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Abstract

Multi-task learning is a widely used technique for harnessing information from
various tasks. Recently, the sparse orthogonal factor regression (SOFAR) framework,
based on the sparse singular value decomposition (SVD) within the coefficient matrix,
was introduced for interpretable multi-task learning, enabling the discovery of mean-
ingful latent feature-response association networks across different layers. However,
conducting precise inference on the latent factor matrices has remained challenging
due to the orthogonality constraints inherited from the sparse SVD constraints. In
this paper, we suggest a novel approach called the high-dimensional manifold-based
SOFAR inference (SOFARI), drawing on the Neyman near-orthogonality inference
while incorporating the Stiefel manifold structure imposed by the SVD constraints.
By leveraging the underlying Stiefel manifold structure that is crucial to enabling
inference, SOFARI provides easy-to-use bias-corrected estimators for both latent left
factor vectors and singular values, for which we show to enjoy the asymptotic mean-
zero normal distributions with estimable variances. We introduce two SOFARI vari-
ants to handle strongly and weakly orthogonal latent factors, where the latter covers
a broader range of applications. We illustrate the effectiveness of SOFARI and jus-
tify our theoretical results through simulation examples and a real data application
in economic forecasting.
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1 Introduction

Multi-task learning has gained significant popularity in modern big data applications, par-

ticularly in scenarios where the same set of covariates is employed to predict multiple

target responses, as seen in applications like autonomous driving. A widely used model for

multi-task learning is the multi-response regression model given by

Y = XC∗ + E, (1)

where Y ∈ Rn×q represents the response matrix, X ∈ Rn×p is the fixed design matrix, C∗ ∈

Rp×q is the true, unknown regression coefficient matrix, and E ∈ Rn×q stands for the mean-

zero random noise matrix. Here, n denotes the sample size, p represents the dimensionality

of the covariate vector, and q is the dimensionality of the response vector. When both p

and q are substantially larger than the sample size n, accurately estimating C∗ becomes

a formidable challenge due to high dimensionality. To address this challenge, structural

assumptions are often imposed on C∗ through techniques such as matrix factorization,

such as the singular value decomposition (SVD), which facilitates dimensionality reduction.

Among these structural assumptions, two commonly adopted ones are the low-rankness and

sparsity. These assumptions form the basis for various regularization techniques developed

to simultaneously reduce dimensionality and select relevant features.

Methods for simultaneously achieving sparse recovery and low-rank estimation of C∗

can be broadly categorized into two classes. The first class involves the direct estimation

of C∗ using various regularization techniques, as discussed in previous works (Bunea et al.,

2012; Chen and Huang, 2012; Chen et al., 2013). The second class focuses on reconstructing

the parameter matrix by initially estimating its sparse SVD components and then combin-
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ing them, as demonstrated in related research (Mishra et al., 2017; Uematsu et al., 2019;

Zheng et al., 2019; Chen et al., 2022). An advantage of the latter approach is that the

sparsity assumption applied to different SVD components naturally leads to the interpre-

tation of a sparse latent factor model. In such model, each latent factor represents a sparse

linear combination of the original predictors, and different responses can be associated with

distinct sets of latent factors. The importance of each latent factor can be measured by

examining the magnitude of the corresponding singular value. For example, in the analysis

of yeast eQTL data discussed in Uematsu et al. (2019) and Chen et al. (2022), it revealed

the existence of three latent pathways (i.e., latent factors). These pathways predominantly

consisted of some original predictors which are certain upstream genes, downstream genes,

and a combination of both, respectively.

While the sparse SVD structural assumption on C∗ offers an enticing level of inter-

pretability, estimating this sparse SVD structure poses challenges. This complexity arises

from the simultaneous presence of orthogonality constraints and the need for sparsity across

different SVD components. In essence, achieving both sparsity and orthogonality can be

two inherently conflicting objectives within a single statistical inference framework. For

example, the sparsity pattern of a matrix may no longer hold after applying a conventional

orthogonalization process such as the QR factorization. To tackle this dilemma, Uematsu

et al. (2019) introduced the sparse orthogonal factor regression (SOFAR) method. SOFAR

allows for the simultaneous attainment of sparse and orthogonal estimates of the factor ma-

trices by formulating them within an orthogonality-constrained regularization framework.

Nonetheless, the development of a valid statistical inference procedure for quantifying the

uncertainty associated with these estimation results remains a challenging task under the

SVD constraints. This paper focuses on addressing such a challenge.
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Our inference method builds upon the SOFAR framework (Uematsu et al., 2019). It is

well recognized that estimates obtained through regularization methods can be susceptible

to bias issues, primarily due to the use of penalty functions. Consequently, these estimators

are not directly applicable in statistical inference problems, such as hypothesis testing. To

correct such bias and calculate valid p-values, several statistical inference methods have

been introduced. One line of research suggests debiasing the regularized estimators by

inverting the Karush–Kuhn–Tucker condition associated with the corresponding optimiza-

tion problem (Javanmard and Montanari, 2014; van de Geer et al., 2014) or, equivalently,

using the relaxed projection approach (Zhang and Zhang, 2014). In situations involving

high-dimensional nuisance parameters, Chernozhukov et al. (2018) devised a double ma-

chine learning framework. This framework introduces a score function vector that is locally

insensitive to nuisance parameters of high dimensionality, allowing for bias correction in the

existence of nuisance parameters. In the context of statistical inference for high-dimensional

principal component analysis (PCA), Janková and van de Geer (2021) proposed a debiased

sparse PCA estimator. They also constructed confidence intervals and hypothesis tests for

inferring the first eigenvector and the corresponding largest eigenvalue. However, extending

this inference procedure to the remaining principal components poses a nontrivial challenge

due to the accumulation of noise from previous eigenvectors and eigenvalues.

In our model setting, both the left and right singular vectors of C∗ are unknown,

and during our statistical inference for one singular vector, the remaining ones together

become high-dimensional nuisance parameters. Furthermore, these nuisance parameters

must adhere to the orthogonality and unit-length constraints imposed by the SVD struc-

ture, restricting them to some underlying manifold. If one ignores such manifold structure

and directly uses the SVD constraints to calculate the associated statistics for the infer-
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ence task, the deficiency in the degrees of freedom will render the construction of the

inference procedure invalid or ineffective; this will be made clear in Section 2.1. In fact,

incorporating the manifold structure is crucial in optimization problems that are subject

to orthogonality or SVD constraints. For instance, in nonnegative independent component

analysis (ICA), Plumbley (2005) utilized the manifold structure to calculate gradients and

developed various algorithms under orthogonality constraints. Derenski et al. (2023) ap-

plied the ICA framework to functional data analysis, achieving nonparametric estimation

accuracy. Additionally, Chen and Huang (2012) investigated the manifold structure of the

coefficient matrix under SVD constraints in reduced rank regression. They demonstrated

the consistency of the coefficient matrix and its SVD components when the dimensionality

is fixed. These studies collectively offer valuable insights into leveraging the manifold struc-

ture for algorithmic and estimation improvements. Despite these advancements, exploring

the integration of the manifold structure into the inference procedures for high-dimensional

multi-task learning remains an uncharted area.

To overcome these aforementioned challenges, we suggest in this paper a new manifold-

based inference procedure named high-dimensional manifold-based SOFAR inference (SO-

FARI). Here, the manifold is defined as the Riemannian space where the nuisance parame-

ters lie in under the sparse SVD constraints. We adapt the idea proposed in Chernozhukov

et al. (2018) to construct the Neyman near-orthogonal score function on the manifold.

More specifically, instead of constructing a score function which is locally insensitive to

the nuisance parameters on the full Euclidean space, we need only the local insensitive-

ness to hold on the manifold induced by the SVD constraint. Such approach allows us to

construct bias-corrected estimators under the sparse SVD constraint. Depending on the

correlation level between the latent factors, our suggested inference procedure takes two dif-
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ferent forms. The first form, named SOFARIs, deals with strongly orthogonal latent factors

where different latent factors have correlations vanishing quickly as sample size increases;

examples in modern data science applications where such assumption makes sense include

biclustering with sparse SVD (Lee et al., 2010), sparse principal component analysis (Shen

and Huang, 2008), and sparse factor analysis (Bai and Ng, 2008). The second form, named

SOFARI, applies to a wider range of multi-response applications where latent factors can

have stronger correlations among each other (which we name as weak orthogonality con-

dition). We derive the asymptotic distribution for each bias-corrected estimator under the

regularity conditions, allowing us to construct valid confidence intervals for latent factors.

Using similar idea, we also construct the debiased leading singular values, and establish

the asymptotic normality for each of them.

We conduct simulation studies to verify that our bias-corrected estimators for latent left

factors and leading singular values indeed enjoy the asymptotic mean-zero normal distribu-

tions as established in our theory. We also show by numerical examples that the confidence

intervals constructed from our asymptotic distributions have valid coverage under both the

strong and weak orthogonality conditions. In addition, we examine the robustness of SO-

FARI when the correlations among latent factors violate our technical assumption using a

simulation study; our results demonstrate that SOFARI is still applicable even beyond the

scenario described by our technical assumptions. Finally, we apply our inference methods

to the economic forecasting data set and obtain some highly interpretable results revealing

interesting dependence structure among economic variables.

The rest of the paper is organized as follows. In Section 2, we present the SOFARI

framework under both the strong and weak orthogonality constraints. In Section 3, we

establish the asymptotic normalities of the debiased SOFARI estimates. Section 4 presents
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several simulation examples to demonstrate the finite-sample performance of the newly

suggested method. Section 6 discusses some implications and extensions of our work. In

the Supplementary Material, we provide additional theoretical results, simulation studies,

and real data details, as well as all the proofs and secondary technical details.

2 High-dimensional manifold-based inference

Denote by C∗ = L∗D∗V∗T the singular value decomposition (SVD) of the true coefficient

matrix C∗ in model (1), where L∗ = (l∗1, · · · , l∗r∗) ∈ Rp×r∗ and V∗ = (v∗1, · · · ,v∗r∗) ∈ Rq×r∗

are the orthonormal matrices consisting of left and right singular vectors, respectively,

D∗ = diag{d∗1, · · · , d∗r∗} ∈ Rr∗×r∗ is the diagonal matrix of nonzero singular values, and r∗

is the rank of C∗. We define U∗ = L∗D∗ = (u∗1, · · · ,u∗r∗) ∈ Rp×r∗ as the left factor matrix.

We are interested in estimating and inferring u∗k’s, for which purpose η∗k =
(
v∗T1 , · · · ,v∗Tr∗ ,

u∗T1 , · · · ,u∗Tk−1,u
∗T
k+1, · · · ,u∗Tr∗

)T ∈ Rqr∗+p(r∗−1) is the high dimensional unknown nuisance

parameter vector. For technical simplicity, we assume the true rank r∗ is given and satis-

fies that r∗ ≥ 2; the case of r∗ = 1 is much simpler and not considered here because the

orthogonality constraint no longer exists. In practice, we can identify the rank of the latent

SVD structure in advance by some self-tuning selection method such as the one developed

in Bing and Wegkamp (2019) that enjoys the rank selection consistency.

We introduce the new manifold-based SOFARI inference procedure in the next subsec-

tions. Depending on the correlation level among the latent factors, the suggested SOFARI

inference procedure takes two different forms: the basic form SOFARIs for strongly or-

thogonal factors and the general form SOFARI for weakly orthogonal factors, where the

notions of strongly and weakly orthogonal factors will be made clear later. SOFARI is more

broadly applicable than SOFARIs, thanks to its relaxed constraint on correlation level.
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2.1 SOFARIs under strongly orthogonal factors

Given an initial biased estimate uk of u∗k for a given k ∈ {1, · · · , r∗}, we describe the

construction of a debiased estimate with η∗k the unknown nuisance parameter vector. To

alleviate the impacts of nuisance parameters, we will make use of the Neyman orthogonality

scores (Neyman, 1959; Chernozhukov et al., 2018) and find a vector ψ̃k(uk,ηk)∈ Rp of

score functions for uk with nuisance parameter ηk = (vT1 , · · · ,vTr∗ ,uT1 , · · · ,uTk−1,u
T
k+1, · · · ,

uTr∗)
T ∈ Rqr∗+p(r∗−1) that satisfies two properties: first, the expectation of ψ̃k at the true

parameter values (u∗k,η
∗
k) is asymptotically vanishing; second, ψ̃k satisfies the Neyman

near-orthogonality condition with respect to the nuisance parameters in the sense that ψ̃k

is approximately insensitive to ηk when evaluated at (u∗k,η
∗
k) locally.

Moreover, in this section, we consider the case of strongly orthogonal factors such that∑
j 6=k |u∗Tj Σ̂u∗k| = o(n−1/2), to deal with the intrinsic bias issue induced by correlations

between the latent factors, which is specified in Section A.1 of the Supplementary Material.

It is worth pointing out that for many learning problems such as biclustering with sparse

SVD (Lee et al., 2010), sparse principal component analysis (Shen and Huang, 2008), and

sparse factor analysis (Bai and Ng, 2008), the design matrix can be regarded as the identity

matrix and thus the strong orthogonality condition holds naturally for the latent factors

when any different u∗j and u∗k are orthogonal.

We start with the following constrained least-squares loss function

L(uk,ηk) = (2n)−1‖Y −
r∗∑
i=1

Xuiv
T
i ‖2

F , (2)

subject to uTi uj = 0 for 1 ≤ i 6= j ≤ r∗ and VTV = Ir∗ , (3)

where V = (v1, · · · ,vr∗) is the matrix of right singular vectors.
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Denote by Σ̂ = n−1XTX. A natural starting point for the score function for uk is the

partial derivative of loss function L with respect to uk, which can be simplified as

∂L

∂uk
= Σ̂uk − n−1XTYvk (4)

under constraint (3). However, the above partial derivative is sensitive to the nuisance

parameter vector ηk even if it is within a shrinking neighborhood of η∗k since its derivative

with respect to vk does not vanish. To correct this, we define a modified score function

vector for uk as

ψ̃k(uk,ηk) =
∂L

∂uk
−M

∂L

∂ηk
,

where matrix M =
[
Mv

1, · · · ,Mv
r∗ ,M

u
1 , · · · ,Mu

k−1,M
u
k+1, · · · ,Mu

r∗

]
will be chosen such

that ψ̃k(uk,ηk) is approximately insensitive to ηk under the SVD constraint (3). Note that

the construction of M will depend on k, but we make such dependence implicit whenever

no confusion. When confusion arises, we write the corresponding matrix as M(k). Here,

submatrices Mu
i ∈ Rp×p and Mv

j ∈ Rp×q correspond to ui and vj for 1 ≤ i ≤ r∗ with i 6= k

and 1 ≤ j ≤ r∗, respectively. We will show that the most important construction of M lies

in Mv
k, to be detailed in Proposition 2, while other submatrices can be set as zero.

Based on the modified score function vector ψ̃k, we can exploit the bias correction idea

(Javanmard and Montanari, 2014; van de Geer et al., 2014) and define a debias function

for the initial estimate uk as

ψk(uk,ηk) = uk −Wψ̃k(uk,ηk),
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where matrix W ∈ Rp×p will be constructed to correct the bias in the initial estimator. In

this paper, we consider the initial estimator as the SOFAR estimator (ũi, ṽi)
r∗
i=1 formally

defined in Definition 2 and propose valid constructions of M and W so that the bias-

corrected estimator ψk(ũk, η̃k) enjoys asymptotic normality with mean u∗k and estimable

variance for statistical inference, where η̃k is the nuisance parameter constructed using the

initial SOFAR estimator. Similarly to M, we make the dependence of W on k implicit

whenever no confusion, and write it as Wk when confusion arises.

We stress that constructions of M and W should not be considered separately because

the former can affect effectiveness of the latter. For example, it may be tempting to

directly leverage the SVD constraints in ∂ψ̃k

∂ηk
and calculate the derivatives in Euclidean

space to construct M. However, such an M leads to a deficiency in the degrees of freedom

and hence results in the nonexistence of a valid W matrix for our ultimate goal of bias

correction for uk. See Section I of the Supplementary Material for the detailed derivations.

We next provide details on a construction of matrix M that can lead to a valid con-

struction of W. A natural way of making ψ̃k insensitive to the nuisance parameter vector

ηk is requiring that ∂ψ̃k

∂ηk
be asymptotically vanishing. Such simple requirement, however,

does not take the SVD constraints on ηk into account. To address this issue, we suggest a

new manifold-based inference framework. Specifically, instead of requiring that the score

function vector ψ̃k be locally insensitive to the nuisance parameters on the full Euclidean

space, we need only the local insensitiveness to hold on the manifolds induced by the SVD

constraints. Such distinction will relax the restriction and save the degrees of freedom,

thereby providing more flexible choices for matrix M. To this end, we first provide the

gradient of ψ̃k on the corresponding manifolds in the proposition below.

Proposition 1. Under the SVD constraint (3), the orthonormal vectors vi with 1 ≤ i ≤ r∗
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belong to the Stiefel manifold St(1, q) = {v ∈ Rq : vTv = 1}. The gradient of ψ̃k on the

manifold is Q
(
∂ψ̃k

∂ηk

)
, where Q = diag{Iq − v1v

T
1 , . . . , Iq − vr∗vTr∗ , Ip(r∗−1)} and ∂ψ̃k

∂ηk
is the

regular derivative vector on the Euclidean space.

In light of Proposition 1 above, under the SVD constraint we can make ψ̃k approximately

insensitive to vi by requiring that Q
(
∂ψ̃k

∂ηk

)
be asymptotically vanishing. Based on this result,

the proposition below provides a convenient choice of matrix M for SOFARIs.

Proposition 2. When the construction of M is given by

Mv
k = −z−1

kk Σ̂C−k, Mv
i = 0, Mu

i = 0 for 1 ≤ i ≤ r∗ and i 6= k

with C−k =
∑

i 6=k uiv
T
i and zkk = uTk Σ̂uk, it holds that

(
∂ψ̃k
∂ηTk

)
Q =

(
∂2L

∂uk∂ηTk
−M

∂2L

∂ηk∂ηTk

)
Q = [0p×q(k−1),∆,0p×[q(r∗−k)+p(r∗−1)]],

where ∆ =
{

Σ̂(C−C∗)− n−1XTE
}

(Iq − vkvTk ).

Based on the construction of M, after plugging in consistent SOFAR initial estimates Ĉ,

we can show that ∆ and thus
(
∂ψ̃k

∂ηT
k

)
Q will be asymptotically vanishing. Then the modified

score function ψ̃k is locally insensitive to the nuisance parameters. We next discuss the

corresponding construction of matrix W. The following definition is necessary to facilitate

our theoretical presentation.

Definition 1 (Approximate Inverse). A p × p matrix Θ̂ = (θ̂1, · · · , θ̂p)T is called an

approximate inverse matrix of Σ̂ if there exists some positive constant C such that 1)

‖I− Θ̂Σ̂‖max ≤ C
√

(log p)/n and 2) max1≤i≤p ‖θ̂i‖0 ≤ smax and max1≤i≤p ‖θ̂i‖2 ≤ C.

Definition 1 above requires mainly that the approximate inverse matrix Θ̂ satisfies an
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entrywise approximation error bound of rate
√

(log p)/n and a rowwise sparsity level smax

with the length of each row bounded from above. These are typical properties for high-

dimensional precision matrix estimation and can be achieved by many existing approaches,

such as the nodewise Lasso estimate (Meinshausen and Bühlmann, 2006) and ISEE (Fan

and Lv, 2016). Proposition 3 specifies our construction of matrix W for the second step.

Proposition 3. When Ir∗−1 − z−1
kk UT

−kΣ̂U−k is nonsingular and

W = Θ̂
{

Ip + z−1
kk Σ̂U−k(Ir∗−1 − z−1

kk UT
−kΣ̂U−k)

−1UT
−k

}

with U−k = [u1, · · · ,uk−1,uk+1, · · · ,ur∗ ] and Θ̂ an approximate inverse of Σ̂, for M

constructed in Proposition 2 it holds that

W(Ip −Mv
kvku

T
k + Mv

kC
T
−k)Σ̂ = Θ̂Σ̂.

Now let us gain some insight into the constructions of matrices M and W in Propositions

2 and 3, respectively. First, based on Proposition 2, as long as an estimate C̃ for C∗ with

consistent SVD components (ũi, ṽi)
r∗
i=1 is available, we can plug them into matrix M to

form M̃(k) so that ψ̃k with M̃(k) is approximately insensitive to the nuisance parameter

vector ηk when v1, · · · ,vr∗ are constrained to be on the corresponding manifolds.

Next, it can be obtained from Lemma 2 in Section G.2 of the Supplementary Material

that the main term in the debias estimator takes the form of

uk −Wψ̃k(uk,ηk
∗) = u∗k +

[
Ip −W(Ip −Mv

kvku
T
k + Mv

kC
T
−k)Σ̂

]
(uk − u∗k) (5)

−W
[∑

j

Mv
jC
∗T
−jΣ̂u

∗
j + δk + εk

]
.
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The third term above consists of three components each multiplied by matrix W, where∑
j Mv

jC
∗T
−jΣ̂u

∗
j is the intrinsic bias term, δk is an error term that vanishes asymptotically

when plugging in consistent SOFAR estimates, and εk is the distribution term. In addition,

a valid matrix W should be an approximate inverse (cf. Definition 1) of the matrix (Ip −

Mv
kvku

T
k + Mv

kC
T
−k)Σ̂, so that the bias term above can be smaller than the root-n order.

Proposition 3 gives an explicit construction of such W for SOFARIs, where its component

Ip+z−1
kk Σ̂U−k(Ir∗−1−z−1

kk UT
−kΣ̂U−k)

−1UT
−k is indeed the inverse of Ip−Mv

kvku
T
k +Mv

kC
T
−k.

By calculating the initial SOFAR estimate with SVD components (ũi, ṽi)
r∗
i=1, our debi-

ased estimate for u∗k is defined as

ûk = ũk − W̃kψ̃k(ũk, η̃k) = ũk − W̃k

( ∂L
∂uk

− M̃(k) ∂L

∂ηk

)∣∣∣
(ũk,η̃k)

, (6)

where M̃(k) =
[
0p×q(k−1), M̃k,0p×[q(r∗−k)+p(r∗−1)]

]
with M̃k = −z̃−1

kk Σ̂C̃−k and z̃kk = ũTk Σ̂ũk,

and W̃k are as given in Propositions 2 and 3 after plugging in (ũi, ṽi)
r∗
i=1. Since the

constructions of {ûk}r
∗

k=1 do not rely on each other, we can calculate the SOFARIs statistics

for different u∗k’s simultaneously through parallel computing for large-scale applications.

2.2 SOFARI under weakly orthogonal factors

The SOFARIs procedure in Section 2.1 deals with the setting of strongly orthogonal latent

factors satisfying
∑

j 6=k |u∗Tj Σ̂u∗k| = o(n−1/2). When the latent factors correlations do not

vanish faster than a root-n rate, SOFARIs may not work since the intrinsic bias caused on

the stronger correlations can invalidate the asymptotic distribution. To address this, we

next propose the general SOFARI inference procedure which is applicable to a broader range

of multi-response applications under a weaker assumption on the latent factor correlation.

Different from SOFARIs that considers all unknown parameters in the constrained least-
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squares loss function (3), the general SOFARI works by removing the top k− 1 layers from

the response matrix via subtracting their estimates when making inference on u∗k. After

removing the previous layers, the intrinsic bias can be controlled when the magnitude of

the singular value corresponding to the current layer dominates the remaining ones even

when the latent factors are not strongly orthogonal to each other.

Let us now describe the construction of the debiased estimate of u∗k in SOFARI for each

given k with 1 ≤ k ≤ r∗. Based on the SOFAR estimates ũi of u∗i and ṽi of v∗i , we have the

surrogate for C∗(1) =
∑k−1

i=1 u
∗
iv
∗T
i as Ĉ(1) =

∑k−1
i=1 ũiṽ

T
i . When k = 1, we define Ĉ(1) = 0

since there is no previous layer to be removed. By subtracting the surrogate XĈ(1) of the

previous k − 1 layers from response matrix Y, the constrained least-squares loss function

associated with our inference problem takes the form

L(uk,ηk) = (2n)−1‖Y −XĈ(1) −
r∗∑
i=k

Xuiv
T
i ‖2

F ,

subject to uTi uj = 0 for k ≤ i 6= j ≤ r∗ and (Ṽ(k))T Ṽ(k) = Ir∗ , (7)

where ηk =
(
uTk+1, · · · ,uTr∗ ,vTk , · · · ,vTr∗

)T
is the remaining nuisance parameter vector and

Ṽ(k) = [ṽ1, · · · , ṽk−1,vk, · · · ,vr∗ ] is the matrix of right singular vectors with the first k− 1

columns replaced by SOFAR estimates.

Then the vector of modified score functions for uk can be defined similarly as

ψ̃k(uk,ηk) =
∂L

∂uk
−M

∂L

∂ηk
,

where M =
[
Mv

k, · · · ,Mv
r∗ ,M

u
k+1, · · · ,Mu

r∗

]
with Mu

i ∈ Rp×p for each k + 1 ≤ i ≤ r∗ and

Mv
j ∈ Rp×q for each k ≤ j ≤ r∗. Similarly, we will show that the most important part of
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construction of matrix M lies in Mv
k. Based on ψ̃k, we also suggest the debiased function

ψk(uk,ηk) = uk −Wψ̃k(uk,ηk).

Denote by C∗(2) =
∑r∗

i=k+1 u
∗
iv
∗T
i , C

∗(2)
−j =

∑r∗

i=k+1,i 6=j u
∗
iv
∗T
i , C(2) =

∑r∗

i=k+1 uiv
T
i ,

U(2) = [uk+1, · · · ,ur∗ ], and Q = diag{Iq−vkvTk , · · · , Iq−vr∗vTr∗ , Ip(r∗−k)}. The two propo-

sitions below play similar roles as Propositions 2 and 3 for our SOFARI inference procedure.

Proposition 4. When the construction of M is given by

Mv
k = −z−1

kk Σ̂C(2), Mv
i = 0, Mu

i = 0 for k + 1 ≤ i ≤ r∗,

it holds that

(
∂ψ̃k
∂ηTk

)
Q =

(
∂2L

∂uk∂ηTk
−M

∂2L

∂ηk∂ηTk

)
Q = [∆,0p×(p+q)(r∗−k)],

where ∆ =
{

Σ̂
(
Ĉ(1) −C∗(1) +

∑r∗

i=k(uiv
T
i − u∗iv∗Ti )

)
− n−1XTE

}
(Iq − vkvTk ).

Proposition 5. When Ir∗−k − z−1
kk (U(2))T Σ̂U(2) is nonsingular and

W = Θ̂

{
Ip + z−1

kk Σ̂U(2)
(
Ir∗−k − z−1

kk (U(2))T Σ̂U(2)
)−1

(U(2))T
}

with Θ̂ an approximate inverse of Σ̂, for M constructed in Proposition 4 it holds that

W
(
Ip −Mv

kvku
T
k + Mv

k(C
(2))T

)
Σ̂ = Θ̂Σ̂.

Constructions of matrices M and W for SOFARI are provided in Propositions 4 and 5,

respectively. Compared to those for SOFARIs in Propositions 2 and 3, matrices M and W
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here are similar but no longer take the first k − 1 layers into account since they have been

removed from the response matrix by subtracting their surrogates. Similar to Proposition

2, ∆ in Proposition 4 is asymptotically vanishing after plugging in consistent SOFAR initial

estimates. Then the new debiased SOFARI estimate for u∗k is constructed as

ûk = ψk(ũk, η̃k) = ũk − W̃kψ̃k(ũk, η̃k) = ũk − W̃k

( ∂L
∂uk

− M̃(k) ∂L

∂ηk

)∣∣∣
(ũk,η̃k)

,

where M̃(k) =
[
M̃k,0p×(p+q)(r∗−k)

]
with M̃k = −z̃−1

kk Σ̂C̃(2), and W̃k are defined as in

Propositions 4 and 5 after plugging in the SOFAR estimated SVD components (ũi, ṽi)
r∗

i=k.

Given that Mv
i = 0 for k + 1 ≤ i ≤ r∗ by Proposition 4, the corresponding intrinsic

bias term in ψ̃k(u
∗
k,η

∗
k) would become Mv

k(C
∗(2))T Σ̂u∗k in view of Lemma 3 in Section G.3

of the Supplementary Material. After plugging consistent SOFAR estimates into Mv
k, we

can show that

‖Mv
k(C

∗(2))T Σ̂u∗k‖∞ �
r∗∑

j=k+1

(d∗2j /d
∗
k)|l∗Tj Σ̂l∗k|, (8)

where the right-hand side will be assumed to take the order of o(n−1/2) so that the intrinsic

bias is under control. Moreover, it is clear that both the gaps between singular values

and the correlations between latent factors (as measured by l∗Tj Σ̂l∗k) will play key roles in

determining the magnitude of the intrinsic bias. When the gaps between nonzero singular

values are large enough or the singular values decay dramatically such as in the spiked eigen-

structure, we do not necessarily require the strong orthogonal latent factor constraint that∑
j 6=k |l∗Tj Σ̂l∗k| = o(n−1/2), but allow the latent factors to be somewhat correlated. See

Conditions 4 and 5 formally summarizing these two scenarios in the next section. In this

regard, SOFARI is indeed applicable to a wider range of applications compared to SOFARIs.
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3 Asymptotic properties of SOFARI

In this section, we will establish the asymptotic distributions for both SOFARIs (the basic

form) and SOFARI (the general form) suggested in Section 2 that correspond to the settings

of strongly orthogonal factors and weakly orthogonal factors, respectively.

3.1 Technical conditions

To facilitate the technical analysis, we will need to introduce some regularity conditions.

To do so, we first provide the following definition to characterize the properties of SOFAR

SVD estimates. Denote by su = ‖U∗‖0 and sv = ‖V∗‖0.

Definition 2 (SOFAR SVD estimates). A p×q matrix C̃ with SVD components (L̃, D̃, Ṽ)

is called an acceptable estimator of matrix C∗ if it satisfies that with probability at least

1− θ′n,p,q for some asymptotically vanishing θ′n,p,q, we have the estimation error bounds

(a) ‖D̃−D∗‖F + ‖Ũ−U∗‖F + ‖ṼD̃−V∗D∗‖F ≤ cγn,

(b) ‖D̃−D∗‖0 + ‖Ũ−U∗‖0 + ‖ṼD̃−V∗D∗‖0 ≤ (r∗ + su + sv)[1 + o(1)],

where Ũ is defined analogously to U∗ as Ũ = L̃D̃, γn = (r∗+su+sv)
1/2η2

n{n−1 log(pq)}1/2,

ηn = 1 + δ−1/2
(∑r∗

j=1(d∗1/d
∗
j)

2
)1/2

, and c and δ are some positive constants.

Definition 2 above lists the properties of the SOFAR SVD estimates, which can be

ensured by Theorem 2 of Uematsu et al. (2019) under some regularity conditions. Since

rank r∗ is assumed to be given, the SVD components (L̃, D̃, Ṽ) are of the same dimensions

as their population counterparts. The tail probability θ′n,p,q has been shown to decay

polynomially in feature dimensionality p. Although some other factor regression methods

(Mishra et al., 2017; Chen et al., 2022) can also accurately recover the signals in each
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layer, they may not be suitable as the initial estimates for the suggested SOFARI inference

procedure since the exact orthogonality is generally not enforced precisely. Specifically, we

make the technical assumptions below.

Condition 1. The error matrix E ∼ N(0, In ⊗ Σe) with the maximum eigenvalue of Σe

bounded from above.

Condition 2. There exist some sparsity level s ≥ max{smax, 3(r∗ + su + sv)} with smax

defined in Definition 1, and positive constants ρl and ρu such that

ρl < min
δ∈Rp

{
‖Σ̂δ‖2

‖δ‖2

: ‖δ‖0 ≤ s

}
≤ max

δ∈Rp

{
‖Σ̂δ‖2

‖δ‖2

: ‖δ‖0 ≤ s

}
< ρu.

Condition 3. The nonzero eigenvalues d∗2i of matrix C∗TC∗ satisfy that d∗2i −d∗2i+1 ≥ δ1d
∗2
i

for some positive constant δ1 > 1− ρl/ρu with 1 ≤ i ≤ r∗ and r∗γn = o(d∗r∗).

Condition 4 (Strong orthogonality). The nonzero squared singular values d∗2i are at the

constant level and
∑

j 6=k |l∗Tj Σ̂l∗k| = o(n−1/2) for each given k with 1 ≤ k ≤ r∗.

Condition 5 (Weak orthogonality). The nonzero squared singular values d∗2i and the latent

factors jointly satisfy that
∑r∗

j=k+1(d∗2j /d
∗
k)|l∗Tj Σ̂l∗k| = o(n−1/2) for each k, 1 ≤ k < r∗.

Similar to Javanmard and Montanari (2014); Zhang and Zhang (2014), the Gaussian

assumption in Condition 1 above is imposed to simplify the technical analysis. Our theo-

retical results can be extended to non-Gaussian errors using a similar central limit theorem

argument to that in van de Geer et al. (2014). Condition 2 assumes that the s-sparse

eigenvalues of Σ̂ are bounded, which is also imposed in Uematsu et al. (2019); Zheng et al.

(2019) to ensure the identifiability of significant features. The corresponding sparsity level

s has been shown to be at least of order O{n/(log p)} with asymptotic probability one
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based on the concept of the robust spark in Lv (2013) when the rows of design matrix X

are sampled independently from the multivariate elliptical distributions.

Condition 3 requires distinction between the nonzero singular values so that different

latent factors are separable. It also assumes d∗r∗ to be larger than the asymptotically

vanishing rate r∗γn with convergence rate γn given in Definition 2. Such assumptions

are standard in factor-based regressions (Uematsu et al., 2019; Zheng et al., 2019). The

lower bound on δ1 is imposed such that ρld
∗2
i > ρud

∗2
i+1 to avoid possible equivalence in

z∗ii = u∗Ti Σ̂u∗i for different i’s, where z∗ii can be understood as the strengths of latent factors

from different layers. Moreover, it can guarantee the existence of matrix W suggested in

Propositions 3 and 5 by meeting the requirement on matrix nonsingularity with a strictly

diagonal dominance argument.

In particular, Conditions 1–3 will be exploited for the theoretical analyses of both

SOFARIs and SOFARI. Further, Conditions 4 and 5 correspond to the settings of strong

orthogonality and weak orthogonality between latent factors, respectively. The singular

values are assumed to be bounded in Condition 4 mainly for technical simplicity, and they

can indeed be diverging as long as the singular values and latent factors jointly satisfy a

similar bound to that in Condition 5. It is clear that if Condition 4 holds, Condition 5 will

be satisfied automatically. Thus, the requirement on correlations between latent factors for

SOFARI is indeed weaker than that for SOFARIs. We present the theoretical guarantees for

these two versions of the SOFARI inference procedure in Sections 3.2 and 3.3, respectively.

3.2 Asymptotic theory of SOFARIs

Let us denote by Ũ = [ũ1, · · · , ũr∗ ], D̃ = diag{d̃1, · · · , d̃r∗}, and Ṽ = [ṽ1, · · · , ṽr∗ ] the

SOFAR SVD components given in Definition 2. For each given k with 1 ≤ k ≤ r∗, recall
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that z∗kk = u∗Tk Σ̂u∗k and its estimate z̃kk = ũTk Σ̂ũk. Corresponding to M and W suggested

for SOFARIs in Section 2.1, we define M∗
k = −z∗−1

kk Σ̂C∗−k, M̃k = −z̃−1
kk Σ̂C̃−k, and

W∗
k = Θ̂

{
Ip + z∗−1

kk Σ̂U∗−k(Ir∗−1 − z∗−1
kk U∗T−kΣ̂U∗−k)

−1U∗T−k

}
,

W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ−k(Ir∗−1 − z̃−1

kk ŨT
−kΣ̂Ũ−k)

−1ŨT
−k

}
.

Observe that here, C∗−k = U∗−kV
∗T
−k and C̃−k = Ũ−kṼ

T
−k with U∗−k,V

∗
−k, Ũ−k, and Ṽ−k

the corresponding submatrices after taking off the kth columns. Furthermore, let us define

κn = max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n log(pq)/

√
n, (9)

which will be the key order for the error term. With M̃k and W̃k, the theorem below

provides the asymptotic distribution of the proposed estimator ûk in (6) for SOFARIs.

Theorem 1 (Inference on u∗k). Assume that Conditions 1–4 hold and Θ̂ and C̃ satisfy

Definitions 1 and 2, respectively. Then for each given k with 1 ≤ k ≤ r∗ and an arbitrary

vector a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1} satisfying m1/2κn = o(1), we have

√
naT (ûk − u∗k) = hk + tk,

where the distribution term hk = aTW∗
k(X

TEv∗k −M∗
kE

TXu∗k)/
√
n ∼ N(0, ν2

k) with

ν2
k = aTW∗

k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k a.

Moreover, the bias term tk = Op(m
1/2κn) holds with probability at least 1− θn,p,q, where

θn,p,q = θ′n,p,q + 2(pq)1−c20/2 (10)
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with θ′n,p,q given in Definition 2 and some constant c0 >
√

2.

Theorem 1 above establishes the inference results for each important latent left factor

vector u∗k so that the tools of hypothesis testing and confidence interval on the composition

of features in each latent factor are now available. Under the sparse and low-rank settings,

max{s1/2
max, (r∗ + su + sv)

1/2, η2
n} is relatively small so that the main requirement for the

validity of the asymptotic normal distribution is
√
n � log(pq) in view of m1/2κn = o(1),

which is similar to the standard constraint
√
n � log p for the inference of univariate

response regressions (Javanmard and Montanari, 2014; van de Geer et al., 2014; Zhang and

Zhang, 2014). However, the inference of u∗k here is much more challenging than that of

the univariate response regression coefficient vector since we need to deal with not only

the intertwined nuisance parameter vector v∗k in the same layer, but also those unknown

singular vectors from the other important layers. Under the structural constraints including

the orthogonality and unit lengths on the singular vectors, our manifold-based technical

arguments exploit the geodesic and the Taylor expansion on the tangent space to control

the error term; the approximation errors caused by the estimates ũi and ṽi of the nuisance

parameter vectors yield the secondary term max{s1/2
max, (r∗ + su + sv)

1/2, η2
n} in κn for the

overall errors.

Besides inference for the latent left factors, inference on the singular values is also

meaningful as they measure signal strengths of latent factors on the response vector. Since

d∗2k corresponds to the kth eigenvalue of matrix C∗TC∗, we aim to make statistical inference

on these nonzero squared singular values. To this end, we will make use of the relationship

that d∗2k = ‖u∗k‖2
2. Nevertheless, the inference of d∗2k is not straightforward from that of u∗k

since d∗2k is a quadratic sum of components of u∗k, and the corresponding components of

the debiased estimate ûk are correlated in an unknown and complicated fashion.
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We will address this issue by constructing a debiased estimate directly from ‖ũk‖2
2 and

derive its asymptotic distribution. In a similar spirit to the construction of ûk, by utilizing

the modified score function ψ̃k, we define the debiased estimate for d∗2k as

d̂2
k = ‖ũk‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k). (11)

The theorem below reveals that d̂2
k introduced in (11) is valid for the inference of d∗2k .

Theorem 2 (Inference on d∗2k ). Assume that all the conditions of Theorem 1 are satisfied

and (r∗ + su + sv)
1/2κn = o(1). Then for each k with 1 ≤ k ≤ r∗, we have

√
n(d̂2

k − d∗2k ) = hdk + tdk ,

where the distribution term hdk = 2u∗Tk W∗
k(X

TEv∗k −M∗
kE

TXu∗k)/
√
n ∼ N(0, ν2

dk
) with

ν2
dk

= 4u∗Tk W∗
k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k u
∗
k.

Moreover, the error term tdk = Op{(r∗+su+sv)
1/2κn} holds with probability at least 1−θn,p,q

with θn,p,q given in (10).

Theorem 2 above provides the asymptotic distributions for the nonzero squared singu-

lar values d∗2k with 1 ≤ k ≤ r∗ so that the significance levels of the latent factors can be

inferred. Our proof indeed shows that d̂2
k−d∗2k and 2u∗Tk (ûk−u∗k) have the same asymptotic

distribution. Then applying a similar argument to that for proving Theorem 1, the distri-

bution term hdk here can be obtained by replacing a with 2u∗k in hk. Consequently, the

validity requirement needs to be strengthened to (r∗+su+sv)
1/2κn = o(1) in comparison to

m1/2κn = o(1) (cf. Theorem 1). Under such assumptions, the error term tdk will converge
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to zero with the same probability bound 1− θn,p,q as in Theorem 1.

Since the population variances ν2
k and ν2

dk
presented in Theorems 1 and 2 are unknown

in practice, we can use some consistent estimate of the error covariance matrix Σe along

with the initial SOFAR estimates to obtain their surrogates. The following definition

characterizes the desired property for the estimate Σ̃e of Σe.

Definition 3. A q × q matrix Σ̃e is an acceptable estimator of Σe if ‖Σ̃e −Σe‖2 = op(1).

The definition above only requires the estimation consistency of Σ̃e. In practice, the

error covariance matrix Σe can be estimated by first obtaining the residual matrix estimator

Ẽ of E from the SOFAR regression and then recovering the error covariance matrix via

some existing covariance estimation techniques such as the hard-thresholding (Bickel and

Levina, 2008) or adaptive thresholding (Cai and Liu, 2011). Based on Σ̃e and the initial

SOFAR estimates, we can define

ν̃2
k = aTW̃k(z̃kkM̃kΣ̃eM̃

T
k + ṽTk Σ̃eṽkΣ̂− 2Σ̂ũkṽ

T
k Σ̃eM̃

T
k )W̃T

k a, (12)

ν̃2
dk

= 4ũTk W̃k(z̃kkM̃kΣ̃eM̃
T
k + ṽTk Σ̃eṽkΣ̂− 2Σ̂ũkṽ

T
k Σ̃eM̃

T
k )W̃T

k ũk. (13)

The theorem below gives the estimation accuracy of variance estimates ν̃2
k and ν̃2

dk
intro-

duced in (12) and (13) above, respectively.

Theorem 3 (Variance estimation). Assume that all the conditions of Theorem 2 are sat-

isfied and Σ̃e is an acceptable estimator. Then for each k with 1 ≤ k ≤ r∗, we have

|ν̃2
k − ν2

k | ≤ C̃mγn and |ν̃2
dk
− ν2

dk
| ≤ C̃(r∗ + su + sv)γn

hold with probability at least 1− θn,p,q, where γn = (r∗+ su + sv)
1/2η2

n{n−1 log(pq)}1/2, θn,p,q

is given in (10), and C̃ > 0 is some constant.
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3.3 Asymptotic theory of SOFARI

For each given k with 1 ≤ k ≤ r∗, related to M and W for SOFARI in Section 2.2, we

slightly abuse the notation and redefine M∗
k = −z∗−1

kk Σ̂C∗(2), M̃k = −z̃−1
kk Σ̂C̃(2), and

W∗
k = Θ̂

{
Ip + z∗−1

kk Σ̂U∗(2)(Ir∗−k − z−1
kk (U∗(2))T Σ̂U∗(2))−1(U∗(2))T

}
,

W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ(2)(Ir∗−k − z̃−1

kk (Ũ(2))T Σ̂Ũ(2))−1(Ũ(2))T
}
.

Recall that here, C∗(2) =
∑r∗

i=k+1 u
∗
iv
∗T
i , C̃(2) =

∑r∗

i=k+1 ũiṽ
T
i , U∗(2) = [u∗k+1, · · · ,ur∗ ], and

Ũ(2) = [ũk+1, · · · , ũr∗ ] contain only the last r∗ − k layers since the previous k − 1 layers

have been removed in the constrained least-squares problem (7). Furthermore, denote by

κ(k)
n = κn max

{
1, d∗−1

k , d∗−2
k

}
+ γnd

∗−3
k d∗k+1

( k−1∑
i=1

d∗i
)

with κn given in (9) and d∗r∗+1 = 0. The theorem below guarantees the asymptotic distri-

bution of the proposed estimator ûk in Section 2.2 with the above defined W̃k and M̃k,

where κ
(k)
n becomes the key order of the corresponding error term.

Theorem 4 (Inference on u∗k). Assume that Conditions 1–3 and 5 hold, and Θ̂, C̃ satisfy

Definitions 1 and 2, respectively. Then for each given k with 1 ≤ k ≤ r∗ and an arbitrary

vector a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1} satisfying m1/2κ
(k)
n = o(1), we have

√
naT (ûk − u∗k) = hk + tk,

where the distribution term hk = aTW∗
k(X

TEv∗k −M∗
kE

TXu∗k)/
√
n ∼ N(0, ν2

k) with

ν2
k = aTW∗

k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k a.
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Moreover, the error term tk = Op(m
1/2κ

(k)
n ) holds with probability at least 1 − θn,p,q with

θn,p,q given in (10).

Similar to Theorem 1 for SOFARIs, Theorem 4 above provides the asymptotic normal-

ity of the SOFARI debiased estimator ûk for each k with 1 ≤ k ≤ r∗. Besides similar but

slightly different definitions for M∗
k and W∗

k, the main distinction between these two theo-

rems lies in the order κ
(k)
n of the error term. While its first part is similar to κn since d∗k is

generally no smaller than one, κ
(k)
n above contains an extra part γnd

∗−3
k d∗k+1(

∑k−1
i=1 d

∗
i ). This

is induced by the additional approximation error when we replace the top k−1 layers with

their SOFAR estimates, reflected by term M̃k(C
∗(1)−Ĉ(1))T Σ̂ũk in δ of Lemma 3 in Section

G.3 of the Supplementary Material. Since the convergence rate γn of the initial SOFAR es-

timates can decay polynomially with sample size n, assuming γnd
∗−3
k d∗k+1(

∑k−1
i=1 d

∗
i ) = o(1)

should be a mild condition on the singular values. In contrast, Theorem 4 broadens sub-

stantially the range of applications for our suggested SOFARI procedure since it relies on

the weaker Condition 5 instead of Condition 4.

For the inference on the eigenvalues of matrix C∗TC∗, the debiased estimates d̂2
k for d∗2k

can be defined similarly as in (11) except for plugging in the corresponding matrices M̃k

and W̃k defined in this section. The theorem below validates the hypothesis testing on d∗2k .

Theorem 5 (Inference on d∗2k ). Assume that all the conditions of Theorem 4 are satisfied

and (r∗ + su + sv)
1/2κ

(k)
n = o(1). Then for each k with 1 ≤ k ≤ r∗, we have

√
n(d̂2

k − d∗2k ) = hdk + tdk ,
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where the distribution term hdk = 2u∗Tk W∗
k(X

TEv∗k −M∗
kE

TXu∗k)/
√
n ∼ N(0, ν2

dk
) with

ν2
dk

= 4u∗Tk W∗
k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k u
∗
k.

Moreover, the bias term tdk = Op{(r∗ + su + sv)
1/2d∗kκ

(k)
n } holds with probability at least

1− θn,p,q with θn,p,q given in (10).

Finally, similar to (12) and (13), denote by ν̃2
k and ν̃2

dk
the variance estimates obtained

by plugging the initial SOFAR estimates into ν2
k and ν2

dk
in Theorems 4 and 5, respectively.

The theorem below provides the estimation accuracy of these two variance estimates.

Theorem 6 (Variance estimation). Assume that all the conditions of Theorem 5 hold and

Σ̃e is an acceptable estimator. Then for each k with 1 ≤ k ≤ r∗, we have

|ν̃2
k − ν2

k | ≤ C̃ ′m(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−1
k ,

|ν̃2
dk
− ν2

dk
| ≤ C̃ ′(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}1/2d∗k

hold with probability at least 1−θn,p,q, where θn,p,q is given in (10) and C̃ ′ > 0 is a constant.

4 Simulation studies

In this section, we investigate the finite-sample performance of the suggested SOFARI infer-

ence procedure relative to the asymptotic theory established in Section 3. The simulation

setup is presented in Section B.1 of the Supplementary Material. In addition, we consider

two settings of different dimensions. In setting 1, we choose (n, p, q) = (200, 25, 15), while

setting (n, p, q) = (200, 50, 30) in setting 2. We would like to emphasize that both settings

give rise to the high-dimensional regime since the total dimensionality due to both features
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Figure 1: The kernel density estimates (KDEs) for the distributions of the SOFARI estimators on the latent left factor
vectors (i.e., the left singular vectors weighted by the corresponding singular values) in different sparse SVD layers, and the
squared singular values against the target standard normal density based on 1000 replications for setting 1. Left panel: the
KDEs of T1,1,T2,4, and T3,7; middle panel: the KDEs of T1,25,T2,25, and T3,25; right panel: the KDEs of Td1 , Td2 , and
Td3 , all viewed from top to bottom. The blue curves represent the KDEs for SOFARI estimators, whereas the red curves
stand for the target standard normal density.

and responses is p ∗ q, exceeding greatly the available sample size n.

For implementation of SOFARI, the rank of multi-response regression model (1) is iden-

tified beforehand using the self-tuning selection method developed in Bing and Wegkamp

(2019). The initial estimate C̃ = (L̃, D̃, Ṽ) is obtained from the SOFAR procedure (Ue-

matsu et al., 2019) with the entrywise L1-norm penalty (SOFAR-L) and the precision

matrix of the covariates is estimated with the nodewise Lasso Meinshausen and Bühlmann

(2006) as suggested in van de Geer et al. (2014). Moreover, we exploit the adaptive thresh-

olding method (Cai and Liu, 2011) in the covariance estimation for the random errors.

We choose the significance level α = 0.05 for statistical inference and repeat the simu-
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Table 1: The average performance measures of SOFARI on the individual components of the latent left factor vectors
(i.e., the left singular vectors weighted by the corresponding singular values) in different sparse SVD layers, and the squared
singular values (d∗21 , d∗22 , d∗23 ) = (1002, 152, 52) over 1000 replications.

Setting CP Len CP Len CP Len

1 u∗1,1 0.939 0.384 u∗2,4 0.949 0.406 u∗3,7 0.953 0.405

u∗1,2 0.957 0.402 u∗2,5 0.947 0.406 u∗3,8 0.942 0.404

u∗1,3 0.946 0.403 u∗2,6 0.952 0.407 u∗3,9 0.948 0.403

u∗1,p−2 0.939 0.409 u∗2,p−2 0.938 0.409 u∗3,p−2 0.956 0.411

u∗1,p−1 0.952 0.410 u∗2,p−1 0.941 0.410 u∗3,p−1 0.958 0.411

u∗1,p 0.958 0.393 u∗2,p 0.948 0.393 u∗3,p 0.951 0.395

d∗21 0.944 77.225 d∗22 0.949 11.760 d∗23 0.952 3.924

2 u∗1,1 0.944 0.277 u∗2,4 0.934 0.287 u∗3,7 0.948 0.286

u∗1,2 0.939 0.288 u∗2,5 0.946 0.288 u∗3,8 0.947 0.287

u∗1,3 0.954 0.289 u∗2,6 0.943 0.288 u∗3,9 0.941 0.286

u∗1,p−2 0.950 0.292 u∗2,p−2 0.956 0.293 u∗3,p−2 0.947 0.291

u∗1,p−1 0.948 0.291 u∗2,p−1 0.947 0.291 u∗3,p−1 0.940 0.289

u∗1,p 0.958 0.281 u∗2,p 0.940 0.282 u∗3,p 0.948 0.280

d∗21 0.949 55.795 d∗22 0.943 8.457 d∗23 0.943 2.798

lation 1000 times for each setting. We employ two performance measures to evaluate the

inference results: the average coverage probability (CP) and the average length (Len) of

the (1 − α)100% (i.e., 95%) confidence intervals for the unknown population parameters

over the 1000 replications. Specifically, for each individual unknown parameter u∗, denote

by CI the corresponding 95% confidence interval of u∗ constructed using SOFARI. Then

the two performance measures are defined as CP = P̂ [u∗ ∈ CI] and Len = length (CI) ,

respectively, where P̂ denotes the empirical probability measure. Here, CP is the empirical

version of the expectation for the conditional coverage probability given both parameters

and the covariate matrix. To verify the asymptotic normalities of the SOFARI estimators,

we further define the standardized quantities for each k = 1, · · · , r∗ and j = 1, · · · , p,

Tk,j =
√
n(ûk,j − u∗k,j)/ν̃k,j and Tdk =

√
n(d̂2

k − d∗2k )/ν̃dk , where ν̃2
k,j and ν̃2

dk
are the

corresponding variance estimates given in Theorem 6.

The rank of the latent sparse SVD structure is identified consistently as r = 3 over

both two settings. Let us examine the asymptotic normalities of the different SOFARI

estimators. We calculate the kernel density estimates (KDEs) for the standardized quanti-

ties Tk,j for both the nonzero and zero components of the vector u∗k = d∗kl
∗
k, as well as the

KDEs for Tdk corresponding to the nonzero d∗2k ’s. These KDEs are similar across the two
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model settings, and thus we only present in Figure 1 the kernel density plots for setting

1 corresponding to the first nonzero component u∗k,3(k−1)+1, the last zero component u∗k,p,

and d∗2k in each latent sparse SVD layer, with 1 ≤ k ≤ 3. By comparing the KDEs for the

SOFARI estimators to the standard normal density, we see from Figure 1 that the empirical

distributions of the standardized SOFARI estimates all mimic closely the standard normal

distribution, justifying our asymptotic normality theory established in Section 3.

To ease the presentation, we report the performance measures of the SOFARI estimates

for the three nonzero components and the last three zero components of u∗k as well as the

squared singular value d∗2k in each latent sparse SVD layer with 1 ≤ k ≤ 3 over the two

settings and summarize the results in Table 1. It is clear to see from Table 1 that the

average coverage probabilities of the corresponding 95% confidence intervals constructed

by SOFARI are all very close to the target level of 95%. Moreover, we can observe that the

average lengths of the 95% confidence intervals for different u∗k,j in each latent sparse SVD

layer are relatively stable over j. For the squared singular value d∗2k , there is a decreasing

trend in the average length of the 95% confidence interval as k increases, which is in line

with our asymptotic theory in Section 3 that the asymptotic variance of the SOFARI

estimate for d∗2k depends on the magnitude of the nonzero singular value (cf. Theorem 6).

Besides this simulation example, we have also examined the robustness and effectiveness

of SOFARI when some technical assumptions are violated. Due to the space limit, these

numerical results are presented in Section B of the Supplementary Material.

5 Application to the federal reserve economic data

We now showcase the practical utility of the suggested SOFARI inference procedure on an

economic forecasting application. In particular, we will focus on analyzing the monthly
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Table 2: Estimated squared singular values and the lengths of the corresponding 95% confidence intervals for the real
data application in Section 5.

d̂2
1 d̂2

2 d̂2
3

Value 2545.431 7.546 1.215
Len 13.576 1.127 0.591

Table 3: The numbers of significant features with the target FDR level at 5% for the latent left factor vectors (i.e., the left
singular vectors weighted by the corresponding singular values) in different sparse SVD layers for the real data application in
Section 5.

û1 û2 û3

Num 20 41 18

macroeconomic data set from the federal reserve economic database FRED-MD in Mc-

Cracken and Ng (2016). This data set is comprised of 660 monthly observations for 134

macroeconomic variables from January 1960 to December 2014. Among those variables, we

are interested in the interpretable multi-task learning problem of forecasting some typical

macroeconomic indicators such as the consumer price index (CPI), interest rates, the un-

employment rate, and the stock market price index simultaneously. Besides them, we also

select several important variables considered in Carriero et al. (2019), including the per-

sonal income, money supply, housing, and exchange rates, giving rise to a total of q = 20

response variables. See Section C of the Supplementary Material for the list of the 20

selected responses along with their descriptions.

We treat the remaining macroeconomic variables except for the four with missing values

as covariates for predicting the multiple responses. To alleviate the issue of high correlations

among the covariates, following Zheng et al. (2021) we choose randomly one representative

covariate from those highly correlated economic variables whose correlations are above 0.9

in magnitude, resulting in 94 representative covariates. Further, to adapt to times series

data, we transform both responses and covariates through differencing and logarithmic

transformation as in McCracken and Ng (2016). We also incorporate the first to fourth

lags of the responses and covariates into the design matrix of features and standardize each

column of the feature and response matrices to have mean zero and standard deviation
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Figure 2: Bar charts of the significant features in the top three latent left factor vectors (i.e., the left singular vectors
weighted by the corresponding singular values). The significant features correspond to ones presented in Table 3. Different
colors F1, F2, and F3 correspond to the three factors ranked by the estimated singular values, respectively. The y-axis
indicates the magnitude and signs of the corresponding coefficients in each factor.

one, similarly as in Chi et al. (2025). Finally, the preprocessed data set contains p = 456

features and q = 20 responses with a total sample size of n = 654.

To analyze this data set, we fit multi-response regression model (1) using the SOFAR

estimator (Uematsu et al., 2019) with the entrywise L1-norm penalty (SOFAR-L) due to

its nice prediction performance as shown in Section C of the Supplementary Material. The

estimated rank is r = 3, which means that there are three important latent left factor

vectors. Then we apply the SOFARI procedure to the full data set at significance level

α = 0.05. The initial estimate is obtained by SOFAR-L and the estimation for the feature

precision matrix and the error covariance matrix is done similarly as that in Section 4. We

summarize the estimated squared singular values as well as the lengths of the corresponding

95% confidence intervals in Table 2. It is clear that the three latent sparse SVD layers are

well separated and the first latent left factor vector is the most important one since its

contribution toward the total variation is over 99% in terms of the squared singular values.
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In addition, we are interested in studying the composition of the latent left factor

vectors u∗k’s by testing which original covariates have significant latent weights in different

sparse SVD layers k = 1, 2, 3. Note that here we are performing the large-scale multiple

testing in light of the total feature dimensionality p = 456. To account for the multiple

testing problem, we first apply the SOFARI procedure to obtain the p-values for individual

features, and then use the BHq procedure (Benjamini and Hochberg, 1995) to control the

false discovery rate (FDR) at the level 5% for each layer. The results summarized in Table

3 reveal that the top three latent left factors are highly sparse in their dependency on the

original features whose dimensionality is p = 456.

To gain insights into the composition of the three latent left factor vectors, we plot the

corresponding weights of the significant original features in each latent left factor vector

as a bar chart in Figure 2, where the significant original features are the same as the

ones presented in Table 3. It can be seen from Figure 2 that there are ten features whose

coefficients are much larger than the remaining ones so we mark them with their abbreviated

names. In fact, all those ten features are included simultaneously in both the first and

second latent left factor vectors, except for the third lag of CPIAUCSL (the overall CPI)

which appears only in the first latent left factor vector. This reveals that some important

features can contribute to more than one latent left factor vectors.

Furthermore, the ten most important features are essentially three macroeconomic vari-

ables with different lags, namely CPIAUCSL (the overall CPI), M2SL (M2 money stock),

and M2REAL (real M2 money stock). To help interpret the relationships between macroe-

conomic features and response variables, we also look at estimation results of the right

singular matrix V∗ from initial SOFAR estimates. Specifically, the overall CPI measures

inflation based on a basket of consumer goods and services. Given the positive factor coef-
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ficients and the negative factor loadings, CPI or inflation tends to have negatively correlate

with several responses such as interest rates. Such phenomenon is sensible since when the

central bank lowers interest rates to stimulate the economy, the inflation level tends to

increase. The other two variables relate to money supply. In particular, M2 money stock

is a measure of money supply that includes cash, checking deposits, and non-cash assets,

while real M2 money stock is the value of M2 money stock deflated by CPI. The negative

factor coefficients along with the negative factor loading suggests a positive relationship

between M2 money stock and the response S&P 500 stock price index. Overall, the SO-

FARI procedure can be exploited to assess feature significance in the latent left factor

vectors across different sparse SVD layers for real applications involving high-dimensional

multi-task learning inference with interpretability and flexibility.

6 Discussions

We have investigated the problem of high-dimensional inference on the latent sparse SVD

structure under the model of multi-response regression. Our technical analysis has revealed

that the use of the underlying Stiefel manifold structure is key to the success of such

inferential task on the latent factors. The resulting SOFARI estimators for the latent left

factor vectors and singular values have been shown to enjoy asymptotic normalities with

justified asymptotic variance estimates. Moreover, our proposed method can be combined

with a sample splitting technique to substantially mitigate the requirement on the sparsity

level, which is presented in Section E of the Supplementary Material.

It is noteworthy that inference for latent right factor vectors is not straightforward

from that of the left factor vectors and can be even more challenging. The key difficulty

lies in that when we target at the right factor vectors, the manifold induced by the SVD
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constraints on the left singular vectors would not help in constructing the modified score

function due to asymmetry of the left and the right singular vectors in the response matrix.

This prevents the manifold of left singular vectors from saving degrees of freedom under

the SVD constraints. New techniques will be needed to deal with this interesting yet

challenging topic.
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Supplementary Material to “SOFARI:

High-Dimensional Manifold-Based Inference”

Zemin Zheng, Xin Zhou, Yingying Fan and Jinchi Lv

This Supplementary Material contains some additional theoretical results, simulation stud-

ies, and real data details, as well as the proofs of all main results, lemmas, and additional

technical details. All the notation is the same as defined in the main body of the paper.

We will also use c to denote a generic positive constant whose value may vary from line to

line throughout the proofs.

A The intrinsic bias issue and algorithms

A.1 The intrinsic bias issue

Let us first introduce a lemma below to gain some insights into the intrinsic bias issue in

the simple case of r∗ = 2 and k = 1.

Lemma 1. Under the SVD constraint (3), for an arbitrary M = [M1,M2,M3] with

M1,M2 ∈ Rp×q and M3 ∈ Rp×p, it holds that

ψ̃1(u1,η
∗
1) = (Ip −M1v1u

T
1 + M1v2u

T
2 )Σ̂(u1 − u∗1) + (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1 + δ + ε,

where δ = M1

{
(v1 − v∗1)uT1 − (v2u

T
2 − v∗2u∗T2 )

}
Σ̂(u1 − u∗1) and

ε = n−1
{
M1E

TXu1 + M2E
TXu∗2 + M3X

TEv∗2
}
− n−1XTEv∗1.

In view of Lemma 1 above, we see immediately that the score function vector ψ̃1 at the
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true parameter values (u∗1,η
∗
1) is

ψ̃1(u∗1,η
∗
1) = (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1 + ε∗,

where ε∗ = n−1
{
M1E

TXu∗1 + M2E
TXu∗2 + M3X

TEv∗2
}
− n−1XTEv∗1. Hence, the expec-

tation of ψ̃1 at (u∗1,η
∗
1) will be determined by (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1. It is an intrinsic

bias term associated with this inference problem, induced by the correlation between the

two latent factors Xu∗1 and Xu∗2. In order to design a valid inference procedure, we need

some orthogonality between the latent factors so that

‖(M1v
∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1‖∞ = o(n−1/2). (A.1)

Then the intrinsic bias term can become secondary and does not affect the asymptotic

distribution. In the case of strongly orthogonal factors where |u∗T2 Σ̂u∗1| = o(n−1/2), the

nuisance parameters from different layers can be separable, and (A.1) will hold under

suitable choices of matrix M.

For a general rank r∗, Lemma 2 in Section G.2 shows that the corresponding intrinsic

bias term would be Mv
kC
∗T
−kΣ̂u

∗
k, where C∗−k =

∑
i 6=k u

∗
iv
∗T
i . Then the assumption of

strongly orthogonal latent factors naturally generalizes as

∑
j 6=k

|u∗Tj Σ̂u∗k| = o(n−1/2),

which together with suitably chosen matrix M can control the intrinsic bias.
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A.2 Algorithms

In this section, we present Algorithms 1 and 2 for our SOFARIs and SOFARI procedures,

respectively. Here, we denote by ek ∈ Rp the p-dimensional unit vector with 1 at the kth

component and 0 elsewhere. In addition, the code for implementing our methods is publicly

available on GitHub (https://github.com/xinaut/SOFARI).

Algorithm 1 SOFARIs
1: Input: Data X ∈ Rn×p,Y ∈ Rn×q

2: Initial Step: Determine the rank r̂ and compute initial SOFAR estimates
{
d̃i, ˜̀i, r̃i}r̂i=1

3: for k = 1, · · · , r̂ do
4: M-step: Compute M̃(k) =

[
0p×q(k−1), M̃k,0p×[q(r̂−k)+p(r̂−1)]

]
with M̃k = −z̃−1

kk Σ̂C̃−k

5: W-step: Compute W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ−k(Ir̂−1 − z̃−1

kk ŨT
−kΣ̂Ũ−k)

−1ŨT
−k

}
6: Debiased estimate: For η̃k =

(
ũT1 , · · · , ũTr̂ , ṽT1 , · · · , ṽTk−1, ṽ

T
k+1, · · · , ṽTr̂

)T
, compute

ûk = ũk − W̃k

( ∂L
∂uk

− M̃(k) ∂L

∂ηk

)∣∣∣
(ũk,η̃k)

,

d̂2
k = ‖ũk‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k).

7: Variance estimate:

ν̃2
uk

= eTk W̃k(z̃kkM̃kΣ̃eM̃
T
k + ṽTk Σ̃eṽkΣ̂− 2Σ̂ũkṽ

T
k Σ̃eM̃

T
k )W̃T

k ek,

ν̃2
dk

= 4ũTk W̃k(z̃kkM̃kΣ̃eM̃
T
k + ṽTk Σ̃eṽkΣ̂− 2Σ̂ũkṽ

T
k Σ̃eM̃

T
k )W̃T

k ũk.

8: end for
9: Output: Debiased estimate and variance estimate {ûk, d̂2

k, ν̃
2
uk
, ν̃2
dk
}r̂k=1

B Additional simulation results

B.1 Simulation setup

For the simulation example in Section 4, we consider a similar setup of the multi-response

regression model (1) to that in Mishra et al. (2017) so that the latent factors are weakly

orthogonal to each other allowing for correlations among the latent factors. Specifically, we

assume that the true regression coefficient matrix C∗ =
∑r∗

k=1 d
∗
kl
∗
kv
∗T
k satisfies that r∗ = 3,

3
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Algorithm 2 SOFARI
1: Input: Data X ∈ Rn×p,Y ∈ Rn×q

2: Initial Step: Determine the rank r̂ and compute initial SOFAR estimates
{
d̃i, ˜̀i, r̃i}r̂i=1

3: for k = 1, · · · , r̂ do
4: M-step: M̃(k) =

[
M̃k,0p×(p+q)(r̂−k)

]
with M̃k = −z̃−1

kk Σ̂C̃(2)

5: W-step: Compute W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ(2)(Ir̂−k − z̃−1

kk Ũ(2)T Σ̂Ũ(2))−1(Ũ(2))T
}

6: Debiased estimate: For η̃k =
(
ũTk+1, · · · , ũTr̂ , ṽTk , · · · , ṽTr̂

)T
, compute

ûk = ψk(ũk, η̃k) = ũk − W̃kψ̃k(ũk, η̃k) = ũk − W̃k

( ∂L
∂uk

− M̃(k) ∂L

∂ηk

)∣∣∣
(ũk,η̃k)

,

d̂2
k = ‖ũk‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k).

7: Variance estimate:

ν̃2
uk

= eTk W̃k(z̃kkM̃kΣ̃eM̃
T
k + ṽTk Σ̃eṽkΣ̂− 2Σ̂ũkṽ

T
k Σ̃eM̃

T
k )W̃T

k ek,

ν̃2
dk

= 4ũTk W̃k(z̃kkM̃kΣ̃eM̃
T
k + ṽTk Σ̃eṽkΣ̂− 2Σ̂ũkṽ

T
k Σ̃eM̃

T
k )W̃T

k ũk.

8: end for
9: Output: Debiased estimate and variance estimate {ûk, d̂2

k, ν̃
2
uk
, ν̃2
dk
}r̂k=1

d∗1 = 100, d∗2 = 15, d∗3 = 5, and

l∗k = ľk/‖ľk‖2 with ľk =
(

rep(0, s1(k − 1)), unif (S1, s1) , rep(0, p− ks1)
)T
,

v∗k = v̌k/ ‖v̌k‖2 with v̌k =
(

rep(0, s2(k − 1)), unif (S2, s2) , rep(0, q − ks2)
)T
.

Here, unif (S, s) denotes an s-dimensional random vector with i.i.d. components from the

uniform distribution on set S, rep(a, s) represents an s-dimensional vector with identical

components a, S1 = {−1, 1}, S2 = [−1,−0.3] ∪ [0.3, 1], s1 = 3, and s2 = 3.

Given the matrix of left singular vectors L∗ = (l∗1, · · · , l∗r∗), we can find a matrix

L∗⊥ ∈ Rp×(p−r∗) such that P = [L∗,L∗⊥] ∈ Rp×p is nonsingular. The covariate ma-

trix X is generated following the three steps specified below. First, we create matrix

X1 ∈ Rn×r∗ by drawing a random sample of size n from N (0, Ir∗). Second, denote by

x̃ ∼ N(0,ΣX), x̃1 = L∗T x̃, and x̃2 = L∗T⊥ x̃, where the population covariance matrix is

given by ΣX =
(
0.3|i−j|

)
p×p. We then generate matrix X2 ∈ Rn×(p−r∗) by drawing a ran-

4



dom sample of size n from the conditional distribution of x̃2 given x̃1. Third, the covariate

matrix X is finally defined as X = [X1,X2] P−1 so that the latent factors n−1/2Xl∗i are

weakly orthogonal to each other.

We further assume that the rows of the error matrix E are i.i.d. copies from N (0, σ2ΣE)

with ΣE =
(
0.3|i−j|

)
q×q that is independent of covariate matrix X, where the noise level

σ2 is set such that the signal-to-noise ratio (SNR)
∥∥X(d∗r∗l

∗
r∗v
∗T
r∗ )
∥∥
F
/‖E‖F is equal to 1.

B.2 Simulation example 2

The setup of the second simulation example is similar to that in Uematsu et al. (2019). The

major difference with the simulation setup in Section B.1 is that we now do not assume any

particular form of the orthogonality constraint on the latent factors, allowing for stronger

correlations among the latent factors. This means the technical assumptions in Conditions

4 and 5 may be violated. The challenging setup here is designed to test the robustness of the

SOFARI inference procedure when some of the orthogonality conditions are not satisfied.

Specifically, we assume that the rows of covariate matrix X are i.i.d. and drawn directly

from N(0,ΣX) with covariance matrix ΣX = (0.3|i−j|)p×p. The true underlying coefficient

matrix C∗ follows the same latent sparse SVD structure as that in simulation example 1,

except that d∗1 increases from 100 to 200 and both s1 and s2 increase from 3 to 5. Similarly,

we consider two settings for the second simulation example, and the remaining setups for

settings 3 and 4 are the same as those for settings 1 and 2 in Section B.1, respectively.

5



Table 4: The average performance measures of SOFARI on the individual components of the
latent left factor vectors (i.e., the left singular vectors weighted by the corresponding singular val-
ues) in different sparse SVD layers, and the squared singular values (d∗21 , d∗22 , d∗23 ) = (2002, 152, 52)
over 1000 replications for simulation example 2 in Section B.2.

Setting CP Len CP Len CP Len
3 u∗1,1 0.937 0.400 u∗2,6 0.945 0.417 u∗3,11 0.948 0.418

u∗1,2 0.945 0.417 u∗2,7 0.945 0.416 u∗3,12 0.935 0.418
u∗1,3 0.957 0.416 u∗2,8 0.948 0.407 u∗3,13 0.947 0.418
u∗1,4 0.943 0.417 u∗2,9 0.949 0.417 u∗3,14 0.933 0.418
u∗1,5 0.941 0.417 u∗2,10 0.937 0.416 u∗3,15 0.947 0.417
u∗1,p−4 0.952 0.418 u∗2,p−4 0.948 0.417 u∗3,p−4 0.965 0.418
u∗1,p−3 0.954 0.417 u∗2,p−3 0.947 0.416 u∗3,p−3 0.950 0.417
u∗1,p−2 0.949 0.417 u∗2,p−2 0.943 0.416 u∗3,p−2 0.927 0.418
u∗1,p−1 0.941 0.416 u∗2,p−1 0.942 0.415 u∗3,p−1 0.952 0.417
u∗1,p 0.945 0.400 u∗2,p 0.950 0.399 u∗3,p 0.946 0.400

d∗21 0.949 165.637 d∗22 0.955 11.015 d∗23 0.944 4.135
4 u∗1,1 0.955 0.287 u∗2,6 0.944 0.295 u∗3,11 0.949 0.295

u∗1,2 0.947 0.296 u∗2,7 0.942 0.295 u∗3,12 0.922 0.295
u∗1,3 0.938 0.296 u∗2,8 0.945 0.295 u∗3,13 0.940 0.296
u∗1,4 0.945 0.297 u∗2,9 0.939 0.295 u∗3,14 0.942 0.295
u∗1,5 0.946 0.296 u∗2,10 0.945 0.295 u∗3,15 0.948 0.295
u∗1,p−4 0.952 0.296 u∗2,p−4 0.952 0.295 u∗3,p−4 0.950 0.295
u∗1,p−3 0.944 0.297 u∗2,p−3 0.953 0.295 u∗3,p−3 0.941 0.295
u∗1,p−2 0.948 0.297 u∗2,p−2 0.948 0.296 u∗3,p−2 0.942 0.296
u∗1,p−1 0.947 0.296 u∗2,p−1 0.947 0.295 u∗3,p−1 0.945 0.295
u∗1,p 0.948 0.287 u∗2,p 0.926 0.286 u∗3,p 0.956 0.285

d∗21 0.949 117.649 d∗22 0.952 8.028 d∗23 0.941 2.927
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Table 4 summarizes the average performance measures of different SOFARI estimates

under simulation example 2. Similar to simulation example 1, the rank of the latent sparse

SVD structure is identified consistently as r = 3. From Table 4, we can see that the

average coverage probabilities of the 95% confidence intervals constructed by SOFARI for

the representative parameters are still very close to the target level of 95%. Furthermore, it

can be seen that the average lengths of the 95% confidence intervals for different components

of the latent left factors across different settings are also stable over both j and k. This

demonstrates that the suggested SOFARI inference procedure can still apply and perform

well even when the correlations among the latent factors may no longer be weak, provided

that the eigengap among the nonzero singular values are sufficiently large.

B.3 Simulation example 3

We consider the setup similar to that of simulation example 2 in Section B.2 but containing

weakly sparse signals. To be specific, we set (n, p, q, r∗) = (200, 50, 30, 3) and in each layer,

the left singular vector contains 8 strong signals and 12 weak signals, while the right singular

vector contains 8 strong signals and 3 weak signals. For the left and right singular vectors,
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they are generated as follows:

ľ1 = (unif(S1, 8), rep(0, 30), unif(S2, 12))T ,

ľ2 = (rep(0, 4), unif(S2, 12), unif(S1, 8), rep(0, 26))T ,

ľ3 = (rep(0, 20), unif(S2, 12), unif(S1, 8), rep(0, 10))T ,

v̌1 = (unif(S3, 8), rep(0, 19), unif(S4, 3))T ,

v̌2 = (rep(0, 6), unif(S4, 3), unif(S3, 8), rep(0, 13))T ,

v̌3 = (rep(0, 19), unif(S3, 8), unif(S4, 3))T ,

l∗k = ľk/‖ľk‖2,v
∗
k = v̌k/ ‖v̌k‖2 , k = 1, 2, 3.

We set S1 = {−1, 1} for relatively strong signals, S2 = S4 = [−0.1,−0.01] ∪ [0.01, 0.1] for

weak signals, and S3 = [−1,−0.6]∪ [0.6, 1] for moderate signals. The other setup is similar

to that of simulation example 2 in Section B.2.

The simulation results are summarized in Table 5. In view of the results, we can see that

the average coverage probabilities of the 95% confidence intervals constructed by SOFARI

for the representative parameters are still close to the target level of 95%. Moreover, the

average lengths of the 95% confidence intervals for different components of the latent left

factors across different settings are stable over both j and k. This shows that the suggested

SOFARI inference procedure can still apply and perform well under some weakly sparse

settings.
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Table 5: The average performance measures of SOFARI on the individual components of the
latent left factor vectors (i.e., the left singular vectors weighted by the corresponding singular val-
ues) in different sparse SVD layers, and the squared singular values (d∗21 , d∗22 , d∗23 ) = (2002, 152, 52)
over 1000 replications for simulation example 3 in Section B.3.

Setting CP Len CP Len CP Len
5 u∗1,1 0.937 0.279 u∗2,17 0.940 0.298 u∗3,33 0.944 0.297

u∗1,2 0.928 0.289 u∗2,18 0.937 0.297 u∗3,34 0.941 0.296
u∗1,3 0.928 0.288 u∗2,19 0.945 0.297 u∗3,35 0.931 0.296
u∗1,4 0.948 0.290 u∗2,20 0.945 0.298 u∗3,36 0.943 0.297
u∗1,5 0.932 0.289 u∗2,21 0.944 0.298 u∗3,37 0.926 0.296
u∗1,6 0.931 0.289 u∗2,22 0.940 0.298 u∗3,38 0.929 0.296
u∗1,7 0.945 0.289 u∗2,23 0.945 0.298 u∗3,39 0.946 0.297
u∗1,8 0.941 0.288 u∗2,24 0.946 0.298 u∗3,40 0.942 0.296
u∗1,39 0.935 0.289 u∗2,5 0.948 0.299 u∗3,21 0.942 0.296
u∗1,40 0.937 0.288 u∗2,6 0.940 0.298 u∗3,22 0.939 0.296
u∗1,41 0.944 0.289 u∗2,7 0.927 0.298 u∗3,23 0.941 0.297
u∗1,42 0.935 0.288 u∗2,8 0.926 0.298 u∗3,24 0.943 0.297
u∗1,43 0.932 0.289 u∗2,9 0.943 0.298 u∗3,25 0.928 0.296
u∗1,44 0.944 0.288 u∗2,10 0.934 0.298 u∗3,26 0.939 0.297
u∗1,45 0.940 0.289 u∗2,11 0.943 0.299 u∗3,27 0.934 0.297
u∗1,46 0.934 0.288 u∗2,12 0.933 0.298 u∗3,28 0.947 0.297
u∗1,47 0.926 0.289 u∗2,13 0.932 0.298 u∗3,29 0.939 0.297
u∗1,48 0.935 0.288 u∗2,14 0.942 0.298 u∗3,30 0.950 0.297
u∗1,49 0.931 0.288 u∗2,15 0.935 0.298 u∗3,31 0.942 0.296
u∗1,50 0.926 0.279 u∗2,16 0.947 0.298 u∗3,32 0.944 0.296
d∗21 0.935 114.765 d∗22 0.939 8.883 d∗23 0.938 2.892
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Table 6: The list of 20 selected responses for the real data application in Section 5.

Variable Description

RPI Real personal income
INDPRO Total industrial production
CUMFNS Capacity utilization: manufacturing
UNRATE Civilian unemployment rate
PAYEMS Total number of employees on non-agricultural payrolls
CES0600000007 Average weekly hours: goods-producing
HOUST Total housing starts
DPCERA3M086SBEA Real personal consumption expenditures
NAPMNOI ISM manufacturing: new orders index
CMRMTSPLx Real manufacturing and trade industries sales
FEDFUNDS Effective federal funds rate
T1YFFM 1-Year treasury constant maturity minus FEDFUNDS
T10YFFM 10-Year treasury constant maturity minus FEDFUNDS
BAAFFM Moody’s baa corporate bond minus FEDFUNDS
EXUSUKx U.S.-U.K. exchange rate
WPSFD49207 Producer price index for finished goods
PPICMM Producer price index for commodities
CPIAUCSL Consumer price index for all items
PCEPI Personal consumption expenditure implicit price deflator
S&P 500 S&P’s common stock price index: composite
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Table 7: Prediction errors of different methods for the real data application in Section 5.

SOFAR-L SOFAR-GL RRR RRSVD SRRR
Prediction error 0.921 0.935 1.775 1.002 0.968

C Additional real data results for the federal reserve

economic data

We provide in Table 6 above the list of 20 selected responses along with their descriptions

for the real data application in Section 5. In addition, we show the prediction performance

of different methods on this data set based on the multi-response regression model (1).

Specifically, we consider the SOFAR estimator (Uematsu et al., 2019) with the entrywise

L1-norm penalty (SOFAR-L) or the rowwise (2, 1)-norm penalty (SOFAR-GL), reduced

rank regression (RRR), reduced rank regression with sparse SVD (RSSVD) Chen et al.

(2012), and sparse reduced rank regression (SRRR) (Chen and Huang, 2012). Specifically,

we treat the first 474 observations as the training sample, identify the rank of the multi-

response regression model in the same fashion as in Section 4, and fit the model using each of

those five methods. The prediction error ‖Y−XĈ‖2
F/(n1q) is calculated based on the test

sample consisting of the remaining n1 = 180 observations. Table 7 reports the prediction

errors for all the methods. We see from Table 7 that the sparse learning methods tend to

have much better prediction performance than the nonsparse learning approach of reduced

rank regression. In particular, SOFAR-L enjoys the highest prediction accuracy followed

closely by SOFAR-GL, which indicates that the latent sparse SVD structure assumed in

SOFAR provides a better approximation to the true underlying data structure.
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D Application to the yeast eQTL data

We also demonstrate the effectiveness of our SOFARI method by analyzing a yeast ex-

pression quantitative trait loci (eQTL) data set described by Brem and Kruglyak (2005),

previously studied in Uematsu et al. (2019). In this eQTL data analysis, the primary goal

is to investigate the associations between eQTLs, i.e., genomic regions harboring DNA se-

quence variants, and the expression levels of genes within specific signaling pathways. This

data set originally contains n = 112 samples with 2957 genetic markers and 6216 genes.

Based on the SOFAR estimator, our SOFARI procedure can further evaluate the feature

importance in the latent SVD structure. So we preprocess the data following the same

procedure as that in Uematsu et al. (2019). Specifically, a marginal screening is performed

to obtain p = 605 genetic markers and we focus on q = 54 genes belonging to the yeast

mitogen-activated protein kinases signaling pathway.

Since SOFAR-L estimate demonstrated nice performance on this data set in Uematsu

et al. (2019), we first implement SOFAR-L to fit the multi-response regression model (1)

and then apply our SOFARI procedure similarly as in Section 5 to conduct inference at

significance level α = 0.05. First, the rank of model (1) is estimated as 3. We then

summarize the estimated squared singular values and the lengths of the corresponding 95%

confidence intervals in Table 8. We can see from Table 8 that the first three latent sparse

SVD layers are significant and the first squared singular value is substantially larger than

the remaining ones, indicating that the leading component captures the majority of the

overall variation in the data. Furthermore, we apply our SOFARI procedure to obtain

individual p-values of the compositions of the three latent left factor vectors and then use

the BHq procedure to control the FDR at the 5% level for each layer. Consequently, the

numbers of significant features in the three layers are 74, 18, and 15, respectively, resulting
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Table 8: Estimated squared singular values and the lengths of the corresponding 95%
confidence intervals for the yeast eQTL data application in Section D.

d̂2
1 d̂2

2 d̂2
3

Value 25.869 3.946 2.304
Len 2.400 0.841 0.555

in a total of 107 nonzeros in the left factor matrix and 101 distinct markers. It reveals

certain sparsity patterns across these layers.

To further investigate the prediction aspect of SOFARI, we randomly split the data

set into 80% for training (418 samples) and the remaining 20% for testing (105 samples).

This splitting process is repeated 100 times. For each split, we first apply the SOFARI

method and integrate the BHq procedure to identify nonzero elements of each left singular

vector with the target FDR level of 5%. Then we refit the training data using SOFAR-L

by constraining on the set of identified nonzero elements and evaluate predictive accuracy

through the corresponding test set. For comparison, we also directly estimate the coefficient

matrix via SOFAR-L on the training set and compute the prediction loss on the test set.

The resulting average prediction errors, with standard errors in parentheses, are 0.734

(0.005) and 0.742 (0.006), respectively, indicating that refitting the data based on our

SOFARI method (i.e., the former one) can enhance the predictive performance.

E Sample splitting techniques

In this section, we gain some insights into how the sample splitting techniques can be in-

corporated into the debiased procedure to weaken the sparsity constraints. Although the

sample splitting technique can help weaken the sparsity constraints, this approach also pos-

sesses certain limitations. In particular, random partitioning can introduce variability, and

larger sample sizes are typically needed to ensure efficiency. Thus, for the sake of simplicity,
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we only present the theoretical results of the inference on u∗k in strongly orthogonal factors

cases. Nevertheless, it is noteworthy that the generalization of inference on u∗k in weakly

orthogonal factors cases and inference on d∗2k under both strongly and weakly orthogonal

factors cases follows a similar analysis.

For simplicity, we assume that sample size is 2n and the sample is randomly split into

two of equal size. The second fold of data is used to obtain the initial SOFAR estimates C̃

and the corresponding SVD components {ũi, ṽi}r
∗
i=1. Meanwhile, the first fold of data, still

denoted as (X,Y), is employed to compute the approximate inverse Θ̂ and the debiased

estimator ûsplit
k for each layer. Then in the strongly orthogonal factors case, similar to (6),

our debiased estimate for u∗k can be defined as

ûsplit
k = ũk − W̃kψ̃k(ũk, η̃k)

= ũk − W̃k

( ∂L
∂uk

− M̃(k) ∂L

∂ηk

)∣∣∣
(ũk,η̃k)

,

where M̃(k) =
[
0p×q(k−1), M̃k,0p×[q(r∗−k)+p(r∗−1)]

]
with M̃k = −z̃−1

kk Σ̂C̃−k, and W̃k are

as given in Propositions 2 and 3 after plugging in the SOFAR estimates for the SVD

components derived from the second fold of data.

Denote by

κ′n = max{s1/2
max, (r

∗ + su + sv)
1/2η2

n}(r∗ + su + sv)
1/2η2

n log(pq)/
√
n. (A.2)

The following theorem shows that the debiased estimator ûsplit
k based on the sample splitting

technique enjoys the asymptotic normality.

Theorem 7. Assume that Conditions 1–4 hold, and Θ̂ and C̃ satisfy Definitions 1 and 2,

respectively. Then for each given k with 1 ≤ k ≤ r∗ and an arbitrary vector a ∈ A = {a ∈
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Rp : ‖a‖0 ≤ m, ‖a‖2 = 1} satisfying m1/2κ′n = o(1), we have

√
naT (ûsplit

k − u∗k) = hk + tk,

where the distribution term hk = aTW∗
k(X

TEv∗k −M∗
kE

TXu∗k)/
√
n ∼ N(0, ν2

k) with

ν2
k = aTW∗

k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k a.

Moreover, the bias term tk = Op

(
m1/2κ′n

)
holds with probability at least 1− θn,p,q, where

θ′′n,p,q = θ′n,p,q + 2(pq)−cs0 (A.3)

with s0 = max{smax, r
∗ + su + sv}, θ′n,p,q given in Definition 2, and some positive constant

c.

Theorem 7 above establishes the asymptotic normality results of each u∗k in the strongly

orthogonal factors case. By exploiting the sample splitting technique, we can see that the

requirement for the bias term tk to be asymptotic vanishing is weaker than that in Theorem

1. To have an explicit view of this, recall that γn = (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2 is

the SOFAR estimation rate. Then the error rate κn in Theorem 1 can be written as

κn = max{s1/2
maxη

−2
n , (r∗ + su + sv)

1/2η−2
n , 1}γ2

n/
√
n,

whereas the error rate κ′n given in (A.2) can be formulated as

κ′n = max{s1/2
max(r∗ + su + sv)

−1/2η−2
n , η−2

n , 1}γ2
n/
√
n.
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Since η2
n given in Definition 2 is larger than 1 and can even diverge with n, the first two

term in κn are reduced by a factor (r∗ + su + sv)
−1/2 in the corresponding terms of κ′n. In

addition, note that the third term in both κn and κ′n is γ2
n/
√
n, which is the inherent bias

induced by the SOFAR initial estimates. Thus, if the first two terms in κn dominate, the

sample splitting technique can help weaken the sparsity constraints.

F Proofs of Theorems 1–7 and Propositions 1–5

F.1 Proof of Theorem 1

The proof of Theorem 1 consists of two parts. The first part establishes the theoretical

results under the rank-2 case, while the second part further extends the results to the general

rank case. Let us denote by E0 the event on which the inequalities in Definition 2 hold. By

Definition 2, its probability is at least 1−θ′n,p,q. Moreover, we define E1 = {n−1‖XTE‖max ≤

c1[n−1 log(pq)]1/2}, where c1 is some positive constant. Since E ∼ N(0, In ⊗ Σe) under

Condition 1, by the same argument as in Step 2 of the proof of Theorem 1 in Uematsu et al.

(2019), we know that event E1 holds with probability at least 1−2(pq)1−c20/2, where c0 >
√

2

is some positive constant. Then we have that event E = E0 ∩ E1 holds with probability at

least 1− θn,p,q with θn,p,q = θ′n,p,q + 2(pq)1−c20/2. To ease the technical presentation, we will

condition on event E throughout the proof.

Part 1: Proof for the rank-2 case. Under the strongly orthogonal factors, since the

technical arguments for the theoretical results of u∗1 and u∗2 are basically the same, we

present the proof only for u∗1 here for simplicity. In the case that r∗ = 2 and k = 1, for

M and W constructed in (A.95) and (A.96) in the proofs of Propositions 2 and 3, after
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plugging the initial SOFAR estimates satisfying Definition 2 we can obtain that

M̃1 = −z̃−1
11 Σ̂ũ2ṽ

T
2 and W̃1 = Θ̂{Ip + (z̃11 − z̃22)−1Σ̂ũ2ũ

T
2 },

where z̃11 = ũT1 Σ̂ũ1 and z̃22 = ũT2 Σ̂ũ2. By Lemma 7 in Section G.7, it holds that |z̃11 −

z̃22| ≥ c, which entails that z̃11 6= z̃22. Then we see that W̃1 is well-defined.

Let us recall that

û1 = ψ1(ũ1, η̃1) = ũ1 − W̃1ψ̃1(ũ1, η̃1)

= ũ1 − W̃1ψ̃1(ũ1,η
∗
1) + W̃1(ψ̃1(ũ1,η

∗
1)− ψ̃1(ũ1, η̃1)).

It follows from Lemma 1 and the fact that the initial estimates satisfy Definition 2 that

ũ1 − W̃1ψ̃1(ũ1,η
∗
1) = u∗1 − W̃1ε̃1 − W̃1δ̃1 − W̃1M̃1v

∗
2u
∗T
2 Σ̂u∗1

+
[
Ip − W̃1(Ip − M̃1ṽ1ũ

T
1 + M̃1ṽ2ũ

T
2 )Σ̂

]
(ũ1 − u∗1),

where

ε̃1 = n−1M̃1E
TXũ1 − n−1XTEv∗1, (A.4)

δ̃1 = M̃1

{
(ṽ1 − v∗1)ũT1 − (ṽ2ũ

T
2 − v∗2u∗T2 )

}
Σ̂(ũ1 − u∗1). (A.5)

In view of Definition 2, ṽT2 ṽ1 = 0, and ṽT2 ṽ2 = 1, for each given a ∈ A = {a ∈ Rp : ‖a‖0 ≤
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m, ‖a‖2 = 1}, we can represent
√
naT (û1 − u∗1) as

√
naT (û1 − u∗1) =−

√
naTW̃1ε̃1 −

√
naTW̃1δ̃1 +

√
naT

(
Ip − W̃1T1

)
(ũ1 − u∗1)

−
√
naTW̃1M̃1v

∗
2u
∗T
2 Σ̂u∗1 −

√
naTW̃1(ψ̃1(ũ1, η̃1)− ψ̃1(ũ1,η

∗
1)),

(A.6)

where T1 = (Ip−z̃−1
11 Σ̂ũ2ũ

T
2 )Σ̂. We will show that the last four terms on the right-hand side

of (A.6) above are asymptotically vanishing for Θ̂ satisfying Definition 1 and C̃ satisfying

Definition 2.

First, under Conditions 2–4, by Lemma 9 in Section G.9 we have that

|aTW̃1δ̃1| ≤ cm1/2(r∗ + su + sv)η
4
n{n−1 log(pq)}. (A.7)

Second, for term aT (Ip−W̃1T1)(ũ1−u∗1), it follows from (A.97) in the proof of Proposition

3 that Ip − W̃1T1 = Ip − Θ̂Σ̂. Since Θ̂ is an acceptable estimator satisfying Definition 1,

it holds that

‖Ip − Θ̂Σ̂‖max ≤ c{n−1 log(pq)}1/2.

In addition, by Definition 2 it follows that

‖ũ1 − u∗1‖0 ≤ ‖Ũ−U∗‖0 ≤ c(r∗ + su + sv),

‖ũ1 − u∗1‖2 ≤ ‖Ũ−U∗‖F ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.
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Then we can deduce that

|aT (Ip − W̃1T1)(ũ1 − u∗1)| ≤ ‖a‖1‖(Ip − Θ̂Σ̂)(ũ1 − u∗1)‖max

≤ cm1/2‖Ip − Θ̂Σ̂‖max‖ũ1 − u∗1‖1

≤ cm1/2‖Ip − Θ̂Σ̂‖max‖ũ1 − u∗1‖
1/2
0 ‖ũ1 − u∗1‖2

≤ cm1/2(r∗ + su + sv)η
2
n{n−1 log(pq)}. (A.8)

Third, under Conditions 2–4, an application of Lemma 10 in Section G.10 yields that

|aTW̃1M̃1v
∗
2u
∗T
2 Σ̂u∗1| = o(m1/2n−1/2). (A.9)

Furthermore, for the last term aTW̃1(ψ̃1(ũ1,η
∗
1) − ψ̃1(ũ1, η̃1)), under Conditions 2–4, by

Lemma 5 in Section G.5 it holds that

|aTW̃1(ψ̃1(ũ1,η
∗
1)− ψ̃1(ũ1, η̃1))|

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n{n−1 log(pq)}. (A.10)

Thus, combining (A.6)–(A.10) leads to

√
naT (û1 − u∗1) = −

√
naTW̃1ε̃1 + t′,

where t′ = O
[
m1/2{s1/2

max, (r∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n log(pq)/

√
n
]
.

We now proceed with analyzing term −
√
naTW̃1ε̃1. Let us define

h1 = −aTW∗
1M

∗
1E

TXu∗1/
√
n+ aTW∗

1X
TEv∗1/

√
n, (A.11)
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where W∗
1 = Θ̂{Ip + (z∗11 − z∗22)−1Σ̂u∗2u

∗T
2 }, M∗

1 = −z∗−1
11 Σ̂u∗2v

∗T
2 , z∗11 = u∗T1 Σ̂u∗1, and

z∗22 = u∗T2 Σ̂u∗2. Under Conditions 2–4, it follows from Lemma 7 in Section G.7 that

|z∗11 − z∗22| ≥ c, which implies that z∗11 6= z∗22. Then we can see that W∗
1 is well-defined.

Moreover, under Conditions 2–4, by Lemma 11 in Section G.11, we have that

| −
√
naTW̃1ε̃1 − h1| ≤ cm1/2(r∗ + su + sv)

3/2η2
n log(pq)/

√
n.

Hence,
√
naT (û1 − u∗1) can be rewritten as

√
naT (û1 − u∗1) = h1 + t1,

where t1 = O
[
m1/2{s1/2

max, (r∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n log(pq)/

√
n
]
.

Finally, we will investigate the distribution of h1. For the sake of clarity, denote by

α1 = Xu∗1, β1 = −M∗T
1 W∗T

1 a/
√
n,

α2 = XW∗T
1 a/

√
n, β2 = v∗1.

Observe that all of them are independent of E. Then we can rewrite h1 as

h1 = αT1 Eβ1 +αT2 Eβ2

= (α1 ⊗ β1)Tvec(E) + (α2 ⊗ β2)Tvec(E), (A.12)

where vec(E) ∈ Rnq denotes the vectorization of E.

By Condition 1 that E ∼ N(0, In ⊗ Σe), it holds that h1 is normally distributed.
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Furthermore, we have that E(h1|X) = 0 and variance

var(h1|X) = (α1 ⊗ β1)T (In ⊗Σe)(α1 ⊗ β1) + (α2 ⊗ β2)T (In ⊗Σe)(α2 ⊗ β2)

+ 2(α1 ⊗ β1)T (In ⊗Σe)(α2 ⊗ β2). (A.13)

After some simplification, we can obtain that

var(h1|X) = αT1 Inα1β
T
1 Σeβ1 +αT2 Inα2β

T
2 Σeβ2 + 2αT1 Inα2β

T
1 Σeβ2

= u∗T1 Σ̂u∗1 · aTW∗
1M

∗
1ΣeM

∗T
1 W∗T

1 a+ v∗T1 Σev
∗
1 · aTW∗

1Σ̂W∗T
1 a

− 2aTW∗
1Σ̂u

∗
1v
∗T
1 ΣeM

∗T
1 W∗T

1 a, (A.14)

which completes the proof for the rank-2 case.

Part 2: Extension to the general rank case. We now extend the results using similar

arguments to those in the first part to the inference of u∗k for each given k with 1 ≤ k ≤ r∗.

Note that

ûk = ψk(ũk, η̃k) = ũk − W̃kψ̃k(ũk, η̃k)

= ũk − W̃kψ̃k(ũk,η
∗
k) + W̃k(ψ̃k(ũk,η

∗
k)− ψ̃k(ũk, η̃k)).

Then by Propositions 2–3, Lemma 2, and the initial estimates satisfying Definition 2, we

can deduce that

√
naT (ûk − u∗k) = −

√
naTW̃kε̃k −

√
naTW̃kδ̃k −

√
naTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))

+
√
naT (Ip − W̃kTk)(ũk − u∗k)−

√
naTW̃kM̃kC

∗T
−kΣ̂u

∗
k, (A.15)
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where

ε̃k = n−1M̃kE
TXũk − n−1XTEv∗k, (A.16)

δ̃k =
{

M̃k(ṽk − v∗k)ũTk − M̃k(C̃
T
−k −C∗T−k)

}
Σ̂(ũk − u∗k), (A.17)

W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ−k(Ir∗−1 − z̃−1

kk ŨT
−kΣ̂Ũ−k)

−1ŨT
−k

}
, (A.18)

Tk = (Ip − M̃kṽkũ
T
k + M̃kC̃

T
−k)Σ̂, M̃k = −z̃−1

kk Σ̂C̃−k.

Let us further define

hk = −aTW∗
kM

∗
kE

TXu∗k/
√
n+ aTW∗

kX
TEv∗k/

√
n, (A.19)

where M∗
k = −z∗−1

kk Σ̂C∗−k, z
∗
kk = u∗Tk Σ̂u∗k, and

W∗
k = Θ̂

{
Ip + z∗−1

kk Σ̂U∗−k(Ir∗−1 − z∗−1
kk U∗T−kΣ̂U∗−k)

−1U∗T−k

}
. (A.20)

By Lemma 12 in Section G.12, we see that W̃k and W∗
k are both well-defined. Then we

will bound the terms on the right-hand side of (A.15) above, which will be conditional on

Θ̂ satisfying Definition 1 and C̃ satisfying Definition 2.

Observe that ‖a‖0 ≤ m and ‖a‖2 = 1. First, by Proposition 3 it holds that Ip−W̃kTk =

Ip − Θ̂Σ̂. Then by the same argument as for (A.8), it follows that

|aT (Ip − W̃kTk)(ũk − u∗k)| ≤ cm1/2(r∗ + su + sv)η
2
n{n−1 log(pq)}. (A.21)
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Under Conditions 2–4, an application of Lemma 5 in Section G.5 gives that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ cm1/2{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n{n−1 log(pq)}.

Moreover, under Conditions 2–4, using Lemmas 15–17 in Sections G.15–G.17, respectively,

we can deduce that

|aTW̃kδ̃k| ≤ cm1/2(r∗ + su + sv)η
4
n{n−1 log(pq)}, (A.22)

|aTW̃kM̃kC
∗T
−kΣ̂u

∗
k| = o(m1/2n−1/2), (A.23)

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}. (A.24)

Therefore, combining the above results yields that

√
naT (ûk − u∗k) = hk + tk,

where tk = O
(
m1/2{s1/2

max, (r∗+su+sv)
1/2, η2

n}(r∗+su+sv)η
2
n log(pq)/

√
n
)
. The distribution

of hk can be derived using similar arguments as for (A.11)–(A.14). Consequently, we can

obtain that hk is normally distributed by Condition 1, E(hk|X) = 0, and variance

ν2
k = var(hk|X) = aTW∗

k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k a.

This completes the proof of Theorem 1.
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F.2 Proof of Theorem 2

Similar to the proof of Theorem 1 in Section F.1, the proof of Theorem 2 also contains two

parts. In particular, the first part establishes the desired results under the rank-2 case,

while the second part extends further the results to the general rank case.

Part 1: Proof for the rank-2 case. With the presence of strongly orthogonal factors,

since the technical arguments for the results of d∗21 and d∗22 are rather similar, we will mainly

present the proof for d∗21 here for brevity. Recall that û1 = ψ1(ũ1, η̃1) = ũ1−W̃1ψ̃1(ũ1, η̃1),

where W̃1 = Θ̂{Ip + (z̃11 − z̃22)−1Σ̂ũ2ũ
T
2 }. By some calculations, we can show that

‖ũ1‖2
2 − ‖u∗1‖2

2 = 2u∗T1 (ũ1 − u∗1) + (ũ1 − u∗1)T (ũ1 − u∗1)

= 2u∗T1 (ũ1 − u∗1 − W̃1ψ̃1(ũ1, η̃1)) + 2u∗T1 W̃1ψ̃1(ũ1, η̃1) + ‖ũ1 − u∗1‖2
2

= 2u∗T1 (û1 − u∗1) + 2ũT1 W̃1ψ̃1(ũ1, η̃1) + 2(u∗1 − ũ1)TW̃1ψ̃1(ũ1, η̃1) + ‖ũ1 − u∗1‖2
2.

(A.25)

To show that d̂2
1 = ‖ũ1‖2

2 − 2ũT1 W̃1ψ̃1(ũ1, η̃1) is a valid debiased estimate of d∗21 = ‖u∗1‖2
2,

we will first prove that 2(u∗1− ũ1)TW̃1ψ̃1(ũ1, η̃1) + ‖ũ1−u∗1‖2
2 is asymptotically negligible

and then establish that 2u∗T1 (û1 − u∗1) is asymptotically normal.

For simplicity, denote by ρ = u∗1 − ũ1. Observe that

ρTW̃1ψ̃1(ũ1, η̃1) = ρTW̃1ψ̃1(ũ1,η
∗
1) + ρTW̃1(ψ̃1(ũ1, η̃1)− ψ̃1(ũ1,η

∗
1)).
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In light of Lemma 1, after plugging in the initial estimates we can obtain that

ρTW̃1ψ̃1(ũ1,η
∗
1) = ρTW̃1ε̃1 + ρTW̃1δ̃1 − ρTW̃1T1(u∗1 − ũ1) + ρTW̃1M̃1v

∗
2u
∗T
2 Σ̂u∗1

= ρTW̃1ε̃1 + ρTW̃1δ̃1 + ρT (Ip − W̃1T1)ρ− ρTρ+ ρTW̃1M̃1v
∗
2u
∗T
2 Σ̂u∗1, (A.26)

where M̃1 = −z̃−1
11 Σ̂ũ2ṽ

T
2 , T1 = (Ip − z̃−1

11 Σ̂ũ2ũ
T
2 )Σ̂, and

ε̃1 = n−1M̃1E
TXũ1 − n−1XTEv∗1,

δ̃1 = M̃1

{
(ṽ1 − v∗1)ũT1 − (ṽ2ũ

T
2 − v∗2u∗T2 )

}
Σ̂(ũ1 − u∗1).

We will then show that ρTW̃1(ψ̃1(ũ1, η̃1)− ψ̃1(ũ1,η
∗
1)) and all the terms on the right-hand

side of (A.26) above are asymptotically vanishing, which will be conditional on Θ̂ satisfying

Definition 1 and C̃ satisfying Definition 2.

First, by Definition 2 it holds that

‖ρ‖0 ≤ ‖Ũ−U∗‖0 ≤ c(r∗ + su + sv) and ‖ρ‖2 ≤ ‖Ũ−U∗‖F ≤ cγn, (A.27)

where γn = (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. Then it is immediate to see that

‖ρ‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)}. (A.28)

Under Conditions 2–4, from (A.27) and Lemmas 5 and 9–10 in Sections G.5 and G.9–G.10,
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respectively, we can deduce that

|ρTW̃1(ψ̃1(ũ1,η
∗
1)− ψ̃1(ũ1, η̃1))|

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
2η4
n{n−1 log(pq)}3/2, (A.29)

|ρTW̃1δ̃1| ≤ c(r∗ + su + sv)
2η6
n{n−1 log(pq)}3/2, (A.30)

|ρTW̃1M̃1v
∗
2u
∗T
2 Σ̂u∗1| = o((r∗ + su + sv)η

2
n{log(pq)}1/2n−1). (A.31)

Moreover, similar to (A.8), it can be shown that

|ρT (Ip − W̃1T1)ρ| ≤ ‖ρ‖1‖(Ip − Θ̂Σ̂)ρ‖max

≤ ‖ρ‖1/2
0 ‖ρ‖2‖Ip − Θ̂Σ̂‖max‖ρ‖1/2

0 ‖ρ‖2

≤ c(r∗ + su + sv)
2η4
n{n−1 log(pq)}3/2. (A.32)

It remains to bound term ρTW̃1ε̃1. We see that

|ρTW̃1ε̃1| ≤ |n−1ρTW̃1M̃1E
TXũ1|+ |n−1ρTW̃1X

TEv∗1|. (A.33)

Let us bound the first term |n−1ρTW̃1M̃1E
TXũ1| on the right-hand side of (A.33) above.

Note that Condition 4 entails that the nonzero eigenvalues d∗2i are at the constant level.

Then under Conditions 2–4, by parts (b) and (c) of Lemma 6 in Section G.6 and Definition

2 with ‖ṽ2‖2 = 1, we have that

‖M̃1‖2 ≤ ‖z̃−1
11 Σ̂ũ2ṽ

T
2 ‖2 ≤ |z̃−1

11 |‖Σ̂ũ2‖2‖ṽ2‖2 ≤ c. (A.34)

Further, under Conditions 2–4, it follows from (A.27) and part (c) of Lemma 8 in Section
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G.8 that

‖ρTW̃1‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.35)

Denote by s = c(r∗ + su + sv). It is easy to see that

‖ρTW̃1M̃1‖0 = ‖(z̃−1
11 ρ

TW̃1Σ̂l̃2) · d̃2ṽ
T
2 ‖0 ≤ ‖d̃2ṽ2‖0

≤ ‖v∗2‖0 + ‖d̃2(ṽ2 − v∗2)‖0 ≤ s,

where the last step is due to ‖v∗2‖0 ≤ sv and part (a) of Lemma 6 in Section G.6. Moreover,

from Definition 2 and ‖u∗1‖0 ≤ su, it holds for sufficiently large n that

‖ũ1‖0 ≤ ‖ũ1 − u∗1‖0 + ‖u∗1‖0 ≤ c(r∗ + su + sv),

‖ũ1‖2 ≤ ‖ũ1 − u∗1‖2 + ‖u∗1‖2 ≤ c.

With the aid of n−1‖XTE‖max ≤ c{n−1 log(pq)}1/2, it follows that

n−1‖ETXũ1‖2,s ≤ s1/2n−1‖ETXũ1‖max ≤ s1/2n−1‖ETX‖max‖ũ1‖1/2
0 ‖ũ1‖2

≤ c(r∗ + su + sv){n−1 log(pq)}1/2. (A.36)

Note that here, for an arbitrary vector x, ‖x‖2
2,s = max|S|≤s

∑
i∈S x

2
i with S denoting an

27



index set. Hence, combining the above results gives that

|n−1ρTW̃1M̃1E
TXũ1| ≤ ‖ρTW̃1M̃1‖2‖n−1ETXũ1‖2,s

≤ ‖ρTW̃1‖2‖M̃1‖2‖n−1ETXũ1‖2,s

≤ c(r∗ + su + sv)
2η2
n{n−1 log(pq)}. (A.37)

We next bound the second term |n−1ρTW̃1X
TEv∗1| on the right-hand side of (A.33)

above. Denote by φi = w̃T
i n
−1XTEv∗1, where w̃T

i represents the ith row of W̃1. Then we

see that n−1ρTW̃1X
TEv∗1 = ρTφ, where φ = (φi) ∈ Rp. Under Conditions 2–4, by Lemma

8 in Section G.8 it holds that

max
1≤i≤p

|φi| ≤ max
1≤i≤p

‖w̃i‖1n
−1‖XTEv∗1‖max

≤ max
1≤i≤p

‖w̃i‖1/2
0 ‖w̃i‖2‖n−1XTE‖max‖v∗1‖

1/2
0 ‖v∗1‖2

≤ cs1/2
v max{smax, (r

∗ + su + sv)}1/2{n−1 log(pq)}1/2.

This together with (A.27) entails that

|n−1ρTW̃1X
TEv∗1| = |ρTφ| ≤ ‖ρ‖1‖φ‖max ≤ ‖ρ‖1/2

0 ‖ρ‖2‖φ‖max

≤ cmax{smax, (r
∗ + su + sv)}1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}. (A.38)

Then it follows from (A.33), (A.37), and (A.38) that

|ρTW̃1ε̃1| ≤ cmax{smax, (r
∗ + su + sv)}1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}. (A.39)
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Thus, combining (A.28)–(A.32) and (A.39) leads to

‖ũ1 − u∗1‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)}, (A.40)

∣∣(u∗1 − ũ1)TW̃1ψ̃1(ũ1, η̃1)
∣∣

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}. (A.41)

Finally, for (A.25) we can rewrite it as

‖ũ1‖2
2 − ‖u∗1‖2

2 − 2ũT1 W̃1ψ̃1(ũ1, η̃1) = 2u∗T1 (û1 − u∗1) + t′, (A.42)

where t′ = O(max{s1/2
max, (r∗+ su + sv)

1/2, η2
n}(r∗+ su + sv)

3/2η2
n{n−1 log(pq)}). In addition,

replacing a with 2u∗1 and using similar arguments as in the first part of the proof of Theorem

1, we can obtain that

√
n(2u∗T1 )(û1 − u∗1) = hd1 + t′′, hd1 ∼ N(0, ν2

d1
), (A.43)

where the error term t′′ satisfies that

t′′ = O(max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n log(pq)/
√
n),

and the distribution term hd1 and its variance are given by

hd1 = 2u∗T1 W∗
1M

∗
1E

TXu∗1/
√
n+ 2u∗T1 W∗

1X
TEv∗1/

√
n,

ν2
d1

= 4u∗T1 Σ̂u∗1 · u∗T1 W∗
1M

∗
1ΣeM

∗T
1 W∗T

1 u
∗
1 + 4v∗T1 Σev

∗
1 · u∗T1 W∗

1Σ̂W∗T
1 u

∗
1

− 8u∗T1 W∗
1Σ̂u

∗
1 · u∗T1 W∗

1M
∗
1Σev

∗
1,
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respectively. Therefore, in view of (A.42) and (A.43) we can deduce that

√
n(‖ũ1‖2

2 − ‖u∗1‖2
2 − 2ũT1 W̃1ψ̃1(ũ1, η̃1)) = hd1 + td1

with hd1 ∼ N(0, ν2
d1

) and

td1 = t′ + t′′ = O(max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n log(pq)/
√
n),

which completes the proof for the rank-2 case.

Part 2: Extension to the general rank case. Now we extend the results to deal with

the general rank case using similar arguments as in the first part and establish the results on

d∗2k for each given k with 1 ≤ k ≤ r∗. Observe that ûk = ψk(ũk, η̃k) = ũk−W̃kψ̃k(ũk, η̃k).

Similar to (A.25), it holds that

d̂2
k − d∗2k = ‖ũk‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k)− ‖u∗k‖2
2

= 2u∗Tk (ûk − u∗k) + 2(u∗k − ũk)TW̃kψ̃k(ũk, η̃k) + ‖ũk − u∗k‖2
2.

We will first prove that 2(u∗k− ũk)TWkψ̃(ũk, η̃k) + ‖ũk−u∗k‖2
2 is asymptotically negligible

and then show that 2u∗Tk (ûk − u∗k) is asymptotically normal.

Let us define ρk = u∗k − ũk. It is easy to see that

ρTk W̃kψ̃k(ũk, η̃k) = ρTk W̃kψ̃k(ũk,η
∗
k) + ρTk W̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k)).
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By Lemma 2, with the initial estimates we can deduce that

ρTk W̃kψ̃k(ũk,η
∗
k) = ρTk W̃kε̃k + ρTk W̃kδ̃k − ρTk W̃kTk(u

∗
k − ũk) + ρTk W̃kM̃kC

∗T
−kΣ̂u

∗
k

= ρTk W̃kε̃k + ρTk W̃kδ̃k + ρTk (Ip − W̃kTk)ρk − ρTk ρk + ρTk W̃kM̃kC
∗T
−kΣ̂u

∗
k, (A.44)

where ε̃k, δ̃k,W̃k are given in (A.16)–(A.18), respectively, M̃k = −z̃−1
kk Σ̂C̃−k, and Tk =

(Ip − M̃kṽkũ
T
k + M̃kC̃

T
−k)Σ̂.

Next we aim to show that all the terms on the right-hand side of (A.44) above and

ρTk W̃k(ψ̃k(ũk, η̃k) − ψ̃k(ũk,η
∗
k)) are asymptotically vanishing. First, similar to (A.27) it

follows from Definition 2 that

‖ρk‖0 ≤ c(r∗ + su + sv) and ‖ρk‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.45)

Under Conditions 2–4, from this and Lemmas 5 and 15–16 in Sections G.5 and G.15–G.16,

respectively, we can obtain that

|ρTk W̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
2η4
n{n−1 log(pq)}3/2,

|ρTk W̃kδ̃k| ≤ c(r∗ + su + sv)
2η6
n{n−1 log(pq)}3/2,

|ρTk W̃kM̃kC
∗T
−kΣ̂u

∗
k| = o((r∗ + su + sv)η

2
n{log(pq)}1/2n−1).

Further, an application of similar arguments as for (A.32) yields that

|ρTk (Ip − W̃kTk)ρk| ≤ c(r∗ + su + sv)
2η4
n{n−1 log(pq)}3/2.
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It also follows from (A.45) that

‖ρk‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)}.

It remains to examine term ρTk W̃kε̃k. Note that

|ρTk W̃kε̃k| ≤ |n−1ρTk W̃kM̃kE
TXũk|+ |n−1ρTk W̃kX

TEv∗k| (A.46)

and M̃k = z̃−1
kk Σ̂Ũ−kṼ

T
−k. Under Conditions 2–4, by Lemma 13 in Section G.13, we have

that

‖M̃k‖2 ≤ c. (A.47)

From part (a) of Lemma 6 in Section G.6 and
∑r∗

i=1 ‖v∗i ‖0 = sv, it holds that

‖ρTk W̃kM̃k‖0 = ‖
∑
i 6=k

(ρTW̃kz̃
−1
ii Σ̂l̃i) · d̃iṽTi ‖0 ≤

∑
i 6=k

‖d̃iṽi‖0

≤
∑
i 6=k

‖v∗i ‖0 +
∑
i 6=k

‖d̃i(ṽi − v∗i )‖0 ≤ c(r∗ + su + sv). (A.48)

Under Conditions 2–4, based on the above sparsity bound, (A.47), and part (e) of Lemma

14 in Section G.14, an application of similar arguments to those for (A.33)–(A.39) results

in

|ρTk W̃kε̃k| ≤ cmax{smax, (r
∗ + su + sv)}1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}. (A.49)
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Thus, combining the above results yields that

‖ũk − u∗k‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)},

∣∣(u∗k − ũk)TW̃kψ̃k(ũk, η̃k)
∣∣

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}.

For (A.44), it can be rewritten as

‖ũk‖2
2 − ‖u∗k‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k) = 2u∗Tk (ûk − u∗k) + t′dk ,

where t′dk = O(max{s1/2
max, (r∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}). Moreover,

replacing a with 2u∗k and using similar arguments as in the second part of the proof of

Theorem 1, we can show that

√
n(2u∗Tk )(ûk − u∗k) = hdk + t′′dk , hdk ∼ N(0, ν2

dk
),

where the error term t′′dk satisfies that

t′′dk = O
(

max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n log(pq)/
√
n
)
,

and the distribution term hdk and its variance are represented as

hdk = −2u∗Tk W∗
kM

∗
kE

TXu∗k/
√
n+ 2u∗Tk W∗

kX
TEv∗k/

√
n,

ν2
dk

= 4u∗Tk Σ̂u∗k · u∗Tk W∗
kM

∗
kΣeM

∗T
k W∗T

k u
∗
k + 4v∗Tk Σev

∗
k · u∗Tk W∗

kΣ̂W∗T
k u

∗
k

− 8u∗Tk W∗
kΣ̂u

∗
kv
∗T
k ΣeM

∗T
k W∗T

k u
∗
k,
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respectively. Therefore, we can obtain that

‖ũk‖2
2 − ‖u∗k‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k) = hdk + tdk

with hdk ∼ N(0, ν2
dk

) and

tdk = t′dk + t′′dk = O(max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n log(pq)/
√
n).

This concludes the proof of Theorem 2.

F.3 Proof of Theorem 3

From Condition 4, we see that the nonzero eigenvalues d∗2i are at the constant level. It

follows from Definition 2 that

‖u∗k‖0 ≤ su, ‖ũk − u∗k‖0 ≤ c(r∗ + su + sv), ‖ũk‖0 ≤ c(r∗ + su + sv),

‖u∗k‖2 ≤ c, ‖ũk − u∗k‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2, ‖ũk‖2 ≤ c.

For some s0 and τn, let us define p-dimensional vectors ã and a∗ that satisfy

‖a∗‖0 ≤ s0, ‖ã− a∗‖0 ≤ s0, ‖ã‖0 ≤ s0,

‖a∗‖2 ≤ c, ‖ã− a∗‖2 ≤ τn, ‖ã‖2 ≤ c.
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We also define ν̃2
e = ϕ1 + ϕ2 − 2ϕ3 and ν2 = ϕ∗1 + ϕ∗2 − 2ϕ∗3, where

ϕ1 = ũTk Σ̂ũkã
TW̃kM̃kΣeM̃

T
k W̃T

k ã, ϕ∗1 = u∗Tk Σ̂u∗ka
∗TW∗

kM
∗
kΣeM

∗T
k W∗T

k a
∗,

ϕ2 = ṽTk Σeṽkã
TW̃kΣ̂W̃T

k ã, ϕ∗2 = v∗Tk Σev
∗
ka
∗TW∗

kΣ̂W∗T
k a

∗,

ϕ3 = ãTW̃kΣ̂ũkṽ
T
k ΣeM̃

T
k W̃T

k ã, ϕ∗3 = a∗TW∗
kΣ̂u

∗
kv
∗T
k ΣeM

∗T
k W∗T

k a
∗.

It is easy to see that

|ν̃2
e − ν2| ≤ |ϕ1 − ϕ∗1|+ |ϕ2 − ϕ∗2|+ 2|ϕ3 − ϕ∗3|

:= A1 + A2 + 2A3. (A.50)

Then we will bound the three terms on the right-hand side of (A.50) above separately,

which will be conditional on Θ̂ satisfying Definition 1 and C̃ satisfying Definition 2.

(1). The upper bound on A1. Recall that M̃k = −z̃−1
kk Σ̂Ũ−kṼ

T
−k,M

∗
k = −z∗−1

kk Σ̂U∗−kV
∗T
−k.

By Lemma 13 in Section G.13, it holds that

‖M̃k‖2 ≤ c, ‖M∗
k‖2 ≤ c, (A.51)

‖M̃k −M∗
k‖2 ≤ c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2. (A.52)

Observe that A1 = |z̃kkãTW̃kM̃kΣeM̃
T
k W̃T

k ã − z∗kka∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗|. We denote

by

A11 = |ãTW̃kM̃kΣeM̃
T
k W̃T

k ã− a∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗|,

A12 = |a∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗|.
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Then under Conditions 2–4, by parts (b) and (c) of Lemma 6 in Section G.6, we have that

A1 ≤ |z̃kk|A11 + |z̃kk − z∗kk|A12

≤ ‖ũk‖2‖Σ̂ũk‖2A11 + |z̃kk − z∗kk|A12

≤ cA11 + c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2A12. (A.53)

For term A12 introduced above, by Condition 1 that ‖Σe‖2 ≤ c, part (c) of Lemma 14

in Section G.14, and (A.51), we can show that

A12 ≤ ‖a∗TW∗
k‖2‖M∗

k‖2‖Σe‖2‖M∗T
k ‖2‖W∗T

k a
∗‖2 ≤ cs0. (A.54)

Further, for term A11 introduced above, it follows that

A11 ≤ |ãTW̃kM̃kΣe(M̃
T
k W̃T

k ã−M∗T
k W∗T

k a
∗)|

+ |(ãTW̃kM̃k − a∗TW∗
kM

∗
k)ΣeM

∗T
k W∗T

k a
∗|

≤ ‖ãTW̃kM̃kΣe‖2‖M̃T
k W̃T

k ã−M∗T
k W∗T

k a
∗‖2

+ ‖ãTW̃kM̃k − a∗TW∗
kM

∗
k‖2‖ΣeM

∗T
k W∗T

k a
∗‖2.

In light of Condition 1, Lemma 14 in Section G.14, (A.51), and (A.52), it can be easily

seen that

‖ãTW̃kM̃kΣe‖2 ≤ cs
1/2
0 and ‖ΣeM

∗T
k W∗T

k a
∗‖2 ≤ cs

1/2
0 .
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Moreover, it follows from parts (c) and (d) of Lemma 14 in Section G.14 that

‖ãTW̃k − a∗TW∗
k‖2 ≤ ‖ãT (W̃k −W∗

k)‖2 + ‖(ã− a∗)TW∗
k‖2

≤ cs
1/2
0 (r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2 + cs

1/2
0 τn. (A.55)

Then from part (e) of Lemma 14 in Section G.14, (A.51), (A.52), and (A.55), we can

deduce that

‖ãTW̃kM̃k − a∗TW∗
kM

∗
k‖2 ≤ ‖ãTW̃k‖2‖M̃k −M∗

k‖2 + ‖ãTW̃k − a∗TW∗
k‖2‖M∗

k‖2

≤ cs
1/2
0 (r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2 + cs

1/2
0 τn. (A.56)

Thus, combining the above terms leads to

A11 ≤ cs0(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2 + cs0τn. (A.57)

Finally, using (A.53), (A.54), and (A.57), we can obtain that

A1 ≤ cs0(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2 + cs0τn. (A.58)

(2). The upper bound on A2. Notice that

A2 = |ṽTk Σeṽkã
TW̃kΣ̂W̃T

k ã− v∗Tk Σev
∗
ka
∗TW∗

kΣ̂W∗T
k a

∗|.

In view of Condition 4, the nonzero eigenvalues d∗2i are at the constant level. It follows

from Condition 1 that ‖Σe‖2 ≤ c, Definition 2 that ‖ṽk‖2 = ‖v∗k‖2 = 1, and part (a) of
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Lemma 6 in Section G.6 that |ṽTk Σeṽk| ≤ ‖ṽTk ‖2‖Σe‖2‖ṽk‖2 ≤ c and

|ṽTk Σeṽk − v∗Tk Σev
∗
k| ≤ |ṽTk Σe(ṽk − v∗k)|+ |(ṽTk − v∗Tk )Σev

∗
k|

≤ ‖ṽk‖2‖Σe‖2‖ṽk − v∗k‖2 + ‖ṽk − v∗k‖2‖Σe‖2‖v∗k‖2

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.

With the aid of the triangle inequality, we can show that

A2 ≤ |ṽTk Σeṽk||ãTW̃kΣ̂W̃T
k ã− a∗TW∗

kΣ̂W∗T
k a

∗|

+ |ṽTk Σeṽk − v∗Tk Σev
∗
k||a∗TW∗

kΣ̂W∗T
k a

∗|

≤ c|ãTW̃kΣ̂W̃T
k ã− a∗TW∗

kΣ̂W∗T
k a

∗|

+ |a∗TW∗
kΣ̂W∗T

k a
∗|c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2. (A.59)

It is easy to see that

|ãTW̃kΣ̂W̃T
k ã− a∗TW∗

kΣ̂W∗T
k a

∗|

≤ |ãTW̃kΣ̂(W̃T
k ã−W∗T

k a
∗)|+ |(ãTW̃k − a∗TW∗

k)Σ̂W∗T
k a

∗|

=: A21 + A22.

Let us bound the two terms A21 and A22 introduced above separately. Denote by w∗Ti and

w̃T
i the ith rows of W∗

k and W̃k. Recall that

W∗
k = Θ̂

{
Ip + z∗−1

kk Σ̂U∗−k(Ir∗−1 − z∗−1
kk U∗T−kΣ̂U∗−k)

−1U∗T−k

}
.
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Denote by A∗ = (z∗kkIr∗−1 −U∗T−kΣ̂U∗−k)
−1. Then we have

w∗Ti = θ̂Ti + θ̂Ti Σ̂U∗−kA
∗U∗T−k

=: θ̂Ti +w∗T0,i ,

where θ̂Ti is the ith row of Θ̂. Since ‖U∗−k‖0 ≤ su and θ̂Ti Σ̂U∗−kA
∗ is a vector, it follows

that

‖w∗0,i‖0 = ‖U∗−k · (θ̂Ti Σ̂U∗−kA
∗)T‖0 ≤ su.

Together with Definition 1 that max1≤i≤p ‖θ̂i‖0 ≤ smax and max1≤i≤p ‖θ̂i‖2 ≤ c, under

Condition 2 it holds that

max
1≤i≤p

‖Σ̂w∗i ‖2 ≤ max
1≤i≤p

‖Σ̂θ̂i‖2 + max
1≤i≤p

‖Σ̂w∗0,i‖2

≤ max
1≤i≤p

‖θ̂i‖2 + max
1≤i≤p

‖w∗0,i‖2 ≤ c, (A.60)

where the last step has utilized (A.196) in the proof of Lemma 14 in Section G.14. Further,

based on parts (a) and (b) of Lemma 14 and similar arguments, we can show that

max
1≤i≤p

‖Σ̂w̃i‖2 ≤ c, max
1≤i≤p

‖Σ̂(w̃i −w∗i )‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.61)
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Then using (A.60), (A.61), and part (c) of Lemma 14, we can deduce that

‖Σ̂W∗T
k a

∗‖2 ≤ ‖
p∑
i=1

a∗i Σ̂w
∗
i ‖2 ≤ ‖a∗‖1 max

1≤i≤p
‖Σ̂w∗i ‖2 ≤ c‖a∗‖1/2

0 ‖a∗‖2 ≤ cs
1/2
0 , (A.62)

|a∗TW∗
kΣ̂W∗T

k a
∗| ≤ ‖a∗TW∗

k‖2‖Σ̂W∗T
k a

∗‖2 ≤ cs0, (A.63)

‖Σ̂W̃T
k ã− Σ̂W∗T

k a
∗‖2 ≤ ‖Σ̂W̃T

k (ã− a∗)‖2 + ‖Σ̂(W̃T
k −W∗T

k )a∗‖2

≤ ‖ã− a∗‖1 max
1≤i≤p

‖Σ̂w̃i‖2 + ‖a∗‖1 max
1≤i≤p

‖Σ̂(w̃i −w∗i )‖2

≤ cs
1/2
0 τn + cs

1/2
0 (r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2. (A.64)

Along with ‖ãTW̃k‖2 ≤ cs
1/2
0 by part (e) of Lemma 14, it follows that

A21 ≤ ‖ãTW̃k‖2‖Σ̂(W̃T
k ã−W∗T

k a
∗)‖2

≤ cs0τn + cs0(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.65)

For term A22 introduced above, combining (A.55) and (A.62) leads to

A22 ≤ ‖ãTW̃k − a∗TW∗
k‖2‖Σ̂W∗T

k a
∗‖2

≤ cs0τn + cs0(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.66)

Hence, by (A.65) and (A.66) it holds that

|ãTW̃kΣ̂W̃T
k ã− a∗TW∗

kΣ̂W∗T
k a

∗| ≤ cs0(τn + (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2).
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This together with (A.59) and (A.63) yields that

A2 ≤ cs0(τn + (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2). (A.67)

(3). The upper bound on A3. Note that

A3 = |ãTW̃kΣ̂ũkṽ
T
k ΣeM̃

T
k W̃T

k ã− a∗TW∗
kΣ̂u

∗
kv
∗T
k ΣeM

∗T
k W∗T

k a
∗|.

From Condition 1, part (b) of Lemma 6, parts (c) and (e) of Lemma 14, and (A.51), we

see that

|ãTW̃kΣ̂ũk| ≤ ‖ãTW̃k‖2‖Σ̂ũk‖2 ≤ cs
1/2
0 ,

|v∗Tk ΣeM
∗T
k W∗T

k a
∗| ≤ ‖v∗Tk ‖2‖Σe‖2‖M∗T

k ‖2‖W∗T
k a

∗‖2 ≤ cs
1/2
0 .

Let us define A31 = |ṽTk ΣeM̃
T
k W̃T

k ã− v∗Tk ΣeM
∗T
k W∗T

k a
∗|. Then for term A3, it holds that

A3 ≤ |ãTW̃kΣ̂ũk||ṽTk ΣeM̃
T
k W̃T

k ã− v∗Tk ΣeM
∗T
k W∗T

k a
∗|

+ |ãTW̃kΣ̂ũk − a∗TW∗
kΣ̂u

∗
k||v∗Tk ΣeM

∗T
k W∗T

k a
∗|

≤ cs
1/2
0 A31 + cs

1/2
0 |ãTW̃kΣ̂ũk − a∗TW∗

kΣ̂u
∗
k|.

For term A31 introduced above, it follows from Definition 2 that ‖ṽTk ‖2 = 1, Condition
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1, (A.51), (A.56), part (a) of Lemma 6, and part (c) of Lemma 14 that

A31 ≤ ‖ṽTk ‖2‖Σe‖2‖M̃T
k W̃T

k ã−M∗T
k W∗T

k a
∗‖2 + ‖ṽk − v∗k‖2‖Σe‖2‖M∗T

k ‖2‖W∗T
k a

∗‖2

≤ cs
1/2
0 (r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2 + cs

1/2
0 τn.

Moreover, using (A.55), part (b) of Lemma 6, and part (e) of Lemma 14, we can deduce

that

|ãTW̃kΣ̂ũk − a∗TW∗
kΣ̂u

∗
k| ≤ ‖ãTW̃k‖2‖Σ̂(ũk − u∗k)‖2 + ‖ãTW̃k − a∗TW∗

k‖2‖Σ̂u∗k‖2

≤ cs
1/2
0 τn + cs

1/2
0 (r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2.

It follows that

A3 ≤ cs0τn + cs0(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.68)

Then combining (A.50), (A.58), (A.67), and (A.68) gives that

|ν̃2
e − ν2| ≤ cs0(τn + (r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2). (A.69)

Let us define ν̃2 with Σe in ν̃2
e replaced by the acceptable estimator Σ̃e satisfying

Definition 3. Then by Condition 1 that ‖Σe‖2 ≤ c and Definition 3, for sufficiently large

n, it holds that

‖Σ̃e‖2 ≤ ‖Σe‖2 + ‖Σ̃e −Σe‖2 ≤ c. (A.70)

Note that in the above three part proofs, we have only used the property of Σe such that
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‖Σe‖2 ≤ c. Based on the observation (A.70), replacing Σe with Σ̃e in the above proofs will

lead to the same result as in (A.69) that

|ν̃2 − ν2| ≤ cs0(τn + (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2). (A.71)

When ã = ũk and a∗ = u∗k, we have that s0 = c(r∗ + su + sv) and

τn = c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.

Also, we have ν̃2 = ν̃2
dk

and ν2 = ν2
dk

. Then in light of (A.71), we see that

|ν̃2
dk
− ν2

dk
| ≤ c(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}1/2.

When ã = a∗ ∈ A(m) = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1}, we have s0 = m and τn = 0.

Furthermore, we have that ν̃2 = ν̃2
k and ν2 = ν2

k . Similarly, from (A.71) it holds that

|ν̃2
k − ν2

k | ≤ cm(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2,

which completes the proof of Theorem 3.

F.4 Proof of Theorem 4

Let us recall that

ûk = ψk(ũk, η̃k) = ũk − W̃kψ̃k(ũk, η̃k)

= ũk − W̃kψ̃k(ũk,η
∗
k) + W̃k(ψ̃k(ũk,η

∗
k)− ψ̃k(ũk, η̃k)).
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Using Lemma 3 and Propositions 4–5 and the initial estimates satisfying Definition 2, we

can deduce that

√
naT (ûk − u∗k) = −

√
naTW̃kε̃k −

√
naTW̃kδ̃k −

√
naTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))

+
√
naT (Ip − W̃kTk)(ũk − u∗k)−

√
naTW̃kM̃k(C

∗(2))T Σ̂u∗k, (A.72)

where M̃k = −z−1
kk Σ̂C̃(2), Tk = Ip − M̃kṽkũ

T
k + M̃k(C̃

(2))T Σ̂, and

ε̃k = −n−1XTEv∗k + n−1M̃kE
TXũk, (A.73)

δ̃k = M̃k((ṽk − v∗k)ũTk − (C̃(2) −C∗(2))T )Σ̂(ũk − u∗k)− M̃k(Ĉ
(1) −C∗(1))T Σ̂ũk, (A.74)

W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ(2)(Ir∗−k − z̃−1

kk Ũ(2)T Σ̂Ũ(2))−1(Ũ(2))T
}
. (A.75)

Further, denote by

hk = −aTW∗
kM

∗
kE

TXu∗k/
√
n+ aTW∗

kX
TEv∗k/

√
n, (A.76)

where M∗
k = −z∗−1

kk Σ̂C∗(2), z∗kk = u∗Tk Σ̂u∗k, and

W∗
k = Θ̂

{
Ip + z∗−1

kk Σ̂U∗(2)(Ir∗−k − z∗−1
kk (U∗(2))T Σ̂U∗(2))−1(U∗(2))T

}
. (A.77)

In view of Lemma 19 in Section G.19, we see that both W̃k and W∗
k are well-defined. We

aim to bound the terms on the right-hand side of (A.72) above, which will be conditional

on Θ̂ satisfying Definition 1 and C̃ satisfying Definition 2.

It follows from Proposition 5 that Ip − W̃kTk = Ip − Θ̂Σ̂. Using similar arguments as
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for (A.8), this implies that

|aT (Ip − W̃kTk)(ũk − u∗k)| ≤ cm1/2(r∗ + su + sv)η
2
n{n−1 log(pq)}.

Under Conditions 2–3 and 5, an application of Lemmas 22–25 in Sections G.22–G.25,

respectively, leads to

|aTW̃k(ψ̃k(ũk,η
∗
k)− ψ̃k(ũk, η̃k))|

≤ cm1/2 max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n{n−1 log(pq)}max{d∗−1

k , d∗−2
k },

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}d∗−1

k ,

|aTW̃kM̃k(C
∗(2))T Σ̂u∗k| = o(m1/2n−1/2),

|aTW̃kδ̃k| ≤ cm1/2(r∗ + su + sv)
1/2η2

n{log(pq)}1/2d∗k+1d
∗−3
k (

k−1∑
i=1

d∗i )/n

+ cm1/2(r∗ + su + sv)η
4
n{n−1 log(pq)}d∗−2

k d∗k+1.

Moreover, using similar arguments to those for (A.11)–(A.14), we can show that hk ∼

N(0, ν2
k) with

ν2
k = var(hk|X) = aTW∗

k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k a,

Therefore, combining the above results yields that

√
naT (ûk − u∗k) = hk + tk,
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where hk = −aTW∗
kM

∗
kE

TXu∗k/
√
n+ aTW∗

kX
TEv∗k/

√
n ∼ N(0, ν2

k) and

tk = O
{
m1/2 max{1, d∗−1

k , d∗−2
k }max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n log(pq)/

√
n

+m1/2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗k+1d
∗−3
k (

k−1∑
i=1

d∗i )
}
.

This concludes the proof of Theorem 4.

F.5 Proof of Theorem 5

Notice that ûk = ψk(ũk, η̃k) = ũk − W̃kψ̃k(ũk, η̃k). Similar to (A.25), it holds that

d̂2
k − d∗2k = ‖ũk‖2

2 − 2ũTk W̃kψ̃k(ũk, η̃k)− ‖u∗k‖2
2

= 2u∗Tk (ûk − u∗k) + 2(u∗k − ũk)TW̃kψ̃k(ũk, η̃k) + ‖ũk − u∗k‖2
2. (A.78)

We then show that 2(u∗k − ũk)TWkψ̃(ũk, η̃) + ‖ũk − u∗k‖2
2 is asymptotically negligible.

Denote by ρk = u∗k − ũk. It is easy to see that

ρTk W̃kψ̃k(ũk, η̃k) = ρTk W̃kψ̃k(ũk,η
∗
k) + ρTk W̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k)).

From Lemma 3, with the initial estimates we can deduce that

ρTk W̃kψ̃k(ũk,η
∗
k) = ρTk W̃kε̃k + ρTk W̃kδ̃k + ρTk W̃kTk(ũk − u∗k) + ρTk W̃kM̃k(C

∗(2))T Σ̂u∗k

= ρTk W̃kε̃k + ρTk W̃kδ̃k + ρTk (Ip − W̃kTk)ρk − ρTk ρk + ρTk W̃kM̃k(C
∗(2))T Σ̂u∗k, (A.79)

where ε̃k, δ̃k,W̃k are given in (A.73)–(A.75), respectively, M̃k = −z−1
kk Σ̂C̃(2), and Tk =

Ip − M̃kṽkũ
T
k + M̃k(C̃

(2))T Σ̂.
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We will show that all terms on the right-hand side of (A.79) above and ρTk W̃k(ψ̃k(ũk, η̃k)−

ψ̃k(ũk,η
∗
k)) are asymptotically vanishing. Similar to (A.27), by Definition 2 it holds that

‖ρk‖0 ≤ c(r∗ + su + sv) and ‖ρk‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.80)

Under Conditions 2–3 and 5, an application of (A.80) and Lemmas 22–25 gives that

|ρTk W̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
2η4
n{n−1 log(pq)}3/2 max{d∗−1

k , d∗−2
k },

|ρTk W̃kM̃k(C
∗(2))T Σ̂u∗k| = o((r∗ + su + sv)η

2
n{log(pq)}1/2n−1),

|ρTk W̃kδ̃k| ≤ c(r∗ + su + sv)
3/2η4

n{n−3/2 log(pq)}d∗k+1d
∗−3
k (

k−1∑
i=1

d∗i )

+ c(r∗ + su + sv)
2η6
n{n−1 log(pq)}3/2d∗−2

k d∗k+1.

Further, using similar arguments as for (A.32), we can show that

|ρTk (Ip − W̃kTk)ρk| ≤ c(r∗ + su + sv)
2η4
n{n−1 log(pq)}3/2.

It also follows from (A.80) that

‖ρk‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)}.

It remains to bound term ρTk W̃kε̃k above. Clearly, we have

|ρTk W̃kε̃k| ≤ |n−1ρTk W̃kM̃kE
TXũk|+ |n−1ρTk W̃kX

TEv∗k|.
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Based on the property of W̃k in Lemma 14, it follows from similar arguments as for (A.38)

that

|n−1ρTk W̃kX
TEv∗k| ≤ cmax{smax, (r

∗ + su + sv)}1/2(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}.

Observe that M̃k = −z−1
kk Σ̂C̃(2). With the aid of similar arguments as for (A.48), we can

obtain that

‖ρTk W̃kM̃k‖0 ≤ c(r∗ + su + sv).

Denote by s = c(r∗ + su + sv). Similar to (A.36), we can deduce that

n−1‖ETXũk‖2,s ≤ s1/2n−1‖ETX‖max‖ũk‖1/2
0 ‖ũk‖2

≤ c(r∗ + su + sv){n−1 log(pq)}1/2d∗k.

Then similar to (A.37), an application of Lemma 20 in Section G.20 results in

|n−1ρTk W̃kM̃kE
TXũk| ≤ ‖ρTW̃kM̃k‖2‖n−1ETXũk‖2,s

≤ ‖ρTW̃k‖2‖M̃k‖2‖n−1ETXũk‖2,s

≤ c(r∗ + su + sv)
2η2
n{n−1 log(pq)}d∗k+1d

∗−1
k .

It follows that

|ρTk W̃kε̃k| ≤ cmax{smax, (r
∗ + su + sv)}1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}. (A.81)
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Thus, combining the above results yields that

‖ũk − u∗k‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)},

∣∣(u∗k − ũk)TW̃kψ̃k(ũk, η̃k)
∣∣

≤ cmax{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}.

Then (A.78) can be rewritten as

√
n(d̂2

k − d∗2k ) =
√
n2u∗Tk (ûk − u∗k) + t′dk ,

where t′dk = O(max{s1/2
max, (r∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)

3/2η2
nlog(pq)/

√
n). For term

√
n2u∗Tk (ûk−u∗k) above, replacing a with 2u∗k and using similar arguments as in the proof

of Theorem 4 in Section F.4, it holds that

√
n2u∗Tk (ûk − u∗k) = hdk + t′′dk ,

where the distribution term hdk = 2u∗Tk W∗
k(X

TEv∗k −M∗
kE

TXu∗k)/
√
n ∼ N(0, ν2

dk
) with

variance

ν2
dk

= 4u∗Tk W∗
k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k u
∗
k,

and the error term t′′dk satisfies that

t′′dk = O
{
d∗k max{1, d∗−1

k , d∗−2
k }max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)

3/2η2
n log(pq)/

√
n

+ (r∗ + su + sv)η
2
n{n−1 log(pq)}1/2d∗k+1d

∗−2
k (

k−1∑
i=1

d∗i )
}
.
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Finally, we can obtain that

√
n(d̂2

k − d∗2k ) = hdk + tdk

with hdk ∼ N(0, ν2
dk

), where the error term tdk satisfies that

tdk = t′dk + t′′dk = O
{

(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2d∗k+1d

∗−2
k (

k−1∑
i=1

d∗i )

+ d∗k max{1, d∗−1
k , d∗−2

k }max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)
3/2η2

n log(pq)/
√
n
}
.

This completes the proof of Theorem 5.

F.6 Proof of Theorem 6

This proof of Theorem 6 is similar to that of Theorem 3 in Section F.3. For some s0, αn,

and τn, let us define p-dimensional vectors ã and a∗ satisfying that

‖ã‖0 ≤ s0, ‖a∗‖0 ≤ s0, ‖ã‖2 ≤ cαn, ‖a∗‖2 ≤ cαn,

‖ã− a∗‖0 ≤ s0, ‖ã− a∗‖2 ≤ τn.

In addition, we define ν̃2
e = ϕ1 + ϕ2 − 2ϕ3 and ν2 = ϕ∗1 + ϕ∗2 − 2ϕ∗3 with

ϕ1 = ũTk Σ̂ũkã
TW̃kM̃kΣeM̃

T
k W̃T

k ã, ϕ
∗
1 = u∗Tk Σ̂u∗ka

∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗,

ϕ2 = ṽTk Σeṽkã
TW̃kΣ̂W̃T

k ã, ϕ∗2 = v∗Tk Σev
∗
ka
∗TW∗

kΣ̂W∗T
k a

∗,

ϕ3 = ãTW̃kΣ̂ũkṽ
T
k ΣeM̃

T
k W̃T

k ã, ϕ
∗
3 = a∗TW∗

kΣ̂u
∗
kv
∗T
k ΣeM

∗T
k W∗T

k a
∗.
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Then it holds that

|ν̃2
e − ν2| ≤ |ϕ1 − ϕ∗1|+ |ϕ2 − ϕ∗2|+ 2|ϕ3 − ϕ∗3|

:= A1 + A2 + 2A3. (A.82)

We will bound the three terms in (A.82) above following similar analysis as in the proof

of Theorem 3, which will be conditional on Θ̂ satisfying Definition 1 and C̃ satisfying

Definition 2.

(1). The upper bound on A1. Observe that

A1 = |z̃kkãTW̃kM̃kΣeM̃
T
k W̃T

k ã− z∗kka∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗|.

Let us define

A11 = |ãTW̃kM̃kΣeM̃
T
k W̃T

k ã− a∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗|,

A12 = |a∗TW∗
kM

∗
kΣeM

∗T
k W∗T

k a
∗|.

Under Conditions 2–3, by part (c) of Lemma 6 we have that

|A1| ≤ |z̃kk|A11 + |z̃kk − z∗kk|A12

≤ cd∗2k A11 + cd∗k(r
∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2A12. (A.83)

For term A12 above, from Condition 1, Lemma 20 in Section G.20, and part (c) of Lemma
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21 in Section G.21, we can show that

A12 ≤ ‖a∗TW∗
k‖2‖M∗

k‖2‖Σe‖2‖M∗T
k ‖2‖W∗T

k a
∗‖2 ≤ cs0α

2
nd
∗−4
k d∗2k+1. (A.84)

Further, for term A11 above, it holds that

A11 ≤ |ãTW̃kM̃kΣe(M̃
T
k W̃T

k ã−M∗T
k W∗T

k a
∗)|

+ |(ãTW̃kM̃k − a∗TW∗
kM

∗
k)ΣeM

∗T
k W∗T

k a
∗|

≤ ‖ãTW̃kM̃kΣe‖2‖M̃T
k W̃T

k ã−M∗T
k W∗T

k a
∗‖2

+ ‖ãTW̃kM̃k − a∗TW∗
kM

∗
k‖2‖ΣeM

∗T
k W∗T

k a
∗‖2.

By Condition 1, Lemma 20, and Lemma 21, it is easy to see that

‖ãTW̃kM̃kΣe‖2 ≤ ‖ãTW̃k‖2‖M̃k‖2‖Σe‖2 ≤ cs
1/2
0 d∗−2

k d∗k+1αn,

‖ΣeM
∗T
k W∗T

k a
∗‖2 ≤ ‖Σe‖2‖M∗T

k ‖2‖W∗T
k a

∗
2‖2 ≤ cs

1/2
0 d∗−2

k d∗k+1αn.

In light of parts (c) and (d) of Lemma 21, we can deduce that

‖ãTW̃k − a∗TW∗
k‖2 ≤ ‖ãT (W̃k −W∗

k)‖2 + ‖(ã− a∗)TW∗
k‖2

≤ cs
1/2
0 αn(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−2

k d∗k+1

+ cs
1/2
0 τn. (A.85)
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Then it follows from (A.85) and Lemmas 20–21 that

‖ãTW̃kM̃k − a∗TW∗
kM

∗
k‖2 ≤ ‖ãTW̃k‖2‖M̃k −M∗

k‖2 + ‖ãTW̃k − a∗TW∗
k‖2‖M∗

k‖2

≤ cs
1/2
0 αn(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−2

k

+ cs
1/2
0 τnd

∗−2
k d∗k+1. (A.86)

Hence, combining the above results yields that

A11 ≤ cs0α
2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−4

k d∗k+1 + cs0αnτnd
∗−4
k d∗2k+1. (A.87)

Therefore, with the aid of (A.83), (A.84), and (A.87), we can obtain that

A1 ≤ cs0α
2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−2

k d∗k+1 + cs0αnτnd
∗−2
k d∗2k+1. (A.88)

(2). The upper bound on A2. Notice that

A2 = |ṽTk Σeṽkã
TW̃kΣ̂W̃T

k ã− v∗Tk Σev
∗
ka
∗TW∗

kΣ̂W∗T
k a

∗|.

From Condition 1, Definition 2 that ‖ṽk‖2 = ‖v∗k‖2 = 1, and part (a) of Lemma 6, it holds

that |ṽTk Σeṽk| ≤ ‖ṽTk ‖2‖Σe‖2‖ṽk‖2 ≤ c and

|ṽTk Σeṽk − v∗Tk Σev
∗
k| ≤ |ṽTk Σe(ṽk − v∗k)|+ |(ṽTk − v∗Tk )Σev

∗
k|

≤ ‖ṽk‖2‖Σe‖2‖ṽk − v∗k‖2 + ‖ṽk − v∗k‖2‖Σe‖2‖v∗k‖2

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−1
k .
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An application of the triangle inequality gives that

A2 ≤ |ṽTk Σeṽk||ãTW̃kΣ̂W̃T
k ã− a∗TW∗

kΣ̂W∗T
k a

∗|

+ |ṽTk Σeṽk − v∗Tk Σev
∗
k||a∗TW∗

kΣ̂W∗T
k a

∗|

≤ c|aTW̃kΣ̂W̃T
k a− a∗TW∗

kΣ̂W∗T
k a

∗|

+ c|a∗TW∗
kΣ̂W∗T

k a
∗|(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−1

k .

Using similar arguments as for (A.60)–(A.64), it follows from Lemma 21 that

‖Σ̂W∗T
k a

∗‖2 ≤ cs
1/2
0 αn,

|aTW∗
kΣ̂W∗T

k a
∗| ≤ ‖aTW∗

k‖2‖Σ̂W∗T
k a

∗‖2 ≤ cs0α
2
n,

‖Σ̂W̃T
k a− Σ̂W∗T

k a
∗‖2 ≤ ‖Σ̂W̃T

k (ã− a∗)‖2 + ‖Σ̂(W̃T
k −W∗T

k )a∗‖2

≤ cs
1/2
0 αn + cs

1/2
0 αn(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗k+1d

∗−2
k .

Along with (A.85), it holds that

|ãTW̃kΣ̂W̃T
k ã− a∗TW∗

kΣ̂W∗T
k a

∗|

≤ ‖ãTW̃k‖2‖Σ̂(W̃T
k ã−W∗T

k a
∗)‖2 + ‖ãTW̃k − a∗TW∗

k‖2‖Σ̂W∗T
k a

∗‖2

≤ cs0α
2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗k+1d

∗−2
k + cs0αnτn.

Thus, combining the above results leads to

A2 ≤ cs0α
2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−1

k + cs0αnτn. (A.89)
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(3). The upper bound on A3. Note that

A3 = |ãTW̃kΣ̂ũkṽ
T
k ΣeM̃

T
k W̃T

k ã− a∗TW∗
kΣ̂u

∗
kv
∗T
k ΣeM

∗T
k W∗T

k a
∗|.

In view of Condition 1, Lemma 20, and Lemma 21, we have that

|ãTW̃kΣ̂ũk| ≤ ‖ãTW̃k‖2‖Σ̂ũk‖2 ≤ cs
1/2
0 αnd

∗
k,

|v∗Tk ΣeM
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k ‖2‖W∗T
k a

∗‖2 ≤ cs
1/2
0 αnd

∗−2
k d∗k+1.

Let us define A31 = |ṽTk ΣeM̃
T
k W̃T

k ã− v∗Tk ΣeM
∗T
k W∗T

k a
∗|. Then we can obtain that

A3 ≤ |ãTW̃kΣ̂ũk||ṽTk ΣeM̃
T
k W̃T

k ã− v∗Tk ΣeM
∗T
k W∗T
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∗|

+ |ãTW̃kΣ̂ũk − a∗TW∗
kΣ̂u

∗
k||v∗Tk ΣeM
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≤ cs
1/2
0 αnd

∗
kA31 + cs

1/2
0 αnd
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k d∗k+1|ãTW̃kΣ̂ũk − a∗TW∗

kΣ̂u
∗
k|.

For term A31 above, it follows from Condition 1, Lemma 20, Lemma 21, and (A.86)

that

A31 ≤ ‖ṽTk ‖2‖Σe‖2‖M̃T
k W̃T

k ã−M∗T
k W∗T

k a
∗‖2 + ‖ṽk − v∗k‖2‖Σe‖2‖M∗T

k ‖2‖W∗T
k a
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Further, in light of Lemma 6, Lemma 21, and (A.85), it holds that

|ãTW̃kΣ̂ũk − a∗TW∗
kΣ̂u

∗
k| ≤ ‖ãTW̃k‖2‖Σ̂(ũk − u∗k)‖2 + ‖ãTW̃k − a∗TW∗

k‖2‖Σ̂u∗k‖2

≤ cs
1/2
0 αn(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2 + cs

1/2
0 τnd

∗
k.

Combining the above results leads to

A3 ≤ cs0α
2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−1

k + cs0αnτnd
∗−1
k d∗k+1. (A.90)

Hence, a combination of (A.88), (A.89), and (A.90) yields that

|ν̃2
e − ν2| ≤ cs0α

2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−1

k + cs0αnτn. (A.91)

Define ν̃2 with Σe in ν̃2
e replaced by the acceptable estimator Σ̃e satisfying Definition

3. Since in the above three part proofs, we have only used the property of Σe such that

‖Σe‖2 ≤ c, using similar arguments as for (A.70) and (A.71) in the proof of Theorem 3 in

Section F.3, it follows from (A.91) that

|ν̃2 − ν2| ≤ cs0α
2
n(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−1

k + cs0αnτn. (A.92)

When ã = 2ũk and a∗ = 2u∗k, we have that s0 = c(r∗ + su + sv), αn = d∗k, and

τn = c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. Then with (A.92), we can show that

|ν̃2
dk
− ν2

dk
| ≤ c(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}1/2d∗k.
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Moreover, when ã = a∗ ∈ A(m) = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1}, we have s0 = m,αn =

1, and τn = 0, which yields that

|ν̃2
k − ν2

k | ≤ cm(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−1
k .

This concludes the proof of Theorem 6.

F.7 Proof of Theorem 7

The proof of this theorem is similar to that of Theorem 1. The main difference is that we

exploit the data independence to bound the remainder terms. Note that the construction

of the debiased estimate is given by

ûsplit
k = ũk − W̃kψ̃k(ũk,η

∗
k) + W̃k(ψ̃k(ũk,η

∗
k)− ψ̃k(ũk, η̃k)).

Then by Propositions 2–3, Lemma 2, and the initial estimates satisfying Definition 2, it

holds that

√
naT (ûsplit

k − u∗k) = −
√
naTW̃kε̃k −

√
naTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))−

√
naTW̃kδ̃k

+
√
naT (Ip − W̃kTk)(ũk − u∗k)−

√
naTW̃kM̃kC

∗T
−kΣ̂u

∗
k, (A.93)
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where

ε̃k = n−1M̃kE
TXũk − n−1XTEv∗k, (A.94)

δ̃k =
{

M̃k(ṽk − v∗k)ũTk − M̃k(C̃
T
−k −C∗T−k)

}
Σ̂(ũk − u∗k),

W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ−k(Ir∗−1 − z̃−1

kk ŨT
−kΣ̂Ũ−k)

−1ŨT
−k

}
,

Tk = (Ip − M̃kṽkũ
T
k + M̃kC̃

T
−k)Σ̂, M̃k = −z̃−1

kk Σ̂C̃−k.

The last three terms in (A.93) follow the same argument as in (A.21)–(A.23) of the proof

of Theorem 1, which implies that

|aT (Ip − W̃kTk)(ũk − u∗k)| ≤ cm1/2(r∗ + su + sv)η
2
n{n−1 log(pq)},

|aTW̃kδ̃k| ≤ cm1/2(r∗ + su + sv)η
4
n{n−1 log(pq)},

|aTW̃kM̃kC
∗T
−kΣ̂u

∗
k| = o(m1/2n−1/2).

Denote by hk = −aTW∗
kM

∗
kE

TXu∗k/
√
n+aTW∗

kX
TEv∗k/

√
n. By exploiting the sample

splitting technique, we can bound the first two terms of (A.93) in Lemmas 26 and 27 as

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

2η2
n{n−1 log(pq)},

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ cm1/2 max{s1/2
max, (r

∗ + su + sv)
1/2η2

n}(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}.
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Thus, combining above terms leads to

√
naT (ûsplit

k − u∗k) = hk + tk,

where tk = O
(
m1/2{s1/2

max, (r∗+ su + sv)
1/2η2

n}(r∗+ su + sv)
1/2η2

n log(pq)/
√
n
)
. Furthermore,

under Condition 1, we can obtain that hk is normally distributed with E(hk|X) = 0 and

variance

ν2
k = var(hk|X) = aTW∗

k(z
∗
kkM

∗
kΣeM

∗T
k + v∗Tk Σev

∗
kΣ̂− 2Σ̂u∗kv

∗T
k ΣeM

∗T
k )W∗T

k a.

This completes the proof of Theorem 7.

F.8 Proof of Proposition 1

Under the SVD constraint (3) that VTV = Ir∗ , we have that

vTi vi = 1

for 1 ≤ i ≤ r∗. From the definition of the Stiefel manifold given in Section H.2, we see that

all vectors vi belong to the Stiefel manifold St(1, q) = {v ∈ Rq : vTv = 1}. For function

ψ̃k, denote by ∂ψ̃k

∂vi
with 1 ≤ i ≤ r∗ the regular derivative vectors on the Euclidean space.

Then under the Stiefel manifold St(1, q), applying Lemma 30 in Section H.2 and similar to

(A.255), we can show that the manifold gradient of ψ̃k at vi ∈ St(1, q) is given by

(Iq − vivTi )
∂ψ̃k
∂vi

.
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Moreover, for vectors uj with 1 ≤ j ≤ r∗ and j 6= k, it holds that

uTj uj = d2
j .

Since dj is unknown and its estimate varies across different estimation methods, there is no

unit length constraint on ui and we can take the gradient of ψ̃k with respect to ui directly on

the Euclidean space Rp as ∂ψ̃k

∂uj
. Recall that ηk =

(
uT1 , · · · ,uTk−1,u

T
k+1, · · · ,uTr∗ ,vT1 , · · · ,vTr∗

)T
.

Therefore, the gradient of ψ̃k on the manifold can be written as

Q
(∂ψ̃k
∂ηk

)
,

where Q = diag{Ip(r∗−1), Iq−v1v
T
1 , . . . , Iq−vr∗vTr∗}. This completes the proof of Proposition

1.

F.9 Proof of Proposition 2

The proof of Proposition 2 consists of two parts. Specifically, the first part establishes the

theoretical results under the rank-2 case, while the second part further extends the results

to the general rank case.

Part 1: Proof for the rank-2 case. Under the strongly orthogonal factors, the technical

analyses for the theoretical results of u∗1 and u∗2 are basically the same, so we present the

proof only for u∗1 for simplicity. Using the derivatives (A.99)–(A.102) in the proof of Lemma
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1, some calculations show that

∂2L

∂η1∂ηT1
=



uT1 Σ̂u1Iq 0 0

0 uT2 Σ̂u2Iq 2v2u
T
2 Σ̂− n−1YTX

0 −n−1XTY Σ̂


,

∂2L

∂u1∂ηT1
=
[
−n−1XTY,0,0

]
.

Observe that n−1XTY = Σ̂C+Σ̂(C∗−C)+n−1XTE for a given matrix C = u1v
T
1 +u2v

T
2 .

Plugging it into the derivatives above, we have that

∂2L

∂η1∂ηT1
= A + ∆a,

∂2L

∂u1∂ηT1
= B + ∆b,

where

A =



uT1 Σ̂u1Iq 0 0

0 uT2 Σ̂u2Iq v2u
T
2 Σ̂− v1u

T
1 Σ̂

0 −Σ̂u1v
T
1 − Σ̂u2v

T
2 Σ̂


,

∆a =


0 0 0

0 0 (C−C∗)T Σ̂− n−1ETX

0 Σ̂(C−C∗)− n−1XTE 0

 ,

B =
[
−Σ̂u1v

T
1 − Σ̂u2v

T
2 ,0,0

]
, ∆b =

[
Σ̂(C−C∗)− n−1XTE,0,0

]
.
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Then we aim to find matrix M ∈ Rp×(p+2q) that satisfies (B −MA)Q = 0. It is

equivalent to solving equations

(uT1 Σ̂u1M1 + Σ̂u1v
T
1 + Σ̂u2v

T
2 )(Iq − v1v

T
1 ) = 0,

(−M3Σ̂u1v
T
1 −M3Σ̂u2v

T
2 + uT2 Σ̂u2M2)(Iq − v2v

T
2 ) = 0,

M3Σ̂ + M2(v2u
T
2 − v1u

T
1 )Σ̂ = 0.

Recall that z11 = uT1 Σ̂u1, z22 = uT2 Σ̂u2, and z12 = uT1 Σ̂u2. By the orthogonality constraint

of vT1 v2 = 0, the equations above can be rewritten as

z11M1(Iq − v1v
T
1 ) = −Σ̂u2v

T
2 ,

z22M2(Iq − v2v
T
2 ) = M3Σ̂u1v

T
1 ,

M3Σ̂ + M2(v2u
T
2 − v1u

T
1 )Σ̂ = 0.

Therefore, it can be seen that the choice of M with

M1 = −z−1
11 Σ̂u2v

T
2 , M2 = 0, M3 = 0 (A.95)

satisfies the above equations. Since (B−MA)Q = 0, it holds that

(
∂2L

∂u1∂ηT1
−M

∂2L

∂η1∂ηT1
)Q = (B−MA)Q + (∆b −M∆a)Q

= (∆b −M∆a)Q = [∆,0,0] ,

where ∆ =
{

Σ̂(C−C∗)− n−1XTE
}

(Iq − v1v
T
1 ). This concludes the proof for the rank-2

case
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Part 2: Extension to the general rank case. We now extend the results using similar

arguments to those in the first part to the inference of u∗k for each given k with 1 ≤

k ≤ r∗. Utilizing the derivatives (A.105)–(A.108) and after some calculations, for each

i, j ∈ {1, · · · , r∗} with i 6= j we can show that

∂2L

∂ui∂uTj
= 0p×p,

∂2L

∂ui∂uTi
= Σ̂,

∂2L

∂ui∂vTj
= 0p×q,

∂2L

∂ui∂vTi
= −n−1XTY,

∂2L

∂vi∂uTj
= 0q×p,

∂2L

∂vi∂uTi
= 2viu

T
i Σ̂− n−1YTX,

∂2L

∂vi∂vTj
= 0q×q,

∂2L

∂vi∂vTi
= uTi Σ̂uiIq.

Note that n−1XTY = Σ̂C + Σ̂(C∗ − C) + n−1XTE for a given matrix C =
∑r∗

k=1 ukv
T
k .

Plugging it into the derivatives above leads to

∂2L

∂ui∂uTj
= Auu

ij + ∆uu
ij ,

∂2L

∂ui∂uTi
= Auu

ii + ∆uu
ii ,

∂2L

∂ui∂vTj
= Auv

ij + ∆uv
ij ,

∂2L

∂ui∂vTi
= Auv

ii + ∆uv
ii ,

∂2L

∂vi∂uTj
= Avu

ij + ∆vu
ij ,

∂2L

∂vi∂uTi
= Avu

ii + ∆vu
ii ,

∂2L

∂vi∂vTj
= Avv

ij + ∆vv
ij ,

∂2L

∂vi∂vTi
= Avv

ii + ∆vv
ii ,
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where

Auu
ij = 0p×p, ∆uu

ij = 0p×p, Auu
ii = Σ̂, ∆uu

ii = 0p×p,

Auv
ij = 0p×q, ∆uv

ij = 0p×q, Auv
ii = −Σ̂C, ∆uv

ii = Σ̂(C−C∗)− n−1XTE,

Avu
ij = 0q×p, ∆vu

ij = 0q×p, Avu
ii = viu

T
i Σ̂−

∑
j 6=i

vju
T
j Σ̂, ∆vu

ii = (C−C∗)T Σ̂− n−1ETX,

Avv
ij = 0q×q, ∆vv

ij = 0q×q, Avv
ii = uTi Σ̂uiIq, ∆vv

ii = 0q×q.

We next calculate the term

(
∂ψ̃k
∂ηTk

)
Q =

(
∂2L

∂uk∂ηTk
−M

∂2L

∂ηk∂ηTk

)
Q.

It holds that

∂2L

∂ηk∂ηTk
=


(
Avv
ij

)
1≤i≤r∗
1≤j≤r∗

(
Avu
ij

)
1≤i≤r∗

1≤j≤r∗,j 6=k(
Auv
ij

)
1≤i≤r∗,i 6=k

1≤j≤r∗

(
Auu
ij

)
1≤i≤r∗,i 6=k
1≤j≤r∗,j 6=k



+


(
∆vv

ij

)
1≤i≤r∗
1≤j≤r∗

(
∆vu

ij

)
1≤i≤r∗

1≤j≤r∗,j 6=k(
∆uv

ij

)
1≤i≤r∗,i 6=k

1≤j≤r∗

(
∆uu

ij

)
1≤i≤r∗,i 6=k
1≤j≤r∗,j 6=k

 ,
∂2L

∂uk∂ηTk
=
[(

Auv
kj

)
1≤j≤r ,

(
Auu
kj

)
1≤j≤r∗,j 6=k

]
+
[(

∆uv
kj

)
1≤j≤r∗ ,

(
∆uu

kj

)
1≤j≤r∗,j 6=k

]
.

Then we aim to find matrix M satisfying that

[
Mv,Mu

−k
] 

(
Avv
ij

)
1≤i≤r∗
1≤j≤r∗

(
Avu
ij

)
1≤i≤r∗

1≤j≤r∗,j 6=k(
Auv
ij

)
1≤i≤r∗,i 6=k

1≤j≤r∗

(
Auu
ij

)
1≤i≤r∗,i 6=k
1≤j≤r∗,j 6=k

Q

=
[(

Auv
kj

)
1≤j≤r ,

(
Auu
kj

)
1≤j≤r∗,j 6=k

]
,
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where Mv = [Mv
1, · · · ,Mv

r∗ ] ,M
u = [Mu

1 , · · · ,Mu
r∗ ], Mu

−k is obtained by removing Mu
k in

Mu, Mu
i ∈ Rp×p and Mv

j ∈ Rp×q with i, j ∈ {1, · · · , r∗}, and Q = diag{Iq − v1v
T
1 , . . . , Iq −

vr∗v
T
r∗ , Ip(r∗−1)}.

Based on the above analysis, after some calculations we can deduce that

Mu
i Σ̂ + Mv

i (viu
T
i −

∑
j 6=i

vju
T
j )Σ̂ = 0 for i = 1, · · · , r∗ with i 6= k,

(−Mu
i Σ̂C + Mv

iu
T
i Σ̂ui)(Iq − vivTi ) = 0 for i = 1, · · · , r∗ with i 6= k,

(Mv
ku

T
k Σ̂uk + Σ̂C)(Iq − vkvTk ) = 0.

Let us recall that C =
∑r∗

j=1 ujv
T
j . Using the orthogonality constraints of vTi vj = 0 for

i, j ∈ {1, · · · , r∗} with i 6= j, we can rewrite the above equations as

Mu
i Σ̂ + Mv

i (viu
T
i −

∑
j 6=i

vju
T
j )Σ̂ = 0 for i = 1, · · · , r∗ with i 6= k,

ziiM
v
i (Iq − vivTi ) = Mu

i Σ̂C−i for i = 1, · · · , r∗ with i 6= k,

zkkM
v
k(Iq − vkvTk ) = −Σ̂C−k.

Therefore, it is clear that the choice of M with

Mv
k = −z−1

kk Σ̂C−k, Mu
i = 0, Mv

i = 0 for i = 1, · · · , r∗ with i 6= k

satisfies the above equations. Moreover, some further calculations reveal that

(
∂2L

∂uk∂ηTk
−M

∂2L

∂ηk∂ηTk
)Q = [0p×q(k−1),∆

uv
kk(Iq − vkvTk ),0p×[q(r∗−k)+p(r∗−1)]]

= [0p×q(k−1),∆,0p×[q(r∗−k)+p(r∗−1)]],
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where ∆ =
{

Σ̂(C−C∗)− n−1XTE
}

(Iq−vkvTk ). This concludes the proof of Proposition

2.

F.10 Proof of Proposition 3

Similar to the proof of Proposition 2 in Section F.9, the proof of Proposition 3 also includes

two parts. In particular, the first part establishes the desired results under the rank-2 case,

while the second part generalizes these results to the general rank case.

Part 1: Proof for the rank-2 case. With the strongly orthogonal factors, as the

technical arguments for the results of u∗1 and u∗2 are quite similar, we will primarily present

the proof for u∗1 here. It follows from the construction of M in (A.95) of the rank-2 case

in the proof of Proposition 2 that

Ip −M1v1u
T
1 + M1v2u

T
2 = Ip − z−1

11 Σ̂u2v
T
2 v2u

T
2

= Ip − z−1
11 Σ̂u2u

T
2 .

By the Sherman–Morrison–Woodbury formula, for each a, b ∈ Rp, we see that Ip + abT is

nonsingular if and only if 1 + bTa is nonzero. If it is nonsingular, then we have

(Ip + abT )−1 = Ip −
abT

1 + bTa
.

Let us define a = −z−1
11 Σ̂u2 and b = u2. From the assumption that z11 6= z22, we see that
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1− z−1
11 z22 6= 0. This further shows that Ip − z−1

11 Σ̂u2u
T
2 is nonsingular and

(Ip −M1v1u
T
1 + M1v2u

T
2 )−1 = (Ip − z−1

11 Σ̂u2u
T
2 )−1

= Ip + (z11 − z22)−1Σ̂u2u
T
2 .

Thus, we can set

W = Θ̂{Ip + (z11 − z22)−1Σ̂u2u
T
2 }, (A.96)

which satisfies that

W(Ip −M1v1u
T
1 + M1v2u

T
2 )Σ̂ = Θ̂Σ̂. (A.97)

This completes the proof for the rank-2 case.

Part 2: Extension to the general rank case. We proceed to extend the results by

employing similar arguments to those in the first part to the inference of u∗k for each given

k with 1 ≤ k ≤ r∗. With the aid of the definition of Mv
k in Proposition 2, we can deduce

that

Ip −Mv
kvku

T
k + Mv

kC
T
−k = Ip − z−1

kk Σ̂C−kC
T
−k = Ip − z−1

kk Σ̂ ·
∑
i 6=k

uiv
T
i ·
∑
j 6=k

vju
T
j

= Ip − z−1
kk Σ̂ ·

∑
i 6=k

uiu
T
i = Ip − z−1

kk Σ̂U−kU
T
−k.

Moreover, by the Sherman–Morrison–Woodbury Formula, we have that for A,B ∈ Rp×(r∗−1),
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Ip + ABT is nonsingular if and only if Ir∗−1 + BTA is nonsingular, and then

(Ip + ABT )−1 = Ip −A(Ir∗−1 + BTA)−1BT .

Denote by A = −z−1
kk Σ̂U−k and BT = UT

−k. Notice that

Ir∗−1 + BTA = Ir∗−1 − z−1
kk UT

−kΣ̂U−k,

and by assumption, Ir∗−1 − z−1
kk UT

−kΣ̂U−k is nonsingular. Thus, we can set

W = Θ̂
{

Ip + z−1
kk Σ̂U−k(Ir∗−1 − z−1

kk UT
−kΣ̂U−k)

−1UT
−k

}
,

which satisfies that

W(Ip −Mv
kvku

T
k + Mv

kC
T
−k)Σ̂ = Θ̂Σ̂.

This completes the proof of Proposition 3.

F.11 Proof of Proposition 4

Based on the derivatives (A.111)–(A.114), through some calculations we can show that for

each i, j ∈ {k, · · · , r∗} with i 6= j,

∂2L

∂ui∂uTj
= 0p×p,

∂2L

∂ui∂uTi
= Σ̂,

∂2L

∂ui∂vTj
= 0p×q,

∂2L

∂ui∂vTi
= −n−1XTY + Σ̂Ĉ(1),

∂2L

∂vi∂uTj
= 0q×p,

∂2L

∂vi∂uTi
= 2viu

T
i Σ̂− n−1YTX + (Ĉ(1))T Σ̂,

∂2L

∂vi∂vTj
= 0q×q,

∂2L

∂vi∂vTi
= uTi Σ̂uiIq.
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Notice that n−1XTY = Σ̂C + Σ̂(C∗ −C) + n−1XTE for a given matrix C =
∑r∗

l=1 ulv
T
l .

Plugging it into the above derivatives, we rewrite the derivatives as

∂2L

∂ui∂uTj
= Auu

ij + ∆uu
ij ,

∂2L

∂ui∂uTi
= Auu

ii + ∆uu
ii ,

∂2L

∂ui∂vTj
= Auv

ij + ∆uv
ij ,

∂2L

∂ui∂vTi
= Auv

ii + ∆uv
ii ,

∂2L

∂vi∂uTj
= Avu

ij + ∆vu
ij ,

∂2L

∂vi∂uTi
= Avu

ii + ∆vu
ii ,

∂2L

∂vi∂vTj
= Avv

ij + ∆vv
ij ,

∂2L

∂vi∂vTi
= Avv

ii + ∆vv
ii ,

where

Auu
ij = 0p×p, ∆uu

ij = 0p×p, Auu
ii = Σ̂, ∆uu

ii = 0p×p,

Auv
ij = 0p×q, ∆uv

ij = 0p×q, Auv
ii = −Σ̂C, ∆uv

ii = Σ̂(Ĉ(1) +
r∗∑
i=k

uiv
T
i −C∗)− n−1XTE,

Avu
ij = 0q×p, ∆vu

ij = 0q×p, Avu
ii = viu

T
i Σ̂−

∑
k≤l≤r∗
l 6=i

vlu
T
l Σ̂,

∆vu
ii = (Ĉ(1) + C(2) −C∗)T Σ̂− n−1ETX,

Avv
ij = 0q×q, ∆vv

ij = 0q×q, Avv
ii = uTi Σ̂uiIq, ∆vv

ii = 0q×q.
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Let us recall that ∂ψ̃
∂ηT

k
= ∂2L

∂uk∂η
T
k
−M ∂2L

∂ηk∂η
T
k
. It holds that

∂2L

∂ηk∂ηTk
=


(
Avv
ij

)
k≤i≤r∗
k≤j≤r∗

(
Avu
ij

)
k≤i≤r∗

k+1≤j≤r∗(
Auv
ij

)
k+1≤i≤r∗
k≤j≤r∗

(
Auu
ij

)
k+1≤i≤r∗
k+1≤j≤r∗



+


(
∆vv

ij

)
k≤i≤r∗
k≤j≤r∗

(
∆vu

ij

)
k≤i≤r∗

k+1≤j≤r∗(
∆uv

ij

)
k+1≤i≤r∗
k≤j≤r∗

(
∆uu

ij

)
k+1≤i≤r∗
k+1≤j≤r∗

 ,
∂2L

∂uk∂ηTk
=
[(

Auv
kj

)
k≤j≤r∗ ,

(
Auu
kj

)
k+1≤j≤r∗

]
+
[(

∆uv
kj

)
k≤j≤r∗ ,

(
∆uu

kj

)
k+1≤j≤r∗

]
.

Then we aim to find matrix M that satisfies

[Mv,Mu]


(
Avv
ij

)
k≤i≤r∗
k≤j≤r∗

(
Avu
ij

)
k≤i≤r∗

k+1≤j≤r∗(
Auv
ij

)
k+1≤i≤r∗
k≤j≤r∗

(
Auu
ij

)
k+1≤i≤r∗
k+1≤j≤r∗

Q

=
[(

Auv
kj

)
k≤j≤r∗ ,

(
Auu
kj

)
k+1≤j≤r∗

]
,

where Mu =
[
Mu

k+1, · · · ,Mu
r∗

]
,Mv = [Mv

k, · · · ,Mv
r∗ ], and Q = diag{Iq − vkvTk , · · · ,

Iq − vr∗vTr∗ , Ip(r∗−k)}.

Observe that
(
Auu
ij

)
k+1≤i≤r∗
k+1≤j≤r∗

(
Auv
ij

)
k+1≤i≤r∗
k≤j≤r∗

(
Avu
ij

)
k≤i≤r∗

k+1≤j≤r∗
and

(
Avv
ij

)
k≤i≤r∗
k≤j≤r∗

are both di-

agonal matrices. After some calculations, we can deduce that

Mu
i Σ̂ + Mv

i (viu
T
i −

r∗∑
j=k+1,j 6=i

vju
T
j )Σ̂ = 0 for i = k + 1, · · · , r∗,

(−Mu
i Σ̂C + Mv

iu
T
i Σ̂ui)(Iq − vivTi ) = 0 for i = k + 1, · · · , r∗,

(Mv
ku

T
k Σ̂uk + Σ̂

r∗∑
i=k

uiv
T
i )(Iq − vkvTk ) = 0.

Recall that C =
∑r∗

l=1 ulv
T
l . Then by the orthogonality constraints vTi vj = 0 for any i 6= j,
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the equations above can be simplified as

Mu
i Σ̂ + Mv

i (viu
T
i −

r∗∑
l=k,j 6=i

vlu
T
l )Σ̂ = 0 for i = k + 1, · · · , r∗,

ziiM
v
i (Iq − vivTi ) = Mu

i Σ̂C−i for i = k + 1, · · · , r∗,

zkkM
v
k(Iq − vkvTk ) = −Σ̂

r∗∑
i=k+1

uiv
T
i .

Therefore, we are ready to see that the choice of M with

Mv
k = −z−1

kk Σ̂C(2), Mu
i = 0, Mv

i = 0 for i = k + 1, · · · , r∗

satisfies the above equations. Finally, with some calculations we can obtain that

(
∂2L

∂uk∂ηTk
−M

∂2L

∂ηk∂ηTk
)Q = [∆′,0p×(p+q)(r∗−k)],

where ∆′ = ∆uv
kk(Iq−vkvTk ) =

{
Σ̂(Ĉ(1) −C∗(1) +

∑r∗

i=k(uiv
T
i − u∗iv∗Ti ))− n−1XTE

}
(Iq−

vkv
T
k ). This concludes the proof of Proposition 4.

F.12 Proof of Proposition 5

Similar to the proof of Proposition 3 in Section F.10, we see that the existence of matrix

Wk depends on the nonsingularity of matrix Ip −Mv
kvku

T
k + Mv

k(C
(2))T . It follows from
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the definition of Mv
k in Proposition 4 that

Ip −Mv
kvku

T
k + Mv

k(C
(2))T = Ip − z−1

kk Σ̂C−k(C
(2))T

= Ip − z−1
kk Σ̂ ·

∑
i 6=k

uiv
T
i ·

r∗∑
j=k+1

vju
T
j

= Ip − z−1
kk Σ̂ ·

r∗∑
i=k+1

uiu
T
i = Ip − z−1

kk Σ̂U(2)(U(2))T .

Under the assumption that Ir∗−k−z−1
kk (U(2))T Σ̂U(2) is nonsingular, an application of similar

arguments as in the proof of Proposition 3 yields that Ip− z−1
kk Σ̂U(2)(U(2))T is nonsingular

and the choice of

W = Θ̂
{

Ip + z−1
kk Σ̂U(2)(Ir∗−k − z−1

kk (U(2))T Σ̂U(2))−1(U(2))T
}

satisfies that

Ip −W(Ip −Mv
kvku

T
k + Mv

k(C
(2))T )Σ̂ = Ip − Θ̂Σ̂.

This completes the proof of Proposition 5.

G Some key lemmas and their proofs

G.1 Proof of Lemma 1

When r∗ = 2, the loss function (2) can be written as

L(u1,η1) = (2n)−1‖Y −Xu1v
T
1 −Xu2v

T
2 ‖2

F

subject to uT1u2 = 0 and [v1,v2]T [v1,v2] = I2,
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where η1 =
(
vT1 ,v

T
2 ,u

T
2

)T
. Then under the orthogonality constraint vT1 v2 = 0, it can be

simplified as

L = (2n)−1
{
‖Y‖2

F + uT1 XTXu1v
T
1 v1 + uT2 XTXu2v

T
2 v2

− 2uT1 XTYv1 − 2uT2 XTYv2

}
. (A.98)

After some calculations with ‖v1‖2 = ‖v2‖2 = 1, we can deduce that

∂L

∂u1

= Σ̂u1 − n−1XTYv1, (A.99)

∂L

∂v1

= v1u
T
1 Σ̂u1 − n−1YTXu1, (A.100)

∂L

∂u2

= Σ̂u2 − n−1XTYv2, (A.101)

∂L

∂v2

= v2u
T
2 Σ̂u2 − n−1YTXu2. (A.102)

Utilizing the derivatives (A.100)–(A.102) with some calculations, it follows that

M
∂L

∂η1

∣∣∣
η∗1

= M1

{
v∗1u

T
1 Σ̂(u1 − u∗1)− v∗2u∗T2 Σ̂u1 − n−1ETXu1

}
− n−1M3X

TEv∗2

+ M2

{
−v∗1u∗T2 Σ̂u∗1 − n−1ETXu∗2

}
= (M1v

∗
1u

T
1 −M1v

∗
2u
∗T
2 )Σ̂(u1 − u∗1)− (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1

− n−1(M1E
TXu1 + M3X

TEv∗2 + M2E
TXu∗2)

= (M1v1u
T
1 −M1v2u

T
2 )Σ̂(u1 − u∗1)− (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1 + δ′1,
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where we set

δ′1 = −
{
M1(v1 − v∗1)uT1 −M1(v2u

T
2 − v∗2u∗T2 )

}
Σ̂(u1 − u∗1)

− n−1(M1E
TXu1 + M2E

TXu∗2 + M3X
TEv∗2). (A.103)

Together with the derivative (A.99), it holds that

ψ̃(u1,η
∗
1) =

∂L

∂u1

∣∣∣
η∗1

−M
∂L

∂η1

∣∣∣
η∗1

= (Ip −M1v1u
T
1 + M1v2u

T
2 )Σ̂(u1 − u∗1) + (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1 + δ1, (A.104)

where δ1 = −δ′1 − n−1XTEv∗1.

Therefore, combining (A.103) and (A.104), we can obtain that

ψ̃(u1,η
∗
1) = (Ip −M1v1u

T
1 + M1v2u

T
2 )Σ̂(u1 − u∗1) + (M1v

∗
2 + M2v

∗
1)u∗T2 Σ̂u∗1

+ δ + ε,

where δ = M1

{
(v1 − v∗1)uT1 − (v2u

T
2 − v∗2u∗T2 )

}
Σ̂(u1 − u∗1) and

ε = n−1
{
M1E

TXu1 + M2E
TXu∗2 + M3X

TEv∗2
}
− n−1XTEv∗1.

This completes the proof of Lemma 1.
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G.2 Lemma 2 and its proof

Lemma 2. Under the SVD constraint (3) in Section 2.1, for an arbitrary M it holds that

ψ̃k(uk,η
∗
k) = (Ip −Mv

kvku
T
k + Mv

kC
T
−k)Σ̂(uk − u∗k) + Mv

kC
∗T
−kΣ̂u

∗
k

+
∑
j 6=k

Mv
jC
∗T
−jΣ̂u

∗
j + δk + εk,

where δk = Mv
k

{
(vk − v∗k)uTk − (CT

−k −C∗T−k)
}

Σ̂(uk − u∗k) and

εk = n−1Mv
kE

TXuk − n−1XTEv∗k + n−1
∑
j 6=k

(Mu
jX

TEv∗j + Mv
jE

TXu∗j).

Proof. Under the orthogonality constraints vTi vj = 0 for each i, j ∈ {1, · · · , r∗} with i 6= j,

we have that

L = (2n)−1
{
‖Y‖2

F + 2 〈Y,−XC−k〉+ uTkXTXukv
T
k vk + ‖XC−k‖2

F − 2uTkXTYvk
}
.

After some calculations with ‖vk‖2 = 1, we can obtain that

∂L

∂uk
= Σ̂uk − n−1XTYvk, (A.105)

∂L

∂vk
= vku

T
k Σ̂uk − n−1YTXuk. (A.106)

For each j 6= k, similarly we also have that

∂L

∂uj
= Σ̂uj − n−1XTYvj, (A.107)

∂L

∂vj
= vju

T
j Σ̂uj − n−1YTXuj. (A.108)
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It follows from the derivatives (A.106)–(A.108) that

M
∂L

∂ηk

∣∣∣
η∗k

= Mv
k

{
v∗ku

T
k Σ̂(uk − u∗k)−C∗T−kΣ̂uk − n−1ETXuk

}
+
∑
j 6=k

Mv
j

{
−C∗T−jΣ̂u

∗
j − n−1ETXu∗j

}
−
∑
j 6=k

Mu
jX

TEv∗j

= Mv
k(v
∗
ku

T
k −C∗T−k)Σ̂(uk − u∗k)−Mv

kC
∗T
−kΣ̂u

∗
k

−
∑
j 6=k

Mv
jC
∗T
−jΣ̂u

∗
j − n−1Mv

kE
TXuk − n−1

∑
j 6=k

Mv
jE

TXu∗j − n−1
∑
j 6=k

Mu
jX

TEv∗j

= Mv
k(vku

T
k Σ̂−CT

−kΣ̂)(uk − u∗k)−Mv
kC
∗T
−kΣ̂u

∗
k −

∑
j 6=k

Mv
jC
∗T
−jΣ̂u

∗
j + δ′1,

where

δ′1 = −Mv
k

{
(vk − v∗k)uTk − (CT

−k −C∗T−k)
}

Σ̂(uk − u∗k)

− n−1Mv
kE

TXuk − n−1
∑
j 6=k

Mu
jX

TEv∗j −
∑
j 6=k

Mv
jn
−1ETXu∗j . (A.109)

Along with the derivative (A.105), it holds that

ψ̃(uk,η
∗
k) =

∂L

∂uk

∣∣∣
η∗k

−M
∂L

∂ηk

∣∣∣
η∗k

= (Ip −Mv
kvku

T
k + Mv

kC
T
−k)Σ̂(uk − u∗k) + Mv

kC
∗T
−kΣ̂u

∗
k

+
∑
j 6=k

Mv
jC
∗T
−jΣ̂u

∗
j + δ1, (A.110)

where δ1 = −δ′1 − n−1XTEv∗k.
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Hence, combining (A.109) and (A.110) yields that

ψ̃(uk,η
∗
k) = (Ip −Mv

kvku
T
k Σ̂ + Mv

kC
T
−kΣ̂)(uk − u∗k)

+ Mv
kC
∗T
−kΣ̂u

∗
k +

∑
j 6=k

Mv
jC
∗T
−jΣ̂u

∗
j + δk + εk,

where δk =
{
Mv

k(vk − v∗k)uTk −Mv
k(C

T
−k −C∗T−k)

}
Σ̂(uk − u∗k) and

εk = n−1
∑
j 6=k

Mu
jX

TEv∗j + n−1Mv
kE

TXuk +
∑
j 6=k

Mv
jn
−1ETXu∗j − n−1XTEv∗k.

This concludes the proof of Lemma 2.

G.3 Lemma 3 and its proof

Lemma 3. Under the SVD constraint (7) in Section 2.2, for an arbitrary M it holds that

ψ̃k(uk,η
∗
k) =

(
Ip −Mv

kvku
T
k + Mv

k(C
(2))T

)
Σ̂(uk − u∗k) + Mv

k(C
∗(2))T Σ̂u∗k

+
r∗∑

i=k+1

Mv
i

(
v∗ku

∗T
k + (C

∗(2)
−i )T

)
Σ̂u∗i + δk + εk,

where δk = Mv
k

{
(vk − v∗k)uTk − (C(2) −C∗(2))T

}
Σ̂(uk −u∗k)−Mv

k(Ĉ
(1)−C∗(1))T Σ̂uk and

εk = n−1Mv
kE

TXuk − n−1XTEv∗k + n−1

r∗∑
i=k+1

(Mu
i X

TEv∗i + Mv
iE

TXu∗i ).
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Proof. Observe that the loss function (7) is equivalent to

L = (2n)−1
{
‖Y‖2

F − 2uTkYTXvk + uTkXTXukv
T
k vk

+ 2〈Y,−XĈ(1)〉+ 2〈Y,−XC(2)〉+ 2uTkXTXĈ(1)vk + 2uTkXTXC(2)vk

+ 2〈XĈ(1),XC(2)〉+ ‖XĈ(1)‖2
F + ‖XC(2)‖2

F

}
.

For each j, j′ ∈ {k + 1, · · · , r∗} with j 6= j′, we have vTk vj = 0 and vTj vj′ = 0. Then the

loss function can be simplified further as

L = (2n)−1
{
‖Y‖2

F − 2uTkYTXvk + uTkXTXukv
T
k vk

+ 2〈Y,−XĈ(1)〉+ 2〈Y,−XC(2)〉+ 2uTkXTXĈ(1)vk

+ 2〈XĈ(1),XC(2)〉+ ‖XĈ(1)‖2
F +

r∗∑
j=k+1

uTj XTXujv
T
j vj

}
.

After some calculations with ‖vk‖2 = 1, we can show that

∂L

∂uk
= Σ̂uk − n−1XTYvk + Σ̂Ĉ(1)vk, (A.111)

∂L

∂vk
= vku

T
k Σ̂uk − n−1YTXuk + (Ĉ(1))T Σ̂uk. (A.112)

For each j ∈ {k + 1, · · · , r∗}, similarly by ‖vj‖2 = 1 it follows that

∂L

∂uj
= Σ̂uj − n−1XTYvj + Σ̂Ĉ(1)vj, (A.113)

∂L

∂vj
= vju

T
j Σ̂uj − n−1YTXuj + (Ĉ(1))T Σ̂uj. (A.114)

Note that ηk =
[
vTk , · · · ,vTr∗ ,uTk+1, · · · ,uTr∗

]T
and η∗k =

[
v∗Tk , · · · ,v∗Tr∗ ,u∗Tk+1, · · · ,u∗Tr∗

]T
.
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Let us simplify (A.111)–(A.114) using Ĉ(1)vk = 0 and Ĉ(1)vj = 0. It holds that

∂L

∂uk

∣∣∣
η∗k

= Σ̂uk −
r∗∑
l=1

Σ̂u∗l v
∗T
l v

∗
k − n−1XTEv∗k = Σ̂(uk − u∗k)− n−1XTEv∗k,

∂L

∂uj

∣∣∣
η∗k

= Σ̂u∗j −
r∗∑
l=1

Σ̂u∗l v
∗T
l v

∗
j − n−1XTEv∗j = −n−1XTEv∗j .

Moreover, we can deduce that

∂L

∂vk

∣∣∣
η∗k

= v∗ku
T
k Σ̂uk −

r∗∑
l=1

v∗l u
∗T
l Σ̂uk +

k−1∑
i=1

ṽiũ
T
i Σ̂uk − n−1ETXuk

= v∗ku
T
k Σ̂(uk − u∗k) +

k−1∑
i=1

(ṽiũ
T
i − v∗iu∗Ti )Σ̂uk −

r∗∑
j=k+1

v∗ju
∗T
j Σ̂uk − n−1ETXuk,

= (vku
T
k −

r∗∑
j=k+1

vju
T
j )Σ̂(uk − u∗k)−

r∗∑
j=k+1

v∗ju
∗T
j Σ̂u∗k

+
r∗∑

j=k+1

(vju
T
j − v∗ju∗Tj )Σ̂(uk − u∗k) +

k−1∑
i=1

(ṽiũ
T
i − v∗iu∗Ti )Σ̂uk

− (vk − v∗k)uTk Σ̂(uk − u∗k)− n−1ETXuk,

∂L

∂vj

∣∣∣
η∗k

= v∗ju
∗T
j Σ̂u∗j −

r∗∑
l=1

v∗l u
∗T
l Σ̂u∗j +

k−1∑
i=1

ṽiũ
T
i Σ̂u∗j − n−1ETXu∗j

=
k−1∑
i=1

(ṽiũ
T
i − v∗iu∗Ti )Σ̂u∗j −

∑
k≤l≤r∗,l 6=j

v∗l u
∗T
l Σ̂u∗j − n−1ETXu∗j .

Recall that M =
[
Mv

k, · · · ,Mv
r∗ ,M

u
k+1, · · · ,Mu

r∗

]
. Hence, combining the above results

leads to

ψ̃k(uk,η
∗
k) = (Ip −Mv

kvku
T
k + Mv

k(C
(2))T )Σ̂(uk − u∗k)

+ Mv
k(C

∗(2))T Σ̂u∗k +
r∗∑

i=k+1

Mv
i (v
∗
ku
∗T
k + (C

∗(2)
−i )T )Σ̂u∗i + εk + δk,
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where δk = Mv
k((vk − v∗k)uTk − (C(2) −C∗(2))T )Σ̂(uk − u∗k) and

εk = −n−1XTEv∗k + n−1Mv
kE

TXuk + n−1

r∗∑
i=k+1

(Mu
i X

TEv∗i + Mv
iE

TXu∗i )

−Mv
k(Ĉ

(1) −C∗(1))T Σ̂uk.

This completes the proof of Lemma 3.

G.4 Lemma 4 and its proof

The lemma below provides the Taylor expansion of ψ̃1(u1,η1) around η∗1 on the Stiefel

manifold for the rank-2 case; see Section H for the technical background and relevant

notation.

Lemma 4. For arbitrary M1 ∈ Rp×q,M2 ∈ Rp×p, and M3 ∈ Rp×q, we have the first-order

Taylor expansion of ψ̃1(u1,η1) with respect to η1 in a neighborhood of η∗1 given by

ψ̃1 (u1,η1) = ψ̃1 (u1,η
∗
1) + (−n−1XTY − uT1 Σ̂u1M1)(Iq − v∗1v∗T1 ) exp−1

v∗1
(v1)

+ (n−1M2X
TY − uT2 Σ̂u2M3)(Iq − v∗2v∗T2 ) exp−1

v∗2
(v2)

+ (−M2Σ̂− 2M3v
∗
2u
∗T
2 Σ̂ + n−1M3Y

TX)(u2 − u∗2) + rv∗1 + ru∗2 + rv∗2 ,

where exp−1
v∗1

(v1) ∈ Tv∗1 St(1, q) and exp−1
v∗2

(v2) ∈ Tv∗2 St(1, q) are the tangent vectors on the

corresponding Stiefel manifolds, and rv∗1 ∈ Rp, ru∗2 ∈ Rp, and rv∗2 ∈ Rp are the Taylor

remainder terms satisfying that

‖rv∗1‖2 = O(‖ exp−1
v∗1

(v1)‖2
2), ‖ru∗2‖2 = O(‖u2 − u∗2‖2

2), ‖rv∗2‖2 = O(‖ exp−1
v∗2

(v2)‖2
2).

Proof. Recall that ψ̃1(u1,η1) = ∂L
∂u1
−M ∂L

∂η1
, where η1 = [vT1 ,u

T
2 ,v

T
2 ]T ∈ Rp+2q. We
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will prove the result by conducting the Taylor expansion with respect to v1, u2, and v2,

respectively. In order to show the Taylor expansion clearly, let us write function ψ̃1 in the

form

ψ̃1(u1,η1) = ψ̃1(u1,v1,u2,v2).

We will exploit the path below to carry out the Taylor expansion of ψ̃1(u1,v1,u2,v2)

(u1,v1,u2,v2)→ (u1,v
∗
1,u2,v2)→ (u1,v

∗
1,u2,v

∗
2)→ (u1,v

∗
1,u

∗
2,v

∗
2).

Let us first treat u1,u2, and v2 as fixed and do the expansion of ψ̃1 with respect to v1.

Since both v1 and v∗1 belong to set {v ∈ Rq : vTv = 1}, we have that v1,v
∗
1 ∈ St(1, q) by the

definition of the Stiefel manifold. Then by the representation of orthonormal matrices on

the Stiefel manifold given in (A.250) in Section H.2, we see that there exists some tangent

vector ξ1 ∈ Tv∗1 St(1, q) such that v1 can be represented through the exponential map as

v1 = expv∗1 (ξ1).

Meanwhile, the tangent vector ξ1 can be represented as ξ1 = exp−1
v∗1
v1, where exp−1

v∗1
denotes

the inverse of the exponential map.

Then by Lemma 29 in Section H.1, we have the first-order Taylor expansion of ψ̃1 with

respect to v1 given by

ψ̃1 (u1,v1,u2,v2) = ψ̃1 (u1,v
∗
1,u2,v2) + 〈∇v∗1 ψ̃1 (u1,v1,u2,v2) , ξ1〉+ rv∗1 , (A.115)

where ∇v∗1 ψ̃1 (u1,v1,u2,v2) is the gradient of ψ̃1 (u1,v1,u2,v2) with respect to v1 at v∗1
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on the Stiefel manifold, 〈·, ·〉 is the metric defined in (A.254) in Section H.2, and rv∗1 ∈ Rp

is the corresponding Taylor remainder term satisfying that

‖rv∗1‖2 = O(‖ξ1‖2
2).

Applying Lemma 30 in Section H.2, the gradient on the Stiefel manifold St(1, q) is given

by

∇v∗1 ψ̃1(u1,v1,u2,v2) = (Iq − v∗1v∗T1 )
∂ψ̃1(u1,v1,u2,v2)

∂v1

∣∣∣
v∗1

,

where ∂ψ̃1(u1,v1,u2,v2)
∂v1

∣∣∣
v∗1

represents the partial derivative of ψ̃1(u1,v1,u2,v2) with respect

to v1 at v∗1 in the (usual) Euclidean space.

In view of (A.254) in Section H.2, we further have that

〈∇v∗1 ψ̃1(u1,v1,u2,v2), ξ1〉 = tr([∇v∗1 ψ̃1(u1,v1,u2,v2)]Tξ1) = [∇v∗1 ψ̃1(u1,v1,u2,v2)]Tξ1

=
∂ψ̃1(u1,v1,u2,v2)

∂vT1

∣∣∣
v∗1

(Iq − v∗1v∗T1 )ξ1,

where the second equality above holds since ∇v∗1 ψ̃1(u1,v1,u2,v2) and ξ1 are q-dimensional

vectors. Hence, combining the above results leads to

ψ̃1 (u1,v1,u2,v2) = ψ̃1 (u1,v
∗
1,u2,v2) +

∂ψ̃1(u1,v1,u2,v2)

∂vT1

∣∣∣
v∗1

(Iq − v∗1v∗T1 )ξ1

+ rv∗1 , (A.116)

where ‖rv∗1‖2 = O(‖ξ1‖2
2).
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Moreover, similar to v1, for the Taylor expansion with respect to v2 we can deduce that

ψ̃1 (u1,v
∗
1,u2,v2) = ψ̃1 (u1,v

∗
1,u2,v

∗
2) +

∂ψ̃1 (u1,v
∗
1,u2,v2)

∂vT2

∣∣∣
v∗2

(Iq − v∗2v∗T2 )ξ2

+ rv∗2 , (A.117)

where
∂ψ̃1(u1,v∗1 ,u2,v2)

∂v2

∣∣∣
v∗2

is the partial derivative of ψ̃1(u1,v
∗
1,u2,v2) with respect to v2 at v∗2,

ξ2 = exp−1
v∗2

(v2) is the corresponding tangent vector, and rv∗2 ∈ Rp is the Taylor remainder

term satisfying that

‖rv∗2‖2 = O(‖ξ2‖2
2).

Since there is no unit length constraint on u2, we can take the Taylor expansion of ψ̃

with respect to u2 directly on the Euclidean space Rp. It gives that

ψ̃1 (u1,v
∗
1,u2,v

∗
2) = ψ̃1 (u1,v

∗
1,u

∗
2,v

∗
2) +

∂ψ̃1 (u1,v
∗
1,u2,v

∗
2)

∂uT2

∣∣∣
u∗2

(u2 − u∗2)

+ ru∗2 , (A.118)

where
∂ψ̃1(u1,v∗1 ,u2,v∗2)

∂u2

∣∣∣
u∗2

is the partial derivative of ψ̃1(u1,v
∗
1,u2,v

∗
2) with respect to u2 at

u∗2, and ru∗2 ∈ Rp is the corresponding Taylor remainder term satisfying that

‖ru∗2‖2 = O(‖u2 − u∗2‖2
2).
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Combining (A.116)–(A.117), we can obtain that

ψ̃1 (u1,v1,u2,v2) = ψ̃1 (u1,v
∗
1,u

∗
2,v

∗
2) +

∂ψ̃1(u1,v1,u2,v2)

∂vT1

∣∣∣
v∗1

(Iq − v∗1v∗T1 )ξ1

+
∂ψ̃1(u1,v

∗
1,u2,v2)

∂vT2

∣∣∣
v∗2

(Iq − v∗2v∗T2 )ξ2 +
∂ψ̃1(u1,v

∗
1,u2,v

∗
2)

∂uT2

∣∣∣
u∗2

(u2 − u∗2)

+ rv∗1 + ru∗2 + rv∗2 . (A.119)

On the other hand, it follows from the definition of ψ̃1(u1,η1) with η1 =
[
vT1 ,u

T
2 ,v

T
2

]T
that

ψ̃1(u1,η1) =
∂L

∂u1

−M
∂L

∂η1

=
∂L

∂u1

−M1
∂L

∂v1

−M2
∂L

∂u2

−M3
∂L

∂v2

.

Through some calculations with (A.99)–(A.102), we can show that

∂ψ̃1(u1,v1,u2,v2)

∂vT1

∣∣∣
v∗1

= −n−1XTY − uT1 Σ̂u1M1,

∂ψ̃1(u1,v
∗
1,u2,v2)

∂vT2

∣∣∣
v∗2

= n−1M2X
TY − uT2 Σ̂u2M3,

∂ψ̃1(u1,v
∗
1,u2,v

∗
2)

∂uT2

∣∣∣
u∗2

= −M2Σ̂− 2M3v
∗
2u
∗T
2 Σ̂ + n−1M3Y

TX.

Then plugging them into (A.119) entails that

ψ̃1 (u1,η1) = ψ̃1 (u1,η
∗
1) + (−n−1XTY − uT1 Σ̂u1M1)(Iq − v∗1v∗T1 )ξ1

+ (n−1M2X
TY − uT2 Σ̂u2M3)(Iq − v∗2v∗T2 )ξ2

+ (−M2Σ̂− 2M3v
∗
2u
∗T
2 Σ̂ + n−1M3Y

TX)(u2 − u∗2) + rv∗1 + ru∗2 + rv∗2 .

Since ξ1 = exp−1
v∗1

(v1) and ξ2 = exp−1
v∗2

(v2), this concludes the proof of Lemma 4.
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G.5 Lemma 5 and its proof

Lemma 5. Assume that all the conditions of Theorem 1 are satisfied. Then under the

strongly orthogonal factors, for W̃k given in (A.18) and an arbitrary a ∈ Rp, with proba-

bility at least 1− θn,p,q we have

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)},

where θn,p,q is given in (10) and c is some positive constant.

Proof. The proof of Lemma 5 consists of two parts. Specifically, the first part establishes

the desired results under the rank-2 case, while the second part further extends the results

to the general rank case.

Part 1: Proof for the rank-2 case. For the rank-2 case with strongly orthogonal factors,

since the technical arguments for the inference of u∗1 and u∗2 are similar, for simplicity we

will present the proof only for u∗1 here. When we use the initial estimates (ũ1, ũ2, ṽ1, ṽ2)

satisfying Definition 2, by Lemma 4 the first-order Taylor expansion of ψ̃1 (ũ1, η̃1) at η∗1 is

given by

ψ̃1 (ũ1, η̃1) = ψ̃1 (ũ1,η
∗
1) + (−n−1XTY − ũT1 Σ̂ũ1M1)(Iq − v∗1v∗T1 ) exp−1

v∗1
(ṽ1)

+ (n−1M2X
TY − ũT2 Σ̂ũ2M3)(Iq − v∗2v∗T2 ) exp−1

v∗2
(ṽ2)

+ (−M2Σ̂− 2M3v
∗
2u
∗T
2 Σ̂ + n−1M3Y

TX)(ũ2 − u∗2) + rv∗1 + ru∗2 + rv∗2 ,
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where the Taylor remainder terms satisfy that

‖rv∗1‖2 = O(‖ exp−1
v∗1

(ṽ1)‖2
2), ‖ru∗2‖2 = O(‖ũ2 − u∗2‖2

2), ‖rv∗2‖2 = O(‖ exp−1
v∗2

(ṽ2)‖2
2).

Moreover, when the construction of M = [M1,M2,M3] is given as

M1 = −(ũT1 Σ̂ũ1)−1Σ̂ũ2ṽ
T
2 , M2 = 0, M3 = 0,

it is immediate to see that

ψ̃1 (ũ1, η̃1) = ψ̃1 (ũ1,η
∗
1) + (−n−1XTY + Σ̂ũ2ṽ

T
2 )(Iq − v∗1v∗T1 ) exp−1

v∗1
(ṽ1)

+ rv∗1 + ru∗2 + rv∗2 . (A.120)

We aim to bound the difference between ψ̃1 (ũ1, η̃1) and ψ̃1 (ũ1,η
∗
1), which will be divided

into two parts.

(1). Upper bounds on ‖ exp−1
v∗1

(ṽ1)‖0, ‖ exp−1
v∗1

(ṽ1)‖2, ‖ exp−1
v∗2

(ṽ2)‖0, and ‖ exp−1
v∗2

(ṽ2)‖2.

Denote by ξ1 = exp−1
v∗1

(ṽ1) the tangent vector, so that expv∗1 (ξ1) = ṽ1. Since rv∗1 =

O(‖ξ1‖2
2), if ξ1 = 0 we need only to bound term ru∗2 + rv∗2 in (A.120) above. Without loss

of generality, let us assume that ξ1 6= 0. Observe that the q-dimensional tangent vector

ξ1 ∈ Tv∗1 St(1, q), where Tv∗1 St(1, q) is the tangent space of the Stiefel manifold St(1, q) at

v∗1. Then from Lemma 31 in Section H.2, we have the explicit form of the corresponding

geodesic

γ(t;v∗1, ξ1) = v∗1 · cos(‖ξ1‖2t) +
ξ1

‖ξ1‖2

· sin(‖ξ1‖2t).

Hence, in view of the definition of the exponential map in (A.245) in Section H.1, it holds
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that

ṽ1 = expv∗1 (ξ1) = γ(1;v∗1, ξ1)

= v∗1 · cos(‖ξ1‖2) +
ξ1

‖ξ1‖2

· sin(‖ξ1‖2). (A.121)

Moreover, we claim that sin(‖ξ1‖2) 6= 0 when ξ1 6= 0. Otherwise, if sin(‖ξ1‖2) = 0 it

implies that cos(‖ξ1‖2) = ±1 and then ṽ1 = ±v∗1 by (A.121). When ṽ1 = v∗1, we have

ξ1 = 0, which is a contradiction. On the other hand, if ṽ1 = −v∗1, we have ‖ṽ1 − v∗1‖2 =

‖2v∗1‖2 = 2. Then ṽ1 is not a consistent estimator of v∗1, which is a contradiction to

Definition 2. Thus, we have that sin(‖ξ1‖2) 6= 0. Then it follows from (A.121) that

ξ1 = (ṽ1 − v∗1 cos(‖ξ1‖2)) · ‖ξ1‖2

sin(‖ξ1‖2)
. (A.122)

Since ‖ξ1‖2/ sin(‖ξ1‖2) 6= 0, we can deduce that

‖ξ1‖0 = ‖ṽ1 − v∗1 cos(‖ξ1‖2)‖0 = ‖(ṽ1 − v∗1) + v∗1(1− cos(‖ξ1‖2))‖0

≤ ‖ṽ1 − v∗1‖0 + ‖v∗1(1− cos(‖ξ1‖2))‖0

≤ c(r∗ + su + sv), (A.123)

where the last inequality above follows from Lemma 6 in Section G.6 and ‖v∗1‖0 = sv.

We next derive the upper bound on ‖ξ1‖2. Since ξ1 ∈ Tv∗1 St(1, q), from (A.252) in

Section H.2 we see that v∗T1 ξ1 = 0. An application of Lemma 3 in Chen and Huang (2012)

leads to

‖ξ1‖2 = O(‖ṽ1 − v∗1‖2).
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Together with Lemma 6, it yields that

‖ξ1‖2 ≤ c‖ṽ1 − v∗1‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2/d∗1. (A.124)

Further, applying similar arguments to ξ2 = exp−1
v∗2

(ṽ2), we can obtain that

‖ exp−1
v∗2

(ṽ2)‖0 ≤ c(r∗ + su + sv), (A.125)

‖ exp−1
v∗2

(ṽ2)‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2/d∗2. (A.126)

(2). The upper bound on |aTW̃1(ψ̃1 (ũ1, η̃1)− ψ̃1 (ũ1,η
∗
1))|. By the Taylor expansion

of ψ̃1 (ũ1, η̃1) in (A.120), it holds that

|aTW̃1(ψ̃1 (ũ1, η̃1)− ψ̃1 (ũ1,η
∗
1))| ≤ |aTW̃1(−n−1XTY + Σ̂ũ2ṽ

T
2 )(Iq − v∗1v∗T1 )ξ1|

+ |aTW̃1(rv∗1 + ru∗2 + rv∗2 )|. (A.127)

Let us first bound term |aTW̃1(−n−1XTY+Σ̂ũ2ṽ
T
2 )(Iq−v∗1v∗T1 )ξ1|. Notice that n−1XTY =

Σ̂u∗1v
∗T
1 + Σ̂u∗2v

∗T
2 + n−1XTE. Along with v∗T1 v

∗
1 = 1, it gives that

(−n−1XTY + Σ̂ũ2ṽ
T
2 )(Iq − v∗1v∗T1 )

= (−Σ̂u∗1v
∗T
1 + Σ̂(ũ2ṽ

T
2 − u∗2v∗T2 )− n−1XTE)(Iq − v∗1v∗T1 )

= (Σ̂(ũ2ṽ
T
2 − u∗2v∗T2 )− n−1XTE)(Iq − v∗1v∗T1 ).

Denote by ∆̂ = Σ̂(ũ2ṽ
T
2 − u∗2v∗T2 )− n−1XTE. It follows that

|aTW̃1(−n−1XTY + Σ̂ũ2ṽ
T
2 )(Iq − v∗1v∗T1 )ξ1| = |aTW̃1∆̂(Iq − v∗1v∗T1 )ξ1|. (A.128)
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Recall that W̃1 = Θ̂{Ip + (z̃11− z̃22)−1Σ̂ũ2ũ
T
2 }, where z̃11 = ũT1 Σ̂ũ1 and z̃22 = ũT2 Σ̂ũ2.

Denote by w̃T
i = θ̂Ti {Ip + (z̃11− z̃22)−1Σ̂ũ2ũ

T
2 } the ith row of W̃1 for i = 1, · · · , p. In light

of Lemma 8 in Section G.8, it holds that

max
1≤i≤p

‖w̃i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)} and max
1≤i≤p

‖w̃i‖2 ≤ c. (A.129)

Then we have that

|w̃T
i ∆̂(Iq − v∗1v∗T1 )ξ1| ≤ |w̃T

i n
−1XTE(Iq − v∗1v∗T1 )ξ1|

+ |w̃T
i Σ̂(ũ2ṽ

T
2 − u∗2v∗T2 )(Iq − v∗1v∗T1 )ξ1|. (A.130)

For the first term on the right-hand side of (A.130) above, it follows from the sparsity of

v∗1, and ξ1 that

|w̃T
i n
−1XTE(Iq − v∗1v∗T1 )ξ1| ≤ |w̃T

i n
−1XTEξ1|+ |w̃T

i n
−1XTEv∗1v

∗T
1 ξ1|

≤ ‖w̃T
i n
−1XTE‖2,s‖ξ1‖2 + ‖w̃T

i n
−1XTE‖2,s‖v∗1v∗T1 ξ1‖2

≤ 2‖w̃T
i n
−1XTE‖2,s‖ξ1‖2, (A.131)

where s = c(r∗+su+sv) and the last inequality above is due to ‖v∗1v∗T1 ξ1‖2 ≤ ‖v∗1‖2|v∗T1 ξ1| ≤

‖ξ1‖2 for ‖v∗1‖2 = 1. Note that here, for an arbitrary vector x, ‖x‖2
2,s = max|S|≤s

∑
i∈S x

2
i

with S standing for an index set.

From (A.129) and the fact that n−1‖XTE‖max ≤ c{n−1 log(pq)}1/2, it holds that

‖w̃T
i n
−1XTE‖max ≤ ‖w̃i‖1‖n−1XTE‖max

≤ cmax{smax, (r
∗ + su + sv)}1/2{n−1 log(pq)}1/2.
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Then it follows that

‖w̃T
i n
−1XTE‖2,s ≤ cmax{smax, (r

∗ + su + sv)}1/2(r∗ + su + sv)
1/2{n−1 log(pq)}1/2,

which together with (A.124) and (A.131) entails that

|w̃T
i n
−1XTE(Iq − v∗1v∗T1 )ξ1|

≤ cmax{smax, (r
∗ + su + sv)}1/2(r∗ + su + sv)η

2
n{n−1 log(pq)}/d∗1. (A.132)

We next bound term |w̃T
i Σ̂(ũ2ṽ

T
2 − u∗2v∗T2 )(Iq − v∗1v∗T1 )ξ1| on the right-hand side of

(A.130) above. Observe that

‖Σ̂(ũ2ṽ
T
2 − u∗2v∗T2 )‖2 ≤ ‖Σ̂(ũ2 − u∗2)v∗T2 ‖2 + ‖Σ̂ũ2(ṽ2 − v∗2)T‖2

≤ ‖Σ̂(ũ2 − u∗2)‖2‖v∗2‖2 + ‖Σ̂ũ2‖2‖ṽ2 − v∗2‖2

≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
,

where the last inequality above uses ‖v∗1‖2 = 1 and Lemma 6. It follows from (A.124) and

‖v∗1‖2 = 1 that

‖(Iq − v∗1v∗T1 )ξ1‖2 ≤ ‖ξ1‖2 + ‖v∗1v∗T1 ξ1‖2 ≤ 2‖ξ1‖2

≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
/d∗1.
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Together with (A.129), it holds that

|w̃T
i Σ̂(ũ2ṽ

T
2 − u∗2v∗T2 )(Iq − v∗1v∗T1 )ξ1| (A.133)

≤ ‖w̃i‖2‖Σ̂(ũ2ṽ
T
2 − u∗2v∗T2 )‖2‖(Iq − v∗1v∗T1 )ξ1‖2

≤ c(r∗ + su + sv)η
4
n

{
n−1 log(pq)

}
/d∗1. (A.134)

Combining (A.130), (A.132), and (A.133), we can obtain that

|w̃T
i ∆̂(Iq − v∗1v∗T1 )ξ1| ≤ cmax{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}/d∗1.

Applying (A.129) again results in

max
1≤i≤p

|w̃T
i ∆̂(Iq−v∗1v∗T1 )ξ1| ≤ cmax{s1/2

max, (r
∗+su+sv)

1/2, η2
n}(r∗+su+sv)η2

n{n−1 log(pq)}/d∗1.

Thus, for each vector a ∈ Rp we have that

|aTW̃1∆̂(Iq − v∗1v∗T1 )ξ1| ≤ ‖a‖1‖W̃1∆̂(Iq − v∗1v∗T1 )ξ1‖max

≤ ‖a‖1/2
0 ‖a‖2 max

1≤i≤p
|w̃T

i ∆̂(Iq − v∗1v∗T1 )ξ1|

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}/d∗1. (A.135)

It remains to bound term |aTW̃1(rv∗1 + ru∗2 + rv∗2 )| above. Let us recall that the Taylor

remainder terms rv∗1 , ru∗2 , and rv∗2 satisfy that

‖rv∗1‖2 = O(‖ exp−1
v∗1

(ṽ1)‖2
2), ‖ru∗2‖2 = O(‖ũ2 − u∗2‖2

2), ‖rv∗2‖2 = O(‖ exp−1
v∗2

(ṽ2)‖2
2).
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Based on Lemma 8 that ‖aTW̃1‖2 ≤ c‖a‖1/2
0 ‖a‖2, from (A.124) we have that

|aTW̃1rv∗1 | ≤ ‖a
TW̃1‖2‖rv∗1‖2

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}/d∗21 .

Then we apply similar arguments to |aTW̃1ru∗2 | and |aTW̃1rv∗2 |. In view of Definition 2

and (A.126), it holds that

‖ũ2 − u∗2‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)},

‖ exp−1
v∗2

(ṽ2)‖2
2 ≤ c(r∗ + su + sv)η

4
n{n−1 log(pq)}/d∗22 .

Similarly, we can show that

|aTW̃1ru∗2 | ≤ ‖a
TW̃1‖2‖ru∗2‖2 ≤ c‖a‖1/2

0 ‖a‖2(r∗ + su + sv)η
4
n{n−1 log(pq)},

|aTW̃1rv∗2 | ≤ ‖a
TW̃1‖2‖rv∗2‖2 ≤ c‖a‖1/2

0 ‖a‖2(r∗ + su + sv)η
4
n{n−1 log(pq)}/d∗22 .

Since the nonzero eigenvalues d∗2i are at the constant level by Condition 4, it follows that

|aTW̃1(rv∗1 + ru∗2 + rv∗2 )| ≤ |aTW̃1rv∗1 |+ |a
TW̃1ru∗2 |+ |a

TW̃1rv∗2 |

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}. (A.136)

Combining (A.127), (A.128), (A.135), and (A.136) yields that

|aTW̃1(ψ̃1 (ũ1, η̃1)− ψ̃1 (ũ1,η
∗
1))|

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}. (A.137)
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Thus, for a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1}, we can obtain that

|aTW̃1(ψ̃1 (ũ1, η̃1)− ψ̃1 (ũ1,η
∗
1))|

≤ cm1/2 max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n{n−1 log(pq)}, (A.138)

which completes the proof for the rank-2 case.

Part 2: Extension to the general rank case. We extend the results using similar argu-

ments as in the first part. For the nuisance parameter ηk = [vT1 , · · · ,vTr∗ ,uT1 , · · · ,uTk−1,u
T
k+1,

· · · ,uTr∗ , ]T , it follows from the definition of ψ̃k(uk,ηk) that

ψ̃k(uk,ηk) =
∂L

∂uk
−M

∂L

∂ηk

=
∂L

∂uk
−

(
Mv

k

∂L

∂vk
+
∑
j 6=k

Mu
j

∂L

∂uj
+
∑
j 6=k

Mv
j

∂L

∂vj

)
. (A.139)

By Proposition 2, we see that Mu
j = 0 and Mv

j = 0 for j ∈ {1, · · · , r∗} with j 6= k,

which means that we need only to consider vk as the nuisance parameter. In light of the

derivatives (A.105) and (A.106), we can deduce that

ψ̃k(uk,ηk) =
∂L

∂uk
−Mv

k

∂L

∂vk

= Σ̂uk − n−1XTYvk −Mv
k(vku

T
k Σ̂uk − n−1YTXuk). (A.140)

For arbitrary fixed Mv
k, we can see that ψ̃k(uk,ηk) is only a function of uk and vk,

which means that we need only to do the Taylor expansion of ψ̃k(uk,ηk) with respect to

vk. Similar to the proof of Lemma 4 in Section G.4, we can obtain the Taylor expansion
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of ψ̃k(uk,ηk)

ψ̃k (uk,ηk) = ψ̃k (uk,η
∗
k) +

∂ψ̃k(uk,ηk)

∂vTk

∣∣∣
v∗k

(Iq − v∗kv∗Tk ) exp−1
v∗k

(vk) + rv∗k ,

where the Taylor remainder term satisfies that

‖rv∗k‖2 = O(‖ exp−1
v∗k

(vk)‖2
2).

From (A.140), it holds that

∂ψ̃k(uk,ηk)

∂vTk

∣∣∣
v∗k

= −n−1XTY − uTk Σ̂ukM
v
k.

Then by Proposition 2 that Mv
k = −z−1

kk Σ̂C−k and the initial estimates in Definition 2, we

have that

ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k)

= (−n−1XTY + Σ̂C̃−k)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk) + rv∗k

= (Σ̂(C̃−k −C∗−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk) + rv∗k , (A.141)

where we slightly abuse the notation and denote the Taylor remainder term as

‖rv∗k‖2 = O(‖ exp−1
v∗k

(ṽk)‖2
2).
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We next bound term aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k)) above. Observe that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ |aTW̃k(Σ̂(C̃−k −C∗−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)|+ |aTW̃krv∗k |.

By Lemma 13 in Section G.13, it can be seen that

‖Σ̂(C̃−k −C∗−k)‖2 ≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
. (A.142)

Denote by w̃T
k,i the ith row of W̃k for i = 1, · · · , p. By parts (a) and (b) of Lemma 14 in

Section G.14, we have that

max
1≤i≤p

‖w̃k,i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)} and max
1≤i≤p

‖w̃k,i‖2 ≤ c. (A.143)

Using similar arguments as for (A.125) and (A.126), it holds that

‖ exp−1
v∗k

(ṽk)‖0 ≤ c(r∗ + su + sv), (A.144)

‖ exp−1
v∗k

(ṽk)‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2/d∗k. (A.145)

Based on results (A.142)–(A.145) above, we proceed with following the proof for the

rank-2 case. With similar arguments as for (A.131) and (A.132), it follows that

|w̃T
k,in

−1XTE(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)|

≤ cmax{smax, (r
∗ + su + sv)}1/2(r∗ + su + sv)η

2
n{n−1 log(pq)}/d∗k.
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Further, similar to (A.133), we can deduce that

|w̃T
k,iΣ̂(C̃−k −C∗−k)(Iq − v∗kv∗Tk ) exp−1

v∗k
(ṽk)| ≤ c(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
/d∗k

and

|aTW̃k(Σ̂(C̃−k −C∗−k))(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)|

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
/d∗k. (A.146)

Thus, similar to (A.135), combining the above results gives that

∣∣∣aTW̃k(Σ̂(C̃−k −C∗−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)
∣∣∣ (A.147)

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}/d∗k.

Moreover, an application of similar arguments as for (A.136) shows that

|aTW̃krv∗k | ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}/d∗2k . (A.148)

Under Condition 4 that the nonzero eigenvalues d∗2i are at the constant level, combining

the above results yields that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}, (A.149)

which completes the proof of Lemma 5.
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G.6 Lemma 6 and its proof

Lemma 6. Assume that Condition 2 holds and C̃ satisfies Definition 2. Then with proba-

bility at least 1− θn,p,q with θn,p,q given in (10), we have that for all sufficiently large n and

each k = 1, · · · , r∗,

(a) ‖ṽk−v∗k‖2 ≤ cγnd
∗−1
k , ‖d∗k(ṽk−v∗k)‖2 ≤ cγn,

∑r∗

k=1 ‖d̃k(ṽk−v∗k)‖0 ≤ 3(r∗+ su + sv);

(b) ‖Σ̂u∗k‖2 ≤ cd∗k, ‖Σ̂ũk‖2 ≤ cd∗k, ‖Σ̂(ũk − u∗k)‖2 ≤ cγn;

(c) |z̃kk − z∗kk| ≤ cγnd
∗
k, |z̃−1

kk − z
∗−1
kk | ≤ cγnd

∗−3
k , |z∗kk|−1 ≤ cd∗−2

k , |z̃kk|−1 ≤ cd∗−2
k ,

where γn = (r∗+su+sv)
1/2η2

n{n−1 log(pq)}1/2, z̃kk = ũTk Σ̂ũk, z
∗
kk = u∗Tk Σ̂u∗k, and c is some

positive constant.

Proof. We first prove part (a). In view of Definition 2, it holds that

‖d̃kṽk − d∗kv∗k‖2 ≤ cγn and |d∗k − d̃k| ≤ cγn,

where γn = (r∗+su+sv)
1/2η2

n{n−1 log(pq)}1/2. Observe that d∗k(ṽk−v∗k) = (d̃kṽk−d∗kv∗k)+

(d∗k − d̃k)ṽk. Since ‖ṽk‖2 = 1, we have that

‖d∗k(ṽk − v∗k)‖2 ≤ ‖d̃kṽk − d∗kv∗k‖2 + |d∗k − d̃k|‖ṽk‖2 ≤ cγn.

Since the true singular values d∗k 6= 0 for each k = 1, · · · , r∗, it follows that

‖ṽk − v∗k‖2 ≤ cγn/d
∗
k.
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Also, by Definition 2 it holds that

r∗∑
k=1

‖d̃k(ṽk − v∗k)‖0 ≤
r∗∑
k=1

‖d̃kṽk − d∗kv∗k‖0 +
r∗∑
k=1

‖(d∗k − d̃k)v∗k‖0

≤
r∗∑
k=1

‖d̃kṽk − d∗kv∗k‖0 +
r∗∑
k=1

‖v∗k‖0

≤ (r∗ + su + sv)[1 + o(1)] + sv

≤ 3(r∗ + su + sv).

For part (b), let us recall that u∗k = d∗kl
∗
k. Since ‖l∗k‖0 ≤ su and ‖l∗k‖2 = 1, it follows

from Condition 2 that

‖Σ̂u∗k‖2 = d∗k‖Σ̂l∗k‖2 ≤ ρud
∗
k‖l∗k‖2 ≤ cd∗k.

From Definition 2, we can show that

‖ũk − u∗k‖0 ≤ (r∗ + su + sv)[1 + o(1)] and ‖ũk − u∗k‖2 ≤ cγn.

Moreover, by ‖u∗k‖0 ≤ su and ‖u∗k‖2 ≤ d∗k for sufficiently large n, and Condition 3 that

r∗γn = o(d∗r∗), it holds for ũk that

‖ũk‖0 ≤ ‖ũk − u∗k‖0 + ‖u∗k‖0 ≤ (r∗ + su + sv)[1 + o(1)] + su ≤ 3(r∗ + su + sv),

‖ũk‖2 ≤ ‖ũk − u∗k‖2 + ‖u∗k‖2 ≤ cd∗k.

Then it follows from Condition 2 that

‖Σ̂ũk‖2 ≤ ρu‖ũk‖2 ≤ cd∗k and ‖Σ̂(ũk − u∗k)‖2 ≤ ρu‖ũk − u∗k‖2 ≤ cγn.
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For part (c), using part (b) of this lemma and Definition 2, we can deduce that

|z̃kk − z∗kk| = |ũTk Σ̂ũk − u∗Tk Σ̂u∗k|

≤ |ũTk Σ̂(ũk − u∗k)|+ |(ũk − u∗k)T Σ̂u∗k|

≤ ‖ũk‖2‖Σ̂(ũk − u∗k)‖2 + ‖ũk − u∗k‖2‖Σ̂u∗k‖2

≤ cγnd
∗
k. (A.150)

Note that

|z̃−1
kk − z

∗−1
kk | =

∣∣∣∣ z̃kk − z∗kkz̃kk · z∗kk

∣∣∣∣ =

∣∣∣∣∣ũTk Σ̂ũk − u∗Tk Σ̂u∗k

ũTk Σ̂ũk · u∗Tk Σ̂u∗k

∣∣∣∣∣ .
By Condition 2, we have that d∗2k ρl ≤ u∗Tk Σ̂u∗k ≤ d∗2k ρu. Then it follows that

|z∗−1
kk | = |u

∗T
k Σ̂u∗k|−1 ≤ |d∗−2

k ρl| ≤ cd∗−2
k .

Together with (A.150), it yields that

|z̃−1
kk − z

∗−1
kk | ≤

∣∣∣∣∣ ũTk Σ̂ũk − u∗Tk Σ̂u∗k

u∗Tk Σ̂u∗k(u
∗T
k Σ̂u∗k + o(1))

∣∣∣∣∣ ≤ cγnd
∗−3
k .

Furthermore, by r∗γn = o(d∗r∗) in Condition 3, we have for sufficiently large n it holds that

|z̃−1
kk | ≤ |z

∗−1
kk |+ |z̃

−1
kk − z

∗−1
kk | ≤ cd∗−2

k .

This concludes the proof of Lemma 6.
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G.7 Lemma 7 and its proof

Lemma 7. Assume that all the conditions of Theorem 1 are satisfied. Then with probability

at least 1− θn,p,q with θn,p,q given in (10), it holds that for all sufficiently large n,

|z∗ii − z∗jj| ≥ c,
∑

1≤l≤r∗, l 6=k

|z∗kl| = o(n−1/2) = o(|z∗ii − z∗jj|),

|z̃ii − z̃jj| ≥ c,
∑

1≤l≤r∗, l 6=k

|z̃kl| = O(r∗γn) = o(|z̃ii − z̃jj|),

where c is some positive constant and i, j, k ∈ {1, · · · , r∗} with i 6= j.

Proof. We will first show that |z∗ii− z∗jj| ≥ c. By Condition 2 and the sparsity of u∗i = d∗i l
∗
i ,

we see that d∗2i ρl ≤ z∗ii ≤ d∗2i ρu and d∗2j ρl ≤ z∗jj ≤ d∗2j ρu, which lead to

d∗2i ρl − d∗2j ρu ≤ z∗ii − z∗jj ≤ d∗2i ρu − d∗2j ρl. (A.151)

In light of Condition 3, we have d∗2i −d∗2i+1 ≥ δ1d
∗2
i for some positive constant δ1 > 1−(ρl/ρu)

with 1 ≤ i ≤ r∗. Since ρl, ρu are positive constants, there exists some positive constant c0

such that δ1 = 1− (ρl/ρu) + c0, which further entails that

d∗2i ρl − d∗2i+1ρu ≥ c0ρud
∗2
i ≥ c, (A.152)

where the last inequality above is due to Condition 4 that d∗i is at a constant level.

If i < j, we have i+ 1 ≤ j so that d∗2i+1 ≥ d∗2j . This together with (A.151) and (A.152)

shows that

z∗ii − z∗jj ≥ d∗2i ρl − d∗2j ρu ≥ d∗2i ρl − d∗2i+1ρu ≥ c.
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If i > j, using similar arguments we can obtain that z∗jj − z∗ii ≥ c. Thus, for i 6= j it holds

that

|z∗ii − z∗jj| ≥ c. (A.153)

We next bound term z̃ii − z̃jj above. By part (c) of Lemma 6 and Condition 4 that d∗i

is at a constant level, we can deduce that

|(z̃ii − z̃jj)− (z∗ii − z∗jj)| ≤ |z̃ii − z∗ii|+ |z̃jj − z∗jj| ≤ cγn,

where γn = (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. From the assumption of Theorem 1 that

m1/2κn = o(1), we have γn = o(1). Together with (A.153), for all sufficiently large n it

follows that

|z̃ii − z̃jj| ≥ |z∗ii − z∗jj| − |(z̃ii − z̃jj)− (z∗ii − z∗jj)| ≥ c. (A.154)

Now we analyze terms
∑

1≤l≤r∗, l 6=k |z̃kl| and
∑

1≤l≤r∗, l 6=k |z∗kl|. From Condition 4, we

have that

∑
1≤l≤r∗, l 6=k

|z∗kl| = o(n−1/2). (A.155)
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Moreover, it follows that

|z̃kl − z∗kl| = |ũTk Σ̂ũl − u∗Tk Σ̂u∗l | ≤ |ũTk Σ̂(ũl − u∗l )|+ |(ũk − u∗k)T Σ̂u∗l |

≤ ‖ũk‖2‖Σ̂(ũl − u∗l )‖2 + ‖ũk − u∗k‖2‖Σ̂u∗l ‖2

≤ c(r∗ + su + sv)
1/2{n−1 log(pq)}1/2, (A.156)

where the last inequality above is due to part (a) of Definition 2, part (b) of Lemma 6, and

Condition 4 that d∗k is at a constant level. Then for sufficiently large n, it holds that

|z̃kl| ≤ |z∗kl|+ |z̃kl − z∗kl| ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2,

which further yields
∑

1≤l≤r∗, l 6=k |z̃kl| = O(r∗γn).

Let us recall the assumption that m1/2κn = o(1) with

κn = max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n log(pq)/

√
n.

It follows from γn = (r∗+su+sv)
1/2η2

n{n−1 log(pq)}1/2 and (r∗+su+sv)
1/2 ≤ max{s1/2

max, (r∗+

su + sv)
1/2, η2

n} that

m1/2(r∗ + su + sv)
√

log(pq)γn = o(1), (A.157)

which further leads to ∑
1≤l≤r∗, l 6=k

|z̃kl| = O(r∗γn) = o(1).
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Therefore, along with (A.153), (A.154), and (A.155), it yields that

∑
1≤l≤r∗, l 6=k

|z∗kl| = o(|z∗ii − z∗jj|) and
∑

1≤l≤r∗, l 6=k

|z̃kl| = o(|z̃ii − z̃jj|),

which completes the proof of Lemma 7.

G.8 Lemma 8 and its proof

Lemma 8. Assume that all the conditions of Theorem 1 are satisfied. Let W̃1 = Θ̂{Ip +

(z̃11 − z̃22)−1Σ̂ũ2ũ
T
2 } and W∗

1 = Θ̂{Ip + (z∗11 − z∗22)−1Σ̂u∗2u
∗T
2 }. For an arbitrary vector

a = (a1, · · · , ap)T ∈ Rp, with probability at least 1− θn,p,q with θn,p,q given in (10), we have

that for all sufficiently large n,

(a) max1≤i≤p ‖w∗i ‖0 ≤ 2 max{smax, r
∗ + su + sv},

max1≤i≤p ‖w̃i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)},

max1≤i≤p ‖w̃i −w∗i ‖0 ≤ 3(r∗ + su + sv);

(b) max1≤i≤p ‖w∗i ‖2 ≤ c, max1≤i≤p ‖w̃i‖2 ≤ c,

max1≤i≤p ‖w̃i −w∗i ‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2;

(c) ‖aTW∗
1‖2 ≤ c‖a‖1/2

0 ‖a‖2, ‖aTW̃1‖2 ≤ c‖a‖1/2
0 ‖a‖2,

‖aT (W̃1 −W∗
1)‖2 ≤ c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2‖a‖1/2

0 ‖a‖2,

where w̃T
i and w∗Ti are the ith rows of W̃1 and W∗

1, respectively, with i = 1, · · · , p, and c

is some positive constant.
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Proof. It is easy to see that

‖aTW∗
1‖2 = ‖

p∑
i=1

aiw
∗T
i ‖2 ≤

p∑
i=1

|ai| · ‖w∗i ‖2

≤ ‖a‖1 max
1≤i≤p

‖w∗i ‖2 ≤ ‖a‖1/2
0 ‖a‖2 max

1≤i≤p
‖w∗i ‖2. (A.158)

Similarly, we also have that

‖aTW̃1‖2 ≤ ‖a‖1/2
0 ‖a‖2 max

1≤i≤p
‖w̃i‖2, (A.159)

‖aT (W̃1 −W∗
1)‖2 ≤ ‖a‖1/2

0 ‖a‖2 max
1≤i≤p

‖w̃i −w∗i ‖2. (A.160)

Then it can be seen that once parts (a) and (b) of this lemma are established, the results

in part (c) can be obtained immediately with the aid of (A.158)–(A.160). Thus, it remains

to prove parts (a) and (b).

We begin with proving part (a). Since w∗Ti is the ith row of W∗
1, we have w∗Ti =

θ̂Ti {Ip+(z∗11−z∗22)−1Σ̂u∗2u
∗T
2 }, where θ̂Ti is the ith row of Θ̂. Noting that θ̂Ti (z∗11−z∗22)−1Σ̂u∗2

is a scalar and ‖u∗2‖0 ≤ su, we can deduce that

max
1≤i≤p

‖(θ̂Ti (z∗11 − z∗22)−1Σ̂u∗2) · u∗T2 ‖0 ≤ ‖u∗2‖0 ≤ su ≤ r∗ + su + sv.

From Definition 1, we see that max1≤i≤p ‖θ̂i‖0 ≤ smax. Hence, it follows that

max
1≤i≤p

‖w∗i ‖0 ≤ max
1≤i≤p

‖θ̂i‖0 + ‖u∗2‖0 ≤ 2 max{smax, r
∗ + su + sv}. (A.161)
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Observe that w̃T
i = θ̂Ti {Ip + (z̃11 − z̃22)−1Σ̂ũ2ũ

T
2 }. By Definition 2, we have that

‖ũ2‖0 ≤ ‖u∗2‖0 + ‖ũ2 − u∗2‖0 ≤ 3(r∗ + su + sv).

Then an application of similar arguments as for (A.161) leads to

max
1≤i≤p

‖w̃i‖0 ≤ max
1≤i≤p

‖θ̂i‖0 + ‖ũ2‖0 ≤ 2 max{smax, 3(r∗ + su + sv)}.

Further, we can show that

max
1≤i≤p

‖w̃i −w∗i ‖0 ≤ max
1≤i≤p

‖(θ̂Ti (z̃11 − z̃22)−1Σ̂ũ2) · ũT2 − (θ̂Ti (z∗11 − z∗22)−1Σ̂u∗2) · u∗T2 ‖0

≤ max
1≤i≤p

‖(θ̂Ti (z̃11 − z̃22)−1Σ̂ũ2) · (ũ2 − u∗2)T‖0 + ‖u∗T2 ‖0

≤ ‖ũ2 − u∗2‖0 + ‖u∗2‖0 ≤ 3(r∗ + su + sv),

where the last step above is due to Definition 2. This completes the proof for part (a).

We next show part (b), which consists of two main steps. Since Condition 4 is satisfied,

the proof below will exploit the fact that the nonzero eigenvalues d∗2i are at the constant

level.

(1). The upper bound on max1≤i≤p ‖w∗i ‖2. Let us recall that

w∗Ti = θ̂Ti {Ip + (z∗11 − z∗22)−1Σ̂u∗2u
∗T
2 }.

Under Condition 2, it follows from part (b) of Lemma 6 and ‖u∗2‖2 = d∗2 ≤ c that

‖Σ̂u∗2u∗T2 ‖2 ≤ ‖Σ̂u∗2‖2‖u∗T2 ‖2 ≤ c.
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Also, under Conditions 2–4, Lemma 7 gives that |z∗11 − z∗22| ≥ c. Then we can obtain that

‖(z∗11 − z∗22)−1Σ̂u∗2u
∗T
2 ‖2 ≤ |z∗11 − z∗22|−1‖Σ̂u∗2u∗T2 ‖2 ≤ c.

Together with Definition 1 that max1≤i≤p ‖θ̂i‖2 ≤ c, it yields that

max
1≤i≤p

‖w∗i ‖2 ≤ max
1≤i≤p

‖θ̂i‖2 + max
1≤i≤p

‖θ̂i‖2‖(z∗11 − z∗22)−1Σ̂u∗2u
∗T
2 ‖2 ≤ c. (A.162)

(2). The upper bounds on max1≤i≤p ‖w̃i−w∗i ‖2 and max1≤i≤p ‖w̃i‖2. From Definition

1 that max1≤i≤p ‖θ̂i‖2 ≤ c, we have that

max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ max
1≤i≤p

‖θ̂i‖2‖(z̃11 − z̃22)−1Σ̂ũ2ũ
T
2 − (z∗11 − z∗22)−1Σ̂u∗2u

∗T
2 ‖2

≤ c‖(z̃11 − z̃22)−1Σ̂ũ2ũ
T
2 − (z∗11 − z∗22)−1Σ̂u∗2u

∗T
2 ‖2

≤ c‖(z̃11 − z̃22)−1(Σ̂ũ2ũ
T
2 − Σ̂u∗2u

∗T
2 )‖2

+ c‖[(z̃11 − z̃22)−1 − (z∗11 − z∗22)−1]Σ̂u∗2u
∗T
2 ‖2.

We will bound the two terms introduced above separately. It follows from part (b) of

Lemma 6 and part (a) of Definition 1 that

‖Σ̂u∗2u∗T2 ‖2 ≤ ‖Σ̂u∗2‖2‖u∗T2 ‖2 ≤ c,

‖Σ̂ũ2ũ
T
2 − Σ̂u∗2u

∗T
2 ‖2 ≤ ‖Σ̂(ũ2 − u∗2)u∗T2 ‖2 + ‖Σ̂ũ2(ũ2 − u∗2)T‖2

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.

106



Lemma 7 implies that |z∗11 − z∗22| ≥ c and |z̃11 − z̃22| ≥ c. Further, it holds that

|(z̃11 − z̃22)−1 − (z∗11 − z∗22)−1|

=

∣∣∣∣ 1

z∗11 − z∗22

· (z̃11 − z̃22)− (z∗11 − z∗22)

(z∗11 − z∗22) + (z̃11 − z̃22)− (z∗11 − z∗22)

∣∣∣∣ .
In view of part (c) of Lemma 6, we have that

|(z̃11 − z̃22)− (z∗11 − z∗22)| ≤ |z̃11 − z∗11|+ |z̃22 − z∗22|

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.

Together with |z∗11 − z∗22| ≥ c, for sufficiently large n it holds that

|(z̃11 − z̃22)−1 − (z∗11 − z∗22)−1| =
∣∣∣ (z̃11 − z̃22)− (z∗11 − z∗22)

(z∗11 − z∗22)2 + o((z∗11 − z∗22)2)

∣∣∣
≤ c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2.

Combining the above results gives that

max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. (A.163)

Therefore, using (A.162), (A.163), and the triangle inequality, we can obtain that for all

sufficiently large n,

max
1≤i≤p

‖w̃i‖2 ≤ max
1≤i≤p

‖w∗i ‖2 + max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ c,

which concludes the proof of Lemma 8.
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G.9 Lemma 9 and its proof

Lemma 9. Assume that all the conditions of Theorem 1 are satisfied. For δ̃1 defined in

(A.5) and an arbitrary a ∈ Rp, with probability at least 1− θn,p,q, we have that

|aTW̃1δ̃1| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
,

where θn,p,q is given in (10) and c is some positive constant.

Proof. Notice that

|aTW̃1δ̃1| = |aTW̃1z̃
−1
11 Σ̂ũ2ṽ

T
2

{
(ṽ1 − v∗1)ũT1 − (ṽ2ũ

T
2 − v∗2u∗T2 )

}
Σ̂(ũ1 − u∗1)|

≤ |aTW̃1z̃
−1
11 Σ̂ũ2ṽ

T
2 (ṽ1 − v∗1)||ũT1 Σ̂(ũ1 − u∗1)|

+ |aTW̃1z̃
−1
11 Σ̂ũ2ṽ

T
2 (ṽ2ũ

T
2 − v∗2u∗T2 )Σ̂(ũ1 − u∗1)|.

We aim to bound the two terms introduced above under Condition 4 that the nonzero

eigenvalues d∗2i are at the constant level. For the first term above, it follows from Conditions

2–4 that

|aTW̃1z̃
−1
11 Σ̂ũ2ṽ

T
2 (ṽ1 − v∗1)||ũT1 Σ̂(ũ1 − u∗1)|

≤ |z̃−1
11 |‖aTW̃1‖2‖Σ̂ũ2‖2‖ṽ2‖2‖ṽ1 − v∗1‖2‖ũ1‖2‖Σ̂(ũ1 − u∗1)‖2

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
, (A.164)

where we have used Definition 2 with ‖ṽ2‖2 = 1, ‖ũ2‖2 ≤ c, parts (a)–(c) of Lemma 6, and

part (c) of Lemma 8.

For the second term above, let us first bound ‖ũ2ṽ
T
2 − u∗2v∗T2 ‖2. In light of part (a) of
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Definition 2 and part (a) of Lemma 6, we can deduce that

‖ũ2ṽ
T
2 − u∗2v∗T2 ‖2 ≤ ‖(ũ2 − u∗2)v∗T2 ‖2 + ‖ũ2(ṽ2 − v∗2)T‖2

≤ ‖ũ2 − u∗2‖2‖v∗2‖2 + ‖ũ2‖2‖ṽ2 − v∗2‖2

≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
.

Then similar to (A.164), it holds that

|aTW̃1z̃
−1
11 Σ̂ũ2ṽ

T
2 (ṽ2ũ

T
2 − v∗2u∗T2 )Σ̂(ũ1 − u∗1)|

≤ |z̃−1
11 |‖aTW̃1‖2‖Σ̂ũ2‖2‖ṽ2‖2‖ũ2ṽ

T
2 − u∗2v∗T2 ‖2‖Σ̂(ũ1 − u∗1)‖2

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
.

Thus, combining the above results yields that

|aTW̃1δ̃1| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
,

which completes the proof of Lemma 9.

G.10 Lemma 10 and its proof

Lemma 10. Assume that all the conditions of Theorem 1 are satisfied. For M̃1 =

−z̃−1
11 Σ̂ũ2ṽ

T
2 , W̃1 = Θ̂{Ip + (z̃11 − z̃22)−1Σ̂ũ2ũ

T
2 }, and an arbitrary a ∈ Rp, with prob-

ability at least 1− θn,p,q with θn,p,q given in (10), it holds that

|aTW̃1M̃1v
∗
2u
∗T
2 Σ̂u∗1| = o(‖a‖1/2

0 ‖a‖2n
−1/2).
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Proof. Recall that M̃1 = −z̃−1
11 Σ̂ũ2ṽ

T
2 . Under Condition 4 that d∗2i are at the constant

level, parts (b) and (c) of Lemma 6 show that ‖Σ̂ũ2‖2 ≤ c and |z̃−1
11 | ≤ c. Since ‖ṽ2‖2 = 1

due to Definition 2, we can obtain that

‖M̃1‖2 ≤ ‖z̃−1
11 Σ̂ũ2ṽ

T
2 ‖2 ≤ |z̃−1

11 |‖Σ̂ũ2‖2‖ṽ2‖2 ≤ c. (A.165)

It further holds that

|aTW̃1M̃1v
∗
2u
∗T
2 Σ̂u∗1| ≤ ‖aTW̃1‖2‖M̃1‖2‖v∗2‖2|u∗T2 Σ̂u∗1|

≤ c‖a‖1/2
0 ‖a‖2|l∗T2 Σ̂l∗1|, (A.166)

where we have used ‖aTW̃1‖2 ≤ c‖a‖1/2
0 ‖a‖2 in Lemma 8, ‖v∗2‖2 = 1, and |u∗T2 Σ̂u∗1| ≤

c|l∗T2 Σ̂l∗1|. Therefore, under Condition 4 we have that

|aTW̃1M̃1v
∗
2u
∗T
2 Σ̂u∗1| = o(‖a‖1/2

0 ‖a‖2n
−1/2),

which concludes the proof of Lemma 10.

G.11 Lemma 11 and its proof

Lemma 11. Assume that all the conditions of Theorem 1 are satisfied. For ε̃1 defined in

(A.4), h1 defined in (A.11), and any a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1}, with

probability at least 1− θn,p,q it holds that

| − aTW̃1ε̃1 − h1/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)},

where θn,p,q is given in (10) and c is some positive constant.
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Proof. Observe that

| − aTW̃1ε̃1 − h1/
√
n|

≤ n−1|aTW̃1M̃1E
TXũ1 − aTW∗

1M
∗
1E

TXu∗1|+ n−1|aT (W̃1 −W∗
1)XTEv∗1|

≤ n−1|aTW̃1M̃1E
TX(ũ1 − u∗1)|+ n−1|(aTW̃1M̃1 − aTW∗

1M
∗
1)ETXu∗1|

+ n−1|aT (W̃1 −W∗
1)XTEv∗1|. (A.167)

We aim to bound the three terms introduced above separately. Let us first show that

aTW̃1M̃1, aTW̃1M̃1−aTW∗
1M

∗
1, and aT (W̃1−W∗

1) are all s-sparse with s = c(r∗+su+sv).

Recall that M̃1 = −z̃−1
11 Σ̂ũ2ṽ

T
2 and M∗

1 = −z∗−1
11 Σ̂u∗2v

∗T
2 . It follows from part (b) of Lemma

6 and ‖v∗2‖0 ≤ sv that

‖aTW̃1M̃1‖0 = ‖(z̃−1
11 a

TW̃1Σ̂l̃2) · d̃2ṽ
T
2 ‖0

≤ ‖d̃2ṽ2‖0 ≤ ‖v∗2‖0 + ‖d̃2(ṽ2 − v∗2)‖0

≤ c(r∗ + su + sv) (A.168)

and

‖aTW̃1M̃1 − aTW∗
1M

∗
1‖0 ≤ ‖(z̃−1

11 a
TW̃1Σ̂l̃2) · d̃2ṽ

T
2 ‖0 + ‖(z∗−1

11 a
TW∗

1Σ̂u
∗
2) · v∗T2 ‖0

≤ ‖d̃2ṽ2‖0 + ‖v∗2‖0 ≤ c(r∗ + su + sv). (A.169)
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Further, from the definitions of W̃1 and W∗
1, we have that

‖aT (W̃1 −W∗
1)‖0 = ‖(aT Θ̂(z̃11 − z̃22)−1Σ̂ũ2) · ũT2 − (aT Θ̂(z∗11 − z∗22)−1Σ̂u∗2) · u∗T2 ‖0

≤ ‖ũT2 ‖0 + ‖u∗T2 ‖0 ≤ 2‖u∗2‖0 + ‖ũ2 − u∗2‖0

≤ c(r∗ + su + sv), (A.170)

where the last step above is due to Definition 2 and ‖u∗2‖0 ≤ su. Hence, combining (A.167)–

(A.170) leads to

| − aTW̃1ε̃1 − h1/
√
n| ≤ ‖aTW̃1‖2‖M̃1‖2‖n−1ETX(ũ1 − u∗1)‖2,s

+ ‖aTW̃1M̃1 − aTW∗
1M

∗
1‖2‖n−1ETXu∗1‖2,s

+ ‖aT (W̃1 −W∗
1)‖2‖n−1XTEv∗1‖2,s

=: A1 + A2 + A3. (A.171)

We will provide the upper bounds for the three terms A1, A2, and A3 introduced in (A.171)

above separately.

We start with bounding n−1‖ETX(ũ1 − u∗1)‖2,s, n
−1‖ETXu∗1‖2,s, and n−1‖XTEv∗1‖2,s.

From n−1‖XTE‖max ≤ c{n−1 log(pq)}1/2 and Definition 2, we can deduce that

n−1‖ETX(ũ1 − u∗1)‖max ≤ n−1‖ETX‖max‖ũ1 − u∗1‖1

≤ n−1‖ETX‖max‖ũ1 − u∗1‖
1/2
0 ‖ũ1 − u∗1‖2 ≤ c(r∗ + su + sv)η

2
n{n−1 log(pq)},

n−1‖ETXu∗1‖max ≤ n−1‖ETX‖max‖u∗1‖
1/2
0 ‖u∗1‖2 ≤ cs1/2

u {n−1 log(pq)}1/2d∗1,

n−1‖XTEv∗1‖max ≤ n−1‖XTE‖max‖v∗1‖
1/2
0 ‖v∗1‖2 ≤ cs1/2

v {n−1 log(pq)}1/2.
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Then it follows that

n−1‖ETX(ũ1 − u∗1)‖2,s ≤ s1/2n−1‖ETX(ũ1 − u∗1)‖max ≤ cs3/2η2
n{n−1 log(pq)}, (A.172)

n−1‖ETXu∗1‖2,s ≤ cs1/2s1/2
u {n−1 log(pq)}1/2d∗1, (A.173)

n−1‖XTEv∗1‖2,s ≤ cs1/2s1/2
v {n−1 log(pq)}1/2. (A.174)

Using part (c) of Lemma 8, ‖a‖0 = m, and ‖a‖2 = 1, we can show that

‖aTW̃1‖2 ≤ cm1/2, (A.175)

‖aT (W̃1 −W∗
1)‖2 ≤ cm1/2(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2. (A.176)

Further, for M̃1 = −z̃−1
11 Σ̂ũ2ṽ

T
2 and M∗

1 = −z∗−1
11 Σ̂u∗2v

∗T
2 , it holds that

‖M̃1‖2 ≤ ‖z̃−1
11 Σ̂ũ2ṽ

T
2 ‖2 ≤ |z̃−1

11 |‖Σ̂ũ2‖2‖ṽ2‖2 ≤ cd∗−2
1 d∗2, (A.177)

‖M∗
1‖2 ≤ ‖z∗−1

11 Σ̂u∗2v
∗T
2 ‖2 ≤ |z∗−1

11 |‖Σ̂u∗2‖2‖v∗2‖2 ≤ cd∗−2
1 d∗2, (A.178)

where we have used the results in parts (c) and (d) of Lemma 6. Hence, combining (A.172),

(A.175), and (A.177), for term A1 above we can obtain that

A1 = ‖aTW̃1‖2‖M̃1‖2‖n−1ETX(ũ1 − u∗1)‖2,s

≤ cm1/2(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}d∗2d∗−2
1 . (A.179)
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With the aid of (A.174) and (A.176), it also holds that

A3 = ‖aT (W̃1 −W∗
1)‖2‖n−1XTEv∗1‖2,s

≤ cm1/2(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}. (A.180)

It remains to bound term A2 above. From Lemma 6 and ‖v∗2‖2 = 1, we see that

‖Σ̂u∗2v∗T2 ‖2 ≤ ‖Σ̂u∗2‖2‖v∗T2 ‖2 ≤ cd∗2,

‖Σ̂ũ2ṽ
T
2 − Σ̂u∗2v

∗T
2 ‖2 ≤ ‖Σ̂(ũ2 − u∗2)‖2‖v∗T2 ‖2 + ‖Σ̂ũ2‖2‖(ṽ2 − v∗2)T‖2

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.

Together with the upper bounds for |z̃−1
11 | and |z̃−1

11 − z∗−1
11 | in Lemma 6, it holds that

‖M̃1 −M∗
1‖2 = ‖z̃−1

11 Σ̂ũ2ṽ
T
2 − z∗−1

11 Σ̂u∗2v
∗T
2 ‖2

≤ |z̃−1
11 |‖Σ̂ũ2ṽ

T
2 − Σ̂u∗2v

∗T
2 ‖2 + |z̃−1

11 − z∗−1
11 |‖Σ̂u∗2v∗T2 ‖2

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−2
1 , (A.181)

Then a combination of (A.175), (A.176), (A.178), and (A.181) results in

‖aTW̃1M̃1 − aTW∗
1M

∗
1‖2 ≤ ‖aTW̃1(M̃1 −M∗

1)‖2 + ‖(aTW̃1 − aTW∗
1)M∗

1‖2

≤ ‖aTW̃1‖2‖M̃1 −M∗
1‖2 + ‖aT (W̃1 −W∗

1)‖2‖M∗
1‖2

≤ cm1/2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−2
1 . (A.182)
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With the aid of (A.173) and (A.182), we can deduce that

A2 = ‖aTW̃1M̃1 − aTW∗
1M

∗
1‖2‖n−1ETXu∗1‖2,s

≤ cm1/2(r∗ + su + sv)
3/2η2

n{n−1 log(pq)}d∗−1
1 . (A.183)

Therefore, combining (A.171), (A.179), (A.183), and (A.180) yields that

| − aTW̃1ε̃1 − h1/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}d∗−1

1 . (A.184)

Furthermore, under Condition 4 that d∗1 is at the constant level, we have that

| − aTW̃1ε̃1 − h1/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)},

which completes the proof of Lemma 11.

G.12 Lemma 12 and its proof

Lemma 12. Assume that all the conditions of Theorem 1 are satisfied. Then for each

given k with 1 ≤ k ≤ r∗, with probability at least 1 − θn,p,q with θn,p,q given in (10), both

Ir∗−1− z̃−1
kk ŨT

−kΣ̂Ũ−k and Ir∗−1− z∗−1
kk U∗T−kΣ̂U∗−k are nonsingular. Moreover, W̃k and W∗

k

introduced in (A.18) and (A.20), respectively, are well-defined.

Proof. We will first analyze matrix Ir∗−1− z̃−1
kk ŨT

−kΣ̂Ũ−k, which is equivalent to analyzing

the nonsingularity of matrix A =: z̃kkIr∗−1 − ŨT
−kΣ̂Ũ−k. For simplicity, denote by A =

(aij) ∈ R(r∗−1)×(r∗−1) with i, j ∈ A = {1 ≤ ` ≤ r∗ : ` 6= k}. It can be seen that for each
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i, j ∈ A,

aij =


z̃kk − z̃ii if i = j,

−z̃ij if i 6= j.

(A.185)

From Lemma 7, we have that
∑

j∈A, j 6=i |aij| = o(|a``|) for any i, ` ∈ A. Then it holds that

|aii| >
∑

j∈A, j 6=i

|aij| for all i ∈ A,

which shows that A is strictly diagonally dominant. Using the Levy–Desplanques Theorem

in Horn and Johnson (2012), we see that matrix A is nonsingular, which entails that Ir∗−1−

z̃−1
kk ŨT

−kΣ̂Ũ−k is nonsingular. Moreover, with similar arguments we can also show that

Ir∗−1 − z∗−1
kk U∗T−kΣ̂U∗−k is strictly diagonally dominant and thus is nonsingular. Therefore,

we see that both W̃k and W∗
k are well-defined and satisfy the property in Proposition 3,

which concludes the proof of Lemma 12.

G.13 Lemma 13 and its proof

Lemma 13. Assume that all the conditions of Theorem 1 are satisfied. For each given k

with 1 ≤ k ≤ r∗, with probability at least 1− θn,p,q with θn,p,q given in (10), it holds that

‖U∗−k‖2 ≤ cd∗1, ‖Σ̂U∗−k‖2 ≤ cd∗1, ‖Ũ−k‖2 ≤ cd∗1, ‖Σ̂Ũ−k‖2 ≤ cd∗1,

‖Σ̂(Ũ−k −U∗−k)‖2 ≤ cγn, ‖Σ̂(C̃−k −C∗−k)‖2 ≤ cγn, ‖C̃−k −C∗−k‖2 ≤ cγn.
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Moreover, for M̃k = −z̃−1
kk Σ̂C̃−k and M∗

k = −z∗−1
kk Σ̂C∗−k, we have that

‖M∗
k‖2 ≤ cd∗−2

k d∗1, ‖M̃k‖2 ≤ cd∗−2
k d∗1, ‖M̃k −M∗

k‖2 ≤ cγnd
∗−3
k d∗1,

where c is some positive constant.

Proof. Let us first bound terms ‖Σ̂U∗−k‖2 and ‖Σ̂Ũ−k‖2. By definition, it holds that

‖U∗−k‖0 ≤ ‖U∗‖0 = su. For any vector x ∈ Rr∗−1, we see that ‖U∗−kx‖0 ≤ su. It follows

from the definition of the induced 2-norm and Condition 2 that

‖Σ̂U∗−k‖2 = sup
xTx=1

‖Σ̂U∗−kx‖2 ≤ c sup
xTx=1

‖U∗−kx‖2 ≤ c‖U∗−k‖2. (A.186)

Since U∗T−kU
∗
−k = D∗2−k with D∗2−k = diag{d∗21 , · · · , d∗2k−1, d

∗2
k+1, · · · , d∗2r∗}, we can show that

sup
xTx=1

‖U∗−kx‖2
2 = sup

xTx=1

xTU∗T−kU
∗
−kx = sup

xTx=1

xTD∗2−kx ≤ d∗21 , (A.187)

which leads to ‖U∗−k‖2 ≤ cd∗1. It also implies that ‖Σ̂U∗−k‖2 ≤ cd∗1.

In view of Definition 2, we have that

‖Ũ−k −U∗−k‖0 ≤ ‖Ũ−U∗‖0 ≤ 2(r∗ + su + sv),

‖Ũ−k −U∗−k‖2 ≤ ‖Ũ−k −U∗−k‖F ≤ ‖Ũ−U∗‖F ≤ cγn.

Then using similar arguments as for (A.186), we can deduce that

‖Σ̂(Ũ−k −U∗−k)‖2 ≤ c‖Ũ−k −U∗−k‖2 ≤ cγn.
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Hence, for sufficiently large n it holds that

‖Ũ−k‖2 ≤ ‖Ũ−k −U∗−k‖2 + ‖U∗−k‖2 ≤ cd∗1,

‖Σ̂Ũ−k‖2 ≤ ‖Σ̂(Ũ−k −U∗−k)‖2 + ‖Σ̂U∗−k‖2 ≤ cd∗1.

For term ‖Σ̂(C̃−k −C∗−k)‖2 above, it follows that

‖Σ̂(C̃−k −C∗−k)‖2 = ‖Σ̂(Ũ−kṼ
T
−k −U∗−kV

∗T
−k)‖2

≤ ‖Σ̂Ũ−k(Ṽ−k −V∗−k)
T‖2 + ‖Σ̂(Ũ−k −U∗−k)V

∗T
−k‖2

≤ ‖Σ̂L̃−k‖2‖D̃−k(Ṽ−k −V∗−k)
T‖2 + ‖Σ̂(Ũ−k −U∗−k)‖2‖V∗T−k‖2. (A.188)

Note that L̃T
−kL̃−k = I. An application of similar arguments as for (A.186) and (A.187)

leads to

‖Σ̂L̃−k‖2 ≤ c.

For term ‖(Ṽ−k −V∗−k)D̃−k‖2 above, we can deduce that

‖(Ṽ−k −V∗−k)D̃−k‖2 ≤ ‖Ṽ−kD̃−k −V∗−kD
∗
−k‖2 + ‖Ṽ−k‖2‖D̃−k −D∗−k‖2

≤ ‖Ṽ−kD̃−k −V∗−kD
∗
−k‖F + ‖D̃−k −D∗−k‖F

≤ ‖ṼD̃−V∗D∗‖F + ‖D̃−D∗‖F ≤ cγn,

where we have used Definition 2 and ‖Ṽ−k‖2 = 1. Along with ‖V∗−k‖2 = 1 and ‖Σ̂(Ũ−k −

U∗−k)‖2 ≤ cγn, it yields that

‖Σ̂(C̃−k −C∗−k)‖2 ≤ cγn. (A.189)
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Further, using similar arguments we can obtain that

‖C̃−k −C∗−k‖2 = ‖Ũ−kṼT
−k −U∗−kV

∗T
−k‖2

≤ ‖Ũ−k(Ṽ−k −V∗−k)
T‖2 + ‖(Ũ−k −U∗−k)V

∗T
−k‖2

≤ ‖L̃−k‖2‖D̃−k(Ṽ−k −V∗−k)
T‖2 + ‖Ũ−k −U∗−k‖2‖V∗T−k‖2.

≤ cγn. (A.190)

Observe that M̃k = −z̃−1
kk Σ̂Ũ−kṼ

T
−k and M∗

k = −z∗−1
kk Σ̂U∗−kV

∗T
−k. For M̃k = −z̃−1

kk Σ̂C̃−k,

it holds that

‖M̃k‖2 ≤ |z̃−1
kk |‖Σ̂Ũ−kṼ

T
−k‖2 ≤ |z̃−1

kk |‖Σ̂Ũ−k‖2‖ṼT
−k‖2

≤ cd∗−2
k d∗1,

where we have used part (c) of Lemma 6, ‖Σ̂Ũ−k‖2 ≤ cd∗1, and ‖Ṽk‖2 = 1. With the aid

of similar arguments, we can show that

‖M∗
k‖2 ≤ cd∗−2

k d∗1.

For term ‖M̃k −M∗
k‖2, it follows from part (c) of Lemma 6, (A.189), ‖Σ̂U∗−k‖2 ≤ cd∗k+1,

and ‖V∗−k‖2 = 1 that

‖M̃k −M∗
k‖2 ≤ |z̃−1

kk − z
∗−1
kk |‖Σ̂U∗−k‖2‖(V∗−k)T‖2 + |z∗−1

kk |‖Σ̂(C̃−k −C∗−k)‖2

≤ cγnd
∗
1d
∗−3
k .

This completes the proof of Lemma 13.
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G.14 Lemma 14 and its proof

Lemma 14. Assume that all the conditions of Theorem 1 are satisfied. For an arbitrary

a ∈ Rp and W̃k and W∗
k given in (A.18) and (A.20), respectively, with probability at least

1− θn,p,q with θn,p,q given in (10), we have that

(a) max1≤i≤p ‖w∗i ‖0 ≤ 2 max{smax, r
∗ + su + sv},

max1≤i≤p ‖w̃i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)},

max1≤i≤p ‖w̃i −w∗i ‖0 ≤ 3(r∗ + su + sv);

(b) max1≤i≤p ‖w∗i ‖2 ≤ c, max1≤i≤p ‖w̃i‖2 ≤ c,

max1≤i≤p ‖w̃i −w∗i ‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2;

(c) ‖aTW∗
k‖2 ≤ c‖a‖1/2

0 ‖a‖2;

(d) ‖aT (W̃k −W∗
k)‖2 ≤ c‖a‖1/2

0 ‖a‖2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2;

(e) ‖aTW̃k‖2 ≤ c‖a‖1/2
0 ‖a‖2,

where w̃T
i and w∗Ti are the ith rows of W̃k and W∗

k, respectively, with i = 1, · · · , p, and c

is some positive constant.

Proof. Similar to the proof of Lemma 8 in Section G.8, with the aid of (A.158)–(A.160)

we can obtain immediately the results in parts (c)–(e) once the results in parts (a) and (b)

are shown. Hence, it remains to establish parts (a) and (b). We start with proving part

(a). Let us recall that

W̃k = Θ̂
{

Ip + z̃−1
kk Σ̂Ũ−k(Ir∗−1 − z̃−1

kk ŨT
−kΣ̂Ũ−k)

−1ŨT
−k

}
,

W∗
k = Θ̂

{
Ip + z∗−1

kk Σ̂U∗−k(Ir∗−1 − z∗−1
kk U∗T−kΣ̂U∗−k)

−1U∗T−k

}
.
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Denote by Ã = (z̃kkIr∗−1 − ŨT
−kΣ̂Ũ−k)

−1 and A∗ = (z∗kkIr∗−1 − U∗T−kΣ̂U∗−k)
−1. Then it

holds that

wT
i = θ̂Ti (Ip + Σ̂Ũ−kÃŨT

−k) and w∗Ti = θ̂Ti (Ip + Σ̂U∗−kA
∗U∗T−k),

where θ̂Ti represents the ith row of Θ̂. Let δTi = θ̂Ti Σ̂Ũ−kÃ with δi = (δij). It follows from

‖U∗‖0 = su and part (b) of Definition 2 that

max
1≤i≤p

‖θ̂Ti Σ̂Ũ−kÃŨT
−k‖0 = max

1≤i≤p
‖δTi ŨT

−k‖0 = max
1≤i≤p

‖
∑

1≤j≤r∗
j 6=k

δijũ
T
j ‖0

≤
∑

1≤j≤r∗
j 6=k

‖ũj‖0 ≤ ‖Ũ‖0 ≤ ‖Ũ−U∗‖0 + ‖U∗‖0

≤ 2(r∗ + su + sv) + su ≤ 3(r∗ + su + sv). (A.191)

Also, by Definition 1 we see that max1≤i≤p ‖θ̂i‖0 ≤ smax. Thus, it holds that

max
1≤i≤p

‖w̃i‖0 ≤ max
1≤i≤p

‖θ̂i‖0 + max
1≤i≤p

‖θ̂Ti Σ̂Ũ−kÃŨT
−k‖0

≤ 2 max{smax, 3(r∗ + su + sv)}.

Similar to (A.191), we can show that

max
1≤i≤p

‖θ̂Ti Σ̂U∗−kA
∗U∗T−k‖0 ≤ ‖U∗‖0 ≤ su ≤ r∗ + su + sv. (A.192)

It follows that

max
1≤i≤p

‖w∗i ‖0 ≤ max
1≤i≤p

‖θ̂i‖0 + ‖U∗‖0 ≤ 2 max{smax, (r
∗ + su + sv)}.
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Let us further denote by δ∗Ti = θ̂Ti Σ̂U∗−kA
∗. Then using similar arguments as for (A.191)

and (A.192), we can deduce that

max
1≤i≤p

‖w̃i −w∗i ‖0 ≤ max
1≤i≤p

‖θ̂Ti Σ̂Ũ−kÃŨT
−k − θ̂Ti Σ̂U∗−kA

∗U∗T−k‖0

≤ max
1≤i≤p

‖δTi (Ũ−k −U∗−k)
T + (δi − δ∗i )TU∗T−k‖0

≤ max
1≤i≤p

‖δTi (Ũ−k −U∗−k)
T‖0 + max

1≤i≤p
‖(δi − δ∗i )TU∗T−k‖0

≤ ‖Ũ−U∗‖0 + ‖U∗‖0 ≤ 3(r∗ + su + sv),

which completes the proof for part (a).

We next proceed with proving part (b), which will consist of two parts.

(1). The upper bound on max1≤i≤p ‖w∗i ‖2. In light of Definition 1 that max1≤i≤p ‖θ̂i‖2 ≤

c, it holds that

max
1≤i≤p

‖w∗i ‖2 ≤ max
1≤i≤p

‖θ̂i‖2 + max
1≤i≤p

‖θ̂iΣ̂U∗−kA
∗U∗T−k‖2

≤ c(1 + ‖Σ̂U∗−k‖2‖A∗‖2‖U∗T−k‖2). (A.193)

We will bound term ‖A∗‖2. Denote by A0 = (A∗)−1 = z∗kkIr∗−1 − U∗T−kΣ̂U∗−k. Then

using the technical arguments in the proof of Lemma 12 in Section G.12, we can see that

A0 = z∗kkIr∗−1 − U∗T−kΣ̂U∗−k = (aij) is symmetric and strictly diagonally dominant, and

aii = z∗kk − z∗ii, aij = −z∗ij for each i 6= j. Moreover, we have that
∑

j 6=i |aij| = o(|aii|). Let

us define

α1 = min
i

(|aii| −
∑
j 6=i

|aij|) and α2 = min
i

(|aii| −
∑
j 6=i

|aji|).

Then it holds that α1 = α2 � mini |aii| = mini 6=k |z∗kk − z∗ii|. It follows from (A.151) and
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(A.152) in the proof of Lemma 7 that for each i ∈ {1, · · · , r∗},

z∗ii − z∗i+1,i+1 ≥ d∗2i ρl − d∗2i+1ρu ≥ c0ρud
∗2
i ≥ c,

which entails that z∗ii > z∗i+1,i+1. We can further see that

min
i 6=k
|z∗kk − z∗ii| = min{|z∗k−1,k−1 − z∗kk|, |z∗kk − z∗k+1,k+1|} ≥ c.

Since (A∗)−1 = A0 is symmetric and strictly diagonally dominant, an application of

Corollary 2 in Varah (1975) leads to

‖A∗‖2 = ‖A−1
0 ‖2 ≤

1
√
α1α2

≤ c(min
i 6=k
|z∗kk − z∗ii|)−1 ≤ c. (A.194)

Also, in light of Lemma 13 we have that

‖Σ̂U∗−k‖2 ≤ cd∗1 and ‖U∗−k‖2 ≤ cd∗1. (A.195)

Hence, under Condition 4 that the nonzero eigenvalues d∗2i are at the constant level and

Definition 1 that max1≤i≤p ‖θ̂i‖2 ≤ c, combining (A.194)–(A.195) yields that

max
1≤i≤p

‖θ̂iΣ̂U∗−kA
∗U∗T−k‖2 ≤ max

1≤i≤p
‖θ̂i‖2‖Σ̂U∗−k‖2‖A∗‖2‖U∗T−k‖2 ≤ c, (A.196)

which further results in

max
1≤i≤p

‖w∗i ‖2 ≤ c.
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(2). The upper bounds on max1≤i≤p ‖w̃i − w∗i ‖2 and max1≤i≤p ‖w̃i‖2. For term

max1≤i≤p ‖w̃i −w∗i ‖2 above, in view of Definition 1 that max1≤i≤p ‖θ̂i‖2 ≤ c, it holds that

max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ max
1≤i≤p

‖θ̂Ti ‖2‖Σ̂Ũ−kÃŨT
−k − Σ̂U∗−kA

∗U∗T−k‖2

≤ c‖Σ̂Ũ−kÃŨT
−k − Σ̂U∗−kA

∗U∗T−k‖2. (A.197)

Some simple calculations give that

Σ̂Ũ−kÃŨT
−k − Σ̂U∗−kA

∗U∗T−k

= (Σ̂Ũ−k − Σ̂U∗−k)ÃŨT
−k + Σ̂U∗−k(Ã−A∗)ŨT

−k

+ Σ̂U∗−kA
∗(ŨT

−k −U∗T−k). (A.198)

We aim to bound the three terms on the right-hand side of (A.198) above.

Recall that Ã = (z̃kkIr∗−1 − ŨT
−kΣ̂Ũ−k)

−1. Observe that Ã0 = Ã−1 = z̃kkIr∗−1 −

ŨT
−kΣ̂Ũ−k is also symmetric and strictly diagonally dominant from the proof of Lemma

12. Using similar arguments as for (A.194), we can deduce that

‖Ã‖2 = ‖Ã−1
0 ‖2 ≤ c. (A.199)

By Definition 2, we have that

‖Ũ−k −U∗−k‖2 ≤ ‖Ũ−k −U∗−k‖F ≤ ‖Ũ−U∗‖F ≤ cγn. (A.200)
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An application of Lemma 13 leads to

‖Σ̂Ũ−k‖2 ≤ cd∗1, ‖Ũ−k‖2 ≤ cd∗1, (A.201)

‖Σ̂(Ũ−k −U∗−k)‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.202)

Notice that Condition 4 implies that the nonzero eigenvalues d∗2i are at the constant

level. A combination of (A.199)–(A.202) yields that

‖(Σ̂Ũ−k − Σ̂U∗−k)ÃŨT
−k‖2 ≤ ‖Σ̂(Ũ−k −U∗−k)‖2‖Ã‖2‖ŨT

−k‖2

≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.203)

Moreover, it follows from (A.194), (A.195), and (A.200) that

‖Σ̂U∗−kA
∗(ŨT

−k −U∗T−k)‖2 ≤ ‖Σ̂U∗−k‖2‖A∗‖2‖Ũ−k −U∗−k‖2

≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.204)

We proceed with bounding term ‖Ã−A∗‖2 above. From (A.194) and (A.199), we see

that ‖A−1
0 ‖2 = ‖A∗‖2 ≤ c and ‖Ã−1

0 ‖2 = ‖Ã‖2 ≤ c. Then it holds that

‖Ã−A∗‖2 = ‖Ã−1
0 −A−1

0 ‖2 = ‖Ã−1
0 (A0 − Ã0)A−1

0 ‖2

≤ ‖Ã−1
0 ‖2‖A0 − Ã0‖2‖A−1

0 ‖2 ≤ c‖A0 − Ã0‖2. (A.205)
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It remains to bound term ‖A0 − Ã0‖2 above. Note that

‖Ã0 −A0‖2 = ‖(z̃kkIr∗−1 − ŨT
−kΣ̂Ũ−k)− (z∗kkIr∗−1 −U∗T−kΣ̂U∗−k)‖2

≤ |z̃kk − z∗kk|+ ‖ŨT
−kΣ̂Ũ−k −U∗T−kΣ̂U∗−k‖2.

In light of (A.195), (A.200), and (A.201), we have that

‖ŨT
−kΣ̂Ũ−k −U∗T−kΣ̂U∗−k‖2 ≤ ‖ŨT

−k(Σ̂Ũ−k − Σ̂U∗−k)‖2

+ ‖(ŨT
−k −U∗T−k)Σ̂U∗−k‖2

≤ ‖ŨT
−k‖2‖Σ̂Ũ−k − Σ̂U∗−k‖2 + ‖ŨT

−k −U∗T−k‖2‖Σ̂U∗−k‖2

≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2.

Together with the upper bound of |z̃kk − z∗kk| in Lemma 6, it yields that

‖Ã0 −A0‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2,

which further entails that

‖Ã−A∗‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.206)

For term Σ̂U∗−k(Ã−A∗)ŨT
−k above, it follows from (A.195), (A.201), and (A.206) that

‖Σ̂U∗−k(Ã−A∗)ŨT
−k‖2 ≤ ‖Σ̂U∗−k‖2‖Ã−A∗‖2‖ŨT

−k‖2

≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.207)
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Therefore, combining (A.197), (A.198), (A.203), (A.204), and (A.207) gives that

max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ c(r∗ + su + sv){n−1 log(pq)}1/2.

Moreover, from the triangle inequality we have that for sufficiently large n,

max
1≤i≤p

‖w̃i‖2 ≤ max
1≤i≤p

‖w̃i −w∗i ‖2 + max
1≤i≤p

‖w∗i ‖2 ≤ c,

which completes the proof of part (b). This concludes the proof of Lemma 14.

G.15 Lemma 15 and its proof

Lemma 15. Assume that all the conditions of Theorem 1 are satisfied. For δ̃k defined in

(A.17) and an arbitrary a ∈ Rp, with probability at least 1− θn,p,q it holds that

|aTW̃kδ̃k| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
,

where θn,p,q is given in (10) and c is some positive constant.

Proof. Observe that

|aTW̃kδ̃k| = |aTW̃kM̃k

{
(ṽk − v∗k)ũTk − (C̃T

−k −C∗T−k)
}

Σ̂(ũk − u∗k)|

≤ |aTW̃kM̃k(ṽk − v∗k)||ũTk Σ̂(ũk − u∗k)|

+ |aTW̃kM̃k(C̃
T
−k −C∗T−k)Σ̂(ũk − u∗k)|.

From Lemma 13, we have that ‖M̃k‖2 ≤ cd∗−2
k d∗1. It follows from Lemma 14 that ‖aTW̃k‖2 ≤
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c‖a‖1/2
0 ‖a‖2. Together with parts (a) and (b) of Lemma 6, it holds that

|aTW̃kM̃k(ṽk − v∗k)||ũTk Σ̂(ũk − u∗k)|

≤ ‖aTW̃k‖2‖M̃k‖2‖ṽk − v∗k‖2‖ũk‖2‖Σ̂(ũk − u∗k)‖2

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
d∗−2
k d∗1.

Further, by Lemma 13 we can obtain that

‖C̃−k −C∗−k‖2 ≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
.

Then it follows that

|aTW̃kM̃k(C̃
T
−k −C∗T−k)Σ̂(ũk − u∗k)|

≤ ‖aTW̃k‖2‖M̃k‖2‖C̃T
−k −C∗T−k‖2‖Σ̂(ũk − u∗k)‖2

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
d∗−2
k d∗1.

Combining the above results leads to

|aTW̃kδ̃k| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
d∗−2
k d∗1.

Thus, under Condition 4 that the nonzero eigenvalues d∗2i are at the constant level, we can

deduce that

|aTW̃kδ̃k| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n

{
n−1 log(pq)

}
,

which completes the proof of Lemma 15.
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G.16 Lemma 16 and its proof

Lemma 16. Assume that all the conditions of Theorem 1 are satisfied. For M̃k =

−z̃−1
kk Σ̂C̃−k and W̃k defined in (A.18) and an arbitrary a ∈ Rp, with probability at least

1− θn,p,q it holds that

|aTW̃kM̃kC
∗T
−kΣ̂u

∗
k| = o(‖a‖1/2

0 ‖a‖2n
−1/2),

where θn,p,q is given in (10) and c is some positive constant.

Proof. According to the construction that M̃k = −z̃−1
kk Σ̂C̃−k, it holds that

M̃kC
∗T
−kΣ̂u

∗
k =

∑
j 6=k

M̃kv
∗
ju
∗T
j Σ̂u∗k = −

∑
j 6=k

z̃−1
kk Σ̂

∑
i 6=k

ũiṽ
T
i v
∗
ju
∗T
j Σ̂u∗k

= −
∑
j 6=k

z̃−1
kk Σ̂

∑
i 6=k

ũiv
∗T
i v

∗
ju
∗T
j Σ̂u∗k −

∑
j 6=k

z̃−1
kk Σ̂

∑
i 6=k

ũi(ṽ
T
i − v∗Ti )v∗ju

∗T
j Σ̂u∗k

= −
∑
j 6=k

z̃−1
kk (Σ̂ũj +

∑
i 6=k

Σ̂ũi(ṽi − v∗i )Tv∗j )u∗Tj Σ̂u∗k, (A.208)

where the last step above has used v∗Ti v
∗
j = 0 for each i 6= j. For term

∑
i 6=k Σ̂ũi(ṽi−v∗i )Tv∗j

above, we can deduce that

‖
∑
i 6=k

Σ̂ũi(ṽi − v∗i )Tv∗j‖2 ≤
∑
i 6=k

‖Σ̂l̃i‖2‖d̃i(ṽi − v∗i )‖2‖v∗j‖2

≤ c
∑
i 6=k

‖d̃i(ṽi − v∗i )‖2 ≤ cr∗γn,

where we have used ‖Σ̂l̃i‖2 ≤ c due to Condition 2, ‖v∗j‖2 = 1, and parts (a) and (b) of
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Lemma 6. Recall the condition that m1/2κn = o(1) with

κn = max{s1/2
max, (r

∗ + su + sv)
1/2, η2

n}(r∗ + su + sv)η
2
n log(pq)/

√
n.

Then an application of similar arguments as for (A.157) leads to r∗γn = o(1).

Part (b) of Lemma 6 shows that ‖Σ̂ũj‖2 ≤ cd∗j . Since the nonzero eigenvalues d∗2i are

at the constant level by Condition 4, for sufficiently large n we have that

‖Σ̂ũj +
∑
i 6=k

Σ̂ũi(ṽi − v∗i )Tv∗j‖2 ≤ ‖Σ̂ũj‖2 + ‖
∑
i 6=k

Σ̂ũi(ṽi − v∗i )Tv∗j‖2

≤ cd∗j .

Together with |z̃−1
kk | ≤ cd∗−2

k in part (c) of Lemma 6, it follows that

‖M̃kC
∗T
−kΣ̂u

∗
k‖2 ≤

∑
j 6=k

|z̃−1
kk |
∥∥Σ̂ũj +

∑
i 6=k

Σ̂ũi(ṽi − v∗i )Tv∗j
∥∥

2
|u∗Tj Σ̂u∗k|

≤ c
∑
j 6=k

(d∗j/d
∗2
k )|u∗Tj Σ̂u∗k| = c

∑
j 6=k

(d∗2j /d
∗
k)|l∗Tj Σ̂l∗k|. (A.209)

Using Condition 4 that
∑

i 6=j |l∗Ti Σ̂l∗j | = o(n−1/2) and the nonzero eigenvalues d∗2i are at

the constant level, and Lemma 14 that ‖aTW̃k‖2 ≤ c‖a‖1/2
0 ‖a‖2, we can obtain that

|aTW̃kM̃kC
∗T
−kΣ̂u

∗
k| ≤ ‖aTW̃k‖2‖M̃kC

∗T
−kΣ̂u

∗
k‖2

= o(‖a‖1/2
0 ‖a‖2n

−1/2).

This concludes the proof of Lemma 16.
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G.17 Lemma 17 and its proof

Lemma 17. Assume that all the conditions of Theorem 1 are satisfied. For ε̃k defined in

(A.16), hk defined in (A.19), and any a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1}, with

probability at least 1− θn,p,q we have that

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)},

where θn,p,q is given in (10) and c is some positive constant.

Proof. The proof of Lemma 17 follows similar technical arguments as in the proof of

Lemma 11 in Section G.11. We will first show that aTW̃kM̃k, a
TW̃kM̃k−aTW∗

kM
∗
k, and

aT (W̃k−W∗
k) are s-sparse with s = c(r∗+ su + sv). It follows from the sparsity of U∗ and

V∗ and (A.191) that

∑
1≤i≤r∗

‖u∗i ‖0 ≤ su,
∑

1≤i≤r∗
‖v∗i ‖0 ≤ sv,

∑
1≤i≤r∗

‖ũi‖0 ≤ c(r∗ + su + sv).

Also, in view of part (b) of Lemma 6, we have that

∑
1≤i≤r∗

‖d̃iṽi‖0 ≤
∑

1≤i≤r∗
‖d̃i(ṽi − v∗i )‖0 +

∑
1≤i≤r∗

‖v∗i ‖0 ≤ c(r∗ + su + sv).

Note that M̃k = −z̃−1
kk Σ̂

∑
i 6=k ũiṽ

T
i . With similar arguments as for (A.168)–(A.170), we
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can deduce that

‖aTW̃kM̃k‖0 = ‖
∑
i 6=k

(aTW̃kz̃
−1
ii Σ̂l̃i) · d̃iṽTi ‖0 ≤

∑
i 6=k

‖d̃iṽi‖0 ≤ c(r∗ + su + sv),

‖aTW̃kM̃k − aTW∗
kM

∗
k‖0 ≤

∑
i 6=k

‖d̃iṽi‖0 +
∑
i 6=k

‖v∗i ‖0 ≤ c(r∗ + su + sv),

‖aT (W̃k −W∗
k)‖0 ≤

∑
i 6=k

‖ũi‖0 +
∑
i 6=k

‖u∗i ‖0 ≤ c(r∗ + su + sv).

Then similar to (A.171), it holds that

| − aTW̃kε̃k − hk/
√
n| ≤ ‖aTW̃k‖2‖M̃k‖2‖n−1ETX(ũk − u∗k)‖2,s

+ ‖aTW̃kM̃k − aTW∗
kM

∗
k‖2‖n−1ETXu∗k‖2,s

+ ‖aT (W̃k −W∗
k)‖2‖n−1XTEv∗k‖2,s. (A.210)

An application of similar arguments as for (A.172)–(A.174) gives that

n−1‖ETX(ũk − u∗k)‖2,s ≤ cs3/2η2
n{n−1 log(pq)}, (A.211)

n−1‖ETXu∗k‖2,s ≤ cs1/2s1/2
u {n−1 log(pq)}1/2d∗k, (A.212)

n−1‖XTEv∗k‖2,s ≤ cs1/2s1/2
v {n−1 log(pq)}1/2. (A.213)

From Lemma 13, we have that

‖M∗
k‖2 ≤ cd∗−2

k d∗1, ‖M̃k‖2 ≤ cd∗−2
k d∗1, (A.214)

‖M̃k −M∗
k‖2 ≤ c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−3

k d∗1. (A.215)
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Along with parts (d) and (e) of Lemma 14, it follows that

‖aT (W̃k −W∗
k)‖2 ≤ cm1/2(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2,

‖aTW̃kM̃k − aTW∗
kM

∗
k‖2 ≤ ‖aTW̃k(M̃k −M∗

k)‖2 + ‖aT (W̃k −W∗
k)M

∗
k‖2

≤ ‖aTW̃k‖2‖M̃k −M∗
k‖2 + ‖aT (W̃k −W∗

k)‖2‖M∗
k‖2

≤ cm1/2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−2
k d∗1. (A.216)

Therefore, by (A.210)–(A.216), Lemma 14, and Condition 4 that the nonzero eigenvalues

d∗2i are at the constant level, we can obtain that

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}.

This completes the proof of Lemma 17.

G.18 Lemma 18 and its proof

Lemma 18. Assume that all the conditions of Theorem 4 are satisfied. For each given k

with 1 ≤ k < r∗, with probability at least 1− θn,p,q with θn,p,q given in (10), we have that

∑
k+1≤j≤r∗, j 6=i

|z∗ij| = o(|z∗kk − z∗ii|) and
∑

k+1≤j≤r∗, j 6=i

|z̃ij| = o(|z̃kk − z̃ii|)

for each i ∈ {k + 1, · · · , r∗}.

Proof. Let us first analyze terms |z∗kk − z∗ii| and |z̃kk − z̃ii|. For each i ∈ {k + 1, · · · , r∗}, in

view of Condition 2 we have that d∗2k ρl ≤ z∗kk ≤ d∗2k ρu and d∗2i ρl ≤ z∗ii ≤ d∗2i ρu, which lead
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to

d∗2k ρl − d∗2i ρu ≤ z∗kk − z∗ii ≤ d∗2k ρu − d∗2i ρl.

Since maxi d
∗
i = d∗k+1, using similar arguments as for (A.151) and (A.152), it holds that

min
i

(z∗kk − z∗ii) ≥ min
i

(d∗2k ρl − d∗2i ρu) = d∗2k ρl − d∗2k+1ρu ≥ cd∗2k . (A.217)

Further, from part (c) of Lemma 6 and d∗i < d∗k, we can obtain that

|(z̃kk − z̃ii)− (z∗kk − z∗ii)| ≤ |z̃kk − z∗kk|+ |z̃ii − z∗ii|

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗k.

By the assumption in Theorem 4 that m1/2κ
(k)
n = o(1), we have γn = o(1). Then for

sufficiently large n, it follows that

|z̃kk − z̃ii| ≥ |z∗kk − z∗ii| − |(z̃kk − z̃ii)− (z∗kk − z∗ii)| ≥ cd∗2k .

We next prove that
∑

k+1≤j≤r∗,j 6=i |z∗ij| = o(|z∗kk−z∗ii|). Observe that |z∗ij| = d∗i d
∗
j |l∗Ti Σ̂l∗j |.

For each i, j ∈ {k + 1, · · · , r∗}, when j < i, from Condition 5 we have that

(d∗2i /d
∗
j)|l∗Tj Σ̂l∗i | = o(n−1/2).

When j > i, similarly we can obtain that (d∗2j /d
∗
i )|l∗Tj Σ̂l∗i | = o(n−1/2). Then for each
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i ∈ {k + 1, · · · , r∗}, we can deduce that

∑
k+1≤j≤r∗, j 6=i

|z∗ij|
|z∗kk − z∗ii|

≤ c
∑

k+1≤j≤r∗, j 6=i

d∗i d
∗
j |l∗Ti Σ̂l∗j |
d∗2k

≤ c
∑

k+1≤j≤r∗, j<i

d∗2j
d∗i d
∗2
k

√
n

+ c
∑

k+1≤j≤r∗, j>i

d∗2i
d∗jd
∗2
k

√
n

≤ cr∗

dr∗
√
n
.

From Condition 3 that r∗γn = o(d∗r∗) and γn = (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2 ≥ n−1/2,

it holds that r∗n−1/2 = o(d∗r∗), which further leads to

∑
k+1≤j≤r∗, j 6=i

|z∗ij|
|z∗kk − z∗ii|

= o(1). (A.218)

It remains to show that
∑

k+1≤j≤r∗,j 6=i |z̃ij| = o(|z̃kk− z̃ii|). For term |z̃ij|, an application

of similar arguments as for (A.156) gives that

|z̃ij − z∗ij| = |ũTi Σ̂ũj − u∗Ti Σ̂u∗j | ≤ cγn max{d∗i , d∗j}.

It follows that

|z̃ij| ≤ |z∗ij|+ |z̃ij − z∗ij| = |z∗ij|+O(γn max{d∗i , d∗j}).

Since |z∗kk − z∗ii| ≥ cd∗2k and |z̃kk − z̃ii| ≥ cd∗2k , in light of (A.218) it suffices to show that∑
k+1≤j≤r∗, j 6=i γn max{d∗i , d∗j} = o(|z̃kk − z̃ii|). Since i, j ≥ k + 1 such that max{d∗i , d∗j} ≤

d∗k+1, we can show that

∑
k+1≤j≤r∗, j 6=i

max{d∗i , d∗j}γn
|z̃kk − z̃ii|

≤
cd∗k+1r

∗γn

d∗2k
≤ c

r∗γn
dk∗
≤ c

r∗γn
dr∗

= o(1),
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where we have used Condition 3 that r∗γn = o(d∗r∗). Therefore, it holds that

∑
k+1≤j≤r∗, j 6=i

|z̃ij|
|z̃kk − z̃ii|

= o(1),

which concludes the proof of Lemma 18.

G.19 Lemma 19 and its proof

Lemma 19. Assume that all the conditions of Theorem 4 are satisfied. For each given k

with 1 ≤ k ≤ r∗, with probability at least 1 − θn,p,q with θn,p,q given in (10), both Ir∗−k −

z̃−1
kk (Ũ(2))T Σ̂Ũ(2) and Ir∗−k− z∗−1

kk (U∗(2))T Σ̂U∗(2) are nonsingular. Moreover, W̃k and W∗
k

introduced in (A.75) and (A.77), respectively, are well-defined.

Proof. Let us first analyze term Ir∗−k − z̃−1
kk (Ũ(2))T Σ̂Ũ(2), which is equivalent to analyzing

the nonsingularity of matrix A =: z̃kkIr∗−k − (Ũ(2))T Σ̂Ũ(2) ∈ R(r∗−k)×(r∗−k). Denote by

A = (aij). Then we can see that for each i, j ∈ {k + 1, · · · , r∗},

aij =


z̃kk − z̃ii if i = j,

−z̃ij if i 6= j.

(A.219)

From Lemma 18, it holds that
∑

j 6=i |aij| = o(|aii|) for each i ∈ {k + 1, · · · , r∗}. Hence, it

follows that

|aii| >
∑
j 6=i

|aij|

for all i ∈ {k + 1, · · · , r∗}, which entails that matrix A is strictly diagonally dominant.

With the aid of the Levy–Desplanques Theorem in Horn and Johnson (2012), we see that

matrix A is nonsingular and thus matrix Ir∗−k − z̃−1
kk (Ũ(2))T Σ̂Ũ(2) is also nonsingular.

Moreover, using similar arguments we can also show that matrix Ir∗−k−z∗−1
kk (U∗(2))T Σ̂U∗(2)
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is nonsingular. Therefore, both W̃k and W∗
k are well-defined and satisfy the property in

Proposition 5, which completes the proof of Lemma 19.

G.20 Lemma 20 and its proof

Lemma 20. Assume that all the conditions of Theorem 4 are satisfied. For each given

k with 1 ≤ k ≤ r∗, M̃k = −z̃−1
kk Σ̂C̃(2), and M∗

k = −z∗−1
kk Σ̂C∗(2), with probability at least

1− θn,p,q we have that

‖M∗
k‖2 ≤ cd∗−2

k d∗k+1, ‖M̃k‖2 ≤ cd∗−2
k d∗k+1,

‖M̃k −M∗
k‖2 ≤ c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−2

k ,

where θn,p,q is given in (10) and c is some positive constant.

Proof. The proof of Lemma 20 is similar to that of Lemma 13 in Section G.13. Notice that

‖U∗(2)‖0 ≤ ‖U∗‖0 = su and (U∗(2))TU∗(2) = diag{d∗2k+1, · · · , d∗2r∗}. Using similar arguments

as for (A.186) and (A.187), we can obtain that

‖U∗(2)‖2 ≤ cd∗k+1 and ‖Σ̂U∗(2)‖2 ≤ cd∗k+1. (A.220)

From Definition 2, we have that

‖Ũ(2) −U∗(2)‖0 ≤ ‖Ũ−U∗‖0 ≤ 2(r∗ + su + sv),

‖Ũ(2) −U∗(2)‖2 ≤ ‖Ũ(2) −U∗(2)‖F ≤ ‖Ũ−U∗‖F ≤ cγn. (A.221)
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An application of similar arguments as for (A.186) leads to

‖Σ̂(Ũ(2) −U∗(2))‖2 ≤ c‖Ũ(2) −U∗(2)‖2 ≤ cγn. (A.222)

Then for sufficiently large n, it follows that

‖Ũ(2)‖2 ≤ ‖Ũ(2) −U∗(2)‖2 + ‖U∗(2)‖2 ≤ cd∗k+1, (A.223)

‖Σ̂Ũ(2)‖2 ≤ ‖Σ̂(Ũ(2) −U∗(2))‖2 + ‖Σ̂U∗(2)‖2 ≤ cd∗k+1. (A.224)

For M̃k = −z̃−1
kk Σ̂C̃(2), we can deduce that

‖M̃k‖2 ≤ |z̃−1
kk |‖Σ̂Ũ(2)(Ṽ(2))T‖2 ≤ |z̃−1

kk |‖Σ̂Ũ(2)‖2‖(Ṽ(2))T‖2

≤ cd∗−2
k d∗k+1,

where we have used part (c) of Lemma 6, ‖Σ̂Ũ(2)‖2 ≤ cd∗k+1, and ‖Ṽ(2)
k ‖2 = 1. With similar

arguments, we can show that

‖M∗
k‖2 ≤ cd∗−2

k d∗k+1.

For term ‖M̃k −M∗
k‖2, with the aid of similar arguments as for (A.188)–(A.189), it holds

that

‖Σ̂(C̃(2) −C∗(2))‖2 ≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
.

Together with part (c) of Lemma 6, ‖Σ̂U∗(2)‖2 ≤ cd∗k+1, and ‖(V∗(2))T‖2 = 1, we can obtain
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that

‖M̃k −M∗
k‖2 ≤ |z̃−1

kk − z
∗−1
kk |‖Σ̂U∗(2)‖2‖(V∗(2))T‖2 + |z∗−1

kk |‖Σ̂(C̃(2) −C∗(2))‖2

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−2
k .

This concludes the proof of Lemma 20.

G.21 Lemma 21 and its proof

Lemma 21. Assume that all the conditions of Theorem 4 are satisfied. For each given k

with 1 ≤ k ≤ r∗, an arbitrary a ∈ Rp, and W̃k and W∗
k defined in (A.75) and (A.77),

respectively, with probability at least 1− θn,p,q with θn,p,q given in (10), we have that

(a) max1≤i≤p ‖w∗i ‖0 ≤ 2 max{smax, r
∗ + su + sv},

max1≤i≤p ‖w̃i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)},

max1≤i≤p ‖w̃i −w∗i ‖0 ≤ 3(r∗ + su + sv);

(b) max1≤i≤p ‖w∗i ‖2 ≤ c, max1≤i≤p ‖w̃i‖2 ≤ c,

max1≤i≤p ‖w̃i −w∗i ‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗k+1d
∗−2
k ;

(c) ‖aTW∗
k‖2 ≤ c‖a‖1/2

0 ‖a‖2;

(d) ‖aT (W̃k −W∗
k)‖2 ≤ c‖a‖1/2

0 ‖a‖2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗k+1d
∗−2
k ;

(e) ‖aTW̃k‖2 ≤ c‖a‖1/2
0 ‖a‖2,

where we denote d∗r∗+1 = 0, w̃T
i and w∗Ti are the ith rows of W̃k and W∗

k, respectively, with

i = 1, · · · , p, and c is some positive constant.

Proof. Similar to the proof of Lemma 8 in Section G.8, an application of similar arguments

as for (A.158)–(A.160) yields that once the results in parts (a) and (b) are established, we
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can obtain immediately the results in parts (c)–(e). Hence, we need only to prove parts

(a) and (b), which will be based on the proof of Lemma 14 in Section G.14. Compared to

Lemma 14, we see that the only difference is that matrices Ũ−k and U∗−k in W̃k and W∗
k

of Lemma 14 are now replaced with their submatrices Ũ(2) and U∗(2) in this lemma. As

a result, Ũ(2) and U∗(2) will only be more sparse than Ũ−k and U∗−k, respectively. Then

applying similar arguments as in the proof of part (a) of Lemma 14, we can obtain the

results in part (a) of the current lemma.

It remains to show part (b), which also follows similar technical arguments as in the

proof of part (b) of Lemma 14. In view of (A.220), (A.223), and (A.224), we can deduce

that

{‖Σ̂U∗(2)‖2, ‖Σ̂Ũ(2)‖2, ‖Ũ(2)‖2, ‖U∗(2)‖2} ≤ cd∗k+1. (A.225)

Denote by A∗ = (z∗kkIr∗−k−(U(2)∗)T Σ̂U∗(2))−1, A−1
0 = A∗, Ã = (z̃kkIr∗−k−(Ũ(2))T Σ̂Ũ(2))−1,

and Ã−1
0 = Ã. Using the technical arguments in the proof of Lemma 19 in Section G.19,

we see that both A0 and Ã0 are strictly diagonally dominant. Similar to (A.194), it holds

that

‖A∗‖2 = ‖A−1
0 ‖2 ≤ c( min

k<i≤r∗
|z∗kk − z∗ii|)−1

≤ c|z∗kk − z∗k+1,k+1|
−1 ≤ cd∗−2

k , (A.226)

where the last inequality above is due to (A.217). Moreover, with similar arguments we

have that

‖Ã‖2 = ‖A−1
0 ‖2 ≤ cd∗−2

k . (A.227)
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Observe that w∗Ti = θ̂Ti (Ip + Σ̂U∗(2)A∗(U∗(2))T ), where θ̂Ti is the ith row of Θ̂. It

follows from Definition 1 that max1≤i≤p ‖θ̂i‖2 ≤ c, (A.225), and (A.226) that

max
1≤i≤p

‖w∗i ‖2 ≤ max
1≤i≤p

‖θ̂i‖2‖Ip + Σ̂U∗(2)A∗(U∗(2))T‖2

≤ max
1≤i≤p

‖θ̂i‖2(1 + ‖Σ̂U∗(2)‖2‖A∗‖2‖(U∗(2))T‖2)

≤ cmax{1, d∗2k+1/d
∗2
k } ≤ c.

Since w̃T
i = θ̂Ti (Ip + Σ̂Ũ(2)Ã(Ũ(2))T ), we can show that

max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ max
1≤i≤p

‖θ̂Ti ‖2‖Σ̂Ũ(2)Ã(Ũ(2))T − Σ̂U∗(2)A∗(U∗(2))T‖2

≤ c‖Σ̂Ũ(2)Ã(Ũ(2))T − Σ̂U∗(2)A∗(U∗(2))T‖2. (A.228)

By some simple calculations, the term above can be decomposed as

Σ̂Ũ(2)Ã(Ũ(2))T − Σ̂U∗(2)A∗(U∗(2))T = (Σ̂Ũ(2) − Σ̂U∗(2))Ã(Ũ(2))T

+ Σ̂U∗(2)(Ã−A∗)(Ũ(2))T + Σ̂U∗(2)A∗(Ũ(2) −U∗(2))T . (A.229)

From (A.221) and (A.222), we see that

‖Σ̂(Ũ(2) −U∗(2))‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2, (A.230)

‖Ũ(2) −U∗(2)‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2. (A.231)
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Also, applying similar arguments as for (A.205)–(A.207), it holds that

‖Ã−A∗‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2d∗−3

k . (A.232)

Combining (A.225) and (A.228)–(A.232) yields that

max
1≤i≤p

‖w̃i −w∗i ‖2 ≤ c(r∗ + su + sv)η
2
n{n−1 log(pq)}1/2d∗k+1d

∗−2
k .

Further, by the triangle inequality we have that

max
1≤i≤p

‖w̃i‖2 ≤ max
1≤i≤p

‖w̃i −w∗i ‖2 + max
1≤i≤p

‖w∗i ‖2 ≤ c.

For k = r∗, it holds that W̃k = W∗
k = Θ̂. Therefore, based on Definition 1, all conclusions

of this lemma still hold using similar analysis as above. This completes the proof of Lemma

21.

G.22 Lemma 22 and its proof

Lemma 22. Assume that all the conditions of Theorem 4 are satisfied. Then for W̃k given

in (A.75) and an arbitrary a ∈ R, with probability at least 1− θn,p,q we have that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}

×max{d∗−1
k , d∗−2

k },

where θn,p,q is given in (10) and c is some positive constant.
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Proof. The proof of Lemma 22 is similar to that of Lemma 5 for the general rank case in Sec-

tion G.5. Notice that the nuisance parameter is ηk =
[
vTk ,v

T
k+1 · · · ,vTr∗ ,uTk+1, · · · ,uTr∗

]T
.

By the definition of ψ̃k(uk,ηk), we have that

ψ̃k(uk,ηk) =
∂L

∂uk
−M

∂L

∂ηk

=
∂L

∂uk
−

(
Mv

k

∂L

∂vk
+

r∗∑
j=k+1

Mu
j

∂L

∂uj
+

r∗∑
j=k+1

Mv
j

∂L

∂vj

)
.

From Proposition 4, we see that Mu
j = 0 and Mv

j = 0 for each j ∈ {k + 1, · · · , r∗},

which means that we need only to consider vk as the nuisance parameter. In light of the

derivatives (A.111) and (A.112), it holds that

ψ̃k(uk,ηk) =
∂L

∂uk
−Mv

k

∂L

∂vk

= Σ̂uk − n−1XTYvk + Σ̂Ĉ(1)vk

−Mv
k(vku

T
k Σ̂uk − n−1YTXuk + (Ĉ(1))T Σ̂uk).

For each arbitrary fixed Mv
k, we can see from the representation above that ψ̃k(uk,ηk)

is only a function of uk and vk, which entails that we need only to do the Taylor expansion

of ψ̃k(uk,ηk) with respect to vk. Similar to the proof of Lemma 4 in Section G.4, we can

obtain the Taylor expansion of ψ̃k(uk,ηk)

ψ̃k (uk,ηk) = ψ̃k (uk,η
∗
k) +

∂ψ̃k(uk,ηk)

∂vTk

∣∣∣
v∗k

(Iq − v∗kv∗Tk ) exp−1
v∗k

(vk)

+ rv∗k ,
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where the Taylor remainder term satisfies that

‖rv∗k‖2 = O(‖ exp−1
v∗k

(vk)‖2
2).

Moreover, it follows that

∂ψ̃k(uk,ηk)

∂vTk

∣∣∣
v∗k

= −n−1XTY + Σ̂Ĉ(1) − uTk Σ̂ukM
v
k.

Then from Proposition 4 that Mv
k = −z−1

kk Σ̂C(2) and the initial estimates in Definition 2,

we can deduce that

ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k)

= (−n−1XTY + Σ̂Ĉ(1) + Σ̂C̃(2))(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk) + rv∗k

= (Σ̂(C̃−k −C−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk) + rv∗k ,

where we slightly abuse the notation and denote the Taylor remainder term as

rv∗k = O(‖ exp−1
v∗k

(ṽk)‖2
2).

We next bound term aTW̃k(ψ̃k(ũk, η̃k) − ψ̃k(ũk,η∗k)) above, which will follow similar

arguments as for (A.142)–(A.149). Observe that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ |aTW̃k(Σ̂(C̃−k −C∗−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)|

+ |aTW̃krv∗k |.

144



Denote by w̃T
k,i the ith row of W̃k with i = 1, · · · , p. From Lemma 21, we have that

max
1≤i≤p

‖w̃k,i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)} and max
1≤i≤p

‖w̃k,i‖2 ≤ c,

which has the same upper bound as in (A.143). An application of similar arguments as for

(A.125) and (A.126) leads to

‖ exp−1
v∗k

(ṽk)‖0 ≤ c(r∗ + su + sv),

‖ exp−1
v∗k

(ṽk)‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2/d∗k.

Similar to (A.142), it also holds that

‖Σ̂(C̃−k −C∗−k)‖2 ≤ c(r∗ + su + sv)
1/2η2

n

{
n−1 log(pq)

}1/2
.

In view of the above results, we can see that the upper bound for |aTW̃k(ψ̃k(ũk, η̃k)−

ψ̃k(ũk,η
∗
k))| is similar to that for the general rank case of Lemma 5 in Section G.5. Similar

to (A.141)–(A.147), it follows that

∣∣∣aTW̃k(Σ̂(C̃−k −C∗−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)
∣∣∣

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}/d∗k.

Further, from (A.148) we can show that

|aTW̃krv∗k | ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}/d∗2k .
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Therefore, it holds that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ c‖a‖1/2
0 ‖a‖2 max{s1/2

max, (r
∗ + su + sv)

1/2, η2
n}(r∗ + su + sv)η

2
n{n−1 log(pq)}

×max{d∗−1
k , d∗−2

k },

which concludes the proof of Lemma 22.

G.23 Lemma 23 and its proof

Lemma 23. Assume that all the conditions of Theorem 4 are satisfied. For ε̃k defined in

(A.73), hk defined in (A.76), and any a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1}, with

probability at least 1− θn,p,q it holds that

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}d∗−1

k ,

where θn,p,q is given in (10) and c is some positive constant.

Proof. This proof follows similar technical arguments as in the proof of Lemma 17 in Section

G.17. Note that M̃k = −z̃−1
kk Σ̂C̃(2) and M∗

k = −z∗−1
kk Σ̂C∗(2). Using similar arguments, we

can show that aTW̃kM̃k, a
TW̃kM̃k − aTW∗

kM
∗
k, and aT (W̃k −W∗

k) are all s-sparse with

s = c(r∗+su+sv). An application of similar arguments as for (A.210) and (A.211)–(A.213)
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gives that

| − aTW̃kε̃k − hk/
√
n| ≤ ‖aTW̃k‖2‖M̃k‖2‖n−1ETX(ũk − u∗k)‖2,s

+ ‖aTW̃kM̃k − aTW∗
kM

∗
k‖2‖n−1ETXu∗k‖2,s

+ ‖aT (W̃k −W∗
k)‖2‖n−1XTEv∗k‖2,s

≤ cs3/2η2
n{n−1 log(pq)}‖aTW̃k‖2‖M̃k‖2

+ cs1/2s1/2
v {n−1 log(pq)}1/2‖aT (W̃k −W∗

k)‖2

+ cs1/2s1/2
u {n−1 log(pq)}1/2d∗k‖aTW̃kM̃k − aTW∗

kM
∗
k‖2.

For the terms above, from Lemma 20 we have that

‖M∗
k‖2 ≤ cd∗−2

k d∗k+1, ‖M̃k‖2 ≤ cd∗−2
k d∗k+1,

‖M̃k −M∗
k‖2 ≤ c(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗−2

k ,

Moreover, it follows from parts (d) and (e) of Lemma 21 that

‖aT (W̃k −W∗
k)‖2 ≤ cm1/2(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2d∗k+1d

∗−2
k ,

‖aTW̃k‖2 ≤ cm1/2.

Then it holds that

‖aTW̃kM̃k − aTW∗
kM

∗
k‖2 ≤ ‖aTW̃k(M̃k −M∗

k)‖2 + ‖aT (W̃k −W∗
k)M

∗
k‖2

≤ ‖aTW̃k‖2‖M̃k −M∗
k‖2 + ‖aT (W̃k −W∗

k)‖2‖M∗
k‖2

≤ cm1/2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2d∗−2
k .
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Thus, combining the above terms yields that

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

3/2η2
n{n−1 log(pq)}d∗−1

k .

This completes the proof of Lemma 23.

G.24 Lemma 24 and its proof

Lemma 24. Assume that all the conditions of Theorem 4 are satisfied. For M̃k =

−z̃−1
kk Σ̂C̃(2) and W̃k given in (A.75) and an arbitrary a ∈ Rp, with probability at least

1− θn,p,q it holds that

|aTW̃kM̃k(C
∗(2))T Σ̂u∗k| = o(‖a‖1/2

0 ‖a‖2n
−1/2),

where θn,p,q is given in (10) and c is some positive constant.

Proof. Observe that M̃k = −z̃−1
kk Σ̂C̃(2). With the aid of similar arguments as for (A.208)–

(A.209), it holds that

‖M̃k(C
∗(2))T Σ̂u∗k‖2 ≤ c

r∗∑
j=k+1

(d∗2j /d
∗
k)|l∗Tj Σ̂l∗k|.

Together with Condition 5 that
∑r∗

j=k+1(d∗2j /d
∗
k)|l∗Tj Σ̂l∗k| = o(n−1/2) and Lemma 21 that

‖aTW̃k‖2 ≤ c‖a‖1/2
0 ‖a‖2, it follows that

|aTW̃kM̃kC
∗T
−kΣ̂u

∗
k| ≤ ‖aTW̃k‖2‖M̃kC

∗T
−kΣ̂u

∗
k‖2

= o(‖a‖1/2
0 ‖a‖2n

−1/2),
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which concludes the proof of Lemma 24.

G.25 Lemma 25 and its proof

Lemma 25. Assume that all the conditions of Theorem 4 are satisfied. For δ̃k defined in

(A.74) and an arbitrary a ∈ Rp, with probability at least 1− θn,p,q it holds that

|aTW̃kδ̃k| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)

1/2η2
n{log(pq)}1/2d∗k+1d

∗−3
k (

k−1∑
i=1

d∗i )/n

+ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}d∗−2

k d∗k+1,

where θn,p,q is given in (10) and c is some positive constant.

Proof. Denote by δ̃k = δ̃0,k + δ̃1,k with

δ̃0,k = M̃k((ṽk − v∗k)ũTk − (C̃(2) −C∗(2))T )Σ̂(ũk − u∗k),

δ̃1,k = −M̃k(Ĉ
(1) −C∗(1))T Σ̂ũk.

The derivation for the upper bound on |aTW̃kδ̃0,k| is similar to that in the proof of Lemma

15 in Section G.15. From Lemma 20, we see that ‖M̃k‖2 ≤ cd∗−2
k d∗k+1. Part (e) of Lemma 21

entails that ‖aTW̃k‖2 ≤ c‖a‖1/2
0 ‖a‖2. Further, observe that C̃(2) and C∗(2) are submatrices

of C̃−k and C∗−k, respectively. It follows from similar arguments as for (A.188)–(A.190)

that

‖C̃(2) −C∗(2)‖2 ≤ cγn,

where γn = (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. From the above results and Lemma 6, we
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can deduce that

|aTW̃kδ̃0,k| ≤ ‖aTW̃k‖2‖M̃k‖2‖(ṽk − v∗k)ũTk − (C̃(2) −C∗(2))T‖2‖Σ̂(ũk − u∗k)‖2

≤ c‖a‖1/2
0 ‖a‖2γnd

∗−2
k d∗k+1(‖ṽk − v∗k‖2‖ũTk ‖2 + ‖(C̃(2) −C∗(2))T‖2)

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}d∗−2

k d∗k+1. (A.233)

We next bound term |aTW̃kδ̃1,k| above. It can be seen that

aTW̃kδ̃1,k = −aTW̃kM̃k(Ĉ
(1) −C∗(1))T Σ̂u∗k

+ aTW̃kM̃k(Ĉ
(1) −C∗(1))T Σ̂(u∗k − ũk).

Notice that ṽTj ṽi = 0 and v∗Tj v
∗
i = 0 for each 1 ≤ i ≤ k − 1 and k + 1 ≤ j ≤ r∗. It holds

that

M̃kṽi = −z̃−1
kk Σ̂

r∗∑
j=k+1

ũjṽ
T
j ṽi = 0 and M∗

kv
∗
i = −z∗−1

kk Σ̂
r∗∑

j=k+1

u∗iv
∗T
j v

∗
i = 0.

Then we can show that

− aTW̃kM̃k(Ĉ
(1) −C∗(1))T Σ̂u∗k = −aTW̃kM̃k

k−1∑
i=1

(ṽiũ
T
i − v∗iu∗Ti )Σ̂u∗k

= aTW̃kM̃k

k−1∑
i=1

v∗iu
∗T
i Σ̂u∗k = aTW̃kM̃k

k−1∑
i=1

(ṽi − v∗i − ṽi)u∗Ti Σ̂u∗k

= aTW̃kM̃k

k−1∑
i=1

(ṽi − v∗i )u∗Ti Σ̂u∗k. (A.234)
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Hence, it follows that

aTW̃kδ̃1,k = −aTW̃kM̃k

k−1∑
i=1

(ṽi − v∗i )u∗Ti Σ̂u∗k + aTW̃kM̃k(Ĉ
(1) −C∗(1))T Σ̂(u∗k − ũk)

=: B1 +B2.

We will bound the two terms B1 and B2 introduced above separately.

For the first term B1 above, we have that

|
k−1∑
i=1

aTW̃kM̃k(ṽi − v∗i )u∗Ti Σ̂u∗k|

≤ ‖aTW̃k‖2‖M̃k‖2

k−1∑
i=1

‖d∗i (ṽi − v∗i )‖2|d∗k||l∗Ti Σ̂l∗k|

≤ c‖a‖1/2
0 ‖a‖2d

∗−1
k d∗k+1

k−1∑
i=1

‖d∗i (ṽi − v∗i )‖2|l∗Ti Σ̂l∗k|,

where the last step above has used Lemma 20 and part (c) of Lemma 21. For term |l∗Ti Σ̂l∗k|

with i = 1, · · · , k, in view of Condition 5 it holds that

(d∗2k /d
∗
i )|l∗Ti Σ̂l∗k| = o(n−1/2).

Together with part (a) of Lemma 6, we can obtain that

k−1∑
i=1

‖d∗i (ṽi − v∗i )‖2|l∗Ti Σ̂l∗k| ≤ cγn

k−1∑
i=1

d∗i
d∗2k
√
n
,

where γn = (r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2. This further leads to

|
k−1∑
i=1

aTW̃kM̃k(ṽi − v∗i )u∗Ti Σ̂u∗k| ≤ c‖a‖1/2
0 ‖a‖2γn

k−1∑
i=1

d∗i d
∗
k+1d

∗−3
k n−1/2. (A.235)
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For term B2 above, let us first bound term ‖Ĉ(1) − C∗(1)‖2. Observe that Ĉ(1) =

Ũ(1)(Ṽ(1))T and C∗(1) = U∗(1)(V∗(1))T , where Ũ(1) = (ũ1, · · · , ũk−1), Ṽ(1) = (ṽ1, · · · , ṽk−1),

U∗(1) = (u∗1, · · · ,u∗k−1), and V∗(1) = (v∗1, · · · ,v∗k−1). Then it follows that

‖Ĉ(1) −C∗(1)‖2 = ‖Ũ(1)(Ṽ(1))T −U∗(1)(V∗(1))T‖2

≤ ‖Ũ(1)(Ṽ(1) −V∗(1))T‖2 + ‖(Ũ(1) −U∗(1))(V∗(1))T‖2

≤ ‖L̃(1)‖2‖D̃(1)(Ṽ(1) −V∗(1))T‖2 + ‖Ũ(1) −U∗(1)‖2‖(V∗(1))T‖2.

It can be seen that ‖L̃(1)‖2 = ‖(V∗(1))T‖2 = 1. For term ‖(Ṽ(1) − V∗(1))D̃(1)‖2, we have

that

‖(Ṽ(1) −V∗(1))D̃(1)‖2 ≤ ‖Ṽ(1)D̃(1) −V∗(1)D∗(1)‖2 + ‖Ṽ(1)‖2‖D̃(1) −D∗(1)‖2

≤ ‖Ṽ(1)D̃(1) −V∗(1)D∗(1)‖F + ‖D̃(1) −D∗(1)‖F

≤ ‖ṼD̃−V∗D∗‖F + ‖D̃−D∗‖F

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2,

where we have used Definition 2 and ‖Ṽ−k‖2 = 1. Moreover, from Definition 2 it holds

that

‖Ũ(1) −U∗(1)‖2 ≤ ‖Ũ(1) −U∗(1)‖F ≤ ‖Ũ−U∗‖F

≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.
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Combining the above results gives that

‖Ĉ(1) −C∗(1)‖2 ≤ c(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2.

It follows from part (c) of Lemma 6, Lemma 20, and Lemma 21 that

|aTW̃kM̃k(Ĉ
(1) −C∗(1))T Σ̂(u∗k − ũk)|

≤ ‖aTW̃k‖2‖M̃k‖2‖Ĉ(1) −C∗(1)‖2‖Σ̂(ũk − u∗k)‖2

≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}d∗−2

k d∗k+1. (A.236)

Thus, a combination of (A.235) and (A.236) yields that

|aTW̃kδ̃1,k| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)

1/2η2
n{n−1 log(pq)}1/2

k−1∑
i=1

d∗i d
∗
k+1d

∗−3
k n−1/2

+ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}d∗−2

k d∗k+1.

Along with (A.233), it follows that

|aTW̃kδ̃k| ≤ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)

1/2η2
n{log(pq)}1/2d∗k+1d

∗−3
k (

k−1∑
i=1

d∗i )/n

+ c‖a‖1/2
0 ‖a‖2(r∗ + su + sv)η

4
n{n−1 log(pq)}d∗−2

k d∗k+1.

This completes the proof of Lemma 25.

G.26 Lemma 26 and its proof

Lemma 26. Assume that all the conditions of Theorem 7 are satisfied. For ε̃k defined in

(A.94), hk = −aTW∗
kM

∗
kE

TXu∗k/
√
n + aTW∗

kX
TEv∗k/

√
n, and any a ∈ A = {a ∈ Rp :
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‖a‖0 ≤ m, ‖a‖2 = 1}, with probability at least 1− θ′′n,p,q we have that

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

2η2
n{n−1 log(pq)},

where θ′′n,p,q is given in (A.3) and c is some positive constant.

Proof. The proof of this lemma follows similar technical arguments as in the proof of

Lemma 17. By the proof of Lemma 17, it holds that aTW̃kM̃k, a
TW̃kM̃k − aTW∗

kM
∗
k,

and aT (W̃k−W∗
k) are s-sparse with s = c(r∗+ su + sv). Then similar to (A.171), we have

that

| − aTW̃kε̃k − hk/
√
n| ≤ |aTW̃kM̃kn

−1ETX(ũk − u∗k)|

+ |aT (W̃kM̃k −W∗
kM

∗
k)n
−1ETXu∗k|+ |aT (W̃k −W∗

k)n
−1XTEv∗k|. (A.237)

We first analyze term |aTW̃kM̃kn
−1ETX(ũk − u∗k)|. Note that

‖aTW̃kM̃k‖0 ≤ s, ‖aTW̃kM̃k‖2 ≤ cm1/2.

In addition, it holds that

‖ũk − u∗k‖0 ≤ s, ‖ũk − u∗k‖2 ≤ cγn.

Thus, we can show that aTW̃kM̃k/‖aTW̃kM̃k‖2 ∈ Kq(s) and (ũk − u∗k)/‖ũk − u∗k‖2 ∈

Kp(s), where Kp(s) := {b ∈ Rp : ‖b‖0 ≤ s, ‖b‖2 = 1}. Conditional on the second fold of
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data, an application of Lemma 28 yields that

|aTW̃kM̃kn
−1ETX(ũk − u∗k)|

≤

∣∣∣∣∣ aTW̃kM̃k

‖aTW̃kM̃k‖2

n−1ETX
ũk − u∗k
‖ũk − u∗k‖2

∣∣∣∣∣ ‖aTW̃kM̃k‖2‖ũk − u∗k‖2

≤ sup
h1∈Kp(s),h2∈Kq(s)

∣∣hT2 n−1ETXh1

∣∣ ‖aTW̃kM̃k‖2‖ũk − u∗k‖2

≤ cm1/2s1/2{n−1 log(pq)}1/2(r∗ + su + sv)
1/2η2

n{n−1 log(pq)}1/2

= cm1/2(r∗ + su + sv)η
2
n{n−1 log(pq)}. (A.238)

For the second and third terms in (A.237), observe that

‖aT (W̃kM̃k −W∗
kM

∗
k)‖0 ≤ s, ‖aT (W̃kM̃k −W∗

kM
∗
k)‖2 ≤ cm1/2γn, ‖u∗k‖0 ≤ s, ‖u∗k‖2 ≤ c,

‖aT (W̃kM̃k −W∗
kM

∗
k)‖0 ≤ s, ‖aT (W̃kM̃k −W∗

kM
∗
k)‖2 ≤ cγn, ‖v∗k‖0 ≤ s, ‖v∗k‖2 ≤ c.

Based on the above results, similar to (A.238), applying Lemma 28 leads to

|aT (W̃kM̃k −W∗
kM

∗
k)n
−1ETXu∗k| ≤ cm1/2(r∗ + su + sv)η

2
n{n−1 log(pq)}, (A.239)

|aT (W̃k −W∗
k)n
−1XTEv∗k| ≤ cm1/2(r∗ + su + sv)η

2
n{n−1 log(pq)}. (A.240)

Therefore, combining (A.237)–(A.240) gives that

| − aTW̃kε̃k − hk/
√
n| ≤ cm1/2(r∗ + su + sv)

2η2
n{n−1 log(pq)}.

This completes the proof of Lemma 26.
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G.27 Lemma 27 and its proof

Lemma 27. Assume that all the conditions of Theorem 7 are satisfied. Then for any

a ∈ A = {a ∈ Rp : ‖a‖0 ≤ m, ‖a‖2 = 1} and aTW̃k(ψ̃k(ũk, η̃k) − ψ̃k(ũk,η∗k)) given in

(A.93), with probability at least 1− θ′′n,p,q we have

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ cm1/2 max{s1/2
max, (r

∗ + su + sv)
1/2η2

n}(r∗ + su + sv)
1/2η2

n{n−1 log(pq)},

where θ′′n,p,q is given in (A.3) and c is some positive constant.

Proof. The proof of Lemma 27 is similar to the proof of Lemma 5. By (A.141), we have

that

ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k) = (Σ̂(C̃−k −C∗−k)− n−1XTE)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk) + rv∗k ,

where the Taylor remainder term is ‖rv∗k‖2 = O(‖ exp−1
v∗k

(ṽk)‖2
2). Then we bound term

aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k)).

First, the upper bounds on aTW̃k(Σ̂(C̃−k−C∗−k))(Iq−v∗kv∗Tk ) exp−1
v∗k

(ṽk) and aTW̃krv∗k

follow the same argument as in (A.146) and (A.148) and are given by

∣∣∣aTW̃kΣ̂(C̃−k −C∗−k)(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)
∣∣∣

≤ cm1/2(r∗ + su + sv)η
4
n{n−1 log(pq)}, (A.241)

|aTW̃krv∗k | ≤ cm1/2(r∗ + su + sv)η
4
n{n−1 log(pq)}. (A.242)

Next, we bound term aTW̃kn
−1XTE(Iq − v∗kv∗Tk ) exp−1

v∗k
(ṽk). Denote by w̃T

k,i the ith

row of W̃k for i = 1, · · · , p. By parts (a) and (b) of Lemma 14 in Section G.14, we have
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that

max
1≤i≤p

‖w̃k,i‖0 ≤ 2 max{smax, 3(r∗ + su + sv)} and max
1≤i≤p

‖w̃k,i‖2 ≤ c.

Similar to (A.125) and (A.126), it holds that

‖ exp−1
v∗k

(ṽk)‖0 ≤ c(r∗ + su + sv), ‖ exp−1
v∗k

(ṽk)‖2 ≤ cγn.

Then it follows that

|w̃T
k,in

−1XTE(Iq − v∗kv∗Tk ) exp−1
v∗k

(ṽk)|

≤ |w̃T
k,in

−1XTE exp−1
v∗k

(ṽk)|+ |w̃T
k,in

−1XTEv∗k||v∗Tk exp−1
v∗k

(ṽk)|

≤ |w̃T
k,in

−1XTE exp−1
v∗k

(ṽk)|+ cγn
∣∣w̃T

k,in
−1XTEv∗k

∣∣ ,
where the last step above is due to |v∗Tk exp−1

v∗k
(ṽk)| ≤ ‖v∗k‖2‖ exp−1

v∗k
(ṽk)‖2 ≤ cγn.

Denote by s1 = cmax{smax, (r
∗ + su + sv)} and s2 = c(r∗ + su + sv). For the first term

above, by Lemma 28 we have that

|w̃T
k,in

−1XTE exp−1
v∗k

(ṽk)| ≤

∣∣∣∣∣ w̃T
k,i

‖w̃k,i‖2

n−1XTE
exp−1

v∗k
(ṽk)

‖ exp−1
v∗k

(ṽk)‖2

∣∣∣∣∣ ‖w̃k,i‖2‖ exp−1
v∗k

(ṽk)‖2

≤ sup
h1∈Kp(s1),h2∈Kq(s2)

∣∣hT1 n−1XTEh2

∣∣ ‖w̃k,i‖2‖ exp−1
v∗k

(ṽk)‖2

≤ cmax(s
1/2
1 , s

1/2
2 )

{
n−1 log(pq)

}1/2
γn

= cmax{s1/2
max, (r

∗ + su + sv)
1/2}(r∗ + su + sv)

1/2η2
n

{
n−1 log(pq)

}
.
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Hence, it follows that

|aTW̃T
k n
−1XTE exp−1

v∗k
(ṽk)|

≤ cm1/2 max{s1/2
max, (r

∗ + su + sv)
1/2}(r∗ + su + sv)

1/2η2
n

{
n−1 log(pq)

}
.

Therefore, combining the above result with (A.241) and (A.242) yields that

|aTW̃k(ψ̃k(ũk, η̃k)− ψ̃k(ũk,η∗k))|

≤ cm1/2 max{s1/2
max, (r

∗ + su + sv)
1/2η2

n}(r∗ + su + sv)
1/2η2

n{n−1 log(pq)},

which completes the proof of Lemma 27.

G.28 Lemma 28 and its proof

Lemma 28. Assume that Conditions 1–2 hold and let Kp(s) := {b ∈ Rp : ‖b‖0 ≤ s, ‖b‖2 =

1}. Then for some s1 ≤ p, s2 ≤ q, there exist some constants C and c such that with

probability at least 1− 2(pq)−c(s1∨s2),

sup
u∈Kp(s1),v∈Kq(s2)

∣∣uTn−1XTEv
∣∣ ≤ C

√
(s1 ∨ s2) log(pq)

n
.

Proof. Let xi and ej represent the ith and jth columns of X ∈ Rn×p and E ∈ Rn×q,

respectively. Note that we consider the fixed design setting that X is given. The following

calculations will be carried out in the case where X is given. Under Condition 1 that

E ∼ N(0, In ⊗Σe), it holds that

E
[
n−1uTXTEv

]
= E[n−1

q∑
j=1

p∑
i=1

uix
T
i ejvj] = 0.
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Furthermore, we have that

var(n−1uTXTEv) = ((n−1Xu)⊗ v)T (In ⊗Σe)((n
−1Xu)⊗ v)

= n−1uTXT Inn
−1XuvTΣev

≤ n−1uT Σ̂u · vTΣev

≤ n−1‖u‖2‖Σ̂u‖2‖v‖2‖Σe‖2‖v‖2 ≤ cn−1σ2
max,

where the last inequality above has used Condition 2 and the fact that ‖u‖2 = 1 and

‖v‖2 = 1. Hence, under Condition 1, it follows that

P(|n−1uTXTEv| > t) ≤ 2 exp(− nt2

2cσ2
max

). (A.243)

Denote by

K1 (s1) =
⋃

U⊆{1,··· ,p}:|U |≤s1

A(U), K2 (s2) =
⋃

V⊆{1,··· ,q}:|V |≤s2

B(V )

with

A(U) := {u ∈ Rp : ‖u‖2 = 1, supp(u) ⊆ U} ,

B(V ) := {v ∈ Rq : ‖v‖2 = 1, supp(v) ⊆ V } .

Let us define ∆AB := supu∈A(U),v∈B(V ) ∆u,v
AB with ∆u,v

AB =
∣∣uTn−1XTEv

∣∣ and fixed u ∈

A(U),v ∈ B(V ). Let {u1, · · · ,uM1} be a 1/3-net of A(U); that is, for any u ∈ A(U), there

exists some ui such that ‖u− ui‖2 ≤ 1/3. It is well-known from Ledoux and Talagrand

(2013) that we can construct a 1/3-net of A(U) with M1 ≤ 92s1 , which implies that logM1 ≤
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2s1 log 9. By the same argument, we can construct a 1/3-net {v1, · · · ,vM2} of B(V ) with

M2 ≤ 92s2 , which entails that logMnet ≤ 2s2 log 9. Then we can bound

∆AB ≤ ∆
ui,vj
AB +

∣∣∆ui,vj
AB −∆ui,v

AB

∣∣+ |∆ui,v
AB −∆u,v

AB |

≤ ∆
ui,vj
AB + ∆AB ‖u− ui‖2 + ∆AB ‖v − vj‖2

≤ max
i∈{1,··· ,M1}, j∈{1,··· ,M2}

∆
ui,vj
AB + 1/3∆AB + 1/3∆AB.

This leads to

∆AB ≤ 3 max
i∈{1,··· ,M1}, j∈{1,··· ,M2}

∆
ui,vj
AB . (A.244)

By the definitions of U and V , the numbers of choices of U and V are upper bounded

by
(
p
s1

)
≤ ps1 and

(
p
s2

)
≤ ps2 , respectively. Denote by s0 = max(s1, s2). Then by applying

the union bound and (A.244), we can deduce that

P

(
sup

u∈Kp(s1),v∈Kq(s2)

∣∣uTn−1XTEv
∣∣ ≥ 3c

√
s0 log(pq)

n

)

= P

(
sup

u∈
⋃

U :|U|≤s1
A(U),v∈

⋃
V :|V |≤s2

B(V )

∣∣uTn−1XTEv
∣∣ ≥ 3c

√
s0 log(pq)

n

)

≤ ps1qs2 max
U :|U |≤s1,V :|V |≤s2

P

(
sup

u∈A(U),v∈B(V )

∣∣uTn−1XTEv
∣∣ ≥ 3c

√
s0 log(pq)

n

)

≤ (pq)s0 max
U :|U |≤s1,V :|V |≤s2

P

(
∆AB ≥ 3c

√
s0 log(pq)

n

)

≤ (pq)s0P

(
max

i∈{1,··· ,M1}, j∈{1,··· ,M2}
∆
ui,uj

AB ≥ c

√
s0 log(pq)

n

)

≤ (pq)s0M1M2 max
i,j

P

(∣∣uTi n−1XTEvj
∣∣ ≥ c

√
s0 log(pq)

n

)
:= A0.
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Therefore, from logM1 ≤ 2s1 log 9, logM2 ≤ 2s2 log 9, and (A.243), we can obtain that

A0 ≤2(pq)s0M1M2 exp(−cs0 log(pq))

≤2 exp (s0 log(pq) + logM1 + logM2 − cs0 log(pq))

≤2 exp (s0 log(pq) + 4s0 log 9− cs0 log(pq))

≤2 exp (−cs0 log(pq)) ≤ 2(pq)−cs0 .

This completes the proof of Lemma 28.

H Additional technical details

H.1 The Taylor expansion on the Riemannian manifold

To facilitate our technical analysis, let us first introduce briefly some necessary background

on the Riemannian manifold. For more detailed and rigorous introduction to the Rie-

mannian manifold, see, e.g., Do Carmo and Flaherty (1992). Let M be a p-dimensional

compact Riemannian manifold. For a given X ∈ M, the tangent space to M at X is a p-

dimensional linear space and will be denoted as TXM. A Riemannian metric gX is defined

at each point X ∈M by the map gX : TXM× TXM→ R and is an inner product on the

tangent space TXM. For ξ1, ξ2 ∈ TXM, denote the inner product as 〈ξ1, ξ2〉 = gX(ξ1, ξ2).

Then the inner product induces a norm ‖ · ‖, which is denoted as ‖ξ‖ =
√
〈ξ, ξ〉 for each

ξ ∈ TXM. Given X ∈ M and its tangent vector ξ ∈ TXM, let γ(t; X, ξ) be the geodesic

(the locally length-minimizing curve) satisfying that γ(0; X, ξ) = X and γ̇(0; X, ξ) = ξ.

The exponential map is defined through the geodesic. Specifically, the exponential map at
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a point X is defined as

expX : TXM→M, ξ 7→ expX ξ = γ(1; X, ξ). (A.245)

By Theorem 3.7 and Remark 3.8 in Do Carmo and Flaherty (1992), for each point X ∈

M a normal neighborhood S of X ∈M is the one that satisfies (1) each point Y in S can be

joined to X by a unique geodesic γ(t; X, ξ), 0 ≤ t ≤ 1, with γ(0; X, ξ) = X and γ(1; X, ξ) =

Y; and (2) the exponential map expX is a local diffeomorphism between a neighborhood

of 0 ∈ TXM and a neighborhood S of X ∈ M. Since expX is a local diffeomorphism, the

exponential map is defined only locally in that it maps a small neighborhood of 0 ∈ TXM

to a neighborhood S of X ∈ M. Denote by exp−1
X the inverse of the exponential map.

For each point Y in S, we can connect two points X and Y by the exponential map that

expX ξ = Y, or equivalently, ξ = exp−1
X Y for ξ ∈ TXM.

Lemma 29. ((Mukherjee et al., 2010, Lemma A.3)) Let M be a compact Riemannian

manifold. Assume that f is a twice differentiable function on M. Denote by ∇Mf(X) the

gradient of f . Then there exists a constant C > 0 such that for all X ∈M and ξ ∈ TXM,

‖ξ‖ ≤ ε0 with some ε0 > 0, the first-order Taylor expansion below satisfies that

‖f (expX(ξ))− f(X)− 〈∇Mf(X), ξ〉 ‖ ≤ C‖ξ‖2. (A.246)

From (A.246) in Lemma 29 above, we can write the first-order Taylor expansion on the

Riemannian manifold as

f (expX(ξ)) = f(X) + 〈∇Mf(X), ξ〉+O(‖ξ‖2) (A.247)
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or

f(Y) = f(X) +
〈
∇Mf(X), exp−1

X Y
〉

+O(‖ exp−1
X Y‖2) (A.248)

for ξ = exp−1
X Y with ξ ∈ TXM.

H.2 The geometry of the Stiefel manifold

We now focus on a special manifold, the so-called Stiefel manifold. We will briefly introduce

some necessary background on the Stiefel manifold. The Stiefel manifold St(p, n) denotes

the set of all orthonormal p-frames in the Euclidean space Rn, where the p-frame is a set of

p orthonormal vectors in Rn. Specifically, the Stiefel manifold is given by St(p, n) = {X ∈

Rn×p : XTX = Ip}. For p = 1, the Stiefel manifold St(p, n) reduces to the unit sphere

Sn−1 in Rn, where Sn−1 := {x ∈ Rn : xTx = 1}. For p = n, the Stiefel manifold St(p, n)

becomes the orthogonal group O(n), where O(j) := {Oj ∈ Rj×j : OT
j Oj = Ij} for each

positive integer j. We can also represent the Stiefel manifold as St(p, n) = O(n)/O(n− p).

See, e.g., Edelman et al. (1998); Lv (2013) for more details on these representations.

Denote by TX St(p, n) the tangent space of the Stiefel manifold. The tangent space

TX St(p, n) admits the form

TX St(p, n) =
{
XA + B : A ∈ Rp×p,A = −AT ,B ∈ Rn×p,XTB = 0

}
. (A.249)

According to the Stiefel manifold representation of orthonormal matrices in Edelman et al.

(1998) and Chen and Huang (2012), for each given X∗ ∈ St(p, n), matrices on the Stiefel

manifold St(p, n) can be represented as

{X = expX∗ ξ
∗ : ξ∗ = X∗A + B ∈ TX∗ St(p, n)}, (A.250)
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where expX∗ is the exponential map defined in (A.245) above. For the Stiefel manifold,

it is common to use the canonical metric as suggested in Edelman et al. (1998). For the

tangent vector ξ = XA + B ∈ TX St(p, n), the canonical metric 〈·, ·〉c is given by

〈ξ, ξ〉c = tr(ξT (In −
1

2
XXT )ξ)

=
1

2
tr(ATA) + tr(BTB), (A.251)

where the second equality above can be derived easily using XTX = Ip and XTB = 0.

With such canonical metric, we can obtain the gradient of a function on the Stiefel manifold

below.

Lemma 30. ((Edelman et al., 1998, Section 2.4.4)) For a real-valued function f defined

on the Stiefel manifold St(p, n), let ∇Xf be the gradient of f at X ∈ St(p, n). Then it holds

that

∇Xf =
∂f

∂X
−X

∂f

∂XT
X.

Let us now consider a special case that p = 1 for the Stiefel manifold St(p, n). For such

case, the Stiefel manifold St(p, n) reduces to the unit sphere Sn−1. For x ∈ St(1, n) and its

tangent space Tx St(1, n), from (A.249) we see that A = 0. Then we can write Tx St(1, n)

as

Tx St(1, n) = {B : B ∈ Rn,xTB = 0}. (A.252)

In addition, similar to (A.250), for given x∗ ∈ St(1, n), vectors on the Stiefel manifold
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St(1, n) can be represented as

{x = expx∗ ξ
∗ : x∗Tξ∗ = 0}. (A.253)

Then for the tangent vector ξ = B ∈ Tx St(1, n), the canonical metric is given by

〈ξ, ξ〉c = tr(ξT (In −
1

2
xxT )ξ)

= tr(BTB) = tr(ξTξ)

:= 〈ξ, ξ〉e ,

where 〈ξ, ξ〉e = tr(ξTξ) represents the (usual) Euclidean metric. Thus, for the case of p = 1

the canonical metric is in fact equivalent to the Euclidean metric. To simplify the notation,

denote the metric 〈·, ·〉 on St(1, n) as

〈ξ, ξ〉 = tr(ξTξ). (A.254)

Moreover, since ξ ∈ Tx St(1, n) is an n-dimensional vector and 〈ξ, ξ〉 = tr(ξTξ) = ξTξ,

such metric induces the norm ‖ξ‖2
2 = ξTξ.

For the Stiefel manifold St(1, n), the gradient given in Lemma 30 above can be written

as

∇xf =
∂f

∂x
− x

∂f

∂xT
x =

∂f

∂x
− xxT

∂f

∂x

= (In − xxT )
∂f

∂x
. (A.255)

Furthermore, we can characterize the geodesic on St(1, n), i.e., on the unit sphere Sn−1

165



below.

Lemma 31. ((Absil et al., 2008, Example 5.4.1)) For the unit sphere Sn−1 with metric

(A.254), let x ∈ Sn−1 and ξ be the tangent vector in the tangent space of Sn−1 at x. Let

t 7→ γ(t; x, ξ) be the geodesic on Sn−1 with γ(0; x, ξ) = x and γ̇(0; x, ξ) = ξ. Then the

geodesic admits the representation

γ(t; x, ξ) = x cos(‖ξ‖2t) +
ξ

‖ξ‖2

sin(‖ξ‖2t).

I Additional insights into constructions of M and W

Here, we show that if one directly considers the SVD constraints in ∂ψ̃k

∂ηk
and calculates

the regular derivatives in the Euclidean space, it will result in deficiency in the degrees of

freedom and there would not exist a valid W matrix.

For simplicity, let us consider the rank-2 case. The following derivations are similar to

those in the proofs of Lemma 1 in Section G.1, and Propositions 2 and 3 in Sections F.9

and F.10, respectively. Note that we have

L = (2n)−1
{
‖Y‖2

F + uT1 XTXu1v
T
1 v1 + uT2 XTXu2v

T
2 v2 + 2uT1 XTXu2v

T
1 v2

− 2uT1 XTYv1 − 2uT2 XTYv2

}
.
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After some calculations, we can deduce that

∂L

∂u1

= Σ̂u1v
T
1 v1 − n−1XTYv1, (A.256)

∂L

∂v1

= v1u
T
1 Σ̂u1 + v2u

T
1 Σ̂u2 − n−1YTXu1, (A.257)

∂L

∂u2

= Σ̂u2v
T
2 v2 − n−1XTYv2, (A.258)

∂L

∂v2

= v2u
T
2 Σ̂u2 + v1u

T
1 Σ̂u2 − n−1YTXu2. (A.259)

Denote by η1 = (vT1 ,v
T
2 ,u

T
2 )T , and η∗1 = (v∗T1 ,v∗T2 ,u∗T2 )T . Utilizing the derivatives

given in (A.257)–(A.259) and the constraints ‖v1‖2 = ‖v2‖2 = 1 and vT1 v2 = 0, we can

obtain that

M
∂L

∂η1

∣∣∣
η∗1

= M1

{
v∗1u

T
1 Σ̂(u1 − u∗1)− n−1ETXu1

}
− n−1M3X

TEv∗2

+ M2

{
v∗1u

∗T
2 Σ̂(u1 − u∗1)− n−1ETXu∗2

}
= (M1v

∗
1u

T
1 + M2v

∗
1u
∗T
2 )Σ̂(u1 − u∗1)− n−1

{
M1E

TXu1

+ M2E
TXu∗2 + M3X

TEv∗2

}
= (M1v1u

T
1 + M2v1u

T
2 )Σ̂(u1 − u∗1) + δ′1,

where we define

δ′1 = −n−1
{
M1E

TXu1 + M2E
TXu∗2 + M3X

TEv∗2
}
−{

M1(v1 − v∗1)uT1 −M2(v1u
T
2 − v∗1u∗T2 )

}
Σ̂(u1 − u∗1). (A.260)
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Then with the derivative in (A.256), we can represent ψ̃(u1,η
∗
1) as

ψ̃(u1,η
∗
1) =

∂L

∂u1

∣∣∣
η∗1

−M
∂L

∂η1

∣∣∣
η∗1

= (Ip −M1v1u
T
1 −M2v1u

T
2 )Σ̂(u1 − u∗1) + δ1, (A.261)

where δ1 is equal to −δ′1 − n−1XTEv∗1. Thus, combining (A.260) and (A.261) yields that

ψ̃(u1,η
∗
1) = (Ip −M1v1u

T
1 −M2v1u

T
2 )Σ̂(u1 − u∗1) + ε+ δ, (A.262)

where ε = n−1
{
M1E

TXu1 + M2E
TXu∗2 + M3X

TEv∗2
}
− n−1XTEv∗1 and

δ =
{
M1(v1 − v∗1)uT1 −M2(v1u

T
2 − v∗1u∗T2 )

}
Σ̂(u1 − u∗1).

Next we proceed with the construction of matrix M = [M1,M2,M3]. Utilizing the

derivatives in (A.256)–(A.259) and after some calculations, it holds that

∂2L

∂η1∂ηT1
=



uT1 Σ̂u1Iq uT1 Σ̂u2Iq v2u
T
1 Σ̂

uT1 Σ̂u2Iq uT2 Σ̂u2Iq 2v2u
T
2 Σ̂ + v1u

T
1 Σ̂− n−1YTX

0 2Σ̂u2v
T
2 − n−1XTY Σ̂vT2 v2


,

∂2L

∂u1∂ηT1
=
[
2Σ̂u1v

T
1 − n−1XTY,0,0

]
.

Note that n−1XTY = Σ̂C + Σ̂(C∗ −C) + n−1XTE, where C = u1v
T
1 +u2v

T
2 . Plugging it
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into the above derivatives, we have that

∂2L

∂η1∂ηT1
= A + ∆a and

∂2L

∂u1∂ηT1
= B + ∆b,

where

A =



uT1 Σ̂u1Iq uT1 Σ̂u2Iq v2u
T
1 Σ̂

uT1 Σ̂u2Iq uT2 Σ̂u2Iq v2u
T
2 Σ̂

0 −Σ̂u1v
T
1 + Σ̂u2v

T
2 Σ̂vT2 v2


,

∆a =


0 0 0

0 0 (C−C∗)T Σ̂− n−1ETX

0 Σ̂(C−C∗)− n−1XTE 0

 ,

B =
[
Σ̂u1v

T
1 − Σ̂u2v

T
2 ,0,0

]
, ∆b =

[
Σ̂(C−C∗)− n−1XTE,0,0

]
.

Then we aim to find matrix M ∈ Rp×(p+2q) satisfying that B−MA = 0. It is equivalent

to solving the following equations

uT1 Σ̂u1M1 + uT1 Σ̂u2M2 − Σ̂u1v
T
1 + Σ̂u2v

T
2 = 0,

uT1 Σ̂u2M1 + uT2 Σ̂u2M2 −M3Σ̂u1v
T
1 + M3Σ̂u2v

T
2 = 0,

M1v2u
T
1 Σ̂ + M3Σ̂v

T
2 v2 + M2v2u

T
2 Σ̂ = 0.

Observe that the the key terms in the modified score function (A.262) related to the

construction of matrix W is Ip −M1v1u
T
1 −M2v1u

T
2 . For simplicity, here we provide
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the explicit expressions of matrices M1 and M2, respectively. It is worth mentioning that

matrix M3 can be derived following the the above equations and matrices M1 and M2

easily.

Recall that z11 = uT1 Σ̂u1, z22 = uT2 Σ̂u2, and z12 = uT1 Σ̂u2. It holds that

z11M1 + z12M2 − Σ̂u1v
T
1 + Σ̂u2v

T
2 = 0, (A.263)

z12M1 + z22M2 −M3Σ̂u1v
T
1 + M3Σ̂u2v

T
2 = 0, (A.264)

M1v2u
T
1 Σ̂ + M3Σ̂v

T
2 v2 + M2v2u

T
2 Σ̂ = 0. (A.265)

Then we solve the above equations under the SVD constraints ‖v1‖2 = ‖v2‖2 = 1 and

vT1 v2 = 0. From (A.265), it follows that M3Σ̂ = −M1v2u
T
1 Σ̂−M2v2u

T
2 Σ̂. Combining it

with (A.264) leads to

(z12M1 + z22M2)
(
Iq − v2v

T
2

)
+ (z11M1 + z12M2)v2v

T
1 = 0.

Then using z11M1 + z12M2 = Σ̂u1v
T
1 − Σ̂u2v

T
2 in (A.263), we can further show that

(z12M1 + z22M2)
(
Iq − v2v

T
2

)
= Σ̂u2v

T
1 . (A.266)

Moreover, (A.263) also implies that M1 = z−1
11 (Σ̂u1v

T
1 − Σ̂u2v

T
2 − z12M2). Combining

it with (A.266), we can obtain the solutions for matrices M1 and M2. For simplicity, let

us denote by

α1 = −z−1
11 z12

(
z11z22 − z2

12

)−1
, α2 = z−1

11

[
1− z−1

11 z
2
12

(
z11z22 − z2

12

)−1
]
,

β1 =
(
z11z22 − z2

12

)−1
, β2 = −z−1

11 z12

(
z11z22 − z2

12

)−1
.

170



Then matrices M1 and M2 are given by

M1 = α1Σ̂u2v
T
1 + α2Σ̂u1v

T
1 − z−1

11 Σ̂u2v
T
2 , (A.267)

M2 = β1Σ̂u2v
T
1 + β2Σ̂u1v

T
1 . (A.268)

Since B−MA = 0, it holds that

∂2L

∂u1∂ηT1
−M

∂2L

∂η1∂ηT1
= ∆b −M∆a = ∆,

where ∆ = [∆1,∆2,∆3] with

∆1 = Σ̂(C−C∗)− n−1XTE,

∆2 = M3

{
n−1XTE− Σ̂(C−C∗)

}
,

∆3 = M2

{
n−1ETX− (C−C∗)T Σ̂

}
.

Next we move on to the construction of matrix W. In view of the modified score

function (A.262), we can see that there is no intrinsic term similar to terms (A.1) and (8).

This means that if we can find an appropriate matrix W to control the bias in the first

term of (A.262), we may be able to use the construction of matrices M and W to directly

make inference without imposing the strong and weak orthogonality conditions (Conditions

4 and 5). However, we will show that such matrix W simply does not exist.

In view of matrices M1 and M3 given in (A.267) and (A.268), we have that

M1v1u
T
1 = α1Σ̂u2u

T
1 + α2Σ̂u1u

T
1 , M3v1u

T
2 = β1Σ̂u2u

T
2 + β2Σ̂u1u

T
2 .
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Then some simplifications give that

Ip −M1v1u
T
1 −M3v1u

T
2 = Ip − Σ̂u2 (α1u1 + β1u2)T − Σ̂u1 (α2u1 + β2u2)T .

Denote by L2 =
[
−Σ̂u1,−Σ̂u2

]
∈ Rp×2 and R2 = [α2u1 + β2u2, α1u1 + β1u2]T ∈

R2×p. Then we have

Ip −M1v1u
T
1 −M3v1u

T
2 = Ip + L2R2.

By the Sherman–Morrison–Woodbury formula, Ip + L2R2 is nonsingular if and only if

I2 + R2L2 is nonsingular. However, it is easy to see that

I2 + R2L2 =

 1− (α2z11 + β2z12) − (α2z12 + β2z22)

− (α1z11 + β1z12) 1− (α1z12 + β1z22)



=

 1− (α2z11 + β2z12) − (α2z12 + β2z22)

0 0

 ,

which shows that matrix Ip −M1v1u
T
1 −M3v1u

T
2 is in fact singular. Therefore, we see

that such matrix W does not exist without incorporating the Stiefel manifold structure

imposed by the SVD constraints.
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