (1) in

Theorem 1) of Ŵj for j ∈ H0.

Theorem 7. Assume that conditions (C1) and (C2) are satisfied. For each j ∈ H0, it

holds that for W ∈ {Ŵ ,−Ŵ }, there exists some constant C = C(cY ,M) > 0 such that for

8



n ∧ p ≥ C and t ∈ (0, n1/7/C),∣∣∣∣P
(
Wj ≥ t

)
Pj(t)

− 1

∣∣∣∣ ≤ C

(
(1 + t3) log3(np)√

n
+

p−10

Pj(t)

)
.

Remark 5. The probability estimate p−10 above can be replaced with p−D for any D > 0.

The cost will be a possibly enlarged constant C that depends further on D. This convention

applies to other statements in the following sections where the probability estimates p−10,

n−10 appear.

An important consequence of the moderate deviation result in Theorem 7 above is that

both P(Ŵj ≥ t) and P(Ŵj ≤ −t) are approximated by the same quantity Pj(t). This

suggests that while Ŵj is not perfectly symmetric, it exhibits the asymptotic approximate

symmetry over a broad range, as formalized in the corollary below.

Corollary 2. Assume that conditions (C1) and (C2) hold. Let αn ≤ 1/2 satisfy P−1(αn) =

o(n1/7) and p10αn → ∞ as n ∧ p→ ∞. Then we have

sup
t∈(0,P−1(αn)]

∣∣∣∣
∑

j∈H0
P
(
Ŵj ≥ t

)∑
j∈H0

P
(
Ŵj ≤ −t

) − 1

∣∣∣∣ = o(1).

Corollary 2 above states that Ŵj admits the asymptotic approximate symmetry for

t ∈ (0,P−1(αn)]. The upper bound for t is carefully chosen to ensure that p−10/P(t) = o(1)

within this range. As will be clear later, under additional conditions (C3) and (C4), it

can be shown that Tq is localized within this domain for some αn ≍ an/p with asymptotic

probability 1. Consequently, this range is sufficient for achieving the goal of asymptotic FDR

control.

Approximation for indicator functions

As outlined in the general framework for the asymptotic FDR control in Theorem 1, we will

approximate the indicator functions using the tail probabilities of the knockoff statistics.

This approximation then enables the use of Corollary 2 to prove asymptotic FDR control.

The lemma below establishes the validity of this approximation.
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Lemma 1. Assume that conditions (C1)–(C3) hold. Let αn ≤ 1/2 satisfy P−1(αn) = o(n1/7)

and pαn → ∞ as n ∧ p→ ∞. Then we have that for # ∈ {+,−},

sup
t∈(0,P−1(αn)]

∣∣∣∣
∑

j∈H0
1{#Ŵj ≥ t}∑

j∈H0
P(#Ŵj ≥ t)

− 1

∣∣∣∣ = oP(1).

The proof of Lemma 1 above builds upon the approach used in (Fan et al., 2025, Lemma

3), which focuses on bounding Var(
∑

j∈H0
1{#Ŵj ≥ t}). At a high level, this involves

exploring the weak dependency between Ŵj and Ŵℓ for j ̸= ℓ. A natural strategy is

to approximate Ŵj with statistics that have explicit distributional properties, making the

analysis more tractable. While Fan et al. (2025) frequently employed coupling to replace

P(#Ŵj ≥ t) with the tail probability of the perfect knockoff statistic, a critical technical

modification here is the approximation of P(#Ŵj ≥ t) by Pj(t). This shifts the focus from

analyzing the weak dependency of Ŵj and Ŵℓ to studying the weak dependency between

Gaussian random variables, which facilitates obtaining the desired result.

Localization of Tq

Lemma 2. Assume that conditions (C1)–(C4) hold. Then for any q ∈ (0, 1), if log p = o(nc)

for some small enough constant c > 0, we have that P−1
(
qan
2p

)
= O(log p) and

P
(
Tq > P−1

(
qan
2p

))
= o(1).

We are now ready to prove Theorem 6 for the light-tailed case. Building on the asymptotic

approximate symmetry for Ŵj (cf. Corollary 2), the approximation of indicator functions

(cf. Lemma 1), and the localization of Tq (cf. Lemma 2), the three conditions in Theorem

1 follow immediately, and thus the asymptotic FDR control is proved. This completes the

proof of Theorem 6 for the light-tailed case.
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C.3 Proof of Theorem 6: heavy-tailed case

As in the light-tailed case, we present the intermediate results for the distributional approx-

imation, the approximation for indicator functions, and the localization of Tq here. These

results verify the three conditions in Theorem 1 and thus establish the asymptotic FDR

control. The proofs of these intermediate results are deferred to Section G.2.

Distributional approximation

Theorem 8. Assume that conditions (C1’) and (C2) hold for some q ≥ 3. For any j ∈ H0,

it holds that for W ∈ {Ŵ ,−Ŵ }, there exists some constant C = C(cY ,M, q) > 0 such that

for n ≥ C,

sup
t∈R

∣∣P (Wj ≥ t
)
− Pj(t)

∣∣ ≤ C
log n√
n
.

An immediate corollary is the following asymptotic approximate symmetry property of

Ŵj’s.

Corollary 3. Assume that conditions (C1’) and (C2) hold for some q ≥ 3. Then there

exists some constant C = C(cY ,M, q) > 0 such that for n ≥ C and any αn ∈ (0, 1/2],

sup
t∈(0,P−1(αn)]

{∣∣∣∣ |H0|−1
∑

j∈H0
P(Ŵj ≥ t)

P(t)
− 1

∣∣∣∣ ∨ ∣∣∣∣ |H0|−1
∑

j∈H0
P(Ŵj ≤ −t)

P(t)
− 1

∣∣∣∣
}

≤ C
log n√
nαn

.

Approximation for indicator functions and localization of Tq

Recall that for any j ∈ [p], wj ≡
√
n|EXjY |/E1/2 Y 2. We now present a weaker concentra-

tion result for the knockoff statistics, in comparison to Proposition 4.

Proposition 5. Assume that conditions (C1’) and (C2) hold for some q ≥ 3. Then there

exists some constant C = C(cY ,M, q) > 0 such that for any j ∈ [p],

P
(∣∣Ŵj −wj

∣∣ ≥ Cδn;q

)
≤ p−2 + exp(−nE2 Y 2/C),

where δn;q ≡ p2/q log p

E1/2 Y 2 + p2/q log2 p√
nEY 2

.
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As discussed in Section 2, achieving the FDR control relies critically on the localization

of Tq. To maintain this localization, we need the signal strength to increase as the tails of

the entries in the knockoffs data matrix become heavier, as formalized in condition (C3’).

Lemma 3. Assume that conditions (C1’) and (C3’) hold for some q ≥ 3, and conditions

(C2) and (C4) hold. Then for any q ∈ (0, 1), if p log n = o(
√
n) we have that

P
(
Tq > P−1

(
qan
2p

))
= o(1), (A.1)

and for # ∈ {+,−},

sup
t∈
(
0,P−1

(
qan
2p

)] ∣∣∣∣
∑

j∈H0
1{#Ŵj ≥ t}∑

j∈H0
P(#Ŵj ≥ t)

− 1

∣∣∣∣ = oP(1). (A.2)

The proof of Lemma 3 above follows similar arguments as for the light-tailed case. For

brevity, we omit the full proof and instead provide a proof sketch in Section G.2.3.

Finally, we can prove Theorem 6 for the heavy-tailed case. The asymptotic FDR control

follows from Theorem 1, upon noting that the asymptotic approximate symmetry for Ŵj, the

approximation of indicator functions, and the localization of Tq are satisfied; see Corollary

3 and Lemma 3. This completes the proof of Theorem 6 for the heavy-tailed case.

D Proofs for Section 3.2 (ordinary least squares)

Recall that for knockoff statistics based on the differences in regression coefficients estimated

using the OLS estimator, for any j ∈ H0 and t ≥ 0,

Pj(t) ≡ P
(G1,G2)⊤∼N (0,σ2

ξΣ
(j)
n )

(
|G1| − |G2| ≥ t

)
,

where Σ
(j)
n ≡ (1 − 2p/n)−1[Σ−1]{j,j+p},{j,j+p}. For any x ∈ [0, 1/2], P−1(x) ≡ sup{t ≥ 0 :

P(t) ≥ x} with P(t) ≡ |H0|−1
∑

j∈H0
Pj(t).

For notational simplicity, let us write Ẑ ≡ Ẑ/
√
n, Q̂ ≡ Q̂/

√
n. By introducing the

augmented coefficient vector βau
∗ = (β⊤

∗ , 0
⊤
p )

⊤ ∈ R2p, we can rewrite that

β̂LS
j =

√
nβau

∗,j + e⊤j (Ẑ
⊤Ẑ)−1Ẑ⊤ξ, j ∈ [2p]. (A.3)
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We will mostly use this form in the technical analysis below.

D.1 Proof of Proposition 2

We will apply the following form of Hanson–Wright inequality, taken from Rudelson and

Vershynin (2013) and Adamczak (2015).

Lemma 4. Assume that conditions (O2)–(O3) hold. Then there exists a universal constant

C > 0 such that for any matrix A ∈ R2p×2p, i ∈ [n], and t > 0,

P
(∣∣Ẑ⊤

i,·AẐi,· − tr(ΣA)
∣∣ ≥ t

)
≤ 2 exp

{
− Cmin

(
t2

c4L∥Σ1/2AΣ1/2∥2F
,

t

c2L∥Σ1/2AΣ1/2∥op

)}
.

The following result is a direct consequence of (Pillai and Yin, 2014, Theorem 3.6).

Lemma 5. Assume that conditions (O1)–(O3) hold. Then for any large constant D > 0,

there exists some constant C = C(M, τ, cL, D) > 0 such that for any n ≥ C,

P
(
C−1 ≤ λmin(Ẑ

⊤Ẑ) ≤ λmax(Ẑ
⊤Ẑ) ≤ C

)
≥ 1− Cn−D.

Lemma 6. Assume that conditions (O1)–(O3) hold. Then there exists some constant C =

C(M, τ, cL) > 0 such that for any p ≥ C,

P
(∣∣e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ξ

∣∣ ≥ C
√

log p
)
≤ Cp−10, j ∈ [2p].

Proof of Lemma 6. Observe that by the general Hoeffding’s inequality, it holds that for some

c = c(M) > 0,

PẐ
(∣∣e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ξ

∣∣ ≥ t
)
≤ 2 exp

(
− ct2

e⊤j (Ẑ
⊤Ẑ)−1ej

)
.

An application of Lemma 5 and the law of total probability leads to

P
(∣∣e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ξ

∣∣ ≥ t
)
≤ EẐ

[
PẐ
(∣∣e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ξ

∣∣ ≥ t
)
1{λmin(Ẑ

⊤Ẑ) ≥ C−1}
]

+ EẐ

[
PẐ
(∣∣e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ξ

∣∣ ≥ t
)
1{λmin(Ẑ

⊤Ẑ) < C−1}
]
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≤ 2 exp

(
− ct2

C

)
+ Cn−10,

where C is the constant in Lemma 5. The claim follows by setting t = C ′√log p for some

large enough C ′ = C ′(M, τ, cL) > 0 and adjusting constants, which completes the proof of

Lemma 6.

Recall from (A.3) that for j ∈ [2p],

β̂LS
j =

√
nβau

∗,j + e⊤j (Ẑ
⊤Ẑ)−1Ẑ⊤ξ.

Using the facts that βau
∗,j = β∗,j for j ∈ [p] and βau

∗,j = 0 for j ∈ [p + 1 : 2p], we can rewrite

the knockoff statistics Ŵj as

Ŵj = |
√
nβ∗,j + e⊤j (Ẑ

⊤Ẑ)−1Ẑ⊤ξ| − |e⊤j+p(Ẑ⊤Ẑ)−1Ẑ⊤ξ|.

Therefore, we can obtain that

∣∣Ŵj −
√
n|β∗,j|

∣∣ ≤ |e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ξ|+ |e⊤j+p(Ẑ⊤Ẑ)−1Ẑ⊤ξ|.

The conclusion follows immediately from Lemma 6, which completes the proof of Proposition

2.

D.2 Proof of Theorem 3

We present the intermediate results for the distributional approximation, the approximation

for indicator functions, and the localization of Tq here, while the proofs of these results are

deferred to Section G.3.

Distributional approximation

Recall that for any t > 0, P(t) = |H0|−1
∑

j∈H0
Pj(t), and for any x ∈ [0, 1/2], its inverse

function P−1(x) = sup{t ≥ 0 : P(t) ≥ x}.
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Theorem 9. Assume that conditions (O1)–(O3) hold. For any j ∈ H0, it holds that for any

sufficiently small δ > 0 and W ∈ {Ŵ ,−Ŵ }, there exists some constant C = C(M, τ, cL, δ) >

0 such that for n ≥ C and t ∈ (0, n1/7/C),∣∣∣∣P
(
Wj ≥ t

)
Pj(t)

− 1

∣∣∣∣ ≤ C

(
(1 + t3)nδ log n√

n
+

p−10

Pj(t)

)
.

The asymptotic approximate symmetry for Ŵj follows directly from Theorem 9 above.

Corollary 4. Assume that conditions (O1)–(O3) hold. Let αn ≤ 1/2 satisfy P−1(αn) =

o(n1/7) and p10αn → ∞ as n→ ∞. Then we have

sup
t∈(0,P−1(αn)]

∣∣∣∣
∑

j∈H0
P
(
Ŵj ≥ t

)∑
j∈H0

P
(
Ŵj ≤ −t

) − 1

∣∣∣∣ = o(1).

Approximation for indicator functions

Lemma 7. Assume that conditions (O1)–(O3) hold. Let αn ≤ 1/2 satisfy P−1(αn) = o(n1/7)

and pαn/(mn + 1) → ∞ as n→ ∞. Then we have that for # ∈ {+,−},

sup
t∈(0,P−1(αn)]

∣∣∣∣
∑

j∈H0
1{#Ŵj ≥ t}∑

j∈H0
P(#Ŵj ≥ t)

− 1

∣∣∣∣ = oP(1).

Under conditions (O4) and (O5) on the signal strength, as we will show later, Tq can be

localized in the interval (0,P−1(αn)] with αn ≍ an/p. In this case, condition pαn/(mn+1) →

∞ simplifies to (mn + 1)/an → 0, which is ensured by condition (O4) and an → ∞.

Localization of Tq

Lemma 8. Assume that conditions (O1)–(O5) hold. Then for any q ∈ (0, 1), we have that

P−1
(
qan
2p

)
= O(log1/2 p) and

P
(
Tq > P−1

(
qan
2p

))
= o(1).

Finally, we are ready to prove Theorem 3. The asymptotic FDR control follows from

Theorem 1, upon noting that the asymptotic approximate symmetry for Ŵj (cf. Corollary

4), the approximation of indicator functions (cf. Lemma 7), and the localization of Tq (cf.

Lemma 8) are satisfied. This completes the proof of Theorem 3.
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E Proofs for Section 3.3 (debiased Lasso), Sections 3.4,

and Example 1

We present the intermediate results for the distributional approximation, the approximation

for indicator functions, and the localization of Tq here, while the proofs of these results are

deferred to Section G.4.

E.1 Proof of Theorem 4

Recall that for knockoff statistics based on the differences in regression coefficients estimated

using the debiased Lasso estimator, for any j ∈ [p] and t > 0,

Pj(t) ≡ P(G1,G2)⊤∼N (0,σ2
ξΣ

(j))

(
|G1| − |G2| ≥ t

)
with Σ(j) ≡ [Σ−1]{j,j+p},{j,j+p}. It follows from (9) that

Pj(t) = P(G1,G2)⊤∼N (0,σ2
ξΣ

(j))

(
|G1| − |G2| ≤ −t

)
.

Recall also that, in the present debiased-Lasso setting, an = #{j ∈ H1 :
√
n|β∗,j| ≫

√
log p}.

Distributional approximation

The same as for the case of the OLS estimator, the key to proving the asymptotic FDR

control is the following moderate deviation result.

Theorem 10. Assume that conditions (O3) and (L1) hold. For any j ∈ H0, it holds that

for W ∈ {Ŵ ,−Ŵ }, there exists some constant C = C(M,C1,C2,C3) > 0 such that for

n ∧ p ≥ C and t ∈
(
0, n1/6/(Cbns log

4(np))1/3 ∧ n1/7/C
)
,∣∣P (Wj ≥ t

)
− Pj(t)

∣∣ ≤ C

((
(1 + t3)bns log

3(np)√
n

)
· Pj(t) + p−8

)
. (A.4)

Consequently, for any q ∈ (0, 1), if(
1 ∨ P−1

(
qan
2p

))3

· bns log
4(np)√
n

= o(1),
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we have

sup
t∈
(
0,P−1

(
qan
2p

)] ∣∣∣∣
∑

j∈H0
P
(
Ŵj ≥ t

)∑
j∈H0

P
(
Ŵj ≤ −t

) − 1

∣∣∣∣ = o(1). (A.5)

Approximation for indicator functions

Recall that for any j ∈ [p],

N(j) =

{
ℓ ∈ H0 \ {j} :

∑
j∈{j,j+p}

(
|[Σ−1]j,ℓ|+ |[Σ−1]j,ℓ+p|

)
̸= 0

}
.

It is easy to see that maxj∈H0|N(j)| ≤ bn.

Lemma 9. Assume that conditions (O3) and (L1) hold, and that mn/an → 0. Then for

any q ∈ (0, 1), if (
1 ∨ P−1

(
qan
2p

))3

· bns log
4(np)√
n

= o(1),

we have that for # ∈ {+,−},

sup
t∈
(
0,P−1

(
qan
2p

)] ∣∣∣∣
∑

j∈H0
1{#Ŵj ≥ t}∑

j∈H0
P(#Ŵj ≥ t)

− 1

∣∣∣∣ = oP(1).

The proof of Lemma 9 above follows similar arguments as those for Lemma 7, with some

book-keeping calculations on the distributional approximation error. We will provide some

details in Section G.4.2.

Localization of Tq

We first record the following concentration result for Ŵj’s in (Fan et al., 2025, Lemma 12).

Lemma 10. Assume that conditions (O3) and (L1) hold. Then if s
√
bn log p/n = o(1),

there exists some constant C = C(M,C1,C2,C3) > 0 such that

∑
j∈[p]

P
(∣∣Ŵj −

√
n|β∗,j|

∣∣ ≥ C
√
log p

)
= o(1).
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With the above concentration on Ŵj’s, an argument as in the proof of Lemma 8 estab-

lishes the following localization of Tq.

Lemma 11. Assume that conditions (O3)–(O5) and (L1) hold. Then for any q ∈ (0, 1), if

s
√
bn log p/n = o(1), we have P−1

(
qan
2p

)
= O(log1/2 p). Furthermore, under the additional

assumption that bns log
7(np)/

√
n = o(1), we have

P
(
Tq > P−1

(
qan
2p

))
= o(1).

Finally, we are able to prove Theorem 4. The asymptotic FDR control follows from

Theorem 1, upon noting that the asymptotic approximate symmetry for Ŵj (cf. Theorem

10), the approximation of indicator functions (cf. Lemma 9), and the localization of Tq (cf.

Lemma 11) are satisfied. This completes the proof of Theorem 4.

E.2 Proof of the claim in Example 1

Note that for any γ ∈ Γ(µ̂, µ̃) and any c1 > 0,

P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
max
j∈[p]

n−1/2∥X̂·,j − X̃·,j∥2 ≥ c1
)

≥ P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
n−1∥X̂·,1 − X̃·,1∥22 ≥ c21

)
. (A.6)

Using the Paley–Zygmund inequality, we can show that

P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
n−1∥X̂·,1 − X̃·,1∥22 ≥

1

2n
E

{(X̂i,·,X̃i,·)}i∈[n]
i.i.d.∼ γ

∥X̂·,1 − X̃·,1∥22
)

≥
n−2 E2

{(X̂i,·,X̃i,·)}i∈[n]
i.i.d.∼ γ

∥X̂·,1 − X̃·,1∥22

4n−2 E
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ
∥X̂·,1 − X̃·,1∥42

. (A.7)

We will provide a lower bound for n−1 E
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ
∥X̂·,1 − X̃·,1∥22. Let µg and µr be

the standard Gaussian distribution and Rademacher distribution, respectively. It holds that

n−1 E
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ
∥X̂·,1 − X̃·,1∥22
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=
1

n

∑
i∈[n]

E(X̂i,·,X̃i,·)∼γ(X̂i,1 − X̃i,1)
2 ≥ W2

2 (µg, µr). (A.8)

The Wasserstein distance between µg and µr can be computed explicitly. Let F−1
g (·) and

F−1
r (·) be the inverse cumulative distribution functions of µg and µr, respectively. It holds

that

W2
2 (µg, µr) =

∫ 1

0

|F−1
g (q)− F−1

r (q)|2dq

=

∫ 1/2

0

|F−1
g (q) + 1|2dq+

∫ 1

1/2

|F−1
g (q)− 1|2dq

=

∫ 0

−∞
|x+ 1|2µg(dx) +

∫ ∞

0

|x− 1|2µg(dx) ≥ c2 (A.9)

for some universal constant c2 > 0. Moreover, it is easy to show that for some universal

constant c3 > 0,

n−2 E
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ
∥X̂·,1 − X̃·,1∥42 ≤ c3. (A.10)

Therefore, by setting c1 in (A.6) as
√
c2/2, we can obtain that

P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
max
j∈[p]

n−1/2∥X̂·,j − X̃·,j∥2 ≥
√

c2/2
)

(A.6)

≥ P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
n−1∥X̂·,1 − X̃·,1∥22 ≥ c2/2

)
(A.8)&(A.9)

≥ P
{(X̂i,·,X̃i,·)}i∈[n]

i.i.d.∼ γ

(
n−1∥X̂·,1 − X̃·,1∥22 ≥

1

2n
E

{(X̂i,·,X̃i,·)}i∈[n]
i.i.d.∼ γ

∥X̂·,1 − X̃·,1∥22
)

(A.7)−(A.10)

≥ c22
4c3

.

The claim follows by adjusting the constants, which completes the proof of the claim in

Example 1.
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F Proofs for Section 3.4

F.1 Proof of Proposition 3

By the definitions of X̂est and the coupled X̂, and the triangle inequality, we can obtain

that

∥X̂est − X̂∥1,2 ≤ ∥1n(µ̂− µ)T Ω̂diag(r)∥1,2 + ∥(X − 1nµ
T )(Ω̂−Ω)diag(r)∥1,2

+ ∥Z(Ŝ1/2
Z − S

1/2
Z )∥1,2

≤ ∥r∥∞ ·
(
∥(X − 1nµ

T )(Ω̂−Ω)∥1,2 + ∥Ω̂T (µ̂− µ)∥∞
)

+max
j∈[p]

n−1/2∥Z(Ŝ1/2
Z − S

1/2
Z )ej∥.

(A.11)

In addition, it follows from the standard concentration inequality for the chi-square random

variables that for any j ∈ [p],

PZ

(
n−1∥Z(S1/2

Z − Ŝ
1/2
Z )ej∥2 ≥ 3∥(S1/2

Z − Ŝ
1/2
Z )ej∥2/2

)
≤ 2 exp

(
− n

32

)
.

An application of Lemma 32 in Section G.9 yields that

∥(S1/2
Z − Ŝ

1/2
Z )ej∥ ≤ ∥S1/2

Z − Ŝ
1/2
Z ∥op = ∥S1/2

Z (ŜZ − SZ)Ŝ
−1
Z + (S

3/2
Z − Ŝ

3/2
Z )Ŝ−1

Z ∥op

≤ ∥S1/2
Z (ŜZ − SZ)Ŝ

−1
Z ∥op + ∥(S3/2

Z − Ŝ
3/2
Z )Ŝ−1

Z ∥op

≤ (c
−1/2
1 c−1

2 + 3c−1
2 (c

−1/2
1 ∨ c

−1/2
2 ))∥ŜZ − SZ∥op

≤ 4(c
−3/2
1 ∨ c

−3/2
2 )∥r∥2∞ · ∥Ω̂− Σ−1

X ∥op.

Therefore, combining the above estimates completes the proof of Proposition 3.

F.2 Proof of Theorem 5 for marginal correlation

The main idea of proof follows the same coupling techniques used in Fan et al. (2025). First,

we observe that

n−1/2max
j∈[p]

|Ŵ est
j − Ŵj| ≤ 2∥µ̂− µ∥∞ + ∥X̂est − X̂∥1,2. (A.12)
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The above upper bound shows that the knockoff statistics and their coupled counterparts

are close. Next we present two key lemmas for the proof. Denote by T est
q the data-driven

threshold obtained from the estimated statistics {Ŵ est
j }j∈[p].

Lemma 12. Under conditions of Theorem 5 for marginal correlation, we have that for

# ∈ {+,−},

sup
t∈(0,P−1( qan

2p
)]

∣∣∣∣∣
∑

j∈H0
1(#Ŵ est

j ≥ t)∑
j∈H0

P(#Ŵj ≥ t)
− 1

∣∣∣∣∣ = oP(1). (A.13)

Lemma 13. Under conditions of Theorem 5 for marginal correlation, for any q ∈ (0, 1), we

have that

P
(
T est
q > P−1

(
qan
2p

))
= o(1). (A.14)

The proofs of Lemmas 12 and 13 above are deferred to Section G.8. Now we are ready

to prove Theorem 5 for marginal correlation. By definition, it holds that

FDR = E
[ ∑

j∈H0
1(Ŵ est

j ≥ T est
q )

1 ∨
∑

j∈[p] 1(Ŵ
est
j ≥ T est

q )

]

= E
[ ∑

j∈H0
1(Ŵ est

j ≥ T est
q )∑

j∈H0
1(Ŵ est

j ≤ −T est
q )

·
∑

j∈H0
1(Ŵ est

j ≤ −T est
q )

1 ∨
∑

j∈[p] 1(Ŵ
est
j ≥ T est

q )

]

≤ E
[ ∑

j∈H0
1(Ŵ est

j ≥ T est
q )∑

j∈H0
1(Ŵ est

j ≤ −T est
q )

·
∑

j∈[p] 1(Ŵ
est
j ≤ −T est

q )

1 ∨
∑

j∈[p] 1(Ŵ
est
j ≥ T est

q )

]

≤ q · E
[ ∑

j∈H0
1(Ŵ est

j ≥ T est
q )∑

j∈H0
1(Ŵ est

j ≤ −T est
q )

]

= qE
[∑

j∈H0
1(Ŵ est

j ≥ T est
q )∑

j∈H0
P(Ŵj ≥ T est

q )
·
∑

j∈H0
P(Ŵj ≤ −T est

q )∑
j∈H0

1(Ŵ est
j ≤ −T est

q )
·
∑

j∈H0
P(Ŵj ≥ T est

q )∑
j∈H0

P(Ŵj ≤ −T est
q )

]
.

(A.15)

Therefore, the desired asymptotic FDR control follows from Lemmas 12–13 and Corollary

2. This concludes the proof of Theorem 5 for marginal correlation.

F.3 Proof of Theorem 5 for OLS

Let Ẑest ≡ [X, X̂est] ∈ Rn×2p and Ẑest ≡ Ẑest/
√
n. Note that

∥Ẑest − Ẑ∥op = ∥X̂est − X̂∥op ≤ √
np∥X̂est − X̂∥1,2.
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Hence, on event {∥X̂est − X̂∥1,2 ≤ ∆n}
⋂{

C−1
1 ≤ λmin(Ẑ

⊤Ẑ) ≤ λmax(Ẑ
⊤Ẑ) ≤ C1

}
, it follows

from Weyl’s inequality and the fact
√
p∆n = o(1) that for some constant C2 > 0,

C−1
2 ≤ λmin(Ẑ

est;⊤Ẑest) ≤ λmax(Ẑ
est;⊤Ẑest) ≤ C2, ∥Ẑest;⊤Ẑest − Ẑ⊤Ẑ∥op ≤ C2

√
p∆n.

Moreover, on the same event, by the standard subgaussian concentration, we have that with

Pξ-probability at least 1− p−2,

|e⊤j ((Ẑest;⊤Ẑest)−1Ẑest;⊤ − (Ẑ⊤Ẑ)−1Ẑ⊤)ξ|

≤ C
√

log(p) · ∥(Ẑest;⊤Ẑest)−1Ẑest;⊤ − (Ẑ⊤Ẑ)−1Ẑ⊤∥op ≤ C
√
p log(p)∆n.

Then on the same event, with Pξ-probability at least 1−p−1, it holds that for all j ∈ [2p],∣∣β̂LS
j ([X, X̂est],Y )− β̂LS

j ([X, X̂],Y )
∣∣

= |e⊤j (Ẑest;⊤Ẑest)−1Ẑest;⊤Y − e⊤j (Ẑ
⊤Ẑ)−1Ẑ⊤Y |

≤ |e⊤j (Ẑest;⊤Ẑest)−1Ẑest;⊤(Ẑest − Ẑ)βau
∗ |+ |e⊤j ((Ẑest;⊤Ẑest)−1Ẑest;⊤ − (Ẑ⊤Ẑ)−1Ẑ⊤)ξ|

= |e⊤j ((Ẑest;⊤Ẑest)−1Ẑest;⊤ − (Ẑ⊤Ẑ)−1Ẑ⊤)ξ| ≤ C
√
p log(p)∆n.

Combining the above estimates, we can obtain that

P
(
max
j∈[p]

|Ŵj − Ŵ est
j | ≥ C

√
p log(p)∆n

)
= o(1).

This shows that the knockoff statistics and their coupled counterparts are close. Next we

present two key lemmas for the proof.

Lemma 14. Under conditions of Theorem 5 for OLS, we have that for # ∈ {+,−},

sup
t∈(0,P−1( qan

2p
)]

∣∣∣∣∣
∑

j∈H0
1(#Ŵ est

j ≥ t)∑
j∈H0

P(#Ŵj ≥ t)
− 1

∣∣∣∣∣ = oP(1).

Lemma 15. Under conditions of Theorem 5 for OLS, for any q ∈ (0, 1), we have that

P
(
T est
q > P−1

(
qan
2p

))
= o(1).

The proofs of Lemmas 14 and 15 are deferred to Section G.8. Therefore, in view of

(A.15), the desired asymptotic FDR control follows from Lemmas 14–15 and Corollary 4.

This concludes the proof of Theorem 5 for OLS.
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F.4 Proof of Theorem 5 for debiased Lasso

By (Fan et al., 2025, Lemma 11), we have that

P
(
max
j∈[p]

|Ŵj − Ŵ est
j | ≥ Cs

√
log(p)∆n

)
= o(1).

This shows that the knockoff statistics and their coupled counterpart are close. Next we

present two key lemmas for the proof.

Lemma 16. Under conditions of Theorem 5 for the debiased Lasso, we have that for # ∈

{+,−},

sup
t∈(0,P−1( qan

2p
)]

∣∣∣∣∣
∑

j∈H0
1(#Ŵ est

j ≥ t)∑
j∈H0

P(#Ŵj ≥ t)
− 1

∣∣∣∣∣ = oP(1).

Lemma 17. Under conditions of Theorem 5 for the debiased Lasso, for any q ∈ (0, 1), we

have that

P
(
T est
q > P−1

(
qan
2p

))
= o(1).

The proofs of Lemmas 16 and 17 are deferred to Section G.8. Thus, in light of (A.15),

the desired asymptotic FDR control follows from Lemmas 16–17 and Theorem 10. This

concludes the proof of Theorem 5 for the debiased Lasso.

G Additional proofs and technical details

G.1 Proofs for Section C.2

G.1.1 Proof of Theorem 7

We first adapt the proof of the moderate deviation result from (Fang and Koike, 2023,

Theorem 4.2) to address a special class of sets in two dimensions (i.e., d = 2 therein).

Specifically, let us consider sets

St,± ≡ {(x, y) : ±(|x| − |y|) ≥ t} (A.16)
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for any t > 0.

Theorem 11. Let W = n−1/2
∑

i∈[n] Xi ∈ R2, where {X1, · · · ,Xn} are independent, EXi = 0

for all i ∈ [n], and VarW = ΣW . Assume that ∥Xi∥ψ1 ≤ b for all i ∈ [n] and ∥Σ−1
W ∥op ∨

∥ΣW∥op ≤ K for some constant K. Then there exist some constants C1, C2, C3 > 0 that

depend only on K such that if C1b
2(1 + t3) log n ≤

√
n, we have that for # ∈ {+,−} and

t ∈ (0, n1/7/C2), ∣∣∣∣P
(
W ∈ St,#

)
P
(
G ∈ St,#

) − 1

∣∣∣∣ ≤ C3b
2 · (1 + t3) log n√

n
,

where G ∼ N (0,ΣW ).

Proof of Theorem 11. We only show the proof for the case when # = +, and the proof for

the case of # = − is similar so we omit repetitive details. The constant C below may depend

on K and may change from line to line hereafter. For t ≤ 4, since P
(
G ∈ St,#

)
is bounded

below by a positive constant depending only on K, the same coupling argument below, with

q ≍ log n, gives the desired bound. As such, we will focus on the case when t > 4.

First note by (Fang and Koike, 2023, Theorem 4.1) that for any q ≥ 2,

Wq(Σ
−1/2
W W,Σ

−1/2
W G) ≤ C

(
q√
n
+

q5/2

n

)
b2 ≡ Bn,q,

where Wq(·, ·) denotes the q-Wasserstein distance. Hence, we can couple W and G such that

E∥Σ−1/2
W W − Σ

−1/2
W G∥q ≤ (Bn,q)

q. Then for any t > 0 and ε ∈ (0, t/2), it holds that

P(W ∈ St) = P(|W1| − |W2| ≥ t)

≤ P(|G1| − |G2| ≥ t− ε) + P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
= P(|G1| − |G2| ≥ t) + P(t− ε ≤ |G1| − |G2| ≤ t)

+ P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
.

We will bound the last two terms above separately.
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Term P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
: Since

||W1| − |W2| − |G1|+ |G2|| ≤ ||W1| − |G1||+ ||W2| − |G2|| ≤ K1/2 · ∥Σ−1/2
W W − Σ

−1/2
W G∥,

it holds that for any q ≥ 2,

P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
≤ P

(
∥Σ−1/2

W W − Σ
−1/2
W G∥ > ε/K1/2

)
≤ (ε/K1/2)−q E∥Σ−1/2

W W − Σ
−1/2
W G∥q.

Hence, we have that

P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
P(|G1| − |G2| ≥ t)

≤ (ε/K1/2)−q(Bn,q)
q

P(|G1| − |G2| ≥ t)
.

Setting ε = K1/2eBn,q and q = |logP(|G1| − |G2| ≥ t)| + |log∆| for some ∆ > 0, the bound

above becomes

P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
P(|G1| − |G2| ≥ t)

≤ ∆. (A.17)

This establishes the bound for P
(
||W1| − |W2| − |G1|+ |G2|| > ε

)
.

Term P
(
t− ε < |G1| − |G2| ≤ t

)
: We first decompose P

(
t− ε < |G1| − |G2| ≤ t

)
as

P
(
t− ε < |G1| − |G2| ≤ t

)
=

∑
⋆,∗∈{+,−}

P
(
t− ε < |G1| − |G2| ≤ t, ⋆G1 ≥ 0, ∗G2 ≥ 0

)
.

We will only show how to bound the case when ⋆ = +, ∗ = +, and the other cases can be

handled similarly. After relabeling the two coordinates if necessary, write x1 for the smaller

coordinate and x2 for the larger one; the corresponding precision matrix, whose eigenvalue

bounds remain the same as those of Σ−1
W , is denoted by Λ. To this end,

f(ε) ≡
P
(
t− ε < |G1| − |G2| ≤ t,G1 ≥ 0,G2 ≥ 0

)
P(|G1| − |G2| ≥ t,G1 ≥ 0,G2 ≥ 0)

=

∫∞
0

∫ x1+t

x1+t−ε exp

(
− x⊤Λx

2

)
dx2dx1∫∞

0

∫∞
x1+t

exp

(
− x⊤Λx

2

)
dx2dx1

.

Obviously, f(0) = 0. In the denominator below, we lower bound the inner integral by

integrating only over the interval [x1+ t,x1+ t+ t−1]. Since this interval has length t−1 and
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the eigenvalues of Λ are bounded above and below by constants depending only on K, the

resulting lower bound is valid up to a multiplicative constant depending only on K, which

will be absorbed into C below. Taking the derivative yields that

f ′(ε) =

∫∞
0

exp
(
−
(
(x1 + t− ε)2Λ11 + 2(x1 + t− ε)x1Λ12 + x2

1Λ22

)
/2
)
dx1∫∞

0

∫∞
x1+t

exp

(
− x⊤Λx

2

)
dx2dx1

≤ C
t
∫∞
0

exp
(
−
(
(x1 + t− ε)2Λ11 + 2(x1 + t− ε)x1Λ12 + x2

1Λ22

)
/2
)
dx1∫∞

0
exp

(
−
(
(x1 + t+ t−1)2Λ11 + 2(x1 + t+ t−1)x1Λ12 + x2

1Λ22

)
/2
)
dx1

.

Using the facts that

• exp
(
−
(
(x1 + t − ε)2Λ11 + 2(x1 + t − ε)x1Λ12 + x2

1Λ22

)
/2
)
≤ exp

(
− λmin(Λ)((x1 +

t− ε)2 + x2
1)/2

)
,

• exp
(
−
(
(x1+ t+ t

−1)2Λ11+2(x1+ t+ t
−1)x1Λ12+x2

1Λ22

)
/2
)
≥ exp

(
−λmax(Λ)((x1+

t+ t−1)2 + x2
1)/2

)
,

we can show that for z1 to be chosen later,

f ′(ε) ≤
t
∫ z1t

0
exp

(
−
(
(x1 + t− ε)2Λ11 + 2(x1 + t− ε)x1Λ12 + x2

1Λ22

)
/2
)
dx1∫ z1t

0
exp

(
−
(
(x1 + t+ t−1)2Λ11 + 2(x1 + t+ t−1)x1Λ12 + x2

1Λ22

)
/2
)
dx1

+
t
∫∞
z1t

exp
(
− λmin(Λ)((x1 + t− ε)2 + x2

1)/2
)
dx1∫ t

0
exp

(
− λmax(Λ)((x1 + t+ t−1)2 + x2

1)/2
)
dx1

≡ f1 + f2.

For f2, choosing z1 such that z1 ≥
√

10λmax(Λ)/λmin(Λ), with some calculations we can

obtain that

f2 ≤
t exp

(
− λmin(Λ)(z1t)

2/2
) ∫∞

z1t
exp

(
− λmin(Λ)(x1 + t− ε)2/2

)
dx1

exp
(
− λmax(Λ)((2t+ t−1)2 + t2)/2

)
≤ C

t exp
(
− λmin(Λ)(z1t)

2/2
)

exp
(
− λmax(Λ)((2t+ t−1)2 + t2)/2

) ≤ Ct.

For f1, let us consider two cases: Λ12 > 0 and Λ12 ≤ 0. If Λ12 > 0, it holds that

f1 ≤
t exp

(
ε(1 + z1)tΛ11 + εz1tΛ12

)
exp

(
− (2 + z1)Λ11 − z1Λ12

) ≤ t exp
(
(εt+ 1)[(2 + z1)Λ11 + z1Λ12]

)
.
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If Λ12 ≤ 0, we have that

f1 ≤
t exp

(
ε(1 + z1)tΛ11

)
exp

(
− (2 + z1)Λ11

) ≤ t exp
(
(εt+ 1)(2 + z1)Λ11

)
.

Hence, an application of the fact that ∥Λ∥max ≤ λmax(Λ) leads to

f1 ≤ t exp
(
4λmax(Λ)(εt+ 1)(1 + z1)

)
.

Combining the estimates for f1 and f2 above, we can obtain by the first-order Taylor expan-

sion that

P
(
t− ε < |G1| − |G2| ≤ t,G1 ≥ 0,G2 ≥ 0

)
= P(|G1| − |G2| ≥ t,G1 ≥ 0,G2 ≥ 0) · f(ε)

≤ Cεt exp
(
C(εt+ 1)

)
· P(|G1| − |G2| ≥ t,G1 ≥ 0,G2 ≥ 0).

Similar bounds hold for other cases when ⋆, ∗ ∈ {+,−}. Combining the above results yields

that

P
(
t− ε < |G1| − |G2| ≤ t

)
= P(|G1| − |G2| ≥ t) · f(ε)

≤ Cεt exp
(
C(εt+ 1)

)
· P(|G1| − |G2| ≥ t). (A.18)

This establishes the bound for P
(
t− ε < |G1| − |G2| ≤ t

)
.

Moreover, we can deduce that

P(|G1| − |G2| ≥ t) ≥ 1

2π
√

det(ΣW )

∫ ∞

0

∫ ∞

x1+t

exp

(
− x⊤Λx

2

)
dx2dx1

≥ 1

2π
√

det(ΣW )

∫ ∞

0

exp

(
− λmax(Λ)x

2
1

2

)∫ ∞

x1+t

exp

(
− λmax(Λ)x

2
2

2

)
dx2dx1

≥ 1

2πλmax(Λ)
√

det(ΣW )

∫ ∞

0

(x1 + t)−1 exp

(
− λmax(Λ)(x

2
1 + (x1 + t)2)

2

)
dx1

≥ 1

2πλmax(Λ)
√

det(ΣW )

∫ t

0

(x1 + t)−1 exp

(
− λmax(Λ)(x

2
1 + (x1 + t)2)

2

)
dx1

≥ 1

4πλmax(Λ)
√

det(ΣW )
exp

(
− 5λmax(Λ)t

2

2

)
.

Now with ∆ = n−1, it holds that

q = |logP(|G1| − |G2| ≥ t)|+ log n
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≤
∣∣∣∣ log 1

4πλmax(Λ)
√

det(ΣW )
exp

(
− 5λmax(Λ)t

2

2

)∣∣∣∣+ log n ≤ C(log n+ t2).

Then as long as

εt = Ce

(
q√
n
+

q5/2

n

)
b2t ≤ Cb2t

(
t2 + log n√

n
+
t5 + log5/2 n

n

)
≤ Cb2 · (1 + t3) log n√

n
≤ 1,

we can combine (A.17) and (A.18) above to obtain that

P(|W1| − |W2| ≥ t)

P(|G1| − |G2| ≥ t)

≤ 1 +
P(t− ε ≤ |G1| − |G2| ≤ t) + P

(
||W1| − |W2| − |G1|+ |G2|| > ε

)
P(|G1| − |G2| ≥ t)

≤ 1 + CεteCεt +∆ ≤ 1 + Cb2 · (1 + t3) log n√
n

.

A similar argument establishes the converse, which completes the proof of Theorem 11.

We will focus on the case when W = Ŵ , since the other cases can be dealt with similarly.

The constant C below can depend on M, whose value may change from line to line. First

note that by the standard sub-exponential concentration, we have that

P
(
EY ≡

{
maxi∈[n]|Yi|

∥Y ∥
≤ C

log np√
n

})
≥ 1− p−10. (A.19)

Since X·,j, X̂·,j, and Y are independent for any j ∈ H0, we can apply Theorem 11 by letting

Xi therein be (
√
nXi,jYi/∥Y ∥,

√
nX̂i,jYi/∥Y ∥)⊤ for any i ∈ [n]. This yields that on event

EY , for any j ∈ H0 and t ∈ (0, n1/7/C),∣∣∣∣PY
(
Ŵj ≥ t

)
Pj(t)

− 1

∣∣∣∣ ≤ C
(1 + t3) log3(np)√

n
. (A.20)

Using the law of total probability, we can deduce that∣∣∣∣P
(
Ŵj ≥ t

)
Pj(t)

− 1

∣∣∣∣ = ∣∣∣∣EY

[
PY
(
Ŵj ≥ t

)
Pj(t)

]
− 1

∣∣∣∣
≤
∣∣∣∣EY

[PY
(
Ŵj ≥ t

)
1{EY }

Pj(t)

]
− 1

∣∣∣∣+ ∣∣∣∣EY

[PY
(
Ŵj ≥ t

)
1{EcY }

Pj(t)

]∣∣∣∣
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≤ EY

[∣∣∣∣PY
(
Ŵj ≥ t

)
Pj(t)

− 1

∣∣∣∣ · 1{EY }]+ ∣∣∣∣EY

[
PY
(
Ŵj ≥ t

)
1{EcY }

Pj(t)

]∣∣∣∣+ EY 1{EcY }

≤ C
(1 + t3) log3(np)√

n
+

p−10

Pj(t)
+ p−10.

Therefore, the desired conclusion follows, which completes the proof of Theorem 7.

G.1.2 Proof of Corollary 2

For any t ∈ (0,P−1(αn)], Theorem 7 and the assumptions on αn give, uniformly over this

range, ∣∣∣∣ |H0|−1
∑

j∈H0
P(Ŵj ≥ t)

P(t)
− 1

∣∣∣∣ ∨ ∣∣∣∣ |H0|−1
∑

j∈H0
P(Ŵj ≤ −t)

P(t)
− 1

∣∣∣∣ = o(1).

Indeed, the multiplicative error is o(1) and the additive term is negligible since P(t) ≥

P(P−1(αn)) ≥ αn and p10αn → ∞. The desired ratio bound follows immediately. This

completes the proof of Corollary 2.

G.1.3 Proof of Lemma 1

Lemma 18. Assume that conditions (C1) and (C2) hold. Then for W ∈ {Ŵ ,−Ŵ }, there

exists some constant C = C(M) > 0 such that for n ≥ C and t ∈ (0, n1/7/C),

Var
( ∑
j∈H0

1{Wj ≥ t}
)
≤
∑
ℓ∈H0

P(Wℓ ≥ t) + C

{
(1 + t3) log3(np)√

n

(∑
j∈H0

P
(
Wj ≥ t

))2

+ p−10

}
.

Proof of Lemma 18. We show only the bound for W = Ŵ , while the other cases can be

dealt with similarly. Observe that by the law of total variance, we have

Var
( ∑
j∈H0

1{Ŵj ≥ t}
)
= E

[
Var

( ∑
j∈H0

1{Ŵj ≥ t}
∣∣Y )]

+Var
[
E
( ∑
j∈H0

1{Ŵj ≥ t}
∣∣Y )] ≡ V1 + V2.

We will bound terms V1 and V2 above separately. For term V1, it holds that

V1 = EY

[
EY
( ∑
j∈H0

1{Ŵj ≥ t}
)2

−
(
EY
( ∑
j∈H0

1{Ŵj ≥ t}
))2]
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=
∑
j,ℓ∈H0

EY

[
EY
(
1{Ŵj ≥ t}1{Ŵℓ ≥ t}

)
− EY

(
1{Ŵj ≥ t}

)
EY
(
1{Ŵℓ ≥ t}

)]
≤
∑
ℓ∈H0

P(Ŵℓ ≥ t).

For term V2, we have that

V2 = EY

[(
EY
( ∑
j∈H0

1{Ŵj ≥ t}
))2

− E2
( ∑
j∈H0

1{Ŵj ≥ t}
)]

=
∑
j,ℓ∈H0

EY

[
EY
(
1{Ŵj ≥ t}

)
EY
(
1{Ŵℓ ≥ t}

)
− E

(
1{Ŵj ≥ t}

)
E
(
1{Ŵℓ ≥ t}

)]
.

If (Xj, X̂j) follows a normal distribution, the distribution of Ŵj becomes independent of Y ,

which entails that V2 = 0 in this case.

For the general case, we can apply (A.20) in the proof of Theorem 7 to deduce that

V2 ≤
∑
j,ℓ∈H0

EY

[
Pj(t)PY

(
Ŵℓ ≥ t

)
1{EY } − P

(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

)]

+ C
(1 + t3) log3(np)√

n

∑
j,ℓ∈H0

EY

[
Pj(t)PY

(
Ŵℓ ≥ t

)]
+ Cp−10

≤
∑
ℓ∈H0

P(Ŵℓ ≥ t) ·
∑
j∈H0

∣∣Pj(t)− P(Ŵj ≥ t)
∣∣

+ C
(1 + t3) log3(np)√

n

∑
j,ℓ∈H0

EY

[
Pj(t)PY

(
Ŵℓ ≥ t

)]
+ Cp−10

≤ C
(1 + t3) log3(np)√

n

(∑
j∈H0

P
(
Ŵj ≥ t

))2

+ Cp−10.

Here, recall EY defined in (A.19). Thus, combining the estimates for V1 and V2 above

completes the proof of Lemma 18.

Proof of Lemma 1. The proof largely adapts from that of (Fan et al., 2025, Lemma 3); we

spell out some details below. We focus on the case when # = +, as the case of # = − can

be analyzed in a similar fashion. Let Ĝ+(t) ≡ |H0|−1
∑

j∈H0
P(Ŵj ≥ t) for simplicity. We

define a sequence 0 < z0 < z1 < · · · < zln = P(0) and

ti = P−1(zi),
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where

ln =

(
log
(P(0)p

hn
− αn
hn

))1/γ

, z0 = αn, zi = z0 +
hne

iγ

p
for i ∈ [ln]

with 0 < γ < 1 and hn = (pαn)
η for some η ∈ (0, 1). For t ∈ (0,P−1(αn)), we can find some

i ∈ [ln − 1] such that t ∈ [ti+1, ti] and∣∣∣∣
∑

j∈H0
1{Ŵj ≥ t}

|H0| · Ĝ+(t)
− 1

∣∣∣∣ ≤
{∣∣∣∣
∑

j∈H0
1{Ŵj ≥ ti+1}

|H0| · Ĝ+(ti)
− 1

∣∣∣∣ ∨ ∣∣∣∣
∑

j∈H0
1{Ŵj ≥ ti}

|H0| · Ĝ+(ti+1)
− 1

∣∣∣∣
}
.

Since P(t) is continuous and strictly decreasing, it holds that

sup
i∈[ln−1]

|P(ti)/P(ti+1)− 1| = sup
i∈[ln−1]

|zi/zi+1 − 1| → 0. (A.21)

In view of Theorem 7, we have that∣∣∣∣Ĝ+(ti)

P(ti)
− 1

∣∣∣∣ ∨ ∣∣∣∣Ĝ+(ti+1)

P(ti+1)
− 1

∣∣∣∣ = o(1). (A.22)

Combining (A.21) and (A.22) above, some straightforward algebra leads to{∣∣∣∣
∑

j∈H0
1{Ŵj ≥ ti+1}

|H0| · Ĝ+(ti)
− 1

∣∣∣∣ ∨ ∣∣∣∣
∑

j∈H0
1{Ŵj ≥ ti}

|H0| · Ĝ+(ti+1)
− 1

∣∣∣∣
}

≤ (1 + o(1)) ·

{∣∣∣∣
∑

j∈H0
1{Ŵj ≥ ti+1}

|H0| · Ĝ+(ti+1)
− 1

∣∣∣∣ ∨ ∣∣∣∣
∑

j∈H0
1{Ŵj ≥ ti}

|H0| · Ĝ+(ti)
− 1

∣∣∣∣
}

+ o(1).

Thus, to prove the desired result, it is sufficient to show that

Dn ≡ sup
0≤i≤ln

∣∣∣∣
∑

j∈H0
1(Ŵj ≥ ti)

|H0| · Ĝ+(ti)
− 1

∣∣∣∣ = oP(1).

For any ε > 0, it follows from Lemma 18 that

P(Dn ≥ ε) ≤
ln∑
i=0

P
(∣∣∣∣
∑

j∈H0

(
1(Ŵj ≥ ti)− P(Ŵj ≥ ti)

)
|H0| · Ĝ+(ti)

∣∣∣∣ ≥ ε

)

≤
ln∑
i=0

Var
(∑

j∈H0

(
1(Ŵj ≥ ti)

)
|H0|2 · Ĝ2

+(ti) · ε2

≤
ln∑
i=0

1

|H0| · Ĝ+(ti) · ε2
+

p−10

|H0|2 · ε2
·
ln∑
i=0

1

Ĝ2
+(ti)

+ C
ln(1 + t30) log

3(np)

ε2
√
n

.
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Further, with the aid of Theorem 7, we have that

ln∑
i=0

1

|H0| · Ĝ+(ti)
=

ln∑
i=0

1

|H0| · P(ti)
+

ln∑
i=0

P(ti)− Ĝ+(ti)

|H0| · P(ti) · Ĝ+(ti)

=
1

|H0|

ln∑
i=0

1 + o(1)

zi
=

p

|H0|

ln∑
i=0

1

pαn + hnei
γ · (1 + o(1)) ≤ Ch−1

n → 0

and

ln∑
i=0

1

Ĝ2
+(ti)

=
ln∑
i=0

1

P2(ti)
+

ln∑
i=0

P2(ti)− Ĝ2
+(ti)

Ĝ2
+(ti)P2(ti)

=
ln∑
i=0

1

z2i
+

ln∑
i=0

P2(ti)/Ĝ
2
+(ti)− 1

P2(ti)

=
ln∑
i=0

1

z2i
+

ln∑
i=0

P2(ti)/Ĝ
2
+(ti)− 1

z2i

(A.22)
=

ln∑
i=0

1 + o(1)

z2i
= O(α−2

n ln).

Therefore, combining the estimates in the above two expressions concludes the proof of

Lemma 1.

G.1.4 Proof of Lemma 2

Let C0 be the positive constant given in Proposition 4. In condition (C3), take the fixed

constant C sufficiently large so that C ≥ 3C0, and denote by An ≡ {j ∈ H1 : wj ≥ Cδn}, so

that |An| = an. It follows from Proposition 4 that

P
(
Ŵj ≤ 2C0δn for some j ∈ An

)
≤
∑
j∈[p]

P
(
|Ŵj −wj| ≥ C0δn

)
= o(1).

Thus, with asymptotic probability one,

∑
j∈[p]

1{Ŵj > 2C0δn} ≥ an. (A.23)

Moreover, since wj ≥ 0 for all j in the independent marginal-correlation setting,

∑
j∈[p]

P
(
Ŵj < −2C0δn

)
≤
∑
j∈[p]

P
(
|Ŵj −wj| > C0δn

)
= o(1).
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Applying Theorem 7 at 2C0δn gives

P(2C0δn) =
1

|H0|
∑
j∈H0

Pj(2C0δn) ≤
1 + o(1)

|H0|
∑
j∈H0

P
(
Ŵj ≤ −2C0δn

)
= o(p−1).

Since an → ∞, it follows that

αq ≡ P−1

(
qan
2p

)
≤ 2C0δn = O(log p). (A.24)

By (A.23) and (A.24), with asymptotic probability one,

∑
j∈[p]

1{Ŵj ≥ αq} ≥ an. (A.25)

Choose a fixed q+ ∈ (q,min{2q, 1}) and set βq ≡ P−1(q+an/(2p)) ≤ αq. By Theorem

7, Lemma 1 applied at βq, and condition (C4) applied with the level q+, we have with

asymptotic probability one

1 +
∑
j∈[p]

1{Ŵj ≤ −βq} ≤ qan. (A.26)

Indeed, the null part is asymptotically |H0|P(βq) ≤ (1 + o(1))q+an/2, the non-null part is

oP(q+an) by condition (C4), and q+/2 < q.

It remains only to match the grid-valued definition of Tq. Since

P(βq)− P(αq) =
(q+ − q)an

2p
,

Theorem 7 and Lemma 1 imply that, with asymptotic probability one,

∑
j∈H0

1{βq ≤ Ŵj ≤ αq} ≥ c(q+ − q)an(1 + oP(1)) > 0

for some constant c > 0, where we used |H0| ≍ p and an → ∞. Hence there exists an

observed grid point t⋆ ∈ {|Ŵj| : j ∈ [p]} with βq ≤ t⋆ ≤ αq. For this t⋆, (A.25) and (A.26)

give

1 + #{j : Ŵj ≤ −t⋆}
#{j : Ŵj ≥ t⋆} ∨ 1

≤ 1 + #{j : Ŵj ≤ −βq}
#{j : Ŵj ≥ αq} ∨ 1

≤ q.

Therefore Tq ≤ t⋆ ≤ αq, which proves the desired localization.
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G.2 Proofs for Section C.3

G.2.1 Proof of Theorem 8

We will focus on the case when W = Ŵ , since the other cases can be treated similarly.

Notice that for any j ∈ H0, X·,j, X̂·,j, and Y are independent. For i ∈ [n], denote by

ζ
(j)
i ≡ (Xi,jYi/∥Y ∥, X̂i,jYi/∥Y ∥)⊤. Using the multidimensional version of the Berry–Esseen

theorem, we have that for any j ∈ H0,

sup
U∈C

∣∣∣∣PY

(∑
i∈[n]

ζ
(j)
i ∈ U

)
− P

(
G(j) ∈ U

)∣∣∣∣ ≤ C
∑
i∈[n]

EY ∥ζ(j)i ∥3. (A.27)

Here, G(j) ∼ N (0, σ2
j I2) and C is the collection of all (measurable) convex sets in R2. Further,

we can deduce that∑
i∈[n]

EY ∥ζ(j)i ∥3 =
∑
i∈[n]

EY

(
X2

i,jY
2
i

∥Y ∥2
+

X̂2
i,jY

2
i

∥Y ∥2

)3/2

≤ 4
∑
i∈[n]

[
EY

(
|Xi,j|3|Yi|3

∥Y ∥3

)
+ EY

(
|X̂i,j|3|Yi|3

∥Y ∥3

)]
≤ C

maxi∈[n]|Yi|
∥Y ∥

.

(A.28)

The conclusion follows from the sub-exponential tail of Yi’s and the following bound

using the law of total probability

sup
U∈C

∣∣∣∣P(∑
i∈[n]

ζ
(j)
i ∈ U

)
− P

(
G(j) ∈ U

)∣∣∣∣
= sup

U∈C

∣∣∣∣EY

[
PY

(∑
i∈[n]

ζ
(j)
i ∈ U

)
− P

(
G(j) ∈ U

)]∣∣∣∣ ≲ EY

[
maxi∈[n]|Yi|

∥Y ∥

]
.

The proof is concluded by observing that sets St,± defined in (A.16) are unions of disjoint

convex sets, which completes the proof of Theorem 8.

G.2.2 Proof of Proposition 5

The positive constant C may depend on cY , M, q, and may change from line to line hereafter.

Note that from Lemma 31, we have

P
(
E1 ≡

{
∥Y ∥2 ≥ nEY 2/2

})
≥ 1− exp(−nE2 Y 2/C).
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It follows from the concentration of the norm for the sub-exponential random vector (Sam-

bale, 2023, Proposition 2.2) that

P
(
E2 ≡

{∣∣∥Y ∥ −
√
nE1/2 Y 2

∣∣ ≤ C log p
})

≥ 1− p−10.

We next consider the concentration for X⊤
·,jY . Let us rewrite

X⊤
·,jY − EX⊤

·,jY =
∑
i∈[n]

(
Xi,jYi − EXi,jYi

)
≡
∑
i∈[n]

∆
(j)
i ,

and thus, ∆
(j)
1 , · · · ,∆(j)

n are i.i.d. mean 0 random variables. Using Rosenthal’s inequality,

cf. Lemma 30 in Section G.9, we can show that for any q ≥ 2,

E
∣∣∣∣∑i∈[n]

∆
(j)
i

∣∣∣∣q ≤ C
∑

i∈[n]
E|∆(j)

i |q +
(∑

i∈[n]
E|∆(j)

i |2
)q/2

≤ C(n+ nq/2) ≤ Cnq/2.

Applying the Markov inequality yields that for any t ≥ 0,

P
(∣∣|X⊤

·,jY | − |EX⊤
·,jY |

∣∣ ≥ √
nt

)
≤ P

(∣∣∑
i∈[n]

∆
(j)
i

∣∣ ≥ √
nt

)
≤

E
∣∣∑

i∈[n]∆
(j)
i

∣∣q
(
√
nt)q

≤ C

tq
.

Similarly, for any t ≥ 0, it holds that

P
(∣∣|X̂⊤

·,jY | − |E X̂⊤
·,jY |

∣∣ ≥ √
nt

)
≤ C

tq
.

Choosing t = p2/q log p, we can obtain that

P

(
E3 ≡

{∣∣n−1X⊤
·,jY − EXjY

∣∣ ∨ ∣∣n−1X̂⊤
·,jY − E X̂jY

∣∣ ≤ C
p2/q log p√

n

})
≥ 1− o(p−2).

Therefore, on event E1 ∩ E2 ∩ E3, we can deduce that∣∣∣∣ |X⊤
·,jY |

∥Y ∥
−

√
n · |EXjY |
E1/2 Y 2

∣∣∣∣
=

∣∣∣∣n−1/2|X⊤
·,jY | −

√
n · |EXjY |

E1/2 Y 2

∣∣∣∣+ |X⊤
·,jY | ·

∣∣∥Y ∥ −
√
nE1/2 Y 2

∣∣
√
n∥Y ∥ · E1/2 Y 2

≤ Cp2/q log p

E1/2 Y 2
+ (n · |EXjY |+ C

√
np2/q log p) · C log p

nEY 2

≤ Cp2/q log p ·
(

1

E1/2 Y 2
+

|EXjY |+ log p/
√
n

EY 2

)
35



≤ Cp2/q log p ·
(

1

E1/2 Y 2
+

E1/2X2
j E

1/2 Y 2 + log p/
√
n

EY 2

)
≤ Cp2/q log p ·

(
1

E1/2 Y 2
+

log p√
nEY 2

)
.

Similarly, it holds that on event E1 ∩ E2 ∩ E3,∣∣∣∣ |X̂⊤
·,jY |

∥Y ∥
−

√
n · |E X̂jY |
E1/2 Y 2

∣∣∣∣ ≤ Cp2/q log p ·
(

1

E1/2 Y 2
+

log p√
nEY 2

)
.

The conclusion follows from an application of the triangle inequality, which completes the

proof of Proposition 5.

G.2.3 Proof of Lemma 3

The proof follows similar arguments as those for Lemmas 1 and 2, so we only sketch the

differences here. We will first prove the following variance bound: for W ∈ {Ŵ ,−Ŵ } and

any t ≥ 0, there exists some universal constant C > 0 such that

Var
(∑

j∈H0
1{Wj ≥ t}

)
∑

j∈H0
P
(
Wj ≥ t

) ≤ 1 + C|H0| ·
log n√
n
. (A.29)

The proof of the above variance bound is similar to that of Lemma 18, where we will invoke

Theorem 8 to bound V2 therein as

V2
(A.27)&(A.28)

≤
∑
j,ℓ∈H0

EY

[
Pj(t)PY

(
Ŵℓ ≥ t

)
− P

(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

)]
+ C|H0| ·

∑
ℓ∈H0

EY

[
maxi∈[n]|Yi|

∥Y ∥
· PY

(
Ŵℓ ≥ t

)]
≤
∑
ℓ∈H0

P(Ŵℓ ≥ t) ·
∑
j∈H0

∣∣Pj(t)− P(Ŵj ≥ t)
∣∣

+ C|H0| ·
∑
ℓ∈H0

EY

[
maxi∈[n]|Yi|

∥Y ∥
· PY

(
Ŵℓ ≥ t

)]
≤ C|H0| ·

log n√
n

·
∑
ℓ∈H0

P(Ŵℓ ≥ t).

With the variance bound above, we can then follow the proof of Lemma 1 to prove the

indicator approximation in (A.2). The main difference is that we will bound P(Dn ≥ ε)
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therein as follows. Using the variance bound in (A.29), we have that

P(Dn ≥ ε) ≤
ln∑
i=0

P
(∣∣∣∣
∑

j∈H0

(
1(Ŵj ≥ ti)− P(Ŵj ≥ ti)

)
|H0| · Ĝ+(ti)

∣∣∣∣ ≥ ε

)

≤
ln∑
i=0

Var
(∑

j∈H0

(
1(Ŵj ≥ ti)

)
|H0|2 · Ĝ2

+(ti) · ε2

≤ ε−2 ·
(
1 + C|H0|

log n√
n

)
·
ln∑
i=0

1

|H0| · Ĝ+(ti)
.

From Corollary 3, it follows that

ln∑
i=0

1

|H0| · Ĝ+(ti)
=

ln∑
i=0

1

|H0| · P(ti)
+

ln∑
i=0

P(ti)− Ĝ+(ti)

|H0| · P(ti) · Ĝ+(ti)

=
1

|H0|

ln∑
i=0

1 + o(1)

zi
=

p

|H0|

ln∑
i=0

1

qan/2 + hnei
γ · (1 + o(1)) ≤ Ch−1

n → 0.

Finally, with (A.2) established, the localization of Tq can be derived using the proof of Lemma

2, substituting δn in that proof with δn;q, and utilizing Proposition 5. This completes the

proof of Lemma 3.

G.3 Proofs for Section D.2

G.3.1 Some a priori estimates

Lemma 19. Assume that conditions (O1)–(O3) hold. Then for any deterministic unit

vectors u, v ∈ R2p and any sufficiently small δ > 0, there exists some constant C =

C(M, τ, cL, δ) > 0 such that for n ≥ C and any η ≥ n−5,

P
(∣∣⟨u, (Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ − E⟨u,

(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩
∣∣ ≥ C

nδ√
n

)
≤ Cn−10.

Proof of Lemma 19. The constant C below is independent of n, p, η and may change from

line to line. Let us define for any j ∈ [n],

Dj ≡ E
[
⟨u,
(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ | Ẑ1,·, · · · , Ẑj,·

]
− E

[
⟨u,
(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ | Ẑ1,·, · · · , Ẑj−1,·

]
.
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Denote by Ẑ−j,· ∈ R(n−1)×2p the matrix obtained by removing the jth row of Ẑ. Then it

holds that

Dj = E
[
⟨u,
(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ − ⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
v⟩ | Ẑ1,·, · · · , Ẑj,·

]
+ E

[
⟨u,
(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
v⟩ − ⟨u,

(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ | Ẑ1,·, · · · , Ẑj−1,·

]
≡ Dj,1 + Dj,2.

Using the Burkholder inequality, we have that for any integer p > 1,

E[
∣∣⟨u, (Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ − E⟨u,

(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩
∣∣2p]

= E
[∣∣∣∣∑

j∈[n]

Dj

∣∣∣∣2p] ≤ C E
[(∑

j∈[n]

|Dj|2
)p]

≤ C E
[(∑

j∈[n]

|Dj,1|2
)p]

+ C E
[(∑

j∈[n]

|Dj,2|2
)p]

.

We next bound the moments of Dj,1 and Dj,2. An application of the Sherman–Morrison

formula gives that

|Dj,1| ≤ E
[
|⟨u,

(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩ − ⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
v⟩| | Ẑ1,·, · · · , Ẑj,·

]
= E

[∣∣∣∣⟨u,
(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩⟨v,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩

1 + ⟨Ẑj,·,
(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩

∣∣∣∣ ∣∣∣∣ Ẑ1,·, · · · , Ẑj,·

]

≤ E
[
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩⟨v,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩| | Ẑ1,·, · · · , Ẑj,·

]
.

By the convex concentration in condition (O2), it holds that for some c = c(cL) > 0,

PẐ−j,·
(
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩| ≥ t

)
= PẐ−j,·

(
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Σ1/2Q̂j,·⟩| ≥ t

)
≤ exp

(
− cnt2

∥Σ1/2
(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
u∥2

)
.

By Lemma 5 applied to the leave-one-out matrix Ẑ−j,·, whose aspect ratio is still bounded

away from one for all large n, we have

λmin(Ẑ
⊤
−j,·Ẑ−j,·) ≥ C−1

with probability at least 1− Cn−D. On this event,

∥Σ1/2
(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
u∥2 ≤ C.
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Hence, using the preceding conditional concentration bound and the law of total probability,

we can show that for any large constant D > 0 and large enough n,

P
(
Ecu
)

≤ Cn−D, Eu ≡
{
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩| ≤ C

√
log n

n

}
. (A.30)

For any integer p > 0, using the crude bound that E[∥Ẑj,·∥8p] ≤ Cn4p, we can deduce

that for large enough D,

E
[
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩|4p

]
= E

[
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩|4p · 1Eu

]
+ E

[
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩|4p · 1Ec

u

]
≤
(
C log n

n

)2p

+ η−4p E[∥Ẑj,·∥4p1Ec
u
] ≤

(
C log n

n

)2p

+ Cn2p+20−D ≤
(
C log n

n

)2p

. (A.31)

Similarly, it holds that

E
[
|⟨v,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩|4p

]
≤
(
C log n

n

)2p

. (A.32)

Combining the above moment estimates, it follows from Jensen’s inequality that

E[|Dj,1|2p] ≤ E
[
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩⟨v,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩|2p

]
≤ E1/2

[
|⟨u,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩|4p

]
E1/2

[
|⟨v,

(
Ẑ⊤
−j,·Ẑ−j,· + ηI2p

)−1
Ẑj,·⟩4p|

]
≤
(
C log n

n

)2p

.

Then we can obtain that

E
[(∑

j∈[n]

|Dj,1|2
)p]

≤ np−1
∑
j∈[n]

E[|Dj,1|2p] ≤
(
C log n√

n

)2p

.

Similarly, for large enough n, it holds that

E
[(∑

j∈[n]

|Dj,2|2
)p]

≤
(
C log n√

n

)2p

.

By the Markov inequality, for any sufficiently small δ > 0 and p > 0, we can show that

P
(∣∣∣∣∑

j∈[n]

Dj

∣∣∣∣ ≥ Cnδ−1/2

)
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≤ Cnp−2pδ E
∣∣∣∣∑
j∈[n]

Dj

∣∣∣∣2p
≤ Cnp−2pδ ·

(
E
[(∑

j∈[n]

|Dj,1|2
)p]

+ E
[(∑

j∈[n]

|Dj,2|2
)p])

≤ Cn−δp.

Therefore, choosing p = 10/δ, we have that

P
(∣∣⟨u, (Ẑ⊤Ẑ

)−1
v⟩ − E⟨u,

(
Ẑ⊤Ẑ

)−1
v⟩
∣∣ ≥ Cnδ−1/2

)
≤ Cn−10.

This completes the proof of Lemma 19.

Lemma 20. Assume that conditions (O1)–(O3) hold. Then for any deterministic unit

vectors u, v ∈ R2p, there exists some constant C = C(M, τ, cL) > 0 such that for any η > 0

and any n ≥ C,

∣∣E⟨u, (Z⊤Z+ ηI2p
)−1

v⟩ − E⟨u,
(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩
∣∣ ≤ C

(
log3/2 n√

n
+ η−2n−10

)
.

Here, Z ≡ (Z1,·, · · · ,Zn,·)⊤ ∈ Rn×2p with {
√
nZi,·}i∈[n]

i.i.d.∼ N (0,Σ).

Proof of Lemma 20. Let Z(i) ≡ (Z1,·, · · · ,Zi,·, Ẑi+1,·, · · · , Ẑn,·)⊤, G(i) ≡ ((Z(i))⊤Z(i) + ηI2p)
−1,

and G(i)
−i ≡ ((Z

(i)
−i,·)

⊤Z
(i)
−i,· + ηI2p)

−1 for simplicity. We define G(i−1)
−i analogously; note that

G(i−1)
−i = G(i)

−i . Let us first rewrite our target into the following telescoping sum

∣∣E⟨u, (Z⊤Z+ ηI2p
)−1

v⟩ − E⟨u,
(
Ẑ⊤Ẑ+ ηI2p

)−1
v⟩
∣∣ = ∣∣∣∣∑

i∈[n]

E⟨u,G(i)v⟩ − E⟨u,G(i−1)v⟩
∣∣∣∣.

With the aid of the Sherman–Morrison formula, we can deduce that

⟨u,G(i)v⟩ − ⟨u,G(i−1)v⟩

= ⟨u,G(i)
−iv⟩ −

⟨u,G(i)
−iZi,·⟩⟨v,G

(i)
−iZi,·⟩

1 + ⟨Zi,·,G(i)
−iZi,·⟩

− ⟨u,G(i−1)
−i v⟩+

⟨u,G(i−1)
−i Ẑi,·⟩⟨v,G(i−1)

−i Ẑi,·⟩
1 + ⟨Ẑi,·,G(i−1)

−i Ẑi,·⟩

=
⟨u,G(i)

−i Ẑi,·⟩⟨v,G
(i)
−i Ẑi,·⟩

1 + ⟨Ẑi,·,G(i)
−i Ẑi,·⟩

−
⟨u,G(i)

−iZi,·⟩⟨v,G
(i)
−iZi,·⟩

1 + ⟨Zi,·,G(i)
−iZi,·⟩

=
⟨u,G(i)

−i Ẑi,·⟩⟨v,G
(i)
−i Ẑi,·⟩

1 + EẐi,·
⟨Ẑi,·,G(i)

−i Ẑi,·⟩
−

⟨u,G(i)
−iZi,·⟩⟨v,G

(i)
−iZi,·⟩

1 + EZi,·⟨Zi,·,G
(i)
−iZi,·⟩

+ Êrri − Erri
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≡ Îi − Ii + Êrri − Erri,

where

Êrri ≡
⟨u,G(i)

−i Ẑi,·⟩⟨v,G
(i)
−i Ẑi,·⟩

1 + ⟨Ẑi,·,G(i)
−i Ẑi,·⟩

−
⟨u,G(i)

−i Ẑi,·⟩⟨v,G
(i)
−i Ẑi,·⟩

1 + EẐi,·
⟨Ẑi,·,G(i)

−i Ẑi,·⟩
,

Erri ≡
⟨u,G(i)

−iZi,·⟩⟨v,G
(i)
−iZi,·⟩

1 + ⟨Zi,·,G(i)
−iZi,·⟩

−
⟨u,G(i)

−iZi,·⟩⟨v,G
(i)
−iZi,·⟩

1 + EZi,·⟨Zi,·,G
(i)
−iZi,·⟩

.

Using the facts that

• EZi,·⟨Zi,·,G
(i)
−iZi,·⟩ = EẐi,·

⟨Ẑi,·,G(i)
−i Ẑi,·⟩,

• EZi,·⟨u,G
(i)
−iZi,·⟩⟨v,G

(i)
−iZi,·⟩ = EẐi,·

⟨u,G(i)
−i Ẑi,·⟩⟨v,G

(i)
−i Ẑi,·⟩,

we can show that

E(Îi − Ii) = E
(
EẐi,·

Îi − EZi,· Ii

)
= 0.

Thus, it remains to bound Êrri and Erri.

Observe that

∣∣Êrri∣∣ = |⟨u,G(i)
−i Ẑi,·⟩⟨v,G

(i)
−i Ẑi,·⟩| ·

( |⟨Ẑi,·,G(i)
−i Ẑi,·⟩ − EẐi,·

⟨Ẑi,·,G(i)
−i Ẑi,·⟩|

|1 + ⟨Ẑi,·,G(i)
−i Ẑi,·⟩| · |1 + EẐi,·

⟨Ẑi,·,G(i)
−i Ẑi,·⟩|

)
≤ |⟨u,G(i)

−i Ẑi,·⟩| · |⟨v,G
(i)
−i Ẑi,·⟩| · |⟨Ẑi,·,G

(i)
−i Ẑi,·⟩ − EẐi,·

⟨Ẑi,·,G(i)
−i Ẑi,·⟩|.

Similar to (A.30), there exists some constant C1 = C1(M, τ, cL) > 0 such that

P
(
|⟨u,G(i)

−i Ẑi,·⟩| ≥ C1

√
log n

n

)
∨ P

(
|⟨v,G(i)

−i Ẑi,·⟩| ≥ C1

√
log n

n

)
≤ C1n

−10. (A.33)

Moreover, it follows from the Hanson–Wright inequality, cf. Lemma 4, that there exists some

constant C2 = C2(M, τ, cL) > 0 such that for large enough n,

PẐi,·

(
|⟨Ẑi,·,G(i)

−i Ẑi,·⟩ − EẐi,·
⟨Ẑi,·,G(i)

−i Ẑi,·⟩|

≥ C2
log1/2 n

n
·
( ∑
k,ℓ∈[2p]

[Σ1/2G(i)
−iΣ

1/2]2kℓ

)1/2)
≤ C2n

−10.
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The same bound holds with Ẑi,· replaced by Zi,·.

In light of Lemma 5, there exists some constant C3 = C3(M, τ, cL) > 0 such that

P(∥Σ1/2G(i)
−iΣ

1/2∥op ≤ C3) ≥ 1 − C3p
−10. Hence, using the law of total probability, it holds

for some (large) constant C4 = C4(M, τ, cL) > 0 that for large enough n,

P
(
|⟨Ẑi,·,G(i)

−i Ẑi,·⟩ − EẐi,·
⟨Ẑi,·,G(i)

−i Ẑi,·⟩| ≥ C4

√
log n

n

)
≤ C4n

−10. (A.34)

The same unconditional bound holds with Ẑi,· replaced by Zi,·. By (A.33) and (A.34), there

exists some (large) constant C5 = C5(M, τ, cL) > 0 such that for large enough n,

P
(∣∣Êrri∣∣ ≥ C5

(
log n

n

)3/2)
≤ C5n

−10

and similarly,

P
(∣∣Erri∣∣ ≥ C5

(
log n

n

)3/2)
≤ C5n

−10.

Therefore, using the crude bound of E|Erri|2 ∨E|Êrri|2 ≤ CMη
−4, we see that there exists

some (large) constant C6 = C6(M, τ, cL) > 0 such that for large enough p,

E|Erri| ∨ E|Êrri| ≤ C6

((
log n

n

)3/2

+ η−2n−10

)
.

The conclusion then follows by the triangle inequality, which completes the proof of Lemma

20.

Lemma 21. Assume that conditions (O1)–(O3) hold. Then for any deterministic unit

vectors u, v ∈ R2p, there exists some constant C = C(M, τ, cL) > 0 such that for any η > 0

and any n ≥ C ,∣∣∣∣E⟨u, (Ẑ⊤Ẑ+ ηI2p
)−1

v⟩ − u⊤Σ−1v

1− 2p/n

∣∣∣∣ ≤ C

(
log3/2 n√

n
+ η−2n−10 + η

)
.

Proof of Lemma 21. From Lemma 20, it suffices to calculate E⟨u,
(
Z⊤Z + ηI2p

)−1
v⟩ for

Z = QΣ1/2 and {Qij}i∈[n],j∈[2p]
i.i.d.∼ N (0, n−1). Note that with ũ ≡ Σ−1/2u and ṽ ≡ Σ−1/2v,

ũ⊤ṽ− η E⟨ũ,Σ−1
(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩ = E⟨ũ,Q⊤Q

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩
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=
∑

i∈[n],j,k∈[2p]

ũj ṽk · EQij[Q
(
Q⊤Q+ ηΣ−1

)−1
]ik.

By Stein’s lemma, it holds that

EQij[Q
(
Q⊤Q+ ηΣ−1

)−1
]ik = n−1 E ∂Qij

{
[Q
(
Q⊤Q+ ηΣ−1

)−1
]ik

}
= −n−1 E

{
[Q
(
Q⊤Q+ ηΣ−1

)−1
]ij[Q

(
Q⊤Q+ ηΣ−1

)−1
]ik

}
− n−1 E

{
[Q
(
Q⊤Q+ ηΣ−1

)−1
Q⊤]ii[

(
Q⊤Q+ ηΣ−1

)−1
]jk

}
+ n−1 E

{
[
(
Q⊤Q+ ηΣ−1

)−1
]jk

}
.

Combining the equations in the above two expressions yields that

ũ⊤ṽ = E⟨ũ,
(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩

− n−1 E trQ
(
Q⊤Q+ ηΣ−1

)−1
Q⊤ · ⟨ũ,

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩

− n−1 E⟨ũ,
(
Q⊤Q+ ηΣ−1

)−1
Q⊤Q

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩

+ η E⟨ũ,Σ−1
(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩ ≡ E⟨ũ,

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩+ I1 + I2 + I3.

For term I1, we have that

I1 = −n−1 E trQ⊤Q
(
Q⊤Q+ ηΣ−1

)−1 · ⟨ũ,
(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩

= −2p

n
E⟨ũ,

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩+ η

n
E tr Σ−1

(
Q⊤Q+ ηΣ−1

)−1 · ⟨ũ,
(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩

= −2p

n
E⟨ũ,

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩+O

(
η E∥

(
Q⊤Q+ ηΣ−1

)−1∥2op
)
.

For term I2, it follows that

I2 = −n−1 E⟨ũ,
(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩+ η

n
E⟨ũ,

(
Q⊤Q+ ηΣ−1

)−1
Σ−1

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩

= O
(
n−1 E∥

(
Q⊤Q+ ηΣ−1

)−1∥op + ηn−1 E∥
(
Q⊤Q+ ηΣ−1

)−1∥2op
)
.

For term I3, it is easy to show that

I3 = O
(
η E∥

(
Q⊤Q+ ηΣ−1

)−1∥op
)
.
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Furthermore, we can estimate by (Rudelson and Vershynin, 2009, Theorem 1.1) that for

ℓ ∈ [2] and sufficiently small constant c > 0,

E∥
(
Q⊤Q+ ηΣ−1

)−1∥ℓop = E∥
(
Q⊤Q+ ηΣ−1

)−1∥ℓop · 1{λmin(Q
⊤Q) ≥ c)}

+ E∥
(
Q⊤Q+ ηΣ−1

)−1∥ℓop · 1{λmin(Q
⊤Q) < c)}

≤ c−ℓ + η−ℓ P
(
λmin(Q

⊤Q) < c
)
= O(1 + η−ℓn−10).

Combining the above results leads to

ũ⊤ṽ =

(
1− 2p

n

)
· E⟨ũ,

(
Q⊤Q+ ηΣ−1

)−1
ṽ⟩+O

(
η + η−1n−10 + n−1

)
.

The conclusion follows from rearranging the terms and applying Lemma 20, which completes

the proof of Lemma 21.

G.3.2 Proof of Theorem 9

We need the following a priori estimates to prove Theorem 9. Recall that for j ∈ [2p],

β̂LS
j =

√
nβau

∗,j + e⊤j (Ẑ
⊤Ẑ)−1Ẑ⊤ξ.

Lemma 22. Assume that conditions (O1)–(O3) hold. Then there exists some constant

C = C(M, τ, cL) > 0 such that for n ≥ C,

P
(

max
i∈[n],j∈[2p]

|e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ei| ≥ C

√
log n

n

)
≤ Cn−10.

Proof of Lemma 22. Using the Sherman–Morrison formula, for any i ∈ [n] and j ∈ [2p], we

have that

|e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ei| ≤ |e⊤j (Ẑ⊤
−i,·Ẑ−i,·)

−1Ẑi,·|+
∣∣∣∣e⊤j (Ẑ⊤

−i,·Ẑ−i,·)
−1Ẑi,·Ẑ

⊤
i,·(Ẑ

⊤
−i,·Ẑ−i,·)

−1Ẑi,·

1 + Ẑ⊤
i,·(Ẑ

⊤
−i,·Ẑ−i,·)−1Ẑi,·

∣∣∣∣
≤ 2|e⊤j (Ẑ⊤

−i,·Ẑ−i,·)
−1Ẑi,·|.

The conclusion then follows by (A.30) and an union bound argument, which completes the

proof of Lemma 22.
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We will focus on the case when W = Ŵ . The constant C below may depend on M, τ, cL,

which may change from line to line. Let us define j ≡ j + p for any j ∈ [p]. Denote by

Ĝ(j) ∼ N (0, σ2
ξ · Σ̂

(j)
n ) with

Σ̂(j)
n ≡

[(Ẑ⊤Ẑ)−1]jj [(Ẑ⊤Ẑ)−1]jj

[(Ẑ⊤Ẑ)−1]jj [(Ẑ⊤Ẑ)−1]jj

 .
Applying Lemmas 19–21 with η therein chosen to be sufficiently small, i.e., η = n−2, we can

show that for any sufficiently small δ > 0 and large enough n,

P

(
Ej ≡

{
max

u,v∈{ej ,ej}

∣∣∣∣⟨u, (Ẑ⊤Ẑ)−1v⟩ − u⊤Σ−1v

1− 2p/n

∣∣∣∣ ≤ C
nδ√
n

})
≥ 1− Cn−10.

On event Ej, ∥Σ̂(j)
n −Σ

(j)
n ∥max ≤ Cnδ/

√
n. Since Σ̂

(j)
n is a principal submatrix of (Ẑ⊤Ẑ)−1, an

application of the Cauchy interlacing theorem gives that

λmax(Σ̂
(j)
n ) ≤ λmax((Ẑ

⊤Ẑ)−1) =
1

λmin(Ẑ⊤Ẑ)
,

λmin(Σ̂
(j)
n ) ≥ λmin((Ẑ

⊤Ẑ)−1) =
1

λmax(Ẑ⊤Ẑ)
.

Thus, it follows from Lemma 5 that

P
(

Ej ≡
{
C−1 ≤ λmin(Σ̂

(j)
n ) ≤ λmax(Σ̂

(j)
n ) ≤ C

})
≥ 1− Cn−10. (A.35)

Moreover, by Lemma 22, we have that

P
(
Ej ≡

{
max

i∈[n],j∈{j,j}
|e⊤j (Ẑ⊤Ẑ)−1Ẑ⊤ei| ≤ C

√
log n

n

})
≥ 1− Cn−10.

In the sequel, we will work on event Ej∩Ej∩Ej. Recall that for j ∈ H0, β∗,j = β∗,j = 0. By

invoking Theorem 11 and setting Xi therein as (
√
ne⊤j (Ẑ

⊤Ẑ)−1Ẑ⊤eiξi,
√
ne⊤

j
(Ẑ⊤Ẑ)−1Ẑ⊤eiξi)

⊤

for any i ∈ [n], we can obtain that

PẐ
(
|β̂LS
j | − |β̂LS

j
| ≥ t

)
=

(
1 +O

(
(1 + t3) log2 n√

n

))
· PẐ

(
|Ĝ(j)

1 | − |Ĝ(j)
2 | ≥ t

)
. (A.36)

We next proceed with the covariance approximation. On Ej ∩ Ej, set

∆j = ∥Σ̂(j)
n − Σ(j)

n ∥op ≤ Cnδ/
√
n.
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Since both covariance matrices have eigenvalues bounded above and below, a standard Gaus-

sian density perturbation argument over the tail set

St,+ = {(x, y) : |x| − |y| ≥ t}

gives ∣∣∣∣∣PΣ̂
(j)
n
{(G1, G2) ∈ St,+}

P
Σ

(j)
n
{(G1, G2) ∈ St,+}

− 1

∣∣∣∣∣ ≤ C(1 + t2 + log n)∆j +
Cn−10

Pj(t)
.

Indeed, the Gaussian integral is first truncated to ∥(x, y)∥2 ≤ C(t2 + log n). On this region,

the likelihood ratio of the two Gaussian densities differs from one by at most C(1 + t2 +

log n)∆j, while the contribution of the complement is at most Cn−10Pj(t) by the Gaussian

tail bound and the lower tail bound for Pj(t). Consequently,

PẐ
(
|Ĝ(j)

1 | − |Ĝ(j)
2 | ≥ t

)
= Pj(t)

[
1 +O

(
(1 + t3)nδ log n√

n

)]
+ n−10.

Therefore, combining the above estimate with (A.36), we can show that

PẐ
(
|β̂LS
j | − |β̂LS

j
| ≥ t

)
= Pj(t) ·

(
1 +O

(
(1 + t3)nδ log n√

n

))
+ n−10.

The desired conclusion follows by a law of total probability argument, which completes the

proof of Theorem 9.

G.3.3 Proof of Lemma 7

Lemma 23. Assume that conditions (O1)–(O3) hold. Then for any sufficiently small δ > 0,

there exists some constant C = C(M, τ, cL, δ) > 0 such that for n ≥ C and t ∈ (0, n1/7/C),

Var
( ∑
j∈H0

1{Ŵj ≥ t}
)

≤ C

(∑
j∈H0

(|N(j)|+ 1)P
(
Ŵj ≥ t

)
+

(1 + t3)nδ log n√
n

(∑
j∈H0

P
(
Ŵj ≥ t

))2

+ n−10

)
.

Proof of Lemma 23. Observe that

Var
( ∑
j∈H0

1{Ŵj ≥ t}
)
=
∑
j,ℓ∈H0

(
E1{Ŵj ≥ t}1{Ŵℓ ≥ t} − E1{Ŵj ≥ t}E1{Ŵℓ ≥ t}

)
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=
∑

j,ℓ∈H0,j ̸=ℓ

(
P
(
Ŵj ≥ t, Ŵℓ ≥ t

)
− P

(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

))
+
∑
j∈H0

(
P
(
Ŵj ≥ t

)
− P2

(
Ŵj ≥ t

))
≤

∑
j,ℓ∈H0,j ̸=ℓ

(
P
(
Ŵj ≥ t, Ŵℓ ≥ t

)
− P

(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

))
+
∑
j∈H0

P
(
Ŵj ≥ t

)
≡ I1 +

∑
j∈H0

P
(
Ŵj ≥ t

)
.

A slightly generalized version of Theorem 9 yields that for ℓ /∈ N(j) ∪ {j} and any t ∈

(0, n1/7/C),

P
(
Ŵj ≥ t, Ŵℓ ≥ t

)
= P

(
|G(jℓ)

1 | − |G(jℓ)
2 | ≥ t, |G(jℓ)

3 | − |G(jℓ)
4 | ≥ t

)
·
(
1 +O

(
(1 + t3)nδ log n√

n

))
+ n−10

= P
(
|G(jℓ)

1 | − |G(jℓ)
2 | ≥ t

)
P
(
|G(jℓ)

3 | − |G(jℓ)
4 | ≥ t

)
·
(
1 +O

(
(1 + t3)nδ log n√

n

))
+ n−10

= P
(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

)
·
(
1 +O

(
(1 + t3)nδ log n√

n

))
+ n−10,

where G(jℓ) ∼ N (0,Σ
(jℓ)
n ) ∈ R4 with

Σ(jℓ)
n ≡ 1

1− 2p/n

[
Σ−1

]
{j,j,ℓ,ℓ},{j,j,ℓ,ℓ}.

We can then bound I1 as

I1 ≤
(∑
j∈H0

∑
ℓ∈N(j)∪{j}

+
∑
j∈H0

∑
ℓ∈H0∩N(j)c

ℓ̸=j

)(
P
(
Ŵj ≥ t, Ŵℓ ≥ t

)
− P

(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

))

≤
∑
j∈H0

{
(|N(j)|+ 1) · P

(
Ŵj ≥ t

)
+

∑
ℓ∈H0∩N(j)c

ℓ ̸=j

(
P
(
Ŵj ≥ t, Ŵℓ ≥ t

)
− P

(
Ŵj ≥ t

)
P
(
Ŵℓ ≥ t

))}

≤
∑
j∈H0

(|N(j)|+ 1) · P
(
Ŵj ≥ t

)
+

(∑
j∈H0

P
(
Ŵj ≥ t

))2

· O
(
(1 + t3)nδ log n√

n

)
+ n−10.

This completes the proof of Lemma 23.
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With the aid of Lemma 23, the proof of Lemma 7 follows a similar structure to that of

Lemma 1. Below we will outline some key differences.

First, we will choose hn = (pαn)
1−η(mn+1)η for some η ∈ (0, 1), ensuring that hn/(pαn) =

o(1) and hn → ∞. Such choice guarantees that both (A.21) and (A.22) remain valid. Hence,

it suffices to bound P(Dn ≥ ε).

It follows from Lemma 23 that

P(Dn ≥ ε) ≤
ln∑
i=0

P
(∣∣∣∣
∑

j∈H0

(
1(Ŵj ≥ ti)− P(Ŵj ≥ ti)

)
|H0| · Ĝ+(ti)

∣∣∣∣ ≥ ε

)

≤
ln∑
i=0

Var
(∑

j∈H0

(
1(Ŵj ≥ ti)

)
|H0|2 · Ĝ2

+(ti) · ε2

≤ mn + 1

|H0|ε2
ln∑
i=0

1

Ĝ+(ti)
+ C

ln(1 + t30)n
δ log n

ε2
√
n

+
n−10

|H0|2 · ε2
·
ln∑
i=0

1

Ĝ2
+(ti)

.

The latter two terms on the right-hand side above can be bounded similar to those in the

proof of Lemma 1. For the first term on the right-hand side above, it holds that

mn + 1

|H0|ε2
ln∑
i=0

1

Ĝ+(ti)
=
mn + 1

|H0|ε2
ln∑
i=0

1

P(ti)
+
mn + 1

|H0|ε2
ln∑
i=0

P(ti)− Ĝ+(ti)

Ĝ+(ti)P(ti)

=
mn + 1

|H0|ε2
ln∑
i=0

1 + o(1)

zi
≤ C

mn + 1

hnε2
→ 0,

where the last inequality above follows from (Fan et al., 2025, equation (A.107)). This

completes the proof of Lemma 7.

G.3.4 Proof of Lemma 8

The proof follows similar to that of Lemma 2, upon applying Corollary 4 and Lemma 7 by

setting αn therein as qan/2p and noting that pαn/(mn + 1) = qan/(2(mn + 1)) → ∞ as

n→ ∞. This completes the proof of Lemma 8.
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G.4 Proofs for Section E.1

G.4.1 Proof of Theorem 10

The proof of Theorem 10 follows the same structure as that of Theorem 9. We outline the

key differences below.

We need the following a priori estimates to prove Theorem 10. Recall that for j ∈ [2p],

ẑj = Ẑ·,j − Ẑ·,−jγ̂j,

and γ̂j ≡ argminb∈R2p−1{(2n)−1∥Ẑ·,j − Ẑ·,−jb∥2 + λj∥b∥1}.

Lemma 24. Assume that conditions (O3) and (L1) hold. Then if bn log p/n = o(1), we

have that there exists some constant C = C(M,C1,C2,C3) > 0 such that for n ∧ p ≥ C and

any j ∈ [2p],

P
(
max
i∈[n]

∣∣∣∣ √
nẑj,i

⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ Cb
1/2
n log(np)√

n

)
≤ Cp−10.

Proof of Lemma 24. The constant C below may depend on M,C1,C2,C3, which may change

from line to line. We first rewrite that∣∣∣∣ √
nẑj,i

⟨ẑj, Ẑ·,j⟩

∣∣∣∣ = |ẑj,i|
∥ẑj∥

·
√
n∥ẑj∥

|⟨ẑj, Ẑ·,j⟩|
. (A.37)

Under conditions (O3) and (L1), together with bn log p/n = o(1), the standard nodewise-

Lasso bounds used in (Fan et al., 2025, equations (A.16)–(A.19)) apply uniformly over j ∈

[2p]. It follows from (Fan et al., 2025, equation (A.18)–(A.19)) that

1

∥ẑj∥
·

√
n∥ẑj∥

|⟨ẑj, Ẑ·,j⟩|
≤ C√

n
(A.38)

holds with probability at least 1 − Cp−10. For any i ∈ [n], using (Fan et al., 2025, equa-

tion (A.16)), we can find some deterministic quantity γj satisfying maxj∈[2p]∥γj∥ ≤ C and

maxj∈[2p]∥γj∥0 ≤ bn such that, with probability at least 1− Cp−10,

max
j∈[2p]

∥γ̂j − γj∥ ≤ C
√
bn log p/n, max

j∈[2p]
∥γ̂j − γj∥1 ≤ Cbn

√
log p/n.
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Moreover, by the sub-Gaussianity of Ẑi,·, we have P(maxi∈[n],j∈[2p]|Ẑi,j| ≤ C
√

log(np)) ≥ 1−

Cp−10. Combining the above high-probability estimates, we can obtain that with probability

at least 1− Cp−10,

max
i∈[n]

|ẑj,i| ≤ max
i∈[n]

{|Ẑi,j|+ |Ẑi,−jγ̂j|} ≤ max
i∈[n]

{|Ẑi,j|+ |Ẑi,−jγj|+ |Ẑi,−j(γ̂j − γj)|}

≤ C
√

log(np) + Cb1/2n

√
log(np) + Cbn

√
log p log(np)

n
≤ Cb1/2n log(np). (A.39)

The desired conclusion follows by combining (A.37)–(A.39), which completes the proof of

Lemma 24.

We will focus on the proof for W = Ŵ below. The constant C below may depend on

M,C1,C2,C3, which may change from line to line. Recall that βau
∗ = (β⊤

∗ , 0
⊤
p )

⊤ ∈ R2p and

the linear regression model for the data can be written in the following form

Y = Ẑβau
∗ + ξ.

Since for any j ∈ H0, β
au
∗,j = βau

∗,j+p = 0, we can then rewrite

β̂dL
j = β̂

(0)
j +

⟨ẑj, Ẑβau
∗ − Ẑβ̂(0)⟩

⟨ẑj, Ẑ·,j⟩
+

⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

= β̂
(0)
j + βau

∗,j − β̂
(0)
j +

1

⟨ẑj, Ẑ·,j⟩

∑
k∈[2p]\{j}

⟨ẑj, Ẑ·,k⟩ · (βau
∗,k − β̂

(0)
k ) +

⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

=
⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

+
1

⟨ẑj, Ẑ·,j⟩

∑
k∈[2p]\{j}

⟨ẑj, Ẑ·,k⟩ · (βau
∗,k − β̂

(0)
k )

≡ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

+ Errj.

Similarly, with j ≡ j + p, it holds that for j ∈ H0,

β̂dL
j

=
⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

+ Errj.

With the above representations for β̂dL
j and β̂dL

j
, a simple probability inequality yields

that

P
(
Ŵj ≥ t

)
= P

(√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

+ Errj

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

+ Errj

∣∣∣∣ ≥ t

)
50



≤ P
(√

n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ t−
√
n
(
|Errj|+ |Errj|

))
and conversely,

P
(
Ŵj ≥ t

)
≥ P

(√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ t+
√
n
(
|Errj|+ |Errj|

))
.

It follows from (Fan et al., 2025, equation (A.187)) that

P

(
EdL ≡

{
max
j∈[2p]

|Errj| ≤
Cb

1/2
n s log p

n

})
≥ 1− Cp−8.

Thus, we can deduce that for any t ∈ R,

P
(
Ŵj ≥ t

)
≤ P

(
Ŵj ≥ t, EdL

)
+ P

(
(EdL)c

)
≤ P

(√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ t− Cb
1/2
n s log p√

n

)
+ Cp−8

and conversely,

P
(
Ŵj ≥ t

)
= 1− P

(
Ŵj < t

)
≥ 1− P

(
Ŵj < t, EdL

)
− P

(
(EdL)c

)
≥ P

(√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ t+
Cb

1/2
n s log p√

n

)
− Cp−8.

Next we proceed with the Gaussian approximation. For any i ∈ [n] and j ∈ [2p],

denote by α
(j)
i ≡

√
nẑj,i/⟨ẑj, Ẑej⟩ and α(j) ≡ (α

(j)
1 , · · · , α(j)

n ). We further define Σ̂(j) ≡

(α(j),α(j))⊤(α(j),α(j)). It follows from the discussion right before (Fan et al., 2025, equation

(A.221)) that

P
(
EΣ ≡

{
∥Σ̂(j) − Σ(j)∥max ≤ C

√
bn log p

n

})
≥ 1− Cp−10.

Moreover, an application of Lemma 24 gives that

P
(
EΣ ≡

{
max

i∈[n],j∈{j,j}

∣∣∣∣ √nẑj,i

⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≤ Cb
1/2
n log(np)√

n

})
≥ 1− Cp−10.
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Let Ĝ(j) ∼ N (0, σ2
ξ · Σ̂(j)). Then on event EΣ ∩ EΣ, we can resort to a similar argument

as in (A.36) to obtain that for t ∈ (0, n1/7/C),

PẐ

(√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ t

)
= PẐ

(
|Ĝ(j)

1 | − |Ĝ(j)
2 | ≥ t

)
·
(
1 +O

(
(1 + t3)bn log

3(np)√
n

))
+O(p−8).

Further, by a similar covariance approximation argument as in the proof of Theorem 9, it

holds that

P
(√

n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣−√
n

∣∣∣∣ ⟨ẑj, ξ⟩
⟨ẑj, Ẑ·,j⟩

∣∣∣∣ ≥ t

)
= P

(
|G(j)

1 | − |G(j)
2 | ≥ t

)
·
(
1 +O

(
(1 + t3)bn log

3(np)√
n

))
+O(p−8).

Therefore, we can deduce that

Pj
(
t+

Cb
1/2
n s log p√

n

)
·
(
1 +O

(
(1 + t3)bn log

3(np)√
n

))
−O(p−8)

≤ P
(
Ŵj ≥ t

)
≤ Pj

(
t− Cb

1/2
n s log p√

n

)
·
(
1 +O

(
(1 + t3)bn log

3(np)√
n

))
+O(p−8).

Then a Gaussian integral calculation as in the proof of Theorem 11 leads to

P
(
Ŵj ≥ t

)
= Pj(t) ·

(
1 +O

(
(1 + t3)bns log

3(np)√
n

))
+O(p−8),

which completes the proof for the moderate deviation result in (A.4). The asymptotic

approximate symmetry result in (A.5) then follows by some simple algebra. This completes

the proof of Theorem 10.

G.4.2 Proof of Lemma 9

Combining the proof of Lemma 23 and the error bound in (A.4), we see that there exists some

constant C = C(M,C1,C2,C3) > 0 such that for n∧p ≥ C and t ∈
(
0, n1/6/(Cbns log

4(np))1/3∧

n1/7/C
)
,

Var
( ∑
j∈H0

1{Ŵj ≥ t}
)

(A.40)
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≤ C

(∑
j∈H0

(|N(j)|+ 1)P
(
Ŵj ≥ t

)
+

(1 + t3)bns log
4(np)√

n

(∑
j∈H0

P
(
Ŵj ≥ t

))2
)

+O(p−8).

Then the desired conclusion follows from the proof of Lemma 7, which completes the proof

of Lemma 9.

G.4.3 Proof of Lemma 11

The proof of this lemma follows a similar approach to that of Lemma 2, involving a care-

ful bookkeeping of errors arising from the distributional approximation and the indicator

function approximation. For brevity, the details are omitted.

G.5 Proofs for Section 3.1

G.5.1 Proof of Proposition 1

The proof follows the same structure as that of Proposition 4, with minor modifications; we

omit repetitive details.

G.5.2 Proof of Theorem 2

The proof follows the same structure as that of Theorem 6; we provide some details below.

The constant C below may depend on cY ,M, which may change from line to line. In the

proof below, we assume that log p = o(nc) for some small enough c > 0.

Distributional approximation

We first establish the asymptotic approximate symmetry property (i.e., condition (1) in

Theorem 1) of Ŵj for j ∈ H0.

Theorem 12. Assume that conditions (D1) and (D2) are satisfied. For any j ∈ H0, it

holds that for W ∈ {Ŵ ,−Ŵ }, there exists some constant C = C(cY ,M) > 0 such that for

n ∧ p ≥ C and t ∈ (0, n1/7/C),∣∣∣∣P
(
Wj ≥ t

)
Pj(t)

− 1

∣∣∣∣ ≤ C

(
(1 + t3) log3(np)√

n
+

p−10

Pj(t)

)
.
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Proof of Theorem 12. Recall from (A.19) that

P
(
EY ≡

{
maxi∈[n]|Yi|

∥Y ∥
≤ C log(np)√

n

})
≥ 1− p−10.

For j ∈ H0, Condition (D1) and the model assumption imply that (Xj, X̂j) is independent of

Y and has mean zero. Moreover, the uniform sub-exponential condition on X, together with

Condition (D2), implies that both Xj and X̂j have uniformly bounded ψ1 norms. Hence,

conditional on Y , the summands below are independent and mean zero, with conditional

ψ1 radii bounded by C log(np) on EY . Then on event EY , for any j ∈ H0, we can apply

Theorem 11 by setting Xi therein as (
√
nXi,jYi/∥Y ∥,

√
nX̂i,jYi/∥Y ∥)⊤. This yields that on

event EY , for any j ∈ H0 and t ∈ (0, n1/7/C),

PY
(
Ŵj ≥ t

)
=

(
1 +O

(
(1 + t3) log3(np)√

n

))
· P(G1,G2)⊤∼N (0,Σ{j,j+p},{j,j+p})(|G1| − |G2| ≥ t).

It follows from the law of total probability that

P
(
Ŵj ≥ t

)
=

(
1 +O

(
(1 + t3) log3(np)√

n

))
· Pj(t) +O(p−10). (A.41)

A similar argument leads to

P
(
Ŵj ≤ −t

)
=

(
1 +O

(
(1 + t3) log3(np)√

n

))
· Pj(t) +O(p−10). (A.42)

This completes the proof of Theorem 12.

By some simple algebraic calculations, we can obtain that

sup
t∈
(
0,P−1

(
qan
2p

)] ∣∣∣∣
∑

j∈H0
P
(
Ŵj ≥ t

)∑
j∈H0

P
(
Ŵj ≤ −t

) − 1

∣∣∣∣ = o(1). (A.43)

Approximation for indicator functions

In view of the proof of Lemma 23 and the error bound in Theorem 12, there exists some

constant C = C(cY ,M) > 0 such that for n ∧ p ≥ C and t ∈ (0, n1/7/C),

Var
( ∑
j∈H0

1{Ŵj ≥ t}
)

(A.44)
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≤ C

(∑
j∈H0

(|M(j)|+ 1)P
(
Ŵj ≥ t

)
+

(1 + t3) log3(np)√
n

(∑
j∈H0

P
(
Ŵj ≥ t

))2
)

+O(p−10).

Then we can follow the proof of Lemma 7 to conclude that for # ∈ {+,−},

sup
t∈
(
0,P−1

(
qan
2p

)] ∣∣∣∣
∑

j∈H0
1{#Ŵj ≥ t}∑

j∈H0
P(#Ŵj ≥ t)

− 1

∣∣∣∣ = oP(1). (A.45)

Localization of Tq

With the aid of (A.41)–(A.45), we can invoke the grid-localization argument in the proof

of Lemma 2. In the present correlated setting, wj need not be nonnegative for all j ∈ H1;

however, the step proving P−1(qan/(2p)) ≤ 2Cδn uses only null indices, for which wj = 0.

The final grid step uses a fixed q+ ∈ (q,min{2q, 1}) exactly as in Lemma 2, and the negative

tail of non-null statistics is controlled by condition (D4) applied with the level q+. Hence,

P
(
Tq > P−1

(
qan
2p

))
= o(1). (A.46)

Therefore, the asymptotic FDR control follows by applying Theorem 1 with (A.43),

(A.45), and (A.46). This completes the proof of Theorem 2.

G.6 Proof of Example 3

We prove the counterexample stated in Example 3. We construct a sequence of models for

which every null coordinate satisfies Xj ⊥⊥ Y | X−j, yet the Gaussian-knockoff filter based

on marginal-correlation statistics has asymptotic FDR equal to one.

Fix q ∈ (0, 1), a nonzero constant β, and a constant σ ≥ 0. Let p0 = p0(n) and

p1 = p1(n) satisfy p0 → ∞, p1/p0 → 0, and p1 log
2(p0 + p1) = o(n). For each i ∈ [n],

generate independently

Zi1, · · · , Zip1
i.i.d.∼ N (0, 1), Ui1, · · · , Uip0

i.i.d.∼ Rad(±1), ξi ∼ N (0, 1),

and assume that all Z’s, U ’s, and ξ’s are mutually independent. Define

Gi ≡ p
−1/2
1

p1∑
k=1

Zik, Xik ≡ Zik (k ∈ [p1]), Xi,p1+ℓ ≡ UiℓGi (ℓ ∈ [p0]),
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and

Yi ≡ βGi + σξi.

Then EXi = 0 and Cov(Xi) = Ip. Moreover, for each null index j = p1 + ℓ, the signal block

(Xi1, · · · , Xip1) is contained in Xi,−j and determines Gi. Conditional on X−j, the response

has the form Yi = βGi + σξi, while Xij = UiℓGi depends on the additional independent sign

Uiℓ. Since Uiℓ is independent of ξi and of all other coordinates, we have Xj ⊥⊥ Y | X−j for

every j ∈ H0.

Since ΣX = Ip, the second-order Gaussian knockoff with rj = 1 for all j is an independent

N (0, 1) copy. Thus the Gaussian knockoff matrix can be written as X̂ = Z, where Z ∈ Rn×p

has i.i.d. N (0, 1) entries and is independent of (X,Y ). Define the marginal-correlation

statistics by

Tj ≡
X⊤

·,jY

∥Y ∥
, T̂j ≡

X̂⊤
·,jY

∥Y ∥
, Ŵj ≡ |Tj| − |T̂j|,

and let Tq be the knockoff threshold.

Theorem 13. Under the construction above, FDR → 1.

Proof of Theorem 13. Fix a null index j = p1 + ℓ. Since Xij = GiUiℓ and Yi = βGi + σξi

Tj =
X⊤

·,jY

∥Y ∥
=

∑n
i=1 UiℓGiYi(∑n
i=1 Y

2
i

)1/2 . (A.47)

Write ai,n ≡ GiYi/
(∑n

k=1 Y
2
k

)1/2
. Then Tj =

∑n
i=1 ai,nUiℓ. Conditional on An ≡ σ{(Gi, ξi) :

i ∈ [n]}, this is a weighted sum of independent Rademacher variables. By the strong law of

large numbers,

n∑
i=1

a2i,n =

∑n
i=1G

2
iY

2
i∑n

i=1 Y
2
i

→ κ ≡ E{G2(βG+ σξ)2}
E{(βG+ σξ)2}

=
3β2 + σ2

β2 + σ2
a.s.,

where G, ξ are independent standard normal variables. Since β ̸= 0, we have κ > 1. Also

max1≤i≤n a
2
i,n → 0 almost surely because GiYi has sub-exponential tails, so max1≤i≤nG

2
iY

2
i =
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o(n) a.s., while n−1
∑

i Y
2
i → β2 + σ2 > 0 a.s. Therefore, conditional on An, the Lindeberg-

Feller theorem for triangular arrays yields

Tj ⇒ N (0, κ) for each j ∈ H0. (A.48)

On the other hand, conditional on Y , each T̂j ∼ N (0, 1) and T̂j is independent of Tj. Hence,

by Slutsky’s theorem,

Ŵj = |Tj| − |T̂j| ⇒ W0 ≡ |
√
κZ1| − |Z2|, (A.49)

where Z1, Z2 are independent N (0, 1) random variables.

We next show that the limiting null law is strongly asymmetric in the upper and lower

tails. Let c∗ ≡ P(|Z2| ≤ 1) > 0. For t ≥ 0,

P(W0 ≥ t) ≥ P
(
|
√
κZ1| ≥ t+ 1, |Z2| ≤ 1

)
= c∗ P

(
|Z1| ≥

t+ 1√
κ

)
,

P(W0 ≤ −t) ≤ P(|Z2| ≥ t).

Since κ > 1, by standard Gaussian tail bounds, there exists t0 > 0 such that

ρ0 ≡
P(W0 ≤ −t0)
P(W0 ≥ t0)

<
q

4
, P(W0 ≥ t0) > 0. (A.50)

Let R0 ≡ #{j ∈ H0 : Ŵj ≥ t0} and N0 ≡ #{j ∈ H0 : Ŵj ≤ −t0}. Conditional on An,

the null statistics {Ŵj}j∈H0 are i.i.d. across j: each null column uses an independent sign

vector U·,ℓ, and each knockoff column X̂·,j is an independent N (0, In) vector, independent

of everything else. Hence conditional on An,

R0 | An ∼ Binomial(p0, p+,n), N0 | An ∼ Binomial(p0, p−,n),

where p+,n ≡ P(Ŵj ≥ t0 | An) and p−,n ≡ P(Ŵj ≤ −t0 | An). From (A.49) and the

continuity of W0, we have p+,n → p+ ≡ P(W0 ≥ t0) and p−,n → p− ≡ P(W0 ≤ −t0) almost

surely, and by (A.50), p+ > 0 and p−/p+ = ρ0 < q/4.
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Conditional variances satisfy

Var
(R0

p0

∣∣∣An

)
≤ 1

4p0
, Var

(N0

p0

∣∣∣An

)
≤ 1

4p0
.

Thus, by Chebyshev’s inequality and the law of total probability,

R0

p0

P→ p+,
N0

p0

P→ p−. (A.51)

In particular, R0 = ΘP(p0) and N0/R0
P→ ρ0 < q/4.

Now let

R(t0) ≡ #{j ∈ [p] : Ŵj ≥ t0}, N(t0) ≡ #{j ∈ [p] : Ŵj ≤ −t0}.

Since there are at most p1 signal indices, we have R(t0) ≥ R0 and N(t0) ≤ N0+p1. Therefore,

on the event {R0 > 0},

1 +N(t0)

R(t0)
≤ 1 +N0 + p1

R0

=
N0

R0

+
1 + p1
R0

.

By (A.51), R0 = ΘP(p0); since p1/p0 → 0, it follows that (1 + p1)/R0
P→ 0. Hence

1 +N(t0)

R(t0)

P→ ρ0 <
q

4
.

Let t◦n ≡ min{|Ŵj| : |Ŵj| ≥ t0}, whenever the set is nonempty. On the event {R(t0) > 0},

this set is nonempty. Moreover, by the definition of t◦n, no statistic has absolute value in

[t0, t
◦
n), and hence

R(t◦n) = R(t0), N(t◦n) = N(t0).

On the event {R(t0) > 0}∩{(1+N(t0))/R(t0) ≤ q}, the grid point t◦n is therefore admissible

for the knockoff threshold, because

1 +N(t◦n)

R(t◦n) ∨ 1
=

1 +N(t0)

R(t0)
≤ q.

Since the event above has probability tending to one, we get

P (Tq ≤ t◦n and R(t0) > 0) → 1. (A.52)
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On the event in (A.52), every null variable with Ŵj ≥ t0 is selected, since Ŵj ≥ t0 implies

Ŵj ≥ t◦n. Therefore, V ≡ |Ŝ ∩ H0| ≥ R0 and |Ŝ| ≤ V + p1, which gives

FDP ≥ R0

R0 + p1
.

Using again R0 = ΘP(p0) and p1/p0 → 0, we obtain

R0

R0 + p1

P→ 1.

Combining this with (A.52) yields FDP
P→ 1. Since 0 ≤ FDP ≤ 1, the convergence FDP

P→ 1

implies FDR = E[FDP] → 1. This completes the proof of Theorem 13.

G.7 Signal-driven relaxation for marginal correlation statistics

This section records a generalization of the block-independent marginal-correlation result

in Section 3.1. Instead of assuming XH0 ⊥⊥ XH1 , we allow the null block to contain a

signal-driven linear component and require only that the residual null block be independent

of the signal block and the response. The benchmark distribution is then shifted by the

signal-driven component.

We use the following conditions.

(D1⋆) The response Y is sub-exponential with cY ≤ EY 2 ≤ c−1
Y . The covariate X is centered,

has covariance matrix ΣX , and admits the following signal-driven decomposition. Let

ΩX ≡ Σ−1
X and partition ΩX according to (H0,H1) as

ΩX =

Ω00 Ω01

Ω10 Ω11

 , Ψ0 ≡ Ω−1
00 .

Define m(x1) ≡ −Ω−1
00 Ω01x1. The rows of (X·,H1 ,R,Y ) are i.i.d., and for each obser-

vation

XH0 = m(XH1) +R, (A.53)
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where R ⊥⊥ (XH1 , Y ), ER = 0, and Cov(R) = Ψ0. By the standard block-inverse

identities, this decomposition is consistent with Cov(X) = ΣX . The signal block

has mean zero, covariance (ΣX)H1,H1 , and uniformly sub-exponential one-dimensional

projections; the residual block also has uniformly sub-exponential one-dimensional

projections. These assumptions imply Xj ⊥⊥ Y | X−j for every j ∈ H0. Indeed,

conditional on X−j, both XH1 and R−j are fixed, while Y is independent of the residual

vector R given XH1 .

(D2⋆) The joint covariance matrix Σ = Cov[(X⊤, X̂⊤)⊤] satisfies ∥Σ∥op ∨ ∥Σ−1∥op ≤ M for

some constant M > 0. In addition, with ψ2
j ≡ [Ψ0]jj, there exists c0 ∈ (0, 1) such that

c0 ≤ rj/ψ
2
j ≤ 2− c0, j ∈ H0.

Remark 6 (Covariate examples for the relaxed block structure). The following examples

focus on the covariate structure that replaces the block-independence assumption XH0 ⊥⊥ XH1.

They show that the null block may contain a linear component driven by the signal block, as

long as the remaining residual block is independent of the signal block.

First, suppose X ∼ N (0,ΣX) with eigenvalues of ΣX bounded above and below. By the

Gaussian conditioning formula,

XH0 = −Ω−1
00 Ω01XH1 +R, R ∼ N (0,Ω−1

00 ),

with R ⊥⊥ XH1. Thus the null block can contain the signal-driven linear component −Ω−1
00 Ω01XH1;

the special case Ω01 = 0 reduces to block independence. If, for example, the Gaussian knock-

offs are generated with the equi-correlated choice S = sIp, where s = κλmin(ΣX) for a fixed

sufficiently small κ ∈ (0, 1), then 2S−SΩXS ≻ 0, the joint covariance of (X, X̂) has bounded

eigenvalues, and rj/ψ
2
j is bounded away from 0 and 2 uniformly over j ∈ H0.

Second, let XH1 = Σ
1/2
11 Z1 and R = Ψ

1/2
0 Z0, where Z1 and Z0 are independent centered

isotropic sub-Gaussian vectors. Let A be a deterministic matrix with bounded operator norm
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and define

XH0 = AXH1 +R.

If the eigenvalues of Σ11 and Ψ0 are bounded above and below, then X is centered, has

uniformly sub-exponential one-dimensional projections, and has covariance

ΣX =

AΣ11A
⊤ +Ψ0 AΣ11

Σ11A
⊤ Σ11

 .

The block inverse identities give Ω00 = Ψ−1
0 and Ω01 = −Ψ−1

0 A, so m(x1) = Ax1. When

AΣ11 ̸= 0, this covariate distribution is not block independent because XH0 contains the

signal-driven component AXH1. Under the same small equi-correlated knockoff choice S =

κλmin(ΣX)Ip, the covariance nondegeneracy condition above holds as well.

Let S ≡ diag(r) and S0 ≡ SH0,H0 . For j ∈ H0, write mj(·) for the jth null coordinate of

m(·) and define

Fn ≡ σ(X·,H1 ,Y ), vi ≡ Yi/∥Y ∥, Mj ≡
n∑
i=1

vimj(Xi,H1).

Conditional on Fn, define the shifted Gaussian benchmark

P⋆
j (t | Fn) ≡ P(|Mj + G1j| − |Mj + G2j| ≥ t | Fn),

P⋆

n(t | Fn) ≡ |H0|−1
∑
j∈H0

P⋆
j (t | Fn), (A.54)

where, for each j ∈ H0, (G1j, G2j) denotes an auxiliary centered Gaussian pair, independent

of Fn, with

(G1j,G2j)
⊤ ∼ N

0,

 ψ2
j ψ2

j − rj

ψ2
j − rj ψ2

j


 .

For x ∈ [0, 1/2], define (P⋆

n)
−1(x) ≡ sup{t ≥ 0 : P⋆

n(t | Fn) ≥ x}. For each fixed realization

of Fn, the random variable |Mj + G1j| − |Mj + G2j| has a continuous, everywhere positive
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Lebesgue density; hence t 7→ P⋆

n(t | Fn) is continuous and strictly decreasing on [0,∞). The

equal diagonal variances in the benchmark imply the exact shifted symmetry P⋆
j (t | Fn) =

P
(
|Mj + G1j| − |Mj + G2j| ≤ −t | Fn

)
.

As in the block-independent marginal-correlation result, define

wj ≡
√
n{|EXjY | − |E X̂jY |}

(EY 2)1/2
, δn ≡ log p

(EY 2)1/2
+

log2 p√
nEY 2

.

The signal and threshold localization conditions are the following.

(D3⋆) For a sufficiently large constant C > 0 independent of n, an ≡ #{j ∈ H1 : wj ≥

Cδn} → ∞. Additionally, mn/an → 0. Here, mn ≡ maxj∈H0|M⋆(j)| with M⋆(j) ≡

{ℓ ∈ H0 \ {j} : [Ψ0]jℓ ̸= 0}.

(D4⋆) For any q ∈ (0, 1), with α⋆n ≡ (P⋆

n)
−1( qan

2p
), it holds that (qan)

−1
∑

j∈H1
P(Ŵj <

−α⋆n) → 0, where the probability is over all randomness, including the random cutoff

α⋆n inside the event.

Lemma 25. Assume Conditions (D1⋆)–(D2⋆). Then if log p = o(
√
n), there exists a constant

C = C(cY ,M) > 0 such that, for any j ∈ [p],

P
(
|Ŵj −wj| ≥ Cδn

)
≤ p−10 + exp{−n(EY 2)2/C}.

Proof of Lemma 25. Condition (D1⋆) gives uniformly sub-exponential one-dimensional pro-

jections for the signal block and the residual block. Since the Gaussian knockoff coordinates

are linear combinations of these blocks plus Gaussian noise with variances controlled by Con-

dition (D2⋆), both Xj and X̂j have uniformly sub-exponential tails. Hence XjY and X̂jY are

uniformly sub-Weibull of order 1/2. The same concentration argument used in Proposition

1 gives, with probability at least 1− p−10 for each fixed j,

|n−1X⊤
·,jY − EXjY | ∨ |n−1X̂⊤

·,jY − E X̂jY | ≤ C
log p√
n
.
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Combining this event with {∥Y ∥2 ≥ nEY 2/2} and {|∥Y ∥−
√
n(EY 2)1/2| ≤ C log p}, whose

complements have probabilities exp{−n(EY 2)2/C} and p−10, respectively, the same normal-

ization algebra as in the proof of Proposition 1 yields the stated bound.

Theorem 14. Assume Conditions (D1⋆)–(D4⋆). Then for any q ∈ (0, 1), if log p = o(nc) for

a sufficiently small constant c > 0, the marginal-correlation Gaussian-knockoff filter satisfies,

for Ŝ = {j ∈ [p] : Ŵj ≥ Tq},

plim sup
n→∞

FDP(Ŝ) ≤ q and lim sup
n→∞

FDR(Ŝ) ≤ q.

Proof of Theorem 14

Throughout this proof we assume Conditions (D1⋆)–(D4⋆). Define

Tj ≡
X⊤

·,jY

∥Y ∥
, T̂j ≡

X̂⊤
·,jY

∥Y ∥
, Ŵj = |Tj| − |T̂j|.

Let C be a fixed square root of 2S − SΩXS and write ηij ≡ e⊤i ZCej for j ∈ [p]. For j ∈ H0,

let e0j be the coordinate vector in R|H0| corresponding to the null coordinate j, and set

dj ≡ e0j − rjΩ00e
0
j , Aj ≡

n∑
i=1

viRij, Bj ≡
n∑
i=1

vi{d⊤j Ri + ηij}.

Lemma 26. Under Condition (D1⋆), for every j ∈ H0, we have Tj = Mj + Aj and T̂j =

Mj +Bj. Moreover, conditional on Fn,

Cov{(Aj, Bj)
⊤ | Fn} =

 ψ2
j ψ2

j − rj

ψ2
j − rj ψ2

j

 .

Consequently, for every t ≥ 0, P⋆
j (t | Fn) = P(|Mj + G1j| − |Mj + G2j| ≤ −t | Fn).

Proof of Lemma 26. The null block of the Gaussian knockoff construction satisfies

X̂i,H0 = Xi,H0 − S0{Ω00Xi,H0 + Ω01Xi,H1}+ ηi,H0 .

By Condition (D1⋆), Xi,H0 = m(Xi,H1) +Ri with m(x1) = −Ω−1
00 Ω01x1. Hence

Ω00m(Xi,H1) + Ω01Xi,H1 = 0,
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and therefore

X̂i,H0 = m(Xi,H1) +Ri − S0Ω00Ri + ηi,H0 .

Taking the jth null coordinate, multiplying by vi, and summing over i gives the two de-

compositions. Conditional on Fn, the weights vi and shifts Mj are fixed. Since Ri ⊥⊥ Fn,

E(Ri | Fn) = 0, Cov(Ri | Fn) = Ψ0, and
∑

i v
2
i = 1, we get

Var(Aj | Fn) = (e0j)
⊤Ψ0e

0
j = ψ2

j ,

Cov(Aj, Bj | Fn) = (e0j)
⊤Ψ0dj = (e0j)

⊤Ψ0(e
0
j − rjΩ00e

0
j) = ψ2

j − rj.

Furthermore,

d⊤j Ψ0dj = ψ2
j − 2rj + r2j [Ω00]jj,

Var
( n∑
i=1

viηij

∣∣∣Fn

)
= (2S − SΩXS)jj = 2rj − r2j [ΩX ]jj.

Since [ΩX ]jj = [Ω00]jj for j ∈ H0, Var(Bj | Fn) = ψ2
j . The last assertion follows by

exchangeability of the equal-variance Gaussian pair: swapping its two coordinates leaves the

conditional law unchanged and changes the sign of |Mj + G1j| − |Mj + G2j|.

Remark 7. The proof of Theorem 11 applies, without changing the rate, to the shifted sets

{(x1, x2) : #(|m+ x1| − |m+ x2|) ≥ t}, # ∈ {+,−},

uniformly over deterministic shifts m. The same Gaussian shell argument gives the same rate

uniformly over the common shift. The same argument also applies in any fixed dimension;

below we use this for the four-dimensional vectors appearing in the variance calculation.

Lemma 27. Assume Conditions (D1⋆)–(D3⋆). Fix q ∈ (0, 1) and set α⋆n = (P⋆

n)
−1( qan

2p
). If

log p = o(nc) for a sufficiently small constant c > 0, then, with probability tending to one,

sup
0≤t≤α⋆

n

max
#∈{+1,−1}

∣∣∣∣
∑

j∈H0
P(#Ŵj ≥ t | Fn)∑
j∈H0

P⋆
j (t | Fn)

− 1

∣∣∣∣ = oP(1). (A.55)

Moreover, α⋆n = OP(
√
log p).
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Proof of Lemma 27. The bound α⋆n = OP(
√
log p) follows from the following uniform

Gaussian tail estimate. Conditional on Fn, write (G1j,G2j)
⊤ = LjZ with Z ∼ N (0, I2).

Conditions (D1⋆)–(D2⋆) imply supj ∥Lj∥op < C. For every fixed m, the function z 7→

|m+e⊤1 Ljz|− |m+e⊤2 Ljz| is C-Lipschitz uniformly over m and j. Because the two Gaussian

coordinates have the same variance and common shift, this random variable is symmetric

about zero. Gaussian concentration therefore gives

sup
j∈H0

P⋆
j (t | Fn) ≤ 2e−t

2/C .

Since an ≥ 1 and p is the total number of variables, the level qan/(2p) is at least of order

p−1. Taking t = C
√
log p with C large enough makes the preceding upper bound smaller

than qan/(2p), and hence α⋆n ≤ C
√
log p.

It remains to prove (A.55). On the event

EY =

{
max
i≤n

|vi| ≤ C log(np)/
√
n

}
,

which has probability tending to one by the sub-exponential tail of Y , the conditional sum-

mands
√
n vi
(
Rij, d

⊤
j Ri+ηij

)⊤
, i ∈ [n] are independent, mean zero, uniformly sub-exponential

vectors conditional on Fn, with conditional covariance equal to the covariance matrix in

Lemma 26. The spectral bounds in Condition (D2⋆), together with c0 ≤ rj/ψ
2
j ≤ 2− c0, im-

ply that these 2×2 covariance matrices have eigenvalues bounded above and below uniformly

in j. Also, ∥dj∥ ≤ C and the conditional ψ1 radii of the summands are at most C log(np)

on EY . Applying Theorem 11 conditionally on Fn to the shifted sets in Remark 7 gives the

following display uniformly over j ∈ H0, # ∈ {+,−}, and 0 < t ≤ α⋆n. The endpoint t = 0

follows from the same coupling argument, since the shifted Gaussian denominator is 1/2 and

the Gaussian shell near the boundary has bounded mass. Thus, uniformly over 0 ≤ t ≤ α⋆n,

P(#Ŵj ≥ t | Fn) = P⋆
j (t | Fn)

(
1 + o(1)

)
+ p−10,

where the o(1) is uniform on the high-probability event under consideration. More precisely,
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conditional on Fn the moderate-deviation error is bounded by

C
(1 + (α⋆n)

3) log3(np)√
n

= oP(1).

After summing over j, the additive term is negligible. Indeed, by the continuity of P⋆

n(· | Fn),∑
j∈H0

P⋆
j (α

⋆
n | Fn) =

|H0|
p

· qan
2

≍ an,

and by monotonicity the same sum at any 0 ≤ t ≤ α⋆n is at least of this order. Since an → ∞,

the accumulated additive error |H0|p−10 is o(an). This proves (A.55).

Lemma 28. Assume Conditions (D1⋆)–(D3⋆). Fix q ∈ (0, 1) and define α⋆n as in Lemma

27. If log p = o(nc) for a sufficiently small constant c > 0, then for each # ∈ {+,−},

sup
0≤t≤α⋆

n

∣∣∣∣ V#(t)

µ#(t | Fn)
− 1

∣∣∣∣ = oP(1),

where V#(t) =
∑

j∈H0
1{#Ŵj ≥ t} and µ#(t | Fn) =

∑
j∈H0

P(#Ŵj ≥ t | Fn). In addition,

sup
0≤t≤α⋆

n

∣∣∣∣µ+(t | Fn)

µ−(t | Fn)
− 1

∣∣∣∣ = oP(1).

Proof of Lemma 28. The second display follows directly from Lemma 27 and the exact

symmetry of the shifted benchmark. We prove the empirical approximation for # = +; the

other sign is identical. Write P
⋆
(t) ≡ P⋆

n(t | Fn) and z0 ≡ qan/(2p). Let η ∈ (0, 1) and

γ ∈ (0, 1) be fixed and define hn ≡ a1−ηn (1 + mn)
η. Because mn/an → 0, we have hn → ∞,

(1 + mn)/hn → 0, and (1 + mn)/an → 0. Choose grid levels as follows. For i ≥ 1, define

z̃i = z0 +
hnei

γ

p
. Let Ln be the smallest integer such that z̃Ln ≥ 1/2, and set zi = z̃i for

0 ≤ i < Ln and zLn = 1/2. Then Ln = O((log p)1/γ) and sup0≤i<Ln
|zi+1/zi − 1| → 0. Let

ti = (P⋆

n)
−1(zi) for 0 ≤ i < Ln and set tLn = 0.

We first establish a conditional variance bound at a fixed threshold. Conditional on Fn,

use the fixed-dimensional shifted moderate-deviation argument in Remark 7. If ℓ /∈M⋆(j)∪

{j}, then [Ψ0]jℓ = 0. For completeness, we record the off-block covariance calculation. For

j ̸= ℓ,

Cov(Aj, Aℓ | Fn) = [Ψ0]jℓ, Cov(Aj, Bℓ | Fn) = [Ψ0]jℓ,
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Cov(Bj, Aℓ | Fn) = [Ψ0]jℓ, Cov(Bj, Bℓ | Fn) = [Ψ0]jℓ.

The last identity uses the cancellation

(e0j − rjΩ00e
0
j)

⊤Ψ0(e
0
ℓ − rℓΩ00e

0
ℓ) + (2S − SΩXS)jℓ = [Ψ0]jℓ,

since (2S − SΩXS)jℓ = −rjrℓ[Ω00]jℓ for distinct null coordinates. Thus all off-block covari-

ances of (Aj, Bj, Aℓ, Bℓ) vanish when [Ψ0]jℓ = 0, and the corresponding four-dimensional

shifted Gaussian benchmark is block diagonal. Therefore, uniformly over separated pairs

and 0 ≤ t ≤ α⋆n, ∣∣∣∣P(Ŵj ≥ t, Ŵℓ ≥ t | Fn)− P(Ŵj ≥ t | Fn)P(Ŵℓ ≥ t | Fn)

∣∣∣∣
≤ r⋆n P(Ŵj ≥ t | Fn)P(Ŵℓ ≥ t | Fn) + Cp−10, (A.56)

where, on the same high-probability event as in Lemma 27,

r⋆n ≡ C
(1 + (α⋆n)

3) log3(np)√
n

= oP(1).

For pairs with ℓ ∈M⋆(j)∪{j} we use the trivial covariance bound. Summing the covariance

decomposition gives, uniformly on [0, α⋆n],

Var(V+(t) | Fn) ≤ C(1 +mn)µ+(t | Fn) + r⋆nµ+(t | Fn)
2 + Cp−8. (A.57)

The same bound holds for V−(t).

By Lemma 27, with probability tending to one,

inf
0≤t≤α⋆

n

µ+(t | Fn) ∧ inf
0≤t≤α⋆

n

µ−(t | Fn) ≥ cqan (A.58)

for some constant c > 0. Work on this event. Conditional Chebyshev’s inequality and (A.57)

imply, for any fixed ε > 0,

Ln∑
i=0

P
(∣∣∣∣ V+(ti)

µ+(ti | Fn)
− 1

∣∣∣∣ > ε

∣∣∣∣Fn

)
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≤ C

ε2

Ln∑
i=0

1 +mn

µ+(ti | Fn)
+
C

ε2

Ln∑
i=0

r⋆n +
Cp−8

ε2

Ln∑
i=0

1

µ+(ti | Fn)2
.

Using Lemma 27 once more, µ+(ti | Fn) = (1+oP(1))|H0|zi uniformly on the grid. Moreover,

since |H0| ≍ p,

Ln∑
i=0

1

|H0|zi
≤ C

(
a−1
n + h−1

n

)
,

Ln∑
i=0

1

(|H0|zi)2
≤ Ca−2

n Ln.

Consequently the preceding union bound is oP(1). Hence

max
0≤i≤Ln

∣∣∣∣ V+(ti)

µ+(ti | Fn)
− 1

∣∣∣∣ = oP(1). (A.59)

The same argument gives the corresponding bound for V−. Finally, for any t ∈ [ti+1, ti],

monotonicity gives

V+(ti) ≤ V+(t) ≤ V+(ti+1), µ+(ti | Fn) ≤ µ+(t | Fn) ≤ µ+(ti+1 | Fn),

and the grid construction gives zi+1/zi = 1 + o(1) uniformly. Combining this mesh bound

with Lemma 27 and (A.59) extends the convergence from the grid to the whole interval

[0, α⋆n]. This proves the empirical approximation and hence the lemma.

Lemma 29. Under Conditions (D1⋆)–(D4⋆), we have P(Tq > α⋆n) = o(1).

Proof of Lemma 29. Let C0 be the constant in Lemma 25. Since α⋆n = OP(
√
log p) and

δn ≳ log p, we have P(α⋆n ≤ C0δn) → 1. By Condition (D3⋆), there is a strong-signal set

S⋆n ⊂ H1 with |S⋆n| ≥ an and wj ≥ 3C0δn for every j ∈ S⋆n. Lemma 25 and a union bound

over this set yield

P
(
max
j∈S⋆

n

|Ŵj −wj| > C0δn

)
= o(1),

after increasing C0 if necessary. On the intersection of this event with {α⋆n ≤ C0δn}, every

j ∈ S⋆n satisfies Ŵj ≥ α⋆n. Consequently,

P

∑
j∈[p]

1{Ŵj ≥ α⋆n} ≥ an

→ 1. (A.60)
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Fix a constant κq ∈ (1/2, 1) such that 2κqq < 1, and define ℓ⋆n ≡ (P⋆

n)
−1(κqqan

p
). Then

0 < ℓ⋆n ≤ α⋆n with probability tending to one. Condition (D4⋆), applied at the FDR level

2κqq, gives ∑
j∈H1

P(Ŵj ≤ −ℓ⋆n) = o(an). (A.61)

For the null tails, Lemmas 27 and 28 imply

∑
j∈H0

1{Ŵj ≤ −ℓ⋆n} = (1 + oP(1))
|H0|
p
κqqan,

∑
j∈H0

1{Ŵj ≥ ℓ⋆n} −
∑
j∈H0

1{Ŵj ≥ α⋆n} = (1 + oP(1))
|H0|
p

(
κq −

1

2

)
qan.

The second display is positive with probability tending to one, so at least one observed value

|Ŵj| lies in [ℓ⋆n, α
⋆
n] with probability tending to one. Moreover, (A.61), Markov’s inequality,

and the first display above yield

1 +
∑
j∈[p]

1{Ŵj ≤ −ℓ⋆n} ≤ qan (A.62)

with probability tending to one. On the high-probability event where at least one observed

value |Ŵj| lies in [ℓ⋆n, α
⋆
n], define t⋆n ≡ min

{
|Ŵj| : ℓ⋆n ≤ |Ŵj| ≤ α⋆n

}
. Then t⋆n ≤ α⋆n.

Moreover,

∑
j∈[p]

1{Ŵj ≥ t⋆n} ≥
∑
j∈[p]

1{Ŵj ≥ α⋆n} ≥ an,

while

1 +
∑
j∈[p]

1{Ŵj ≤ −t⋆n} ≤ 1 +
∑
j∈[p]

1{Ŵj ≤ −ℓ⋆n} ≤ qan.

Therefore,

1 +
∑

j∈[p] 1{Ŵj ≤ −t⋆n}∑
j∈[p] 1{Ŵj ≥ t⋆n} ∨ 1

≤ q.

Thus t⋆n is admissible in the knockoff threshold definition, and hence Tq ≤ t⋆n ≤ α⋆n with

probability tending to one. This completes the proof of Lemma 29.
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Completion of the proof of Theorem 14. Let V+(t) =
∑

j∈H0
1{Ŵj ≥ t} and V−(t) =∑

j∈H0
1{Ŵj ≤ −t}. Lemmas 27–28 imply that, on an event whose probability tends to one,

sup
0≤t≤α⋆

n

∣∣∣∣ V+(t)

µ+(t | Fn)
− 1

∣∣∣∣+ sup
0≤t≤α⋆

n

∣∣∣∣ V−(t)

µ−(t | Fn)
− 1

∣∣∣∣+ sup
0≤t≤α⋆

n

∣∣∣∣µ+(t | Fn)

µ−(t | Fn)
− 1

∣∣∣∣ = o(1).

Since µ−(t | Fn) ≳ an uniformly on 0 ≤ t ≤ α⋆n with probability tending to one and an → ∞,

the additive one in the denominator is negligible. Hence,

sup
0≤t≤α⋆

n

V+(t)

1 + V−(t)
≤ 1 + o(1) (A.63)

with probability tending to one. Lemma 29 gives P(Tq ≤ α⋆n) → 1. On the intersection of

these high-probability events, the knockoff-threshold definition yields

FDP(Ŝ) ≤ V+(Tq)

1 + V−(Tq)
· 1 + #{j ∈ [p] : Ŵj ≤ −Tq}

#{j ∈ [p] : Ŵj ≥ Tq} ∨ 1
≤ q{1 + o(1)}.

Therefore, for every fixed ε > 0, P{FDP(Ŝ) > q + ε} → 0, i.e. plim supFDP(Ŝ) ≤ q. Since

0 ≤ FDP ≤ 1, this high-probability control also implies lim supn→∞ FDR(Ŝ) ≤ q. This

completes the proof of Theorem 14 under Conditions (D1⋆)–(D4⋆).

G.8 Proofs for Section F

G.8.1 Proof of Lemma 12

The main idea of proof shares the same spirit as the proofs of Lemma 1 in this paper and

Lemma 3 in Fan et al. (2025). In the following proof, C denotes a positive constant that can

take different values from line to line. Recall that P−1( qan
2p

) ≤ C
√
log p for some absolute

constant C > 0 by the definition of P−1(·) and the property of sub-Gaussian tails. Denote

by

Ĝ+(t) ≡ |H0|−1
∑
j∈H0

P(Ŵj ≥ t).

First, we observe from (A.44) that for t ∈ (0,P−1( qan
2p

)] and log p = o(nc) with a small

positive constant c,

Var

(∑
j∈H0

1(Ŵj ≥ t)

)
≤ Cmn|H0|Ĝ+(t) + C

(
(1 + t3) log3(np)√

n
[|H0|Ĝ+(t)]

2 + p−10

)

70



≤ Cmn|H0|Ĝ+(t) + o((log p)−1/γ[|H0|Ĝ+(t)]
2), (A.64)

where γ ∈ (0, 1) is a constant. Here, we have used the facts that

p−10 = o((log p)−1/γp−2a2n)

and

|H0|Ĝ+(t) ≥ |H0|Ĝ+(P−1(
qan
2p

)) = |H0|P(P−1(
qan
2p

))(1 + o(1))

=
qan|H0|

2p
(1 + o(1)) ≳ an

for t ∈ (0,P−1( qan
2p

)].

Additionally, we make a claim that as
√
n∆n(log p)

1/2+1/γ = o(1),

(log p)1/γ sup
t∈(0,P−1( qan

2p
)]

Ĝ+(t−
√
n∆n)− Ĝ+(t+

√
n∆n)

Ĝ+(t)
→ 0. (A.65)

To prove (A.65) above, we will apply the result established in Theorem 12 that Ĝ+(t) can

be well approximated by the limiting probability P(t). Specifically, it is seen that for t ∈

(0,P−1( qan
2p

)) and log p = o(nc) with a small constant c > 0,

Ĝ+(t−
√
n∆n)− Ĝ+(t+

√
n∆n)

Ĝ+(t)

=

(∑
j∈H0

Pj(t−
√
n∆n)(1 +O( (1+t

3) log3(np)√
n

+ p−9))∑
j∈H0

Pj(t)

−
∑

j∈H0
Pj(t+

√
n∆n)(1 +O( (1+(t+

√
n∆n)3) log

3(np)√
n

+ p−9))∑
j∈H0

Pj(t)

)
(1 + o(1))

≤
[∑

j∈H0
Pj(t−

√
n∆n)−

∑
j∈H0

Pj(t+
√
n∆n)∑

j∈H0
Pj(t)

+ C

∑
j∈H0

Pj(t−
√
n∆n)∑

j∈H0
Pj(t)

((1 + (t+
√
n∆n)

3) log3(np)√
n

+ p−9
)]

(1 + o(1)).

(A.66)

An application of similar arguments as for (A.9) in Fan et al. (2025) yields that

sup
t∈(0,P−1( qan

2p
)]

∑
j∈H0

Pj(t−
√
n∆n)−

∑
j∈H0

Pj(t+
√
n∆n)∑

j∈H0
Pj(t)

≤ C
√
n∆n

√
log p. (A.67)
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Similarly, we can deduce that

sup
t∈(0,P−1( qan

2p
)]

∑
j∈H0

Pj(t−
√
n∆n)∑

j∈H0
Pj(t)

≤ 1 + sup
t∈(0,P−1( qan

2p
)]

∑
j∈H0

Pj(t−
√
n∆n)−

∑
j∈H0

Pj(t)∑
j∈H0

Pj(t)

≤ 1 + C
√
n∆n

√
log p = O(1).

(A.68)

Hence, combining (A.66)–(A.68) leads to the desired result (A.65) when
√
n∆n(log p)

1/2+1/γ =

o(1).

Therefore, in view of (A.64) and (A.65), we can obtain (A.13) by following the same

techniques for proving Lemma 3 in Fan et al. (2025). This completes the proof of Lemma

12.

G.8.2 Proof of Lemma 13

By applying Proposition 1 and following the same techniques as in the proofs of Lemma 2

in this paper and Lemma 4 in Fan et al. (2025), when
√
n∆n = o(log p), we can show from

condition (M1) and (A.12) that with asymptotic probability one,

∑
j∈[p]

1
(
Ŵ est

j ≥ P−1(
qan
2p

)
)
≥ an. (A.69)

Since P−1( qan
2p

) +
√
n∆n = O(

√
log p), it follows from condition (M2) and Theorem 12 that

as
√
n∆n

√
log p→ 0,

|H1|−1
∑
j∈H1

P
(
Ŵj ≤ −P−1(

qan
2p

) +
√
n∆n

)
≤ |H0|−1

∑
j∈H0

P
(
Ŵj ≤ −P−1(

qan
2p

) +
√
n∆n

)
= P

(
P−1(

qan
2p

)−
√
n∆n

)
(1 + o(1)) =

qan
2p

(1 + o(1)) ≲
qan
p
.

Consequently, it holds that

1

qan

∑
j∈H1

P
(
Ŵj ≤ −P−1(

qan
2p

) +
√
n∆n

)
≲

|H1|
p

→ 0. (A.70)
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Following the same techniques for proving Lemma 4 in Fan et al. (2025), we can obtain that

with asymptotic probability one,

1 +
∑
j∈[p]

1
(
Ŵ est

j < −P−1(
qan
2p

)
)
≤ qan. (A.71)

Therefore, the desired result follows immediately from (A.69), (A.71), and the definition of

T est
q . This completes the proof of Lemma 13.

G.8.3 Proofs of Lemmas 14 and 15

By resorting to Lemma 23 and Theorem 9, the proof of Lemma 14 follows exactly as for

Lemma 12, and the proof of Lemma 15 follows exactly as for Lemma 13. We therefore omit

the repetitive details.

G.8.4 Proofs of Lemmas 16 and 17

With the aid of (A.40) and Theorem 10, the proof of Lemma 16 follows exactly as for

Lemma 12, and the proof of Lemma 17 follows exactly as for Lemma 13. We therefore omit

the repetitive details.

G.9 Additional technical details

We need the following Rosenthal’s inequality.

Lemma 30 (Rosenthal (1970)). Let X1, · · · , Xd be independent mean-zero random variables.

For any q ≥ 2, there exists some constant Cq depending only on q such that

E
∣∣∣∣∑
i∈[d]

Xi

∣∣∣∣q ≤ Cq

(∑
i∈[d]

E|Xi|q +
(∑
i∈[d]

E|Xi|2
)q/2

)
.

The large deviation inequality below for the sum of independent nonnegative random

variables is useful.
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Lemma 31. Let X1, · · · ,Xn be independent nonnegative random variables satisfying that

maxi∈[n] EX2
i < ∞. Let µn ≡

∑
i∈[n] EXi and Bn ≡

∑
i∈[n] EX2

i . Then for 0 < x < µn, we

have

P
(∑
i∈[n]

Xi ≤ x

)
≤ exp

(
− (µn − x)2

2Bn

)
.

Proof of Lemma 31. Note that for any a ≥ 0, e−a ≤ 1− a+ a2/2. Thus it holds that for any

t ≥ 0 and x ≤ µn,

P
(∑
i∈[n]

Xi ≤ x

)
≤ etx

∏
i∈[n]

E e−tXi ≤ etx
∏
i∈[n]

E(1− tXi + t2X2
i /2)

≤ exp(−t(µn − x) + t2Bn/2).

The conclusion follows by choosing t = (µn − x)/Bn, which completes the proof of Lemma

31.

We also need the following elementary matrix inequality.

Lemma 32. For any positive definite matrices A,B ∈ Rd×d, we have

∥A3/2 −B3/2∥op ≤ 3(∥A∥op ∨ ∥B∥op)1/2∥A−B∥op.

Proof of Lemma 32. This result is provided in (Fukumizu et al., 2007, Lemma 7) for the

Hilbert–Schmidt norm. The proof for the operator norm is similar; we include it here for

completeness. Without loss of generality, we assume that ∥A∥op ∨ ∥B∥op = 1. Define

functions f and g on {z ∈ C : |z| ≤ 1} as f(z) = (1 − z)3/2 and g(z) = (1 − z)1/2. We can

express the functions in terms of power series as

f(z) =
∞∑
j=0

bjz
j, g(z) =

∞∑
j=0

ajz
j,

where b0 = 1, b1 = −3/2, bj =
∏j

k=1(5/2 − k) for j ≥ 2, c0 = 1, and cj = −
∏j

k=1(3/2 − k)

for j ≥ 1. Moreover, it can be verified that for j ≥ 1, j|bj| = 3cj−1/2. Noticing that for any

J ∈ N,
J∑
j=0

|bj| = 1 +
3

2
+

J∑
j=2

|bj| ≤ 1 +
3

2
+ lim

x↑1

{
f(x)− 1 +

3

2

}
= 3,
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we have that
∑∞

j=0|bj| ≤ 3.

Similarly, it holds that
∑∞

j=0|cj| ≤ 2 and thus,
∑∞

j=0 j|bj| =
∑∞

j=0 3|cj|/2 ≤ 3. Further,

using the fact that ∥(I−A)j− (I−B)j∥op ≤ j∥A−B∥op for all j ∈ N (proved by induction),

we can deduce that

∥A3/2 −B3/2∥op = ∥(I − (I − A))3/2 − (I − (I −B))3/2∥op

= ∥
∞∑
j=0

bj((I − A)j − (I −B)j)∥op

≤
∞∑
j=0

j|bj|∥A−B∥op ≤ 3∥A−B∥op,

which completes the proof of Lemma 32.
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