Supplementary material to “Eigen selection in spectral clustering:

a theory guided practice”
Xiao Han* Xin Tong! and Yingying Fan?

S.1  Toy examples

Here we present the setting of the toy examples that correspond to Tables 1-2.
Model A: py = (i1, p13)", B = —(pdy, iy, 1) "

tor in which all entries are 0, ps, is a (p — 31/2)-dimensional vector in which all entries are 0, p €

{100, 200, 400, 600,800}, I = 8. The covariance matrix X = r2I, r = 2. In this model, we also let

ny = ng = n/2 = 100. In this model, it is easy to see that the entries of the second right singular vector

, where pq; is an (I/2)-dimensional vec-

of IEX are all equal and thus it does not have clustering power.

Model B: py = 2(pi1, p12) ", o = (o, 1) "
entries are 1, p15 is a (p — [)-dimensional vector in which all entries are 0, p € {100, 200, 400, 600, 800},

, where pq; is an [-dimensional vector in which all

1 = 24. The covariance matrix ¥ = r2I, r = 2. In this model, we also let n; = ny = n/2 = 50. Then we
have do = dy /2.

With Models A and B, we compare the k-means approach that acts on i; with the k-means approach
that acts on both @; and %, which are eigenvectors of X" X. We simulate for 100 times from these

models and calculate the average misclustering rates and the corresponding standard error in Tables 1-2.

S.2  The properties of the spectrum of H

Because
rank((IEX) ") < rank(a,p, ) + rank(aspq ) = 2, (S.1)

there exist at most two n-dimensional orthogonal unit vectors u; and us such that
H = d?uju, + diupuy, where d? >d32 > 0. (S5.2)

Here, d? and d3 are the top two eigenvalues of H and u; and uy are the corresponding (population)
eigenvectors. Under our model setting, we have d7 > 0 because otherwise p; = p, = 0, contradicting
with the model assumption. For simplicity, in the following, we use u = (u(1),...,u(n))" to denote

either u; or uy and d? to denote its corresponding eigenvalue. By the definition of eigenvalue,

Hu = d*u. (S.3)
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Note that H has a block structure by suitable permutation of rows and columns. For example, when
a; = (1,0,1,0)7, ay = (0,1,0,1) T, substituting a; and ay into (2), we have

€11 €12 Ci1 C12
Ci2 C22 Ci2 C22
C11 €12 €11 C12
Ci2 C22 Ci2 C22

By exchanging the 2nd and 3rd rows and columns of H simultaneously, we can get the following matrix

with a clear block structure ,

€11 C11 ! Ci12 C12

Ci2 C12 ; C22 C22

The eigenvalues of H and H are the same and the eigenvectors are the same up to proper permutation
of their coordinates. Inspired by the block structure of H after proper permutation, we can see that (2)
and (S.3) imply

c11 Z u(i) + c12 Z u(i) = d*u(j), for j such that a;(j) =1, (S.4)

al(i)zl al(i):()
a2 Z u(i) + c12 Z u(i) = d*u(j), for j such that a;(j) =0. (S.5)
al(i):O al(i)zl

From (S.4) and (S.5), we conclude that if d* > 0, then

ay(i) = a1(j) = u(i) = u(j). (S.6)
S.3 Proof of Theorem 1
We use u = (u(1),...,u(n))" to denote either u; or uy and d? to denote its corresponding eigenvalue,
unless specified otherwise.
Because a; only takes two values, by (S.6), there are at most two values of u(i), i = 1,...,n. We

denote these values by v; and vy. By (S.4) and (S.5), the number of v1’s in u is either ny or ny. Without
loss of generality, we assume the number of v1’s in u is n; and the number of vs’s in u is nsy.
Then it follows from (S.4) and (S.5) that

2 2
Nn1C11v1 + NocioVe = d“vy, and  nic1ov1 + NacCoovs = d v . (S?)

These equations are equivalent to

(d* = nic11)vr = naciavz, (S.8)
niciovy = (d* — nacaz)vs . (5.9)

In view of (S.8) and (S.9), we have both d? and d3 solve the equation
(d2 — n2022)(d2 — nlcu) = TL17”LQC%2 . (S].O)

Then (3) and (4) follows from (S.10) directly. Now let us prove (a)-(d) of Theorem 1 one by one.



(a) When ¢}, = c11¢22, by (3) and (4) we have d? = njciy + naces and d3 = 0. Then uy does not have
clustering power. Substituting d? = njc11 + nacas into (S.8) and (S.9), we obtain that u; o 1 if and
only if ¢17 = ¢12 = 99, which is equivalent to p; = ps. This is a contradiction to the condition that

11 # p2 in this paper. Therefore u; has clustering power.

(b) When cjo = 0, ¢35 # ci1¢22 and nyci; = nacag, by (3) and (4) we conclude that d? = d3 = njcyy.

Since uirug = 0, it is easy to see that at least one of u; and us has clustering power.

(c) When cjo = 0, ¢y # ci1co2 and nici; # macag, then it follows from (3) and (4) that d3 =
max{nicii, nacoz} and d3 = min{njci1, nacaz}. Moreover, by 0 = c25 # c11¢o2 We have c11, 20 > 0,
which implies that d3 > 0. Combining these with (S.8) and (S.9), we have both u; and uy have

clustering power. Moreover, both u; and us contain zero entries in view of (S.7).

(d) When c12 # 0 and ¢35 # c11¢20. By (3) and (4) we have d?, d3 # nici1 # 0, by (S.8) we have

f2c12 (S.11)

V=
d? —niciy

Therefore if nacyo/(d? —nicyy) # 1, the corresponding eigenvector u has clustering power. Moreover,
in case (d), ngcia/(d? —nici1) = 1 is equivalent to d? = niciy + nacia = nicia + naces by (S.8) and
(S.9). Moreover, the corresponding eigenvector u has all entries equal to the same value and thus has
no clustering power. Since u; and us are orthogonal, when njici1 4+ necio = nicia + nocao, exactly
one of u; and uy has clustering power. If njcy +nacia # nicia + nacaa, then nocia/(d2 —nycir) # 1

and ngcia/(d3 — nici1) # 1 and thus both u; and uy have clustering power.

S.4 The upper bound of #; — ¢;
Equations (15) and (18) imply that

=

t—ty= {(911(751) +goa(t))? — 4 (911(t1)g22(t1) — gfz(tl))} +o0,(1). (S.12)

To bound the main term in (S.12), we calculate the variance and covariance of v, Wv;, 1<4,5<2, as
follows.
var(v, Wv;) = 4w, Bw;, i =1,2, (5.13)

var(v] Wvy) = w| Bw; + wy Bwo, i = 1,2,
cov(v, Wv;, v Wvy) = 2w| Zwy, i =1,2,
where w; is the last p entries of v;. Also note that
EW? = diag(nX, (tr2)I). (S.14)
Hence, vlTlEW2v1 — VQTIEWQVQ = n(w1Xw; — waXws) and VlT]EW2V2 = nw1Xws. By Lemma 3 in
the Supplementary Material and (10), we have

1
vi EW2y, = 5(nwf$w1 +tr3) ~ o2 (S.15)

By (S.14) and Assumption 1 on X, for M; and My with finite columns and spectral norms, we have

2 3
IR(My, My, 1)+ Yt M EW!M,|| = 0 (‘;’;> . (S.16)
1=0, I#1 1



Then (S.15), (S.16), Assumption 1 and the definition of g(z) together imply that

3 T 2
_0 (0) <« VIEW? V1 (S.17)

12 vIEW?v,
— L vIWv; ity L 7 o

ij (t
g]( 1) d1, tl

0_2

By Lemma 1 we have t; = d; + O(3

n
2

), (S.17) suggests that we have with probability tending to 1,

1

{(Qll(tl) +g22(t1))° — 4 (911 (1) g22(t1) — g35(t1)) } : (5.18)
1
2(dy —d TEW?2v, — v][EW? ’ | EW? ’
< 1(d1 — do) + A AL viWvi —vy Wvy | +4 o Ty vi Wvy
dyds t t
(S.19)
v EW?2y,
+e——m )
tq

for any positive constant e. Through (S.13) and (S.15), we see that on both sides of (S.18), the information
of ¥ plays an important role. Therefore, a good thresholding procedure on #; — ¢» would involve an

accurate estimate of X, which is difficult to obtain in the absence of label information.

S.5  Proof of Proposition 1
The main idea for proving Proposition 1 is to carefully construct a matrix whose eigenvalue is # — t1,
then using similar idea for proving Lemma 1 by analysing the resolvent entries of the matrices such as
(W — 2I)71, we can get the desired asymptotic expansions.

By the conditions in Proposition 1, for sufficiently large n, there exists some positive constant L such
that

ok 1
In o~ 9
b = 2df (5.20)
and in the sequel we fix this L. Indeed, dfT’L”M < 1 and therefore (S.20) holds for L = 16.
Assumption (12) implies that '
d
L —1+0(1). (S.21)
d>
It follows from dy > o0, and (S.21) that
an by,
— =1+4o0(1)and —=1+0(1). (5.22)
d2 dl
Moreover, it follows from (S.21) and Assumption 1 that
U’Il 1 oL
— < , for some positive constant €. (S.23)
an 2n¢

Throughout the proof, (S.23) will be applied in every O,(+), 0,(-), O(-) and o(-) terms without explicit
quotation. We define a Green function of W (defined in (9)) by

G(2)=(W =27, 2€C, |2| > [|W]. (S.24)

By Weyl’s inequality, we have [t — di| < |[W]||, k& = 1,2. Thus, by (S.22) and Lemma 4, with
probability tending to 1,
min{tz, a,} > [W]. (S.25)



Therefore, G(z), z € [an,by], G(t1) and G(ty) are well defined and nonsingular with probability
tending to 1. Since we only need to show the conclusions of Proposition 1 hold with probability tending
to 1, in the sequel of this proof, we will assume the existence and nonsingularity of G(?k).

By the decomposition of IEZ in (8) and definition of W in (9), we have Z = VDV —V_DVI +W.
Then it can be calculated that

Since G(f;) is a nonsingular matrix, det[G~(#)] # 0, which leads to

det (I+ G(tx)(VDV'T —V_DV')) =0.

D O
Notice that (VDV'T —V_DV') = (V,V_) (V,V_)T. Combining this with the identity
0 -D

det(I + AB) = det(I + BA) for any matrices A and B, we have

- D 0 -
0 =det[I + G(t,)(VDV' —V_DV)] =det [T+ (V,-V)TG(t)(V,-V_)

0 -D
Since D > 0, it follows from the equation above that
D! 0 T~
det ) +(V,- V) G{)(V,=V_)| =0, fork=1,2. (5.26)
0 -—-D~

To analyze (S.26), we prove some properties of G(z) and the related expressions. First of all, by

Lemma 1, we have

02
tk—dk:0<”>,k:1,2. (S.27)

Therefore the distance of ¢ and dj. is well controlled and will be used later in this proof. Now we turn
to analyse iy, k = 1,2. By (S.25), we have

G(z)=(W—zI)"! = —Zﬁ, (S.28)
i=0
and - ‘
G'(2)=—(W—2I)"% = Z (i —Zi)zvV , 2 € [an,by). (S.29)

i=0
By (S.20), (S.28), (S.29), Lemmas 3 and 4, for any z € [a,, b,] we have

oo

1 .
T _ T —1 _ T %
M/ G(2)My = M| (W — zI)"'M, = _; M WM,
L : , ~
= R(M1, M, z) — 2 M| WM, — ﬁMI(Wl ~EW )M, + A,
=2
= R(M, My, z) — 2 °M] WM, + A1, (S.30)



and

- i+ 1 ;
M| G'(2)Ms = M| (W — zI) M, = » _ 7 M| W'M,
=0

1 . . ~
— R(My, M, 2) + 22 3MTWMQ+ZZ+ M] (W' — EW')M, + A,

=2

=R (M1, My, 2) + 227 3M] WM, + A, , (S.31)

where [[Ap1 | = Op(%)v HAM” = Op(é)? ALl = Op(@) and ”An” = Op(é)- Notice that

1
a n

R (My, My, 2) = Mzi\/b MIEX2M2 + z; ! ti xTEW'y
It follows from Lemma 3 and (10) that for all z € [ay, by]
[R(M1, Mz, z) + 27 "M Ms| = O(c2 /al), (S.32)
and
R (M1, My, 2) — 27 >M{ My|| = O(o2 /al) . (S.33)

y (S.30) and Lemma 3, we can conclude that for all z € [ay,, by]
VTG V- = a;20,(1) + a5 Op(07) (S.34)
and
|[M{ G(2)Ms — R(My, My, 2)|| = ||z *M{ WM_|| + O, (Z;j) =0, <1> . (S.35)
n

y (S.32) and (S.35), we have

|(-D '+ VIGEv.)

C(-D+R(V_,V_,2))"" H

<|IVIGE)V. -R(V_,V_,2)| H (-D '+ VIG(z)V,)‘lu H(—D +R(V_,V_, z))_lH

= 0,(1), z € [an, by]. (S.36)
Moreover, by (S.32), (S.33) and (S.35) we have

[ [P +VIcEv )" - (-D+RV_V, z))ﬂ/ (S.37)

= H (—D*l —&—ViG(z)V_)_lVIG/(Z)V_ (—Dfl +ViG(z)V_)_1

- (-D+ R(VﬂV,,Z))*l R (V_,V_,z)(-D + R(Vf,V,,z))*l H
=0 {HVfG’(z)V_ ~R(V_,V_,2)| H(_D_1 +VIG(z)V_)_1H2}
+ O{ H[ D'+ VIG(:)V_] ' —(-D +R(V_,V_,Z))_1H

(D vIeEv) |+ ||+ vIeE V) ) IRV Vo2l

-
1 On
“0.a) o ()



and

|{-p +R(V,,V,,z))’1}l (S.38)
- H(fD FROV_,V_,2)) ' RI(V_,V_,2)(-D +R(V_,V_,z))_1H
=0(1), z € [an, by,] .
By (S.31)—(S.37), we have the following expansions
VIF(z)V =V G(E)V_(-D T+ VIG()V_ ) VGV (S.39)
—R(V,V_,2) (<D T+ R(V_,V_,2)) ' R(V_,V,2) + A,
and
VIF(:)V=2V G (:)V_(-D' +VIG()V_) " VIG()V (S.40)
+VTG(2)V_ { D4+ VIG()V.)” } VIG(z)V
=2R/(V,V_,2) (-D+R(V_,V_,2)) " R(V_,V,2)
+R(V,V,,z){(—D+R(V,,V,,z)) } R(V_,V,2)
+Aps,
where [|A s | = Op(Z) and [[Ans]| = Op() +0p(2).
Now we turn to (S.26). By (S.30), (3.32) and (S.35), we can see that [VTG(E)V_| = Oy(),

[viG(tp)va| = O (a2) and |[v_1G(tp)v_s| = O »(25). In other words, the off diagonal terms in the
determinant (S.26) are all O, (=% ).
The 3rd diagonal entry in the determinant (S.26) is v G(tx)v_1 — i By (S.30), (S.32) and (S.35),

we have v G(t;)v_1 :,\_i + Op(ai"). ie v 1G(tk)v 11— dl = dlk d1 + op(- —). Similarly, the 4th
diagonal entry is v ,G(tx)v_o — i = dlk d2 +op(- ). Therefore the matrix VTG(tk)V -Dlis

invertible with probability tending to 1. Recalling the determmant formula for block structure matrix
that

A BT T 1
det = det(C) det(A — BTC™'B),
B C

for any invertible matrix C and setting C = VIG(?;C)V, — D, we have with probability tending to 1,
det(VT(G(ty) = F(t;))V+D™ 1) =0, (S.41)

where F(2) = G(z)V_ (-D~' + VIG(Z)V_>_1 VIG(2).
The three equations (S.31), (S.33) and (S.40) lead to

1 ~_ _ On
VT (G/'(2) = F'(2)) V — =P 1 2:3VIWV| =0, (a4) : (S.42)
for z € [an, by], where
A /
ﬁ71 = 22 Ve
z z b)
and .
Ay, = {tR(V,V, 2) = 2R(V,V_,z) (-D + R(V_,V_.2)) " R(V_,V, z)} . (S.43)



Further, recalling the definition in (S.43), it holds that

1pi_ (AV’Z> =R/(V,V,2) =2R'(V,V_,2) (D +R(V_,V_,2))"
z

X R(V_,V,z) = R(V,V_,2) {(—D +R(V_,V_, z))_l}/R(V,,V, 2). (S.44)

By (S.32), (S.33) and (S.38), we have

2
~—1 On
P -1=0(%).

n

Plugging this into (S.42) and by Lemmas 3, we have for all z € [ay, by],
[VI(G'(2) = F'(2)) V=221 =223V WV| = 0,0, (c2) . (S.45)
Hence there exists a 2 x 2 random matrix B such that
V' (G'(2) - F'(2)) V = 27?B(2), (S.46)
where ||B(z) —I|| = Op(a,! + a,%02).
Further, in light of expressions (S.30) and (S.39), we can obtain the asymptotic expansion
[T+ DV (G(2) —F(2)) V - f(2) + 2 °DV WV]| = O,(a,%0,), (S.47)

for all z € [ay, by, where f(2) is defined in (11).
In view of (S.47) and the definition of ¢, we have

2
an,

[T+DV' (G(ty) — F(ty)) V — f(tx) + ;" DVIWV|| = O, ("") L k=1,2. (S.48)
By (S.41), (S.46) and (S.48), an application of the mean value theorem yields

0=det(I+DV' (G(t) — F(tx)) V) = det(I+ DV (G(t;) — F(t1)) V
+DB(t, —t1)), k=1,2, (S.49)

where B = (B;(fij)), t?jéij (ti;) = 8ij + Op(ay;* + ay%02) by (S.46) and t;; is some number between t;

and t),. By (S.47), similar to (S.110)(S.115), we can show that
—~ o2
[tk — t1] = O, (1—}—@”) + |dy — di| - (S.50)

(S.49) can be rewritten as

0=det(I+DVT (G(t) — F(tx)) V) = det(I+ DV (G(t;) — F(t1)) V
+17°DC(ty, — 1)), k=1,2, (S.51)
where
-1 -2 2 dy —ds
IC-1|=0,|a, +a, on—|—T . (S5.52)
We know that ¢, —t1, k = 1,2 are the eigenvalues of t;C~'D~! (I+ DV (G(t1) — F(t1)) V). Combining
(S.27) with the definition of g(2) in (17), we have g;;(tx) = O(% +di —da) +0,(1),1 <4,5,k <2. The
asymptotic expansions in (S.48), (S.52) and Lemma 5 together with the condition (12) and (S.22) imply
that

#HCT'DTH I+ DV (G(t) —F(1)) V) = g(t1) + A, (S.53)



where A, is a symmetric matrix with ||Ap4] = 0,(1). By (S.53), we can rewrite (S.51) as follows,
det(g(t1) + Apa + (b, —t)I) =0, k=1,2. (S.54)

Moreover, by (17), the eigenvalues of g(t1) are

% —g11(t1) — g22(t1) £ {(911(t1) + 922(t1))2 —4 (911(t1)922(t1) - 9%2(751))}2} . (5.55)

Combining (S.54)—(S.55) with Weyl’s inequality and noticing that t1 > t2, we have the following expan-
sions

t—t; = % —g11(t1) — g22(t1) + {(911@1) +922(t1))2 — 4 (g11(t1)g22(t1) — g%Q(tl))}% +0p(1), (S.56)

and

ty—t) = % —g11(t1) — g22(t1) — {(911(t1) + gzz(fl))Q — 4 (g11(t1)ga2(t1) — 9%2(151))} +0,(1). (S.57)

[N
I

Expanding the determinant at ¢, in (S.49) and repeating the process from (S.49)—(S.47), we also have

ty —ty = % —g11(t2) — g22(t2) — {(gll(tQ) + 922@2))2 —4 (911@2)922@2) - 9%2(152))}2] +0p(1). (S.58)

S.6  More discussion of Proposition 1

In this section we show that the major terms at the right hand sides of (15) and (16) are meaningful, as

shown in the following lemma.

Lemma 2.

LT

SIS
|

5 |~on(t) = g2a(t) + { (o () + g22(12)* =4 (an(t)ga(t) = gha(0)) || = Op(1), (8.59)
and
% _*911(752) — ga2(t2) — {(911(752) + gaa(ta))? — 4 (911 (t1)g22(t2) — 9%2(152))}5_ =0,(1). (S.60)

Proof. The proofs of (S.59) and (S.60) are the same, so we only prove (S.59).
By Lemma 3, we have g;;(t1) = gfij (t1) + Op(1). Therefore it suffices to show that

1

i1 t7 2_y 2 2 —0.(1
5 *d*ifn(tl)*£f22(t1)+{(911(t1)+922(t1)) - (911(t1)922(t1)*912@1))} } = 0p(1).

By Lemma 3, for any € > 0, there exists a constant My such that
P ([VTWV]| = M) <e.

Now we consider the inequality constraint on the event {|[VIWV| < My}. Let hy = %fu(tl) +
%fQQ(tl). It follows from the definition of ¢, (S.94), (S.109) and (S.110) that

f11(t1) >0, and foa(t1) > 0.

Let

Ji2(t1) | for(tr)
dy + do

12 t?
hy = 2h1(v] Wvi+vg sz)—4di fi1(t1)vy sz—4d—1 foo(t1)v] W, +4t? < ) v Wvy,
1 2



and
hs = (v{ Wv; — vy Wvy)? +4(v] Wvy)?2.

By the definition of ¢ and the above equations, we have
(g11(t1) + g22(t1))* — 4 (g11(t1) g2 (t1) — gia(t1)) = b + ho + hs.

Note that |he| < Mi|hi| and |h3| < Ms, where My and My are polynomial functions of My (depending
on My only). Now we consider two cases:
1. |hs| < |h1], then we have |hg + h3| < (Mz + 1)|h1|. Then

[N

t? t? 9
’dllfn(tl) - éfQQ(tl) + {(911(751) + goa(t1))” —4 (911(t1)922(t1) - 9%2(151))}
|h2 —|—h3‘
hy + (h% + ho + h3)

= | = h1+ (hl + ha + hg)}| = < Mp+1.

[N

2. |h3| > |h1|, then

=

t7 t7 2_y 2 .61
’dlfll(tl) — @fQZ(tl) + {(911(751) + g22(t1))" — 4 (911 (t1)g22(t1) — 912(t1))} (5.61)

= | —hy + (h} + hy + h3)%| < (Mz +1)% + My My .

Combining the two cases, we have shown that given |[VTWYV/|| < My, there exists M3 depending on M,
only such that

‘; [—911@1) — gaa(t1) + {(911@1) + g22(t1))” — 4 (g11(t1)ga2(t1) — 9%2@1))}2} ’ < M3
In other words,
% [911(151) — g22(t1) + {(Qll(tl) + gaa(t1))* — 4 (g11(t1)g22(t1) — 9%2(751))}2] = 0p(1)
This concludes the proof of Lemma 2. O

S.7  Proof of Theorem 2
By Lemma 4 and weyl’s inequality |tAk —di| < |W]|, k =1,2, we have

P (tAQ > dy —Comax{n%,p%}) >1-n"2,

and
P (tAl <d + C’omax{n%,p%}) >1—-n"2,

for some positive constant Cy and sufficiently large n. Combining the above two equations with dy > o,

and dy/da <1+ n~¢, we have
t; a1
P jz1+c("+) =0,
to dy ne¢

where C' is some positive constant.

10



S.8 Proof of Theorem 3
By Lemma 4, there exists a constant C' > 0 such that

n>(nwvu z<91nax{n%,p%}) <nD. (S.62)
By Weyl’s inequality, we have
max [f; — d;| < [W]]. (S.63)

By (S.63) and the condition that dy > (1 + ¢)da, we have

> W]
ti di — [|[W]| > l+ec— d (S.64)
t2 ~ d+ W[~ 14 M

If dy > 5 Cmax{n2,pz}, by (S.62) and (S.64), we have

+4
- e Iwl
Pl ap (i & 14 C)<pD
ty 2 1+M 2

|
d2

If dy < ci4C’maX{n%,p%}, by the condition that dy > o, (S.62) and (S.64), for sufficiently large n we
have R
t1 C -D
Pl2<14+2)<nP. (S.65)
to 2

This together with the assumption that dy/da > 1 + ¢ implies (20). Now we turn to (21). Let uy =
V2(¥1(1),...,9v1(n))" and By = V2(Vi(n +1),...,Vi(n +p)) . Notice that ¥; is the unit eigenvector
of Z corresponding to 31. By the definition of Z, we know that U, is the unit eigenvector of XX

corresponding to % and U; is the unit eigenvector of XX T corresponding to CE Similarly, by the

condition that all of the entries of u; are equal, we imply that the first entries of v, are equal to (2n)_1/ 2,
By the second inequality of Theorem 10 in the supplement of Cai et al. (2013), we obtain that
~ W
2 owTo)r< — WL S.66
(1 1) _dlde*HWH ( )
Since d1/ds > 1+ ¢, we have
dy —dy > C(l + C)_ldl . (867)

Let Cy = max{c(1+c)~1,C} -1, where C is given in (S.62). By (S.62), (5.66) and (S.67), we imply that

(Co+1)(g2)*/3
Co

IP(|V1V1|_1 1/d1>_1 n_ ", (S.68)

where n > ng(e, D). Notice that U; is a unit vector, we have

IP(2—2(V1TVl)2 < ) >1-nD.

~ 1 . 1
Vivi| < =1+ 5.
n

on 2

This together with (S.68) implies that

1\ 2 1\ 2
- 174 = [ =
{]() nemi- G)

> 0") <nD. (.69)
dy

This completes the proof.
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S.9 Proof of Theorem 4

Let U = V2(¥i(1),...,V(n))" and i = vV2(Vr(n +1),...,Vx(n 4+ p))". Notice that ¥ is the unit
eigenvector of Z corresponding to c/l\;C By the definition of Z, we know that Uy is the unit eigenvector
of XX corresponding to &Z and Uy is the unit eigenvector of XX T corresponding to d% By the second
inequality of Theorem 10 in the supplement of Cai et al. (2013), we obtain that

o~ 2Ko||W
IVVT —VVT|p < V2 [W (S.70)

~ i, — W

By Lemma 2.4 of Jin et al. (2016), there exists an orthogonal matrix O = (o1, ...,02k,) such that
IV=VO|r < [VVT = VVT|.

Combining this with (S.70), we have

o V2E[W]
[V-VOl|p < ———". (S.71)
drc, — [[W]|
By Lemma 4 and (S.71), we have
P < max ||viy — Vog| > on ) <n P, (5.72)
1<k<Ko dr,

The proof is completed by Cauchy-Schwarz inequality that
[x " (ur — Uop)| < V2x|[|vi — Vo|| = [[vi — Voi].

S.10 Proof of Theorem 5

This proof idea is similar to the proof of Theorem 6 in Fan et al. (2020), where S = LS wyw, . First

of all, by Assumptions 1(i), 2-3 and similar proof as Lemma 1 in Fan et al. (2020), we have
diag(®)diag(®) ™" — Tl = 0,(1). (S.73)
Therefore, similar to the proof of Theorem 2 in the supplement of Fan et al. (2020), we can show that
B Y (A —1/2& 1; —1/2y| —
o, X I\ (R) — \j(diag(®) Odiag(®)™ )| = o,(1). (S.74)
Combining this with Weyl’s inequality, we have

Mo 41(R) < A1 (diag(®)~/?Sdiag(®) /%) + 0,(1). (S.75)

By similar arguments as Lemma S.6 in Fan et al. (2020), we can show that

g ()7 Seliag(®) /%) < ding(®) D)1+ L0 (ing(@) )1+ 2) +0,00), (876)

where ¢(z) =1+ £ [ —L-dH(t). By (24) of Fan et al. (2020), (S.74), we have a similar result as the last

T—t

formula on page S36 of Fan et al. (2020) that

Y(m(\(R))) = v(m, ;(\(R)) = 0p(1), j € [Ko+1, K], (S.77)
It follows from (S.76), (S.77), and the monotonicity of z¢(x) (x > 1+ 1/p/n) that
/\?(O-f-l(ﬁ) <1+ p/n + 0;0(1) ,
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which implies that
Moreover, by (S.73), we have
A%, (R) > (14 0,(1) Mg, (diag(®) "/ 2Ddiag(®) 1/2). (S.78)

Notice that we have the linearization matrices of diag(®)~/2®diag(®)~'/2 and R, which are

0 Tmdiag(®)1/2X T i 0 “mdiag(®)/PEXT |
T Xdiag(®) /2 0 L EXdiag(®) /2 0
we have
0 Jrdiag(®)71/AXT | 0 L diag(®) /2 EX "
T Xdiag(®) /2 0 L EXdiag(®) 1/ 0
1 s —1/2xw T
_ 0 ﬁdlag(@) w
1 ; —1/2
\/EWdlag(@) 0

Therefore, by weyl’s inequality and (S.76), we have

Ak, (diag(®) ™/ diag(®) /%) — i, (R)] = Op(v/As, (R)).
This together with Assumption 2, we have

| A, (diag(®)~1/2Ddiag(®)~1/2)
>‘K0 (R)
By (S.78) and (S.79), it is easy to see that with probability tending to 1,

— 1] = 0,(1). (S.79)

A%, R) — o0,
which implies that

Combining the above two probabilities together, the proof of the first statement of Theorem 5 is com-

pleted. Now we move on to the second statement. By the properties of conditional probability, we

have

~ 2 R 20,
P| max |x' (U — Uo)| < A max |x' (Ux — Uoyg)| < In
1<k<R, d 1<k<R dx,

By = K0> P (f{o - Ko)

20,

=P| max |[x' (i —Uoy)| <
1<k<K, Ko

>+0(l)=1—0(1). (S.80)

Then the proof of Theorem 5 is completed.
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S.11 Technical Lemmas and their proofs
Lemma 3. Take (i) in Assumption 1. For X we considered in this paper and any positive integer I, there

exists a positive constant C; (depending on 1) such that
Ejx" (W' - EW)y|*> < Cjol7t, (S.81)

and Ex"Wy =0 and
Ex'W'y| < Cio!,, forl>2. (S.82)

where x and'y are two unit vectors (random or not random) independent of W.
Proof. Let Y = £72(X — EX). Recall that X = (X1,...,X,,) is defined in (1) by
Xl:i/ll'l’l_k(l_y;)pﬂ—‘rwh i=1,...,n,

where {W;}" , are i.i.d. from N(0,X). The entries of Y are i.i.d. standard normal random variables.

Moreover, we decompose W defined in (9) by

I I
0 X2 Yy 0 0 %3

Let the eigen decomposition of ¥ be UAUT. Since the entries of ) are i.i.d. standard normal random

variables, we have ) 4 U)Y. Then W can be written as

I 0 0 YA I 0
w4
0 U AY 0 0 UT
Therefore I
I 0 0 TA I 0
x Wy =x" Y
0 U AY 0 0 U’
_ I 0 _ I 0 N 0 YTA
Let x = X,y = y and W = , then we have
0 U’ 0 U’ AY 0
x Wy =3xTW'y, (S.83)

where above diagonal entries of W = (Wij)1<i,j<n are independent normal random variables such that
for any positive integer r,

|7 < T .
1232(”]E‘ww| <|X["er, (S.84)

where ¢, is the r-th moment of standard normal distribution. Actually, if {w;;}1<; j<n Were bounded

random variables with

il < .
 Juax lwi;| <1, (S.85)

then Lemmas 4 and 5 of Fan et al. (2020+) imply that there exists a positive constant ¢; depending on [
such that
Ex" (W' - EW)y|* < col !, (S.86)

and
IEX'Wy| < ol . (S.87)
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To establish Lemma 3, it remains to relax the bounded restriction (S.85). In other words, we need to
replace the condition (S.85) by the condition of w;;, 1 <4,j < nin (S.84). We highlight the difference of
the proof. Expanding ]E(iTVVW — EETWZ§)2 yields

Ejx (W - EW))y]? = EX'W'y - Ex'W'y)? (S.88)

= E E( (l'ilwiligwizig Wi Yign — B2, Wi iy Wigig -+ - Wiyigys yiz+1)
1<ig, o ,ipp1,d1s 2 di41Sn,
isFlis 1, JsFis41, 1S5l

X (le Wy, 52 Wiggs *** Whjia Yjpn — Exj1wj1j2wj2js e wjzjz+1yjz+1) ) :
Let i = (ilw-',il«kl) and j - (jla"'7jl+1) with 1 S 7;17"' 7il+17j1a"' 7jl+1 S n, is 7é 7;8+17 js 7é
Js+1, 1 < s < 1I. We define an undirected graph G; whose vertices represent 41, ...,%41 in i, and only 4

and isy1, for s = 1,...,1, are connected in G;. Similarly we can define G;. By the definitions of G; and
gj, for each term
]E< (Ihwhizwizis Wi Yi — Exi1wi1i2wi2i3 e wilil+1yiz+1)
X (lewjljzwjzh o Whgia Yiie — IEle Wi 5o Wiggsg *° wjzjz+1yjz+1) ) )

; ; . . A l N l : .
there exists a one to one corresponding graph G; U Gj for {w; i, }o—1 U {w;.j.., }s—1- If Gi and Gj are
not connected, W;, i, Wiyiy - - - Weyi,,, and Wy, j,Wj,j, - - - Wy, are independent, therefore we have

IE( (milwili2wi2i3 Wi Yigg — ]Exilwilizwiziz e wiziz+1yiz+1) (889)
X (lewhjfzwjzj:s Wi Y T Ezjlwhhwjzjs © Wy yjl+1) ) =0.
Therefore we have
L.H.S. of (881) = E IE( (milwiliZwi2i3 Wi Yigga — E$i1wi1i2wi2i3 e wiliz+1yiz+1)
i,j,g; and Qj are connected,
isFigy1,JsFIs41s 1Ss<1,
X (lewjlhwjzjz Wi Y — ]Elewjlhwhjs © Whigiga yjz+1) )
< E Elxilwilizwiﬂe, C Wigiy g Yi g1 gy Wiirja Whags = Whygiga yjz+1|
i,j,G; and gj are connected,
isFigy1:dsFTIs41. 1<s<l,
+ E : E|Z, Wi, i, Wigiy -+ *Wigig g Yirga ‘]E|$j1w.j1j2wj2j3 T wjzjz+1yjz+1| .

i,j,Gj and gj are connected,
isFlgt1sds#is41, 1<s<l,

(5.90)
Notice that each expectation in the last two lines of (S.90) involves the product of independent
random variables and the dependency of w;, i, Wiy, * + Wiyi,,, and Wy, j,Wj,j, - - Wjj,,, are from some

shared factors, say w,,' and w,,? respectively, mi,mo > 1. By Holder’s inequality that

]E|{17ab|ml]E|{Eab|m2 S ]E|7:6(Lb|7n1+7n2 )
we have

(5.90) <2 2 : B|Z3, Wiy io Wigis * ** Wiripys Yirgs Tjs Wirja Wiaga ** Wigiga Yjia |- (S.91)
i,j,G; and Qj are connected,
isFigy1:IsFIs41, 1<s<L,

By (S.91), to prove (S.81), it suffices to calculate the upper bound of the expectations at the right hand
side of (S.91). By the independency of w;;, the upper bound of

]E"rilwhizwizis © Wiy Yig g gy Wi o Wiags =" Wiy yjz+1|
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is controlled by the r-th moments of w;; with (S.84), » = 1,...,2l. The topology of G; and G; are the
same as Lemma 4 of Fan et al. (2020+), the summation at the right hand side of (S.91) can be controlled
by exactly the same steps as in the proof of Lemma 4 in Fan et al. (2020+). Hence (S.81) can be proved
following the proof of Lemma 4 in Fan et al. (2020+). The proof of (S.82) is similar to that of Lemma 5
in Fan et al. (20204) by the same modification. O

The next Lemma follows directly from Theorem 2.1 in Bloemendal et al. (2014).

Lemma 4. Under Assumption 1, for any constant ¢ > 1, we have for any ¢, D > 0, there exists an

integer ng(e, D) depending on € and D, such that for all n > ng(e, D), it holds
P (IW] = cmax{|2], 1}(n? +ph)) <n™P.
Lemma 5. Suppose that c1o = 0. If nici1 > nocas, then we have
d =niciy, dj =naces,

otherwise

2 2
d1 = N2C22, dz =nicii,

Proof. We prove this Lemma under the condition nic11 > ngcas . Recall the definition of H in (2), if
c12 = 0, we have

T T
H= aija; €11 + asa, Co9.

Notice that a] az = 0, [|a1]|3 = n1 and |laz||3 = na, we imply that TauTs and oy are the two eigenvectors
of H with corresponding eigenvalues nici; and naces. By the definition of d; and ds in (S.2) and the

condition that nicy1 > nacao, we have
2 2
dl =nNnicC11, d2 = N2C23 .

O

AT
Lemma 6. Let A be a p xn matriz. Denote A = . If A2 is a non-zero eigenvalue of AT A,
A 0

then £\ (A > 0) are the eigenvalues of A. Moreover, assume that a and b are the unit eigenvectors of

ATA and AAT respectively corresponding to X2, then

a a a a
A = ;A =-A . (S.92)
b b —b —b

Proof. By the definition of eigenvalue, any eigenvalue of A (denoted by z) satisfy the following formula

—zI AT
det(A — zI) = det =0. (S.93)
A -1
If 2 # 0, then (S.93) is equivalent to
det(ATA — 2°T) = 0.

Therefore the first conclusion that £\ are the eigenvalues of A. By the definition of a and b, they are the
right singular vector and left singular vector of A respectively corresponding to singular value A. Then
equations (S.92) follow. O
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S.12 Proof of Lemma 1

The high level idea for proving (13) is to show that i) det(f(a,)) > 0 and det(f(b,)) > 0, ii) the function
det(f(z)) is strictly convex in [ay,by], and iii) there exists some z € (an,by) such that det(f(z)) < 0.
The result in (14) is then proved by carefully analyzing the behavior of the function det(f(z)) around d;
and ds.

We prove (13) first. By the definition of f(z) in (11), we have

det(f(2)) = f11(2) fa2(2) — f12(2) fa1(2) (S.94)
- (1 +dy (R(Vl,vl,z) ~R(vi,V_,z)(-D —|—R(V,,V,,z))_lR(V,,vl,z)))
x (14 ds (R(va,v2,2) = R(va, Vo, 2) (= D+ R(V_,V_,2)) " R(V_,v2,2)) )

2
—dyds (R(vl,vz, 2 =RV, V_,2)(=D+R(V_,V_,2) 'R(V_,va, z))

By Lemma 3 and the expansion (10), for any M; and My with finite columns and spectral norms, we

have
L
||R(M1,M2, z) + 271M1M2|| = - Z z*(lH)MlT]EWleﬂ = O(oi/ai), z € [an,by), (S.95)
1=2
and
L
[R/(My, My, 2) — 2 *M[ My || = || Y (I + 1)z~ "M EW'M,|| = O(07 /a}) . (S.96)
1=2

Substituting z = a,, into f, by (S.95), for large enough n we have

o2
RO v =0 (%) (5.97)
(=D +R(V_,V_,2)) "' = O(by) z € [an, by (S.98)
By (S.97) and (S.98) we have
4
|’R(vi,V_,z)( -D —|—’R(V_,V_,z))_lR(V_,vj,zﬂ =0 (Zg) , 1<i,5 <2, z € lan,by]. (S.99)

By Assumption 1 on X, there exists a constant ¢ such that ¥ > cI, therefore we have
02 > max{v] EW?v,v) EW?v,} > min{v] EW?v{, v, EW?v,} > co2. (S.100)
By (S.100) and Lemma 3, for large enough n we have

L .
d div] EW?
1+d1R(V1,V1,an):1—fl— u

a i1
oS an
1 dq dlvi'—IEW2v1 —1—0(02) < a, — dy CUTQL
an ad at’” =  2a, 2a2 "’

and )
a, —do co

1+ d2R(V27V2, an) S 2an - 2@:21 . (8101)
Substituting (S.97)—(S.101) into (S.94), we have
det(f(an)) >0. (S5.102)
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Similar to the proof from (S.94) to (S.102), we imply that
det(f(bn)) > 0. (5.103)

Moreover, by (S.94) and Lemma 3, we imply that

(det(f(z)))" _ 2 by (d1d2> 50, 2 € [an, bl (S.104)

3 3 4 1
z z z aj,

Therefore det(f(z)) is a strictly convex function and has at most two solutions to the equation det(f(z)) =
0, z € [an, by). By (S.95) and (S.96), we have

fia(2)
dy

=R/ (vi,v1,2) = 2R (vi,V_,2)( =D+ R(V_,V_,2)) 'R(V_,vy,2) (S.105)
/
~R(vi,V_,2) (( D +7z(v_,v_,z))*1) R(V_,v1,2) > 0,2 € [an, by].

Therefore f11(2) is a monotonic function in [a,, b,]. Moreover, by the definitions of a,,, b, 0,, and Lemma

3, we have
fll(an) <0, f11(bn) > 0.

Hence we conclude that there is a unique point ¢; € [a,,b,] such that

fi1(t) = 0.
By similar arguments and
/
fzczii(z) = R/(va,v2,2) — 2R/ (v, V_,2) (= D+ R(V_,V_,2)) "R(V_,vs,2) (S.106)
2

“R(v2, Vo) (- DHRVV_2) ) RV va,2) > 0.2 € [an, b

there exists o € [an, by] such that
faa(t2) = 0.

Without loss of generality, we assume that

i

R
S
v
-
]

(S.107)

It follows from (S.94) that
det(f(f1)) < 0 and det(f(f2)) <O0. (S.108)

Therefore the existence of t; and ¢5 are ensured by (S.102), (S.103), (S.108) and the convexity of det(f(2)),
z € [an,by] (t1 is allowed to be equal to t3). Furthermore, by the definition of ¢1, t3 and (S.107) we have

by >t >t >l > 10 > ay. (5.109)

Hence we complete the proof of (13) and now we turn to (14). Calculating the first derivative of f;;, by
Lemma 3, (S.105) and (S.106) we have

’ dl 0'72L 1 .
f”(Z):;—FO d722 NCTZ‘, S [a7L7bn]a7’:172' (Sllo)
Let s; =d; + %‘72“, for f11, by Lemma 3 we have

1 v{ EW?v, o3 o3
-1 Il S MY n) Zn )
Fia(s1) d1<81 T )+O(d§) O(&;)
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Combining this with (S.110), we imply that

B TIEW2 3
h=d+2—=="10(2). (S.111)
dy &2
Similarly, we also have
B TEW2 3
bh=dy+ 2= 241 0(2n). (S.112)
ds d3
Finally, by Lemma 3 and (S.94), similar to the arguments of (S.102) and (S.103), we have
2v] IEW? 2v, IEW?
det (f(dy+ 22 AENRLS 21)) >0, (S.113)
di do
and 2vi EW2yv,  2v]IEWZ2v,
det (f(dg— L 7 R y >>>0. (S.114)
1 2

y (S.113) and (S.114) and the convexity of det(f(z)), we have

2v1T]EW2V1 QVJEWQVQ 2v1TlEW2v1 2v2T]EW2v2
- <ty <ty <di+ +
dy P dy da

Combining this with (S.109), (S.111) and (S.112), we imply that

dy —

o2
tk—dk:O( ) k=1,2, (S.115)
dy,

which implies Lemma 1 by (S.22).

S.  DISCUSSION
In this section, we discuss two directions to generalize our model. One is to allow non-gaussian distribution
random vectors, and the other is to discuss the clustering boundary of our model under some additional

restrictions in the last two sections.

S.1 Non-Gaussian distribution

Checking the proof of our main theorem carefully, we can see that the key tool is Lemma 3. As long
as Lemma 3 holds, then all of our theorems holds. Hence for non-gaussian distribution Z, it suffices to
show Lemma 3 holds for non-gaussian distribution. The proof is expected to be more complicated than

Lemmas 4 and 5 in Fan et al. (2020+) and is worthy for further investigation.

S.2 Clustering lower bound

In this section, we investigate the clustering lower bound for our model when p ~ n. In addition, we
impose Prior distribution on Y; — assume that {Y;} are i.i.d., Y; ~ Bernoulli(1/2), i = 1,...,n. In
addition, assume p; = —p,. Let I; =2Y; — 1 € {—1,1} and 1; be the estimator of /; by some clustering
algorithm. Similar to Jin et al. (2017), we introduce the Hamming distance to measure the performance

of clustering:

Hamm, = — inf {Z]Pl £ sl; } (S.116)

n se{-1,1}

The following theorem provides the clustering lower bound, below which clustering is impossible, regard-

less of what clustering method to use.

Theorem 5. If 7~ ul — 0, then for any clustering approach, we have

1
lim inf Hamm, > 5 (S.117)

n— oo
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Proof. The main idea of this proof largely follows from Theorem 1.1 of Jin et al. (2017). Notice that

under the conditions of this Theorem, the model (1) becomes

x; =lLip+wi, i=1,...,n. (S.118)
For any 1 <1 < n, we consider the testing problem that

H 1:l;,=—1vsHy:l;=1.

Let fj([i) be the joint density of X under H. respectively. By the property of total variation, it can be
derived that

L=l = forllrv <P # Ul = 1) + P # Ll = 1),
By the assumption that Y; ~ Bernoulli(1/2) and ||f1 — f—1|l7v = 1/2||f1 — f=1]|1, we have

1.6 i -~
12 = 1A = 18I < P #1).
Therefore, in order to prove this theorem, it suffices to show that uniformly for all 1 <1 < n, we have
147 = f50 = 0.

Let 1= (Iy,...,1,) " —l;e;. Then we have

—1/2 —1/2
13 2N1||%elTXTE*1H17(n71)HE 2,u1H§d

177 = £ = ] [ s e FQ)

—1/2 —1/2
X 2 Hl\\gelTXTE—lul_(n_l)llz 13 g

< /IE‘sinh(xiTE_lul)e F(1), (S.119)

where IE is the expectation under the distribution of X = W. Therefore, it suffices for us to show that

IE)’sinh(x;-'—Zl_lul)e_21/22#1“3elTXTE_l/“Ll_("_l)”2Ujulg —0 (S.120)
Notice that x; is independent of 1" X T, we have
E sinh(sz—lul)e—WeITXTE1u1—<n—1)|u1|3/z‘
Efsinh (T S e ||27122H1H§ Bl \\271/22“1“%elTXTzflul_(n_l) ||271/22MIH§}
:e_M]E sinh(ij_lul)‘ . (S.121)

By the distribution of I; we know that (S.121) is independent of i. Now we focus on ]E‘Sinh(xlTE_lp,l) .
Since the expectation is under the distribution that x; = w;, x; £ 'u, ~ N(0,[|="2u,||2). For

simplicity, let z = x; 27 ', /|=7 2y ||l and o = |72, ||2. Then
2]E‘sinh x; 27! ’ = 2IE’sinh oz ‘ =2 ﬂeff’zmdz S.122
x5 ) o=z (5.122)
oz o?/2
/ € g =S e~ (02, = 6‘72/2]13(2 > —0). (S.123)
2>0 2m V2w z>0
—oz a?/2
€ 2 (& 2 2
—z /2d — —(z+0) /2d — O /2]P > S.124
e z e z=e z>0). .
| 7 . (-2 0) (5124)
By (S.123) and (S.124), we imply that
]E‘sinh(x;rE_lul)‘ = e”Q/Q(IP(z >—0)—P(z>0)) = 602/2(]]?(—0 <z<o). (S.125)

By (S.121), (S.125) and the condition that |72, |ls — 0, we finish our proof. we finish our proof. [J
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S.3  Exact recovery
In this section, we consider a special case that p; = —p5. By Theorem 1, it is corresponding to the case
that dy = 0 and d? = njc11 + nacae = nep. We prove that for a little bigger ||p, ||, we have the following

theorem and Corollary 1 for exact recovery.

Theorem 6. Assume that ¥ =1, p; = —po, |41l = O(#), n = 0(n1) = O(ng) and p ~ n, if
there exists a positive constant € such that c11 > 2(1 + €) logn, then there exists s € {£1} such that with
probability tending to 1, we have

Vvn min {sl;u;(i)} >1— ! ¢

— , S.126
1<i<n V1i+e +logn ( )

for some positive constant C.

Proof. We prove this theorem by considering the linearization matrix Z and v;. The idea of the proof
follows from the proof of Theorem 3.1 of Abbe et al. (2020+). Concretely, we prove that A1-A4 of
Abbe et al. (2020+) hold and apply Theorem 1.1 of Abbe et al. (2020+) to show our result. Substituting
d? = neyp and ¢11 = ¢ = —cp2 into (S.8) and (S.9), without loss of generality, assume u; has two

different values v; and v, such that
1

% )

where vy is corresponding to Y; = 1 and vs is corresponding to Y; = 0. Then we have

V1 = —Ug =

liul(z’):—, izl,...,n. (8127)
By Lemma 4, for any positive constant ¢ > 1, D and sufficiently large n we have

P (W] > e(va+yB) <nP.

Setting v = max{ Hﬁ%" , ﬁ} — 0, we have

max{y/ci1, [[py loovn} < vdi . (S.128)

Notice that Z and IEZ are corresponding to A and A* of Abbe et al. (2020+). Let A* = dy, by (S.128),
A1 of Abbe et al. (2020+) holds. Moreover, A2 follows from the assumption that ¥ = I. By Lemma 4,
it is easy to see that A3 of Abbe et al. (2020+) holds by (S.127). Similar to the proof of Theorem 3.1
in Abbe et al. (2020+), A4 holds by setting ¢(x) = z. By Theorem 1.1 of Abbe et al. (2020+), with
probability tending to 1, there exists a positive constant C' such that

) . 2Zv ) ~ (Z-TEZ2)v;
_ = vy = ETEEVL v S.129
i sV = =7 llee = min flsvi = v g e =Crivil (5.129)
T
where v; is the eigenvector of IEZ corresponding to di. By Lemma 6, we have vi = %(uf, i)T
Therefore by the conditions that ||, [|oc = O(—7) and n = O(n1) = O(n2) = O(p), we have
1
(S.130)

Mvilleo = O(W)-

Notice that each entry of v/2(Z — IEZ)v; follows a standard gaussian distribution. This implies that

P(max [e] (2~ BZ)v,| > v/logn) = O(——). (S.131)

1<i<n Vlogn
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By (S.129)—(S.131), with probability tending to 1, there exists s € {1} and some positive constant C'

such that o i
Viogn
oo} < + :
V2nlogn = /2(1+¢€)nlogn

(S.132)

Vi max {[s91(1) = v (i)

-
Notice that vi = %(u?, “—11)T and the first n entries of ¥; is =1y, by (S.127) and (S.132), we have

c1 V2
Vi min {sli@ (i)} > 1— —— < (5.133)
n min {sl;u;(¢)} > 1 — — . .
1<i<n ! Vv1i+e +logn
O

By Theorem 6, we have the following corollary to ensure the existence of exact recovery for the model.

Corollary 1. Under the conditions of Theorem 6, there exists one clustering approach such that
PY;,=Y,i=1...,n)=1-o0(1). (S.134)

Proof. The following clustering procedure suffices.

1. Calculate the eigenvector of Z corresponding to the largest eigenvalue, which is v; as we defined
before.

2. Z; = 7sgn(012(i))+1,i =1,...,n.

If 2?21(222» —1)l; > 0, we let 2 = Z\i7 otherwise 37; = —(Z —1). Without loss of generality, we
assume that 21;1(222 —1)I; > 0 and therefore Y, = Z,. By the definition of 7, and the condition that
2?21(22 — 1)I; > 0, Theorem 6 holds for s = 1. Hence

P(Y; =Yi,i=1...,n]Y (2Z; = 1)l; > 0) =1 - o(1). (S.135)
i=1

By almost the same arguments, we can prove similarly that

n

P(Y;=Yi,i=1...,n]Y (2Z;— 1)l; <0) =1 —o(1). (S.136)
i=1
Therefore, (S.134) follows from (S.135) and (S.136). O
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